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INJECTIVE APPROXIMATIONS 

BY 

K. VARADARAJAN* 

ABSTRACT. Let C be a cochain complex satisfying the condition that 
lim inj.dim. Hq{C) < °°. Then we prove that C admits an injective 
approximation. 

Introduction. Let R be an associative ring with 1 =É 0 and /?-mod the category of 
unitary left 7?-modules. We will be considering cochain complexes in R-mod. If C is 
a cochain complex, we will denote the coboundary maps in C by hq

c\ C
q —> Cq + '. When 

there is no possibility of confusion we just write hq instead of 8£. A cochain complex 
/ in which each Iq is injective will be referred to as an injective complex. A cochain 
complex C is said to be bounded below if there exists some k E Z with Cq = 0 for 
q < k. By an injective approximation to a cochain complex C we mean an injective 
cochain complex / together with a monomorphism T.C —> / of cochain complexes 
satisfying / / * ( T ) : / / * ( C ) — //*(/) . A cochain complex C is said to be positive if 
Cq = 0 for q < 0. It is well-known that if C is a cochain complex which is bounded 
below (resp. positive) then there exists an injective approximation T.C —> / to C with 
/ bounded below (resp. positive) [4, page 42]. It is also known that if R is of finite 
global dimension and C an arbitrary cochain complex over R then C admits an injective 
approximation [3]. 

For any M E /?-mod, let i.d.M denote the injective dimension of M. Given a cochain 

complex C over/?, let eq(C) = i.d. Hq(C). Let % denote the class of cochain complexes 

C satisfying the condition that lim eq(C) < °°. (Here lim denotes lim sup). For any 

CE%, let e(C) = lim eq(C). Then e(C) is an integer > - 1. The object of the present 

paper is to prove the following. 

THEOREM. Any cochain complex C in % admits an injective approximation. 

1. Preliminary results. In this section we present some preliminary results needed 
to prove the above Theorem. A cochain map T.C —> D with / / * ( T ) : / / * ( C ) — //*(D) 
will be referred to as a quasi-isomorphism. 
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Let/: C—» D be a cochain map. By lowering the indices and changing signs we could 
regard C and D as chain complexes and/as a chain map. Let Cf be the mapping cone 
of/ We could convert Cf into a cochain complex by raising the indices and changing 
signs. The cochain complex Cf thus got will be referred to as the mapping cone of the 
cochain m a p / More explicitly Cj = Dq®Cq+] for each q and bj(a, x) = (f(x) + 
bq

D(a), —bq
c
+l(x)) is the coboundary map in Cf. There is an associated exact sequence 

0 —» D -* Cf—» TC —» 0 of cochain complexes, where TC is the cochain complex 
defined by (TC)9 = Cq+l for each g and 8 r c = —8£+ . The associated cohomology 
exact sequence is of the form 

-» //«(£>) -> #*(C» -> //«(TC) 4> / / ^ '(D) -> //* + \Cf) -» 

II / H q + \ f ) 
Hq+l(C) 

For later use, we define T^ to be the cochain complex with (T^ )9 = Cq~' for each 
<7 and op-' = - o c " ' . 

PROPOSITION 1.1. Lef C be a«v cochain complex. Then there exists a monomorphism 
f:C—>I of cochain complexes with I injective //*(/)://*(C) —» //*(/) a split mono
morphism and eq(Cf) < Max(0, eq~\C) - 2). 

PROOF. Let 0 -> Cq/Bq(C) 4 7* be exact with 7* injective. Let AT* - a*(Z9(C)/ 
£*(C)). Then aq\Hq(C) = Zq(C)/Bq(C) is an isomorphism of Hq(C) onto AT". More
over aq induces a monomorphism aq:Cq/Zq(C) -* Jq/Kq. Let 0 -» 7 V ^ -^ ^ + ' be 
exact with r 9 + ' injective. Write 7*:79 -> Tq+ ' for the map 7^(0) = p*(a + Kq) for 
any « G Jq. Since 79 + ' is injective, there exists a map gq+ ' :C9 + ' -> Tq+] with 

Diagram 1 

commutative. 
We define a cochain complex / as follows: Iq = Jq 0 7^ for every q E Z. The map 

8?: /* -> /9 + ' is given by 8?(JC, y) = (0, 7<?(JC)) for every x E /*, y E r*. It is clear 
that (/, ô/) is an injective cochain complex. Define/9: C 9 -» lq by fq(c) = (aq(c + 
Bq(C)), gq(c)) for any c E C*. Then 877*(c) = (0, yqaq(c + £9(C))) = (0, 0*cT*(c 
+ Zq{C))) = (0,gq+lb-q(c + Zq(C))) = (0,gq+]bq

c(c))mdfq+lK(c) = (aq+](bq
c(c) 

