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OSCILLATION AND NONOSCILLATION PROPERTIES
OF NEUTRAL DIFFERENTIAL EQUATIONS

L. H. ERBE AND QINGKAI KONG

ABSTRACT.  We obtain a number of new conditions for oscillation of the first order
neutral delay equation with nonconstant coefficients of the form

d n
E[X(I) —px(t—7)]+ ; gi(Ox(t — o) = 0.

Comparison results are also given as well as conditions for the existence of nonoscilla-
tory solutions.

1. Introduction. In this paper we mainly consider the neutral delay differential
equations of the form

d n
(1.1 o [x(?) — px(t = )]+ > qi(O)x(t —0:) = 0
i=1

wherep € [0,1],¢;(i=1,...,n) € C([to,oo), [0, oo)) andT, 0;(i=1,...,n) € (0,00).

Our aim here is to establish some new sufficient conditions for oscillation and exis-
tence of nonoscillatory solutions of equation (1.1). As corollaries, some results are de-
rived which yield sufficient and necessary conditions for oscillation. We also obtain some
comparison criteria and give some explicit conditions for oscillation. Similar results are
obtained for delay equations with varible delays.

Let r = max{T, O1,...,0n}. By a solution of (1.1) we mean a function x
S C([n -, oo),R) for some #; > ty, such that x(f) — px(t — 7) is continuously dif-
ferentiable for ¢+ > ¢, and such that (1.1) is satisfied for ¢ > ;.

As is customary, a solution of (1.1) is said to be oscillatory if it has arbitrarily large
zeros. Equation (1.1) is said to be oscillatory if all of its solutions are oscillatory. For
some recent results in oscillation theory, see [1-15] and the references cited therein. For
completeness, we cite the following results:

ResurT 1 [1,14]. LetO<p<landg; >0 (G =1,...,n)be constants. Then (1.1)
is oscillatory if and only if

n
(1.2) A1 —pe™ )+ gie ™ =0
i=1
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has no real root.

REsuLT 2 [11]. Let 0 < p < 1 be a constant, o; = ir, i = 1,...,n, and g;(?),
i =1,...,nbe T-periodic functions. Then (1.1) is oscillatory if and only if

(1.3) A — pe7) +§ %(ﬂ 4i(s) ds)e—*"f -0

has no real root.

RESULT 3 [4]. (This corrects the mistake in [9]). Consider the case n = 1 in (1.1)
where q,(¢) := q(?), 01 := o, and p is replaced by p(?) € C([to, 00), [0, oo)).
i) Assume p(t) is bounded, p(t* + nt) < 1 forat* > rpandn = 0,1,2,..., and
q(t) > q>0,1> 1. If
. q(t) 1
f t— — "+ —qg(t)e" | > 1,
N;&ﬂ[p( 0 o7~ e }
then (1.1) is oscillatory.
i1) Assume there exists a 4* > 0 such that

q@®)
q(t—7)

« 1 .
sup[p(t —0) e+ —q(e! "] <1.
I

>T
Then (1.1) has a positive solution.

In Section 2 we will obtain sufficient conditions for oscillation of (1.1) and for the
existence of a nonoscillatory solution for the neutral equation (1.1). These conditions
cover Result 1 for the constant coefficient case and improve Result 2 for the periodic
coefficient case. They also yield some sufficient and necessary conditions for oscillation
even for a class of equations with aperiodic coefficients. In Section 3, the above criteria
for oscillation are developed for delay equations with variable delays, which substantially
improve the conjecture of Hunt and Yorke [12]. Based on these results, in Section 4, we
derive some comparison criteria for oscillation and existence of nonoscillatory solutions,
and in Section 5, we obtain some explicit conditions for oscillation.

Before stating the main results we introduce the following lemmas which will be used
in the proofs.

LEMMA 1.1. Leta > 0,b > 0, and f(t) > 0 be a locally integrable function on
[0, 00). Assume both the limits

. 1 ft+a . 1 rt+b
I = lim ~ /, f9)ds and I = lim f, f(s)ds
exist and are finite. Then I, = I,.

