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Abstract

An occupancy problem with an infinite number of bins and a random probability vector
for the locations of the balls is considered. The respective sizes of the bins are related
to the split times of a Yule process. The asymptotic behavior of the landscape of the
first empty bins, i.e. the set of corresponding indices represented by point processes, is
analyzed and convergences in distribution to mixed Poisson processes are established.
Additionally, the influence of the random environment, the random probability vector,
is analyzed. It is represented by two main components: an independent, identically
distributed sequence and a fixed random variable. Each of these components has a specific
impact on the qualitative behavior of the stochastic model. It is shown in particular that,
for some values of the parameters, some rare events, which are identified, determine the
asymptotic behavior of the average values of the number of empty bins in some regions.
Keywords: Occupancy scheme; Poisson process; convergence of point processes; random
environment; rare events
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1. Introduction

Occupancy schemes in terms of bins and balls offer a very flexible and elegant way to
formulate various problems in computer science, biology, and applied mathematics for example.
One of the earliest models investigated in the literature consists of throwing m balls at random
into n identical bins. Asymptotic behavior of occupancy variables have been analyzed when n
grows to oo, with different scalings in » for the variable m. The books by Johnson and Kotz [12]
and Kolchin et al. [15] are classical references on this topic. See also Chapter 6 of Barbour et
al. [3] for a recent presentation of these problems.

An extension of these models is when there is an infinite number of bins and a probability
vector (p,) on N describing the way balls are sent: for n > 0, p, is the probability that a
ball is sent to the nth bin. In one of the first studies in this setting, Karlin [13] analyzed the
asymptotic behavior of the number of occupied bins. More recently, Hwang and Janson [11]
proved in a quite general framework central limit results for these quantities. In this setting,
some additional variables are also of interest such as the sets of indices of occupied or empty
bins, adding a geometric component to these problems. For specific probability vectors (p;,),
Csaki and Foldes [4] and Flajolet and Martin [6] investigated the index of the first empty bin.
See the recent survey by Gnedin et al. [8] for more references on the occupancy problem with
infinitely many bins.
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A further extension of these stochastic models is to consider random probability vectors.
Gnedin [7] (and subsequent papers) analyzed the case where (p,) decays geometrically fast
according to some random variables, i.e. for n > 1, p, = ]_[;’z_l1 Y (1 —Y,), where (Y;) are
independent and identically distributed (i.i.d.) random variables on (0, 1). Various asymptotic
results on the number of occupied bins in this case have been obtained. The random vector can
be seen as a ‘random environment’ for the bins and balls problem, significantly complicating
the asymptotic results in some cases. In particular, the indices of the urns in which the balls

fall are no longer independent random variables as in the deterministic case.

The general goal of this paper is to investigate in detail the impact of this randomness for a
bins and balls problem associated to a Yule process; see [2, p. 109] for the definition of a Yule
process. This (quite natural) stochastic model has its origin in network modeling; see [23] for a
detailed presentation. It can be described as follows. The nondecreasing sequence (t,) of split
times of the Yule process defines the bins, with the nth bin, n > 1, being the interval (¢,,_1, ]
The locations of the balls are represented by independent exponential random variables with
parameter p. The main problem investigated here concerns the asymptotic description of the
set of indices of the first empty bins when the number of balls goes to co. Mathematically, it
is formulated as a convergence in distribution of rescaled point processes having Dirac masses
at the indices of empty bins.

For n > 1, if P, is the probability that a ball falls into the nth bin, it is easily seen that, for
a large n, P, has a power law decay; it can be expressed as V E,,/n?*!, where (E,) are i.i.d.
exponential random variables with parameter 1 and V is some independent random variable
related to the limit of a martingale. The randomness of the probability vector (P,) has two
components: one which is a part of an i.i.d. sequence, changing from one bin to another, and
the other being ‘fixed once and for all’, inducing a dependency structure. As will be seen, the
two components have separately a significant impact on the qualitative behavior of this model.

1.1. Convergence in distribution and rare events

Because the variables (E,) can be arbitrarily small with positive probability, empty bins are
likely to be created earlier (i.e. with smaller indices) than for a deterministic probability vector
with the same power law decay. It is shown in fact that, for the convergence in distribution, the
first empty bins occur around indices of the order of n!/(°*2) instead of (1n/logn)!/(!1**) in the
deterministic case.

The variable V has a more subtle impact; when p > 1, it is shown that, owing to some
heavy tail property of V!, rare events affect the asymptotic behavior of averages of some
of the characteristics. For o € [1/(2p 4+ 1), 1/(p + 2)), despite the fact that the number of
empty bins with indices of order n® converges in distribution to 0, the corresponding average
converges to +00. When p < 1, the average converges to 0. A phase transition phenomenon at
p = 1 has been identified through simulations in a related context (communication networks)
in [22]. It is not apparent as far as convergence in distribution is concerned, but it shows up
when the average quantities are considered. This phenomenon is due to rare events related to
the total size of the first | o | bins (where |-] is the integer part). On these events, the indices of
the first empty bins are of the order n!'/?#+1) « nl/(°+2) and a lot of them are created at this
occasion. See Proposition 7 and Corollary 2 for a precise statement of this result. Concerning
the generality of the results obtained, it is believed that some of them hold in a more general
setting, e.g. for the underlying branching process; see Section 6.
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1.2. Point processes

Technically, we mainly use point processes on R to describe the asymptotic behavior of
the indices of the first empty bins, not just the index of the first empty bin (or the subsequent
bins), as is usually the case in the literature. It turns out that it is quite appropriate in our
setting to obtain a full description of the set of the first empty bins and, moreover, it reduces the
technicalities of some of the proofs. One of the arguments used in the proofs of the convergence
results is a simple convergence result of two-dimensional point processes to a Poisson point
process with some intensity measure. A one-dimensional equivalent of this point of view is
implicit in most of the literature; see [9] and [11] in particular.

The paper is organized as follows. In Section 2 we introduce the stochastic model investi-
gated. The main results concerning convergence of related point processes in Ri are presented
in Section 3. Convergence results for the indices of empty bins are proved in Section 4. In
Section 5 we investigate in detail the case in which p > 1. In Section 6 we present some
possible extensions.