+ S*+1(C)), ^ + , (8 j (c ) ) ) = (0, gq+lK(c)) since 8«(c) + 5*+,(C) = 0 in Cq+l/ 
Bq+l(C). Thus the maps/9: Cq -* /« defined above yield a cochain map/ : C -» /. 
Also,/*(c) = 0 => a*(c + 5*(C)) = 0 and gq(c) = 0. Since aq:Cq/Bq(C) -» 7* 
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is monic, we get c G Bq(C). Let c = bq
c~

]y with y G Cq~]. Then 0 = gq{c) = 
gq(#c~xy) = $q~xoLq~\y + Zq~\C)) from diagram 1. Since $q] is monic, we get 
a~q-\y + Zq~\C)) = 0. This means aq~\y + p ( / 1 (C)) G /T'"1. This in turn 
implies y G Zq~\C). Hence c = 5 ^ V = 0. Thus/«(c) = 0 ^> c = 0. This proves 
that/: C —> / is a monomorphism. 

From the definition of 0/ we see immediately that Z\l) = Ker y ® Tq = Kq 0 Tq 

and that B\I) = O e i m ^ " " 1 . Hence Hq(I) = Kq © (Tq/lm yq~ ')• if pq:Hq(I)-^ Kq 

denotes the projection onto Kq, it is clear that pq°Hq(f):Hq(C) —» A^ is the same as 
the isomorphism aq:Hq(C) - Kq. This proves that / /*( / ) : //*(C) -> //*(/) is a split 
injection, with coker Hq(f) - r ' / Im 7 ^ ' = Tq/lm p " " ' for each (7. From the 
exactness of 0-» Kq~ ' -> 7«" '7-^' 7*-» 7Vim 7 ^ ' -> 0 with 7>+ ' and Tq injective, 
we get inj dimn CokerHq(f) = inj dim Tq/\m yq~ ' ^ Max (0, inj dim Kq~] - 2). But 
Hq](C)^Kql. Hence inj dim Coker Hq(f) < Max (0, inj dim//*" ' (C) - 2) = Max 
(0, eq~](C) — 2). From the exactness of 

- > / / * - ' ( / ) -> / /« - ' (Q) -> / / ' " ' (TC) -4 //*(/) -> //«(Q) -> 

I /iiq{f) 
Hq(C) 

using the fact that all the Hj(f) are monomorphisms, we see that Hq(Cf) — Coker Hq{f) 
for every q. Hence inj dim Hq{Ct) < Max (0, ^~ ' (C) - 2) or é?«(C» < Max 
(0, eq~](C) — 2). This completes the proof of proposition 1.1 • 

PROPOSITION 1.2. Let C be a cochain complex satisfying the condition that eq(C) < 
1 for all q. Then C admits an injective approximation. 

PROOF. If eq(C) < 1 for all q, from Hq(C) - Kq and J* injective (in the proof 
of proposition 1.1) we see that Jq/Kq is injective for each q. Hence we can choose 
Tq+ ' = Jq/Kq and p« = Id 7*/^* for each 4. For the map/: C -> / constructed as in 
proposition 1.1, we have //*(/):/ /*(C) —> //*(/) a split mono with coker zero. Thus 
/ : C -» / is an injective approximation to C. • 

PROPOSITION 1.3. Let cp: C —» / be a cochain map with I injective. Suppose C^ admits 
an injective approximation. Then C also admits an injective approximation. 

PROOF. Let T:C 9 —» J be an injective approximation to Q . Let /:/ —» C9 denote the 
inclusion and T^C^—> TC the quotient map. Let |JL = T° /: /—» 7. Then |JL is an inclusion 
of injective cochain complexes. LetL = coker |JL and e:J^ L the projection. We know 
that 0 -> / -4 C9 A TC -» 0 is exact and that 

0 -> / A C9 

II 1 
0 - > / ^ 7 

is commutative. Hence T yields a cochain map T: TC —> L making 

o^/-4c,Arc^o 
I T I T 

o-> / -> y -» L - > 0 
M- e 

Diagram 2 
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commutative. Since Iq is injective for each q, the lower exact sequence splits for each 
q. Since Jq is injective for q, it follows that Lq is injective for each q. From diagram 
2, using the fact that T is monic, it is easily checked that f is monic. Five lemma and 
exact cohomology sequences show that H*(T):H*(TC) —» H*(L) is an isomorphism. 
Hence C -^ T~]L is an injective approximation to C. • 

PROPOSITION 1.4. The following are equivalent for a cochain complex. (I) C admits 
an injective approximation (2) There exists a quasi-isomorphism cp:C —» / with I 
injective. 