PROOF. We prove it by contradiction. Without loss of generality we only consider
the case that I; > I. Choose a positive integer n such that anl; — b(m+ 1)I, > 1, where
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m = [an/b] is the integer part of an /b. This is possible since I; > I, and blan/b] < an.
Choose T > 0 so large that fort > T

! [ " fsyds > Iy —
a Jt

n+m+1
and
1 r+b 1
- L+ ———.
b./p fl9)yds <1 n+m+1
This implies that
T+an n+m
ds > anly — bmly — ———— > bl + ——.
./T+hmf(s) § = ani b n+m+1 > b n+m+1

But this is impossible since
(T +an) — (T +bm) = an — [an/b]b < b,

and hence

T+an 4o < TH(m+1)b s < bl 1
./T+bmf(s) §= ./T+hm fls)ds < bl + n+m+1

This gives a contradition. [
With a similar proof we get the following generalization of Lemma 1.1.

LEMMA 1.2. Let 0 < a; < a(t) < a; < 00,0 < by < b(t) < by < 00, and let
f(®) > 0 be alocally integrable function on [0, 00). Assume both the limits

/ i 1 rt+a(r) d J I i 1 1+b(t) d
l—tg?o%_’ f(s)ds an 2_1-1210[)—(1‘_) f f(s)ds

exist. Then I, = 1.

2. Criteria for neutral equations. In this section we are concerned with the equa-

tion
d n
2.1 X0 = px(t = D] + > qiOx(t—0:) =0
i=1
where
22 qi(t) € C([19,00),[0,00)), i=1,....n,
pel0,1], 1,0 €(0,00), i=1,...,n
Denote r = max{r,0y,...,0}.

The following lemma is needed in the proof.
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LEMMA 2.1.  In addition to (2.2) assume

(2.3) qit) > ¢ >0
and
(24) lIi(f*T)féh(f), t>ty+r, i=1,...,n.

Let x(t) be an eventually positive solution of (2.1), and let
2.5) z(t) = x(t) — px(t — 7).

Then eventually z(t) > 0, 7'(t) < 0, and

(2.6) 20— pt -+ anlt — o)) < 0.

i=1

PROOE.  From (2.1) it is easy to see that z(r) > 0, 7'(f) < 0 eventually. From (2.4)
and (2.5)

20— pZ(t =) = — S gt — 01) — pailt — Dt — 7 — 1))
i=1

< - i qi(O[x(t — o)) — px(t — 7 — 0;)]
i=1

= 3 el — o).
i=1

Thus (2.6) is true eventually. u

THEOREM 2.1.  Assume (2.2)—(2.4) hold, and forall u > 0, and { = T1,04,...,0,

2.7 liminf[pe + =S e [* g syds] > 1
2.7) imin [pe +7‘;;e [ gi(s) s]> .

—00
Then (2.1) is oscillatory.

PROOF.  Assume (2.1) has an eventually positive solution x(¢). Define z(f) as given
by (2.5). Then by Lemma 2.1 there exists a T > ¢t such that z(r) > 0, z(f) < 0, and (2.6)
holds for r > T. Let w(t) = —£% ¢ > T. Then w(r) > 0, t > T, and (2.6) becomes

Wa
w(t) > pw(t —T)exp (/;T w(s) ds) + éqi(t) exp (/I;i w(s) ds)

fort > T+ r, where r = max{r,0y,...,0,}.
We now define a sequence of functions {w; (1)} fork = 1,2,...,and ¢t > T, and a
sequence of numbers {y; } for k = 1,2,..., as follows:

wi (=0, t>T
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andfork=1,2,...,t >T+kr

Q8w =pwte—Dexp( [ wwds) + Sawexp( [ wiisds):

and u; = 0,and fork = 1,2,...

t2>T £=T,01,....0n

1 ‘
2.9) p =inf min {ppem 5 3 en [ g ds).
(e !

We claim that the following inequalities hold:
D0=p <pp<---;
i) we(@®) <w(@®)fort >T+(k— Drandk =1,2,...;
1ii) %ft”l wi(s)ds > ppfort > T+ k+ Dr,k=1,2,...,and £ = 1,0¢,...,0,.
In fact, since p, > p; = 0, and w () < w(t) for r > T, by induction we see i) and ii)
are true. We now show that iii) also holds. Clearly iii) is true for k = 1. Assume iii) is
true for some k. Then (2.8) and (2.9) imply thatfort > T +kr, { =71, 0y,...,0,

1 e t+ s
7 Wi (8)ds = % /t wi(s — T) exp (fs_T wi(0) d9) ds
1 .+t s
+ 7 ;[ qi(s) exp(/x_m wi(9) d0) ds
> wr . LSS oy [ d
Zpme + 5 ; e /[ qi(s)ds
1.z 1+{
> 1 1 ,J' T p— ll' Ul .
Ziof, min_ {pme” 720 [T awds)
= Hk+1-
Hence iii) holds.