2. A bins and balls problem in a random environment

The stochastic model is described in detail and some notation is introduced.

2.1. The bins

Let (E;) be a sequence of i.i.d. exponential random variables with parameter 1. Define the
nondecreasing sequence (#,) by o = 0 and, forn > 1,

“ 1
th = ; -Ei.
It is easy to check that, for x > 0,
P(t;, < x) =P(max(Ej, E3, ..., Ey) <x)= (1 —e™)". (1)

The nth bin will be identified by the interval (¢,_1, #,].
IfH, =1+ % + - -+ 4 1/nisthe nth harmonic number, since (¢, — H,,) is a square-integrable
martingale whose increasing process is given by

"1
Bl — Hn)’1 =) .

i=1

then (M,) = (t, — log(n + 1)) is almost surely converging to some finite random variable
M. See [18] or [24]. By using (1), it is not difficult to show that the distribution of M, is
given by

P(Moy < x) = exp(—e™"), x e R. 2

An alternative description of the sequence (¢,) is provided by the split times of a Yule (branching)
process starting with one individual. See [2].

2.2. The balls

The locations of the balls are given by an independent sequence (B;) of i.i.d. exponential
random variables with parameter p for some p > 0.
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Conditionally on the point process (#,) associated with the locations of the bins, the proba-
bility that a given ball falls into the nth bin (¢,_1, #,] is given by

Py, =P(B1 € (tlh—1, 1] | (tn))
= exp(—pty—1) — exp(—pty)

En
= exp(—pt,,_l)(l — exp(— pn ))

This quantity can be rewritten as

1 . pE,
P, = WPz, with Z,=n(1—exp| ——— ) ) and W, = exp(—M,_1). 3)
notl n

The variables W,, and Z,, are independent random variables with different behaviors.

(a) The variables (Z,) are independent and converge in distribution to an exponentially
distributed random variable with parameter 1/p.

(b) The random variables (W,,) converge almost surely to the finite random variable W, =
exp(—M ), which is exponentially distributed with parameter 1.

This suggests an asymptotic representation of the sequence (P,) as

1 P
Wwoan ,

where (F},) is an i.i.d. sequence of exponential random variables with mean p independent
of Wxo. The sequence (P,) has a power law decay with a random coefficient consisting of the
product of two terms: a fixed random variable W4, and an element of an i.i.d. sequence. As
will be seen, these two terms have a significant impact on the bins and balls problem studied in
this paper.

3. Convergence of point processes

One of the main results, Theorem 2 in Section 4, which establishes convergence results for the
indices of the first empty bins is closely related to the asymptotic behavior of the point process
{G/ nl/@te), nP;),i>1}on Ri. For this reason, some results on the convergence of point
processes in R%r are first proved. The point process associated to the sequence (n P;) appears
quite naturally, especially in view of the Poisson transform used in the proof of Theorem 2.
This is also a central variable in [11] in some cases.

An important tool to study point processes in Rf{ for some d > 1 is the Laplace transform.
If N={t,, n > 1} is a point process and f is a function in CJ (Ri), the set of nonnegative
continuous functions with a compact support, it is defined as E[exp(— (f))], where

N(f) == ft).

n>1

This functional uniquely determines the distribution of & and it is a key tool to establish
convergence results. See [5] and [19] for a comprehensive presentation of this framework. In
the following, the quantity ./ (A) denotes the number of #,s in the subset A of Ri.
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The main results of this section establish convergence in distribution to mixed Poisson
point processes, i.e. distributed as a Poisson point process with a parameter which is a random
variable. A natural tool in this domain is the Chen—Stein approach which gives the convergence
in distribution and, generally, quite good bounds on the convergence rate. See Chapter 10 of [3]
for example. This has been used in [23], when the probability vector is deterministic. For some
of the results of this section, this approach can probably also be used. Unfortunately, owing to
the almost surely converging sequence (W,,) creating a dependency structure, it does not seem
that the main convergence result, Theorem 1, below, can be proved in a simple way by using
Chen-Stein’s method. The main problem being that of conditioning on the variable W, and,
at the same time, ensuring that the upper bounds on the total variation distance converge to 0.

Condition 1. A sequence of independent random variables (X;) satisfies Condition 1 if there
exist some o > 0 and n > 0 such that, foralli > 1,

IP(X; <x)—ax| < Cx> when0 <x < n. (@)

The following proposition is a preliminary result that will be used to prove the main
convergence results for the indices of the first empty bins.

Proposition 1. (Convergence to a Poisson process.) For § > 0 andn > 1, let P, be the point

process on Rﬁ_ defined by
P = L e i1
n - nl/(6+l) ’ la l ’ - k]

where (X;) is a sequence of nonnegative, independent random variables satisfying Condition 1.
Then the sequence of point processes () converges in distribution to a Poisson point process
P in R%r with intensity measure x° dx dy on R%r. In particular, its Laplace transform is given
by

—P(f)y _ —f(x.y)) 4. + M2
Ele "] = exp(—a [Rz (1—e TV dxdy), feCr®Ry). (5)
+
See [20] for the definition and the main properties of Poisson processes in general state
spaces.