PROOF. The implication (1) —» (2) is trivial. (2) —» (1): Assume (2). Then Q, is a 
cochain complex satisfying //*(Ctp) = 0. From proposition 1.2 we see that C^ admits 
an injective approximation. Now, applying proposition 1.3 we see that C itself admits 
an injective approximation. • 

DEFINITION 1.5. A cochain complex C is said to be cohomologically bounded below 
if there exists a k E Z with Hq(C) = 0 for q < k. 

LEMMA 1.6. Let C be a cochain complex which is cohomologically bounded below. 
Then there exists a quasi-isomorphism 6:C —> D with D bounded below. 

PROOF. Let Hq(C) = 0 for q < k. The map S*" 1 :^" 1 -» Ck induces a mono-
morphism b-k~]:Ck-]/Zk-\C) -> Ck. Let ek~]:Ck-] -+ Ck~l/Zk-\C) denote 
the canonical quotient map. Let O(C) be the cochain complex defined as follows. 
LJ(C)q = Cqforq >ifc, LJ(C)k'] = Ck~ X/Zk~ '(C) and U{C)q = 0 for q < k - 1. 
LetôL(o = 8£ for <? > it, 8^c) = S -* -1 . Let 6:C-^ o ( C ) be defined by, 6̂  = Idc<7 
for <7 > k, 0*"1 = e*"1. Then 6:C -> o ( C ) is a quasi-isomorphism. Clearly o ( C ) 
is a cochain complex which is bounded below. • 

COROLLARY 1.7. Aw_y cochain complex C which is cohomologically bounded below 
admits an injective approximation. 

PROOF. Immediate consequence of 1.4, 1.6 and the known fact [4] that any bounded 
cochain complex admits an injective approximation. • 

2. Proof of the main theorem. 

LEMMA 2.1. Let C be a cochain complex belonging to the class %. Then there 
exists a monomorphism f:C^> I of cochain complexes with I injective, Cf e % and 
e(Cf) < Max(0, e{C) - 2). 

PROOF. This is an immediate consequence of proposition 1.1. • 

PROPOSITION 2.2. Let C be a cochain complex belonging to %. Suppose e(C) < 1. 
Then there exists a monomorphism f.C^I with I injective and Cf cohomologically 
bounded below. 

PROOF. Since lim eq(C) < 1, there exists an integer k E Z with eq(C) < 1 for all 

q < k. In the proof of proposition 1.1, we have Hq(C) — Kq and Jq injective with 
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Jq D Kq. From eq(C) ^ 1 we see that Jq/Kq is injective for q < k. Hence we can choose 
Tq + i = jqjKq a n d ^q = M ^ for ^ < ^ T h e n for Q w i m / : c -» / constructed in the 

proof of proposition 1.1, we have Hq(Cf) - Coker //*(/) - Tq/\m $q~l = 0 for 
q < k + 1. Thus Q is cohomologically bounded below. D 

COROLLARY 2.3. Ler C G ^ . Suppose e(C) ^ 1. 77iew C /zas an injective approxi
mation. 

PROOF. By proposition 2.2 there exists a cochain map/ :C -> / with / injective 
and Cf cohomologically bounded below. By Corollary 1.7, Cf has an injective 
approximation. From proposition 1.3 it follows that C itself has an injective 
approximation. • 

THEOREM 2.4. Any cochain complex C in % admits an injective approximation. 

PROOF. By induction on e(C). If e(C) ^ 1, corollary 2.3 implies that C has an 
injective approximation. Suppose e(C) > 1. Then from lemma 2.1 we get a cochain 
map/ :C —» / with / injective, Cf E % and e(Cf) < e(C) — 2. By the inductive 
assumption C/has an injective approximation. Now proposition 1.3 implies that C itself 
has an injective approximation. • 

REMARK 2.5. In [7] we have shown that any chain complex over any ring whatsoever 
admits a free approximation. The proof combines the techniques used in [5] and [61 
with a result of/. Berstein [1] on the projective dimension of countable direct limits. 
Also that homology commutes with direct limits plays a role in the proof given in [7]. 
There are no dual results dealing with injective dimension of countable inverse limits. 
We do not know whether every cochain complex over any ring R whatsoever admits 
an injective approximation. 

Finally I wish to thank Professors Eckmann and Mislin for giving me an opportunity 
to spend part of my sabbatical leave at the Forschungsinstitut fur Mathematik, ETH. 
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