Let p* = limy_,o, - From (2.7) and (2.9) there exists an « > 1 such that gz, > oy,
=1,2,..., and this means that u* = oo.

By ii) and iii) we have that lim,_., ,””‘ w(s)ds = 00, and so

7
lim sup /t+ : w(s)ds = 00.
t

1—00
Integrating both sides of the equation w(t) = — % from 7 to 7+ % for ¢ sufficiently large
we get
t 3
« )U = exp(/t)r © w(s) ds).
(t+3F) '
Thus
. (r)
(2.10 limsu -— =
) CEP i+ D)
Since

2 == qiOx(t — o)) < —gx(t — 1) < —qz(t — 0y),
i=1

https://doi.org/10.4153/CJM-1994-013-9 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-1994-013-9

NEUTRAL DIFFERENTIAL EQUATIONS 289

integrating both sides from ¢ + ¢, / 2 to t + o) and using the decreasing nature of z(r) we
find for ¢ sufficiently large

0<zlit+o)) < z<t+ ﬂ) — ﬂz(t)
2 2
Thus
W _ 2
2(t+3) T qo
contradicting (2.10). This completes the proof. ]

THEOREM 2.2. Assume (2.2) holds and there exist a u* > 0 and a T > ty such that
forl =T1,01,...,0,

n

o t+0 <
e / q,»(s)ds}_l,

@.11) sup [pe“‘T +

=T
Then (2.1) has a positive solution on [T + r, 00).

PROOF. First we claim that the integral equation
t n t
2.12) Wt) = pul(t — 1) exp( [ o) ds) + ; gi(0) exp( /t V) ds>

possesses a positive solution on [T + r, 00). To this end set

vi)=0, t>T,

and fork=1,2,...
(2.13)
Vis1 ()
_ { puit — 1) exp(J}_, vi(s) ds) + S0, qi) exp(f}_,, vi(s)ds),  t>T+r
Bre1(2), T<t<T+r

where {3} are given function sequence satisfying
i) B € C*(IT, T+r),[0,00)) with 3, > Oand /(1) > 0,1 € [T, T+r),k = 1,2,...,
i) () =0,t € [T, T+ r—7), Bi(T +r) = w(T +r), and B,(?) are increasing in k
fort € [T+r—7,T+r)andk=1,2,...,
iii) forevery { =T1,01,...,0p,fort € [T+r— 4, T+r),k=1,2,...,

T+r T+r+{
[ Bsas < [ wesas
t +4

Obviously, vi(f) < v(¢) < ---. By induction we will show that for k = 1,2,... and

{=T1,00,...,0n

1 e+t
(2.14) ~/ v(s)ds < u*, t>T.
¢ J:
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In fact, (2.14) is true for k = 1. Assume (2.14) is true for some k. Then from (2.11)
and (2.13) we have fort > T+r, L =71, 01,...,0,
(2.15)

% /Ir# V(s —7) exp([q vi(0) d9) ds + % ; /,

t+{

a©exp( [ n(©)do) ds

R)
* WT 1 & 1o i *
< pu'e +?Ze /’ qi(s)ds < p
i=1 h

Forevery { =T,01,...,0,, fort € [T+r— {,T +r), from (2.15) and condition iii) for

{8}, |
%/[.M Vet (1) = %U[ﬂr Bk+1(5)d5+./rr:r Vk+|(5)d&‘]

< 1 fT+r+t <
< Z./m vi(s)ds < u*.

From the monotonic property of G, (f) with respect to t we see that (2.14) also holds for
te [T, T+r— 0,0 =T1,00,...,0,.

Let v(r) = limy_ vi(t). Then w(t) = 0, ¢t € [T,T + r — 7], v(¢) is increasing on
[T+r—7,T+r)andfort>Tand { =71,0/,...,0,,

1 e+t
Z./r Ws)ds < .