Proof of Proposition 1. There exists some 19 > 0 such that P(X; < x) < 2ax for 0 <
x <mnoandalli > 1. Let f € Cf (R%_) be such that f is differentiable with respect to
the second variable. There exists some K > 0 such that the support of f is included in
[0, K] x [0, K]. Define g(x, y) = 1 —e~/®¥_ Then, by independence of the variables X;,
i>1,

= i n
log E[exp(—P, ()] = ;log<l - E[g(m 1_8X1>i|>

. .5
l n l
E|:g<m, 1_5Xl>i| E P<Xl < K;) l{iSKnl/(8+l)},

the elementary inequality | log(1—y) + y| < 3y?/2 valid for 0 < y < % shows that there exists

Since
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some np > 1 such that

= i n 6(aK)? Len 070
log E[exp(— 2, ()] +ZE[8<W’ ;Xi)]‘ <— — > i
i=1 n ! n i=1
1
2 2643
e S yrey

holds for n > ng. It is therefore enough to study the asymptotics of the series on the left-hand
side of the above inequality. For x > 0, using Fubini’s theorem, we obtain

+oo 9 )
E[g(x,%xiﬂ =—/ —g<x,y>P(xi < &> dy.
i 0 ay n

Again, by using Condition 1 we find that the log of the Laplace transform of %, has the same
asymptotic behavior as

1 X [togl i i\
_oz_nl/(a+1) 21/0 5(,,1/(3“_)7Y>)’('n1/(3+1)> dy,
1=

which is a Riemann sum converging to
d
—Ot/ —g(X,y)yx‘dedyza/ (l_e*f(x,y))xé dx dy.
R2 0y R

This shows in particular that, for any compact set H of Rﬁ_,

sup E[P, (H)] < +o0;

n>1

the sequence () is therefore tight for the weak topology; see [5].

By the convergence result, if & is any limiting point of the sequence (#,), for any function
fect (R%_) such that y — f(x, y) is differentiable, then the Laplace transform of & at f is
given by the right-hand side of (5). Since the differentiable functions in C} (Ri) are dense in
cr (Ri) for the uniform topology, this implies that & is indeed a Poisson point process with
intensity measure x? dx dy on Ri. This completes the proof.

The above result can be (roughly) restated as follows: for the indices of the order of n!/G+1D
the points nX; /i’ lying in some finite fixed interval converge to a homogeneous Poisson point
process. The following proposition gives an asymptotic description of the indices of the points
nX,'/i‘s, but for indices of the order of n* with 1/(§ + 1) < k < 1/6. It shows that, on finite
intervals, these points accumulate at rate n!+t9<~1 according to the Lebesgue measure with
some density.

Proposition 2. (Law of large numbers.) If, for k € (1/(1 +6),1/8) and n € N, P} is the
point process on R%_ defined by

+0o0 .
1 i n
f;(f)=m§ f<n_K»i_5Xi>» feCr®Y),
i=1
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where (X;) is a sequence of nonnegative, independent random variables satisfying Condition I,
then the sequence (P)) converges in distribution to the deterministic measure Y defined by

(f)—a/ fOonx’dxdy,  feCHRY).

Proof. Let f € C+(R ) be such that f is differentiable with respect to the second variable.
As before, the convergence result is proved for such a function f; the generalization to
an arbitrary function f € Cj(Ri_) follows the same lines as the previous proof (relative
compactness argument and identification of the limit). Let K > 0 be such that the support of
f isincluded in [0, K] x [0, K]. We have

+o0 g ;8
ELPS ()] = i 12 / f( )P(X" < %) @

as in the previous proof. By using condition (4) and the fact that k < 1/8, we obtain the

equivalence
+oo g AN
B[Py (D]~ —a— Z/ f( )y<nl—K) dy;

therefore,
+o00 +OO f
hm E[Py ()] = —(xf / —(x y)yx dxdy =« /2 f(x, y)x‘s dxdy.
+

By independence of the X;s, the second moment of the difference

Py () = ELPy ()]

1 100 too af i yls
- _n(1+8)'(71 ZI/O 5(;1_'(’ y> <I{Xi§yi5/n} _P<Xi =< 7)) dy
1=

can be expressed as

p2He=D Br(pi( £y — B[P (]2

- oo af l'S 2
- ;EKfO @( ’y) <1{Xis,vi5/n} _P<Xi < %)) dy) }
- of 2 SN2

= KZ_;[) <8y< ,)7)) E|:<1{Xi§yi5/n}_P<Xi =< %)) :|dy

1

) =)

by Cauchy—Shwartz’s inequality. The last term is, with the same arguments as for the asymp-
totics of E[P) ()], equivalent to

9 2
Kn(l+8)l(—l /2 (8_f(x’ y)) yx3 dx dy
r2 \ 0y
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In particular, the sequence (£, (f)) converges in L (and, therefore, in distribution) to PX (f).
This completes the proof.

The main convergence result can now be established.

Theorem 1. If, for n > 1, P, is the point process on R2 defined by

i :
P = {(mﬂﬂ'), i > 1},

where the random variables P;, i > 1, are defined in (3), then the sequence (P,) converges in
distribution and the relation

—p
lim E[exp(—2,(f))] :E[exp(— Wos / (1 — e TE)xrtl gy dy>] (6)
n——+00 P Rz+

holds for any f € Cf (R ).

In other words the point process J, converges in distribution to a mixed Poisson point pro-
cess: conditionally on W, it is a Poisson process with intensity measure Woo’ x* 1 dx dy/p.

Proof of Theorem 1. The proof proceeds in several steps. The main objective of these steps
is to decouple the sequences (W;) and (Z;) defining the (P;), and then to apply Proposition 1.
Step 1. We define the sequences

1

N 1
pl = ) W&Z;, i>1,  Pr=

l t l‘p+l WﬂnZ i Z 1’

where (B,) is some sequence of integers converging to +occ. Note that (Pz) depends on n. The
sequences of random variables (Wl, 1 <i <+4o00) and (Z ) are assumed to be independent
and to respectively have the same distribution as (W;, 1 <i < +00) and (Z;) defined in (3).
Recall that the sequence (W;) converges almost surely to Wao. These sequences define point
processes in the following way: for j = 1 and 2,

J_ i i\
ﬂ)n —{(m,npl>,lzl}

If f is a nonnegative continuous function with compact support on R Ry because, conditionally
on Woo, the variables (WOOZ ) satisfy Condition 1 with o = / p, Proposition 1, with
8 = p + 1, shows that

WP

11m Elexp(—P) (1)) | Weol = exp< /2 (1 —e /@M xrtlgx dy).

R+
Because of the boundedness of these quantities, by Lebesgue’s theorem, the same result holds
for the expected values. Therefore, the sequence (ﬂ’n]) converges in distribution to the point
process & on Ri whose Laplace transform is given by (6).

Let K > 2 be such that the support of f is a subset of [0, K13, and let ¢ > 0. Since the
limiting point process & is almost surely a Radon measure, there exists some m € N such that
P(J’l([O 2K1%) > m) <eforalln > 1. By uniform continuity, there exists 0 < < 5 L such
that | f(u) — f(v)| <e/mforu,v € Rz such that ||u — v|| < n. Forn > 1, if

Yo |-

> o }U{J (10, 2K1%) > m)
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then
| Elexp(—P2(f))] — Elexp(—P, (/)]

i Wgn 1 i 1
ol ) ()

i>1

s .
<Pl|—=2-1|> — 1+ ¢€%)e;
< <‘W£o ‘_2K>+( +e)e

hence, by the almost-sure convergence of (W,) to W, the right-hand side of the last relation
can be arbitrarily small as n goes to co. We conclude that the sequence (J)nz) also converges in
distribution to the point process £.

Step 2. Forn > 1, define B, = |[n'/®®*? /logn]. Then it will be shown that the point

processes
4 .
@n={<m,n})j>,lflfﬂn}

converge to the measure identically null. It is sufficient to prove that, for any f € C;F(R4), the
sequence (@, (f)) converges in distribution to 0. For a fixed i, the sequence (n P;) converges
in distribution to oo, since f is continuous with compact support and, therefore, bounded, we
find that, in the definition of @,,, it can be assumed that the indices i are restricted to the set

{To1, ..., Bul.
Let K be such that the support of f is included in [0, K]z. If u, =loglogn, fori > [p],

i
E|:f<m,npi) l{twgun}:| < 1 flloo P(tLp) < ttn, nP; < K).

Since P; = exp(—pt|p)) exp(—p(ti—1 — t]p))) (1 —exp(—pE;/i}),

i
E[f<m ”Pi> 1{%%}]

< ”f”ooP((l — exP(_,pE"/")> _ i Kexploun) exp(pi-1 = tL,,J))).
p/i o n

By using the elementary inequality, if E; is exponentially distributed with mean 1,

1
P(—(l —exp(—yEp) < X> <e(l—e™), y<1, x>0,
y

we obtain, fori > p,

i
E[f (m nF ,~> l{fwfu»}}

< e||f||ooE|:1 - eXP(—nl—pK exp(pun) exp(p(ti-1 — tm)))]

< eIl =0 Blexp(p (11 — 1))

i—1 i—1

=), 5 (aef1-2)-2))

k=[p] k=[p]
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Thus, there exists some finite constant C such that, fori > p,

i iP*exp(puy) i*+1(logn)”
E[f(m,nﬂ) l{leJSM,Z}] <C - —C - ;
consequently,
p+2
(logn)” 1
E[@n(f) l{tL/)JSMn}] < C n g <

(logn)?’

This relation and the inequality

E[1 — eXP(—@n(f))] =< P(t[pj > uy,) + E[@n(f) 1{ZU,J§un}]

give the desired result.
Step 3. The proof of the theorem can now be completed. By (3), fori > 1, P, = Wip Zi/ Pt
by using step 2 and the same techniques as in step 1 together with the fact that, for n > 0, the

probability of the event
{ ( w?’
sup( | —% — ‘ZiZﬁn)Zﬂ}
W,

converges to 0 as n gets large. It is not difficult to show that the sequences of point processes

ez Y isal and N T wez) s
e i Vi i) iz e i Wali ) 1 Z P

have the same limit in distribution. Because Wg, is independent of (Z;, i > B,), the last point
process has the same distribution as J’nz (up to the first B, terms which are negligible, similarly
as in step 2). By step 1, the convergence in distribution is therefore proved.

The following proposition strengthens the statement of Proposition 1 and it will be used to
prove the main asymptotic result on the indices of empty bins.

Proposition 3. If f: Ri — Ry is a continuous function such that
(a) there exists K such that f(x,y) =0foranyx > K andy € Ry,
(b) forall x € Ry, the function y — f(x,y) is differentiable and

oy (x,y)

=Yy Sup
y XE]R+

af
— —_
y y dy

is integrable on R,
then convergence (6) also holds for f.

Proof. For M, L > 0 andi,n € N, we have

i
E|:f<m, nPi) 1up>m, zng}]

= +008f i PM <nP; < < L)d
=/, Em’y (M <nP; <y, t|p <L)dy.
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By using similar arguments as in the end of the proof of the above theorem, we obtain

i
E[f(m, nPi) Lup=m, prjfL}:I
+00 | 5 i
Y R E—
M vy "

ierl oo o f
——eE[exp(p(ti-1 — 11p)))] / y H —
no M dy

Cip+lepL /Jroo H 3f
y —
n M dy

IA

dy
y

IA

dy

y

for some fixed constant C. Define k, = | Kn!/(°*?)|. By summing up these terms, this gives

the relation
i
E[Z f(m7 nP,~> l{MgnP,-,tijfL}:|

i>1

P2 pL  p+oo
e
n M dy

+00 P
< CK’O+26pL/ yH_f
M dy

dy @)
y

dy.

y

Define fo(x,y) = f(x,y)1{y<m;. By using a convolution kernel on the variable y, there
exist sequences (gl‘f) and (g,,) in C T (R4) converging pointwise to fp for all y # M such that
8, = Jfo= g;. See [21] for example. Proposition 1 gives

Elexp(—=# (g,))] < lim inf Elexp(— £, (fo))]

< lim sup E[exp(—%, (fo))]

n——+00

< Blexp(— 2 (g;))].

and expression (5) shows that, as p goes to 0o, the left- and right-hand side terms of this relation
converge to the Laplace transform of & at fj. Therefore, convergence (6) holds at fy. Since
0 < E[exp(=%u (/)] — Elexp(=Fu (f0))]
< P(11,) = L) +E[(1 — exp(—(Pu(f) — Pa(fo))) Lyt <13]
< P(tp) = L) + E[(Pu(f) — Pu(f0)) Ly, <L}]s

where the last term is the left-hand side of relation (7), we can choose L and M sufficiently
large so that this difference is arbitrarily small. This completes the proof.