Taking limits as k — oo on both sides of (2.13), from Lebesgue monotone convergence
theorem we see that v(¢) satisfies (2.12) for r > T + r. It is also easy to see that v(¢) is
well-defined on [T, 00). In fact, by condition ii) of {3, },

WT+9) =3 T+ 1) exp( [ " s) ds>
i=1 ! JT+r—o;
<> qT+ Pet % =M < oo,
i=1

and hence v(t) < M fort € [T, T + r]. If v(t*) = oo for some t* > T + r, then choose
an integer m such that t* —mr € [T+ r—7,T +r). By (2.12) we have v(t* — mr) = 00.
This is impossible. Furthermore, from condition i) of {3, } we get that v(¢) is continuous
on [T, T + r], and in view of (2.12) we see that v(¢) is continuous on the whole interval
[T, 00). Thus v(¢) is a positive solution of (2.12) on [T + r, 00). Set

x(1) = exp(— /Tr v(s) ds), t>T+r.
JI+r
Then x(¢) is a positive solution of (2.1). ]

REMARK 2.1. Theorems 2.1 and 2.2 partially improve the criteria given by Result 3
since in (2.7) and (2.11) the “integral averages” of functions are used instead of the func-
tions themselves. Both the theorems are sharp since together they give the following
result which extends Results 1 and 2.
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THEOREM 2.3.  Assume (2.2)—(2.4) hold, and 3" e | ,’”} qi(s) ds is a nondecreas-
ing functionint for { = 1,01,...,0,. Then (2.1)is oscillatory if and only if for all . > 0,
and forl{ =T1,04,..., or oy

li T & o tl d 1
lm[pe +526 /' qi(s) s]> .

—00 j=

PROOF. Denote
(t, 1, 0) iy LSS e [ (s)d.
) = +—— > e i(s) ds.
f(t, u, pe i He /’ qi(s)ds

From the condition we see that lim,_.f(¢, u, £) exists for { = 7,04,...,0,. By
Lemma 1.1 we have

lim f(t, u,7) = im f(t, u,01) = - - - = lim f(t, p, op).
1—00 1—00 100
In this case for £ = 7,04,...,0,

lim f(z, u, £) = liminff(¢, u, £) = supf(t, u, £).
1—00 1—00 >T
The conclusion is then immediate from Theorems 2.1 and 2.2. =
As a special case, we have the following corollary.

COROLLARY 2.4. Assume (2.2) and (2.3) hold, and there exists an ¢ > O such that
T=mol,0; = m;{ for some integers m;, i = 0,...,n. Furthermore,

qit) = giO+h(H), i=1,....n

where gi(t) are (-periodic functions with %f,’*f gi(s)ds = gi, hi(t) are nondecreasing
Sunctions with lim,_o, hi(t) = hi, i = 1,...,n. Then (2.1) is oscillatory if and only if for
all p >0,

n

]
pel + =" e"i(g] + ki) > 1.
/J/ ,

i=1

If gi(r) = 0 and A;(¢) are constants, i = 1,...,n, then Corollary 2.4 becomes Result 1;
if hi(t) = 0,1 = 1,...,n, then Corollary 2.4 gives an extension to Result 2 since the
requirement o; = it,i = 1,...,n is improved here.

Theorems 2.1 and 2.2 will also yield necessary and sufficient conditions for some
equations other than those satisfying the hypotheses of Theorem 2.3. To see this, we
give the following example.

EXAMPLE 2.1. Consider the equation

(2.16) d%[x(t)—px(t-7’)]+ 1 — ;(l —sin)|x(t—o0)=0, t>2
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where0 <p <1,7,0 > 0.Letq(t) =1— %(1 —sint). It is easy to see that for all £ > 0

%/,M q(s)ds = %ftw[l - é(l «sins)} ds— 1, ast— 00,

and _—
1+
sup 7 [ q(s)ds =1

t>T

According to Theorems 2.1 and 2.2, (2.16) is oscillatory if and only if for all > 0
1 o
pel” + —e"? > 1.
U

3. Criteria for delay equations. Now we are going to extend the criteria in Sec-
tion 2 to the delay equation with variable delays

d n
3.1) A0+ ai0x(r — 0i(1) = 0
i=1

under the assumptions
(H1) qi(0), 0i(t) € C([t9,00),10,00)), t — 0i(t) — 00, as t — 00, i = 1,...,n;
(H2) 0<qi(t) <q*,0<0i(t) <o*,i=1,...,n, where g*,0* > 0.
The following is a conjecture of Hunt and Yorke in [12] which was recently estab-
lished by Chen and Huang in [3].