4. Asymptotic behavior of the indices of the first empty bins

Itis assumed that a large number of balls, , are thrown in the bins according to the probability
distribution (P;) defined in (3). The purpose of this section is to establish limit theorems to
describe the limiting distribution of the set of indices of bins having a fixed number of balls.
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Theorem 2. The point process of rescaled indices of empty bins associated to the probability
vector (P;) when n balls have been used,

i . . .
N, = {m: i>1, thelthbmlsempl‘y},

converges in distribution as n goes to oo to a point process Noo whose distribution is given by

—p

E[exp(—Noo(8))] = E[exp(— W;" (1 —e 8@ tl dx)} (8)
Ry

for g € CH(Ry). Equivalently, (N,) converges in distribution to the point process

+2).1/(p+2
(W&/(p )ti/(p ))’

where (t;) is a standard Poisson process with parameter (p(p + 2))~ 1/ (12,

It can also be shown that the same result holds when the indices of bins containing k balls
are considered. If . , is the corresponding point process, the limiting point process does not
in fact depend on k and, moreover, the sequence (N ,, k > 0) converges in distribution to
(Mk.00> kK > 0) and, conditionally on Wy, the random variables N ~, k > 0, are independent
with the same distribution.

Proof of Theorem 2. (Poissonization.) A closely related model is first analyzed when U,
balls are used, U, being an independent Poisson random variable with mean n. Let Nno denote
the corresponding point process. For this model, conditionally on the sequence (P;), the number
of balls in the bins are independent Poisson random variables with respective parameters (n P;).
In a first step, the convergence in distribution of the sequence (JVnO) of point processes is
investigated. Let g € C/(R4). We have

+o0o ]
Elexp(—0(g))] = E[exp<§ 10g<1 - eXp(—nPi)<1 - eXp<—8<'n1/<lp+2)>>>>>}'

If we define f(x, y) = —log(l —e (1 —e™8™)) then

Elexp(—~N,(2))] = Elexp(— P, ()],

where £, is the point process defined in Theorem 1. By using Proposition 3, we obtain the

relation
- 0 Wo” —Flry ot
lim E[exp(—N, ()] = E|exp( — (1—e N xPTHdx dy
n—-+400 19 Ri
W*p
= E|:exp<— S (1 — e 8W)xrtl dx>i|.

Consequently, the sequence (Nno) converges in distribution to Ny. For 0 < o < 1, it is
not difficult to check that the same convergence result holds when U, 4, balls are used. If
an denotes the associated point process then (an) also converges in distribution to N,. For
x > 0, the monotonicity property, N, ([0, x]) < M, ([0, x]) for b < a, gives the relation

P(N, ([0, x]) < k) < P(N, ([0, x]) < k) 4+ P(Upino < ).
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The central limit theorem for Poisson processes shows that the quantity P(U,4ne < n) for
o€ (%, 1) converges to 0 as n gets large; therefore, if k > 0,

P(Neo ([0, x]) < k) = 1ir}rlooP(eNn]([0, x]) < k) = lim inf P(N, ([0, x]) < k).

By using a similar argument with the lim sup, we find that the sequence (N, ([0, x])) converges
in distribution to N ([0, x]). With the same coupling argument, we obtain, for x; < xp <
-<xpeRyand (kj, 1 <i <p)eNP,

nEToo P(Mu ([0, x1]) < k1, Mo([0, x2]) < k2, ..., Mu([0, xp]) < kp)
= P(Noo ([0, x1]) < k1, Noo([0, x2]) < k2, ..., Noo ([0, xp]) < kp),
and, therefore, the convergence in distribution of (V,) to Ns. This completes the proof.

Corollary 1. If v, is the index of the first empty bin when n balls are thrown then

p+2W_p
lim Pv—nzx =E|exp _E Moo , x> 0.
n——+00 nl/(p+2) o(p+2)

4.1. Comparison with the deterministic power law decay

For § > 1, we consider the bins and balls problem with the probability vector O = (Q;,
i > 1) = «/i®. Note that, for the problems analyzed in this paper, only the asymptotic
behavior of the sequence (Q;) matters. The equivalent of Theorem 2 can be obtained directly
from Theorem 1 of [23].

Proposition 4. As n goes to oo, the point process

l(lOg n)l/S-‘rl
(adn)l/3

8
—logn — loglogn: theith binis empty}

converges in distribution to a Poisson point process with the intensity measure (a8)'/°e* dx
on R.

The probability vector considered in the above theorem has an asymptotic expression of the
form (P;) = (WL F; 2l P+1y Tn this case, empty bins show up for indices of the order of n 1/(0+2)
i.e. much earlier than for the deterministic case where the exponentofnis 1/6 = 1/(p + 1) (if
we ignore the log). This can be explained simply by the fact that some of the i.i.d. exponential
random variables (F;) can be very small, thereby creating an additional possibility of having
empty bins.

In this picture, the variable W, does not seem to have an influence on the qualitative behavior
of these occupancy schemes other than creating some dependency structure for the vector (P;).
In the next section we show that this variable has nevertheless an important role if we look at
the averages of the number of empty bins.

5. Rare events

From (6), for x > 0, the limiting number (in distribution) of empty bins whose index is less
than xn'/(P*2) has an average value given by

xp+2 xp+2 +oo

L BW = — — e " du,
po+2) T ple+2) Sy ur
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by (2) and since Wy, = exp(—Mcyo). This quantity is infinite when p > 1. The goal of this
section is to investigate this phenomenon, which has a significant impact on the system at the
origin of this model (a peer-to-peer architecture). For this purpose, a family of rescaled point
processes is introduced.

Definition 1. If ¢: N — R, is a nondecreasing function, for n > 1, J\f,fb denotes the point
process defined by
i
N = {
¢(n)

For i > 1, recall that, by (3), the probability P; of throwing a ball into the ith urn is, using
the notation of Section 2,

1
jp+1

:i > 1, the ith bin is empty}.

P =

p . . pE
W Z; with Z; =i[1—exp and W; = exp(—M;_1),
i

where the (E;) are i.i.d. exponential random variables with parameter 1. We define its asymp-
totic representation as
~ 1
P = ——WLF, with Wy =exp(—My),
ip+l

where W; and W, are independent of (F;), an i.i.d. sequence of exponential random variables
with mean p.

The followmg proposition shows that, as in the proof of Theorem 2, for some asymptotics
for (N ), it is enough to analyze the asymptotic behavior of a functional of the sequence (P).

Proposition 5. For x > 0 and a nondecreasing function ¢,
Lw(n)J
hm E[N¢([0 x])]/ E[exp(— nP N=1,
provided that
[x¢(n)]

=0 and nEToo Zl Elexp(—nP;)] = 400
i=

. ¢(n)
im

n—+o00 p%

for some oy < 1/(p + 1).
Proof. See Appendix A.
Fori > |p], the quantity P; will be written as P; = exp(—pt|,))D; Z;/iPT! with
D; :=exp(—p[M;i—1 — M|, —log | p + 1]]).
The sequence (D;) converges almost surely to a finite limit D, given by
Dy = exp(=p[Moo — M) — log Lo + 1]1), ©)

and, since exp(p E; /i) is integrable for i > p, a similar result holds for the expected values

1 1
lim E| — [ =E| — | < +o0.
i—+00 Di Dp
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With this definition, the sequence (131') can be represented as

5 exp(—pt|p))
(E’)Z(T D,Fj ).

5.1. Some preliminary estimations
For the moment, k € N is fixed. If » > 1 andi > p then

E[CXP(—nﬁi)] = E|:exp<—n'on exfp(_:lptLPJ }F )i|

_ E[ i+ /n }
~ LiPtn+exp(—ptp)pD, |
By summing up these terms, if &, := k/n'/**1 we obtain

k

3" Elexp(—nP)] = n'/@+D f

i=[p]+1 0

€k,n pPrtl
E

dv+ O(er.n),
vetl 4 eXP(—PtLpJ}PDpi| ®kn)

which gives the relation

k
5 2
> Blexp(-n ) =n' 0 |

1 Pl
E[ }dv'i_ O(Sk,n)v
i=1 0

1
sf’: vP+l + exp(—pt|p)}o D)

with a change of variable. Using (1) and a change of variable again, we obtain the relation

- 5 Lol 2p+1 1/ert! 1
D Blexp(-n ) = ST [T el 1
i=1 Y ’ 0 ,
1 pPtl1
X [ El —5————[dv+ O(ekn). 10
\/0 |:U,0+1 +upr] + ( k,n) ( )

This quantity is now analyzed according to the values of p.
Case 1: p > 1. If ky=|xn“| with 1/Q2p + 1) <a < 1/(p + 1) then
£ n ~ xn@EHD=D/ (D)

and, by relation (10),

, 1
M G a7

—+o00 1 +1
=x<2p+1)/pﬂf ul/P—ldu/ Bl Y 4
o Jo 0 vPtl +upD,

Case 2: p = 1. Equation (10) is for this case

kn
> Elexp(—nP)]
i=1

2

k _ 1/¢2, 1
> Elexp(—nP)] = vae},, f du/ E[ZU—] dv + O(n).
P 0 0 v- +ubDy
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If ky,=|xn'/3/10gf n| with 8 € R then &, , ~ x/(n'/%(logn)?) and, for g < 1,

k
. 1 " LT
A Gogmi 3 2 Blexp(nfl = G Bl 5 |

The following proposition has therefore been proved.

Proposition 6. (Average of the number of empty bins.) For o, 8 > O and n € N, let
Pa,p(n) = n*(log n)~F and, by convention, let py = pa.0.

@ Ifp>1land 1/Qp+1) <a < 1/(p+1),

ML LN TGSy

+ 1 +1
:x(zp“)/pﬂ/ Ooul/pfldu/ E —v/) dv.
o Jo 0 vPtl +upD,

®) Ifp=1landf <1,

B[N, ([0, x])]

1

1 1
m — P1/3.p = -x3E| —
nETOO (ogm)(1=38) E[N (10, xD] 9x E|: :|

D,

5.2. A double threshold

For the convergence in distribution of the sequence of point processes (gN,f)), Theorem 2 has
shown that the correct scaling ¢ for the order of magnitude of the indices of the first empty bins is
givenby ¢ (n) = n!'/?*2  pn > 1. Forthe average number of points in a finite interval, the above
proposition states that, for p > 1, the correct scaling is in fact ¢ (n) = nl/@p+D) o yl/(p+2)

For o > 0, using the notation in the above proposition, we conclude that, under the condition
p>landfor1/2p+ 1) < a < 1/(p + 2), the following limit results hold:

NP 20 and lim E[N/“[0, x]] = 400 forall x > 0,
n——+0o0

where ‘= denotes convergence in distribution. This suggests that in this case, with a high
probability, all the bins with index less than n!/(°*2) have a large number of balls. But also
that there exists some rare event for which a very large number of empty bins with indices of
an order slightly greater than n'/(#*D are created. The following proposition shows that the
total size of the first | p] bins is the key variable to explain this phenomenon. It should be of
the order of log n in order to have sufficiently many empty bins in the appropriate region.

Proposition 7. For p > 1, and if po(n) = n%, a € [1/2p + 1), 1/(p + 2)),

1-— 2 1-— 1
So(a) := M, and §i(a) := M,
p—1 P

then, fora € R and x > 0,

(a) if§ < 8p(a) then
im ELAL ([0, X1) L, <s100m] = 0,
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(b) if 6 € [So(a), 81(cx)] then

E[ana([()’x])l{tLﬂJStSlogn+a}] xPt2 Lo E[ 1 :|e(p_l)a,

HETOO n(p+2)a+s(p—1)—1 - p+2p—1 |pD,

(©) if§ = 81(a),

I E[N ([0, x]) 111, <5 10g n+ay]
n—> oo 2@t Da—1)/p

+o00 1 p+1
v
=x<2p+1>/P—LpJ / ul/p_ldu/ E[—+1 ]dv,
P Jemra1isos) @) o LvT +upDy

where D, is the random variable defined in (9).

Proof. To begin with, it is assumed that § € [8p(a), 81 (). If k > 1, &p, = k/n!/P+D,
b >0,k =|xn*],and b = §logn + a, in the same way as for (10), we obtain

k
Z Elexp(—nP}) 1, <by]

i=1

160t
_ L'OJnl/(pﬂ)s,EZ”l’H)/p/ "M - 8]((17’;1-1)//7”1/;))[,0]—1 du
1Y ’ e ’

*ﬂb/sf:l"

1 vp+1
X E| ———|dv+ O(e
/o [v“‘ +upr] (e

et 1 uPt!
= ﬂnl/@ﬂ)gﬁﬂ)/p/ ul/p_zdu/ E[—] dv40(ex.n).
1Y ’ e 0

~objef ! vP+t +upD,
(11)
Note that
e—pb 1—pd—a(p+1) ,—pa
W ~n € / +OO,
8k,n

hence, the range of the first integral goes to oo as n gets large. Since

1 ul)p+1 Up+1 1 U2(p+1)
/ E — dv :/ E dv,
o Lvet'+upD, pD, o Lp@t'4+upD,)D,

by Lebesgue’s theorem, this integral is arbitrarily small as u gets large, which implies the

equivalence
k ]/€p+1
5 Lp] U | e+ o+ 1/p b 1p-2
E Elexp(—nP;) 1 nl~ E nl/ (P g u/P=2 qu.
p( l) {[ijf } p(,o + 2) pr k,n e*ﬂb/glfjl

i=1

If C is the multiplicative constant on the right-hand side of the above relation then

k Cp kp+2

> "Elexp(=nP) Ly, <py] ~ —1—(eb(”_l) — 1),
i=1 p—Ln
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which gives the equivalence

k
Z Elexp(—nP;) Ly, <p1] ~ xP1? pC'Ol e@(P=Dp(p+2)atd(p—D—1
i=1
The proof of this case is completed.
The case in which § > §; () uses (11). The term e_pb/sl‘;:l convergestoe "% if § = 41 ()
and 0 otherwise. This directly gives the desired convergencé.
Finally, if § < §p(«) for any @ € R, there exists ng so that if n > ng then §logn <
do(a) logn + a. In particular,

E[N ([0, x]) L1, <s 1ogm)] < ELM* ([0, X]) i1, <50(e0 log nva) ]

hence,

X2 p] 1
li E[N, ([0, x]) 1 < E (p=Da
;Illigg [N ([0, XD L <s10gm}] < t2p—1 I:pr]e

The proof is completed by letting a go to —oo.

As a consequence of the above proposition, for « € [1/(2p + 1), 1/(p + 2)), the average
of the variable &, ([0, x]) converges to oo only when the total size t|p) of the first | o] bins
is of the order § logn for a sufficiently large 6. The following corollary gives a more precise
formulation.

Corollary 2. For p > 1, and if po(n) =n%, a € [1/Q2p + 1), 1/(p + 2)), and
l—a(p+1)
Sil)=——"",

then, fora, b > 0,

lim ELN ([0, x1) (5, @) log n—a=ty,; <51 («)) log n+5)
n—>+00 E[N, ([0, x])]
where, for y, z € R, ¥(y,2) = ¢(y, 2) /¢ (—00, +00) and

1 +1
b(y.2) = xCo+Do P ul/p=1 duf E[—]”p }dv
0 Jiemrzerr) o Lvet4upD,

A rough (nonrigorous) interpretation of this result could be as follows. On the event where
‘most’ (i.e. for the averages) of the empty bins are created in the interval [0, xn®], the random
variable 7, — &1 () log n converges in distribution to some random variable X on R, such that
P(X <a) = ¢ (—00,a).

The following analogous result is proved in a similar way for the critical case, p = 1.

I V(—a,b),

Proposition 8. For p = 1 and using the notation of Proposition 7, then, for0 < 8 < %, x>0,
and0 <a < l,

a 1
E[anl/lﬁ([ov x]) l{tLpJ <alogn}]l = §X3 E|:D—1:| ,

ngr}kloo (logn)!1—3#
and, for a > %,
1

1
E[N7 ([0, x]) 11, <atogny] = §x3 E[—}

li ——
n> oo (logn)1—3# Dy

where D is the random variable defined in (9).
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6. Generalizations

The problem analyzed in the present paper can be generalized to two directions. On the one
hand, the sequence (f,) can stem from a general branching process instead of the particular
Yule process; on the other hand, the locations of the balls can have a general distribution. In
this section we discuss these possible extensions.

6.1. Exponential balls and the general branching process

Let (z,,) be the birth instants of a general supercritical branching process (Z(¢)). See [14]
and [17] for example. Let o be the Malthusian parameter, and let W be the almost-sure limit
of (7% Z(t)). Under reasonable technical assumptions, Hirngvist [10] showed the following
result.

Theorem 3. Define the point process V; by

\Ilt = Z l{tftk} (Stkeott .
k>1

As t becomes large, V; converges in distribution to a mixed Poisson process whose parameter
is distributed as y W for some constant y > 0.

From this result, it is possible to prove that the process (n(t,+x — t,), k > 1) converges in
distribution, as n goes to oo, to a Poisson process: clearly,

Wi, = Z Stk —tn) explaty)
k>1

and provided that, up to a multiplicative constant, exp(a; )/ k converges to W, the point process
k=1 On(tysx—1,) Should converge to a Poisson random variable with a deterministic parameter.
In this case the probability that a ball falls into the nth bin, which is given by

Py = CXP(—,Otn—l)(l - eXP(—,O(l‘n — th-1))),
therefore has the following asymptotic behavior:
P, ~ nPle—1 W’O/aFn,

where the (F;) are i.i.d. exponential random variables with mean p. In the Bellman—Harris
case, following [1], it is possible to show that W and (F;) are independent, so that in this case,
the asymptotic behavior of (P,) is exactly the same as in the case of a Yule process. One can
conjecture that this independence property still holds in the general case.

The main obstacle to generalizing the results of this paper, even in the Bellman—Harris case,
is that although W and (F;) are independent, #,_; and #, — f,_; are not independent. In the
proof of Proposition 1, this independence plays a crucial role; therefore, it has to be generalized
to variables which are only asymptotically independent. Additionally, since the heavy tail
property of the limiting variable W4” is also true in the general case (see, e.g. [16]), a similar
rare events phenomenon to the one described in Section 5 is plausible in this case.

6.2. General balls and the Yule process

When the underlying branching process is changed, the above discussion suggests that the
asymptotic behavior of the sequence (P,) remains essentially the same as for a Yule process.
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The situation changes significantly when the law of the location X of a ball is changed. In this
case, using the same notation as before for the Yule process,

E,
P, =P tn—l<X§tn—l+7 .

The tail distribution of X then plays a key role. Consider, for instance, a power law, i.e.
P(X > x) behaves as 8x # for some B and § > 0. Then

En+1 P - ,B(SEn-H o ,BSEn—i-l
n+1 ntf n(logn)B+1’

Pop1 ~ 1P — (tn +

and it can be seen that the random variable W, may not play a role anymore in the asymptotic
behavior of the system.

Appendix A

This section is devoted to the proof of Proposition 5. The notation of Section 5 is used. For
N > 1,weletk, = |[x¢(n)]. It is assumed that ¢ (n) < n*° for some oy < 1/(p + 1).
For0 < p < 1andn > 1, the elementary inequality

2 2
|e*"P — (1 _ p)”| < p_ne*np < Zi
2 n

and the relation E[Nf([O, xD] = E[(1 = P)"] 4+ --- + E[(1 — Plx¢m)))"] directly give the
following lemma.

Lemma 1. For a nondecreasing function ¢, x > 0, andn > 1,

kn
' E[N? ([0, x])] — ) Elexp(—nP)]

i=1

5262]&.
n

Lemma 2. There exists n > 0 such that

E[sup Wn_”] < 4o00.

n>1

Proof. Forn > 1, W,, = exp(—V,—1) exp(—(H,,—1 — logn)), where V,, = t, — H,, and
(H,) is the harmonic sequence. For 0 < n < %, it is easy to check that

sup{E[exp(2nV;,))]: n > 0) < +o0.

The sequence (V) being a martingale, Doob’s inequality states that, for any n > 0,

E[sup exp(2n Vn)] < 4supE[exp(2nVy)].
n>1

n>1
The result is proved.
Lemma 3. If F is an exponential random variable with mean p independent of W; then
ky ky
lim ‘ E[Z exp(—ni P! W[’zl-)] — E[Z exp(—ni P! W{’F)} ‘ =0.

n—oo

i=1 i=l1
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Proof. Lety > 0 and Z = (1 — e *F)/y. Then, trite calculations with the exponential
distribution give, for any 8 > 0,

0 < Ble %] — BleFF] < e~ (1+oP/@) 4 2_y2
(I'+pB)

Fork > land 1 <i <k,since Z; = i(l —exp(—pE;/i)), where E; is an exponential random
variable with mean 1, by using this relation we obtain

k k
0< E[Z exp(—ni_"_lwipzi)} - E[Z eXP(—”i_p_IWipF)}

i=1 i=1

k i k 2p
<E exp( —=—(1 4 pni "~ 'w/ )} +E[ } .
< [z p( a1+ pni W) D= o S

Since (i 7~~! Wip ) is a nonincreasing sequence, then

kn kn

ZeXp(__(1+p”’ o 1Wp)) Zexp(__(1+pnkn o 1W’“>>

_ o+ ok IWE)/(20))
T L—exp(—(1+ pnky P W)/ (20))

and this last term converges almost surely to 0 because k, < n'/(*+1_ Using the relation
kn . 00 .
2 s :
exp| —(1 + pni WH— | < exp| —=— ) < +oo,
i=1 "2 P 2p

the first term on the right-hand side of (12) vanishes by Lebesgue’s theorem.
Since

kn kn

> 1 < >
i=1i(1+pni—p—1wf’)2 (l+pnk —p- 1W")2

the second term on the right-hand side of (12) converges almost surely to O because
k, <« n'/®°*+D For e > 0, again by monotonicity,

kn kn .

T R T
(1 + pni=r=TWF)? B —itte(l+ pni=P W2 T ‘1 + pnk, T PTIWL 2

where C is a finite constant. By using some elementary calculations and Lemma 2, it is not
difficult to show that one can choose ¢ > 0 so that this last term is uniformly bounded in n by
an integrable random variable. Again, Lebesgue’s theorem shows that the second term on the
right-hand side of (12) converges to 0. The lemma is proved.

Combined with the last result, the following lemma completes the proof of Proposition 5.

Lemma 4. If F is an exponential random variable with mean p independent of Wip then

kn kn
. i —p—lyye i —p—lyrP —
nETooE[E]eXp( ni W, F)]/E[E exp(—ni WOOF)i| =1
=

i=1
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holds under the assumption of Proposition 5 that

kn
Y Elexp(—nP)]

i=1
converges to 0o as n gets large.
Proof. Foranyn > 1,

kn

kn
‘ E[Z exp(—ni "~ 'w? F)] - E[Z exp(—ni "~'WE F):| ‘

i=1 i=1

kﬂ 1 k}l 1
=|E -
‘ [Z 1+ pni—P=1w’ §1+pni—0—1wg;”

kn

P 1|WP _WP|
< E
_; [(l—i-,om —P=IWP)(1 4 pni—P= 1W&)}
. |: WS JWE —1] i|

< El ————M—
= T o |
. 1+ pni=P=1W!

=

1

hence,
kﬂ

kn
} E[Z exp(—ni—f’—lwa)] - E[Z exp(—ni—ﬂ—lwg;F)”

i=1 i=1

< El ——mMMM— -1
X;‘ [1 + pni=P~ IW”} H W
by the independence of W,/ W&, and W/ . The sequence (W, / W&,) being uniformly integrable,
it converges to 1 only almost surely and in L1; consequently,

kn 14 kn
1 W; 1
Ef —— |E —1 E| —
.Z [1+pm—p—1w.p] [W” H (Z [1+pni—/’—1W{’])

i=1 i i=1

since the sequence

k k
n _ 1 1
<Z E[CXP(—nPi)]> = <Z E[m})

i=1 i=1

converges to co. This completes the proof.
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