RESULT 4. Under the assumptions (H1) and (H2), if for all u > 0
1 n
P — . poi (1)
limint{ 3 qi0e™ ) > 1

then (3.1) is oscillatory.

Employing the method in Section 2 we may obtain this as a consequence of the result
below. Again, since the “integral average” technique is involved, they greatly improve
Result 4. Under certain circumstances, they also yield necessary and sufficient condi-
tions.

Denote

f( 4l (f)) _ R 2": [mz) ()™ ds.
1

pt(@) =
THEOREM 3.1. Let (H1) and (H2) hold, and for all u > 0
ligglff(t,u,oi(t)) >1, i=1,...,n
Then (3.1) is oscillatory.
THEOREM 3.2. Let (HI) and (H2) hold, and there exist yn > Oand T > ty such that

supf(t,p*,on)) <1, i=1,....n.
>T
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Then (3.1) has a positive solution on [Ty, 00) for some Ty > T.

THEOREM 3.3. Let (HI) and (H2) hold with 0 < o, < oi(t) < o*. Assume
f(t, 1, Ui(t)) is a nondecreasing function int for p > O andi = 1,...,n. Then (3.1)
is oscillatory if and only iflim,_,oof(t, 14 O’,‘(I)) > 1 forallp > 0and somei=1,...,

oL n.

The proofs are basically the same as those of Theorems 2.1-2.3. Here we only give
an outline of the proof of Theorem 3.1. Note also that Lemma 1.2 is needed in the proof
of Theorem 3.3.

PROOFOFTHEOREM 3.1.  Assume (3.1) has an eventually positive solution x(z). From
(3.1) there exists ty > 0 such that x(¢) > 0,x'(z) < 0, t > to. Denote a sequence {tk}iio
by

f = sup{t: rrllinn{t —0i0} <t}

i=1,.,

Then t > t;_1, k > 1. Let w(t) = —%%. From (3.1)

1

(3.2) w(t) = gqi(t)exp( [ o w(s)ds), 1> 1.

We now define a sequence of functions {w,(z)} and a sequence of numbers {u;} as
follows:
wit)=0, t=>1

andfork =1,2,...
n t
= ; >t
wa = aen([[ | wmods). 1z
and yy; = 0,and fork = 1,2,...

inf . { 1 Z": /!+(’(1) ( ) ng.(;)d }
= m _— . LA .
Hk+1 rlglo on.?.llun TR qi(s)e s

Similar to the proof of Theorem 2.1 we can show that for £(t) = 0(¢), ..., 0,(f)

1 t+0(t)

—[(t_) | wi(s)ds > py — 00, ask — 00
and w(?) > wy(t) fort > 1, k = 1,2,.... Hence for £(¢) = 01(¢),...,0.(t)

1 t+0(t)
o) )

3.3) w(s)ds — 00, ast— 00.

From Theorem 1 in [11] we get that

lltrgécr)lf lIglasxn{q,-(t)(fi(t)} >0,

https://doi.org/10.4153/CJM-1994-013-9 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-1994-013-9

294 L. H. ERBE AND Q. KONG
and that if we let g(f) = g;(t), o(t) = o;(¢) be such that for each ¢
gj(Noj(t) = max{qi(t)oi(t),i = 1,...,n},

then 0 < g« < q(t) < g*and 0 < g, < 0(t) < ¢*. From (3.3),

t — 00, hence [*%" w(s) ds — 00 as t — o0. Therefore,

”m I w(s)ds — oo as

lim sup / w(s) ds = 00

1—00

Noting that
X)) = =3 qiox(t — 0i(t)) < —q(0x(t — 0(1) < —qux(t — 0.),
i=1

the rest of the proof is similar to that of Theorem 2.1. L]

REMARK 3.1. It can be shown that Theorems 3.1-3.3 still hold if we replace (H2)
by:
(H3) there exists a nonempty subset / of the set {1,...,n} such that o(t) = min{o;(1),
i € I} satisfying t — o(f) — 00 as t — 00,

liminf o(t) = 09 > 0
1—00

and
llmmf > qi(s)ds > 0.

J1=00 g

The corresponding results are improvement of Theorem 2 in [3].

4. Comparison results. Using the above theorems we can derive some compari-
son results for oscillation and for the existence of nonoscillatory solutions for a pair of
equations. Here we will only mention the results based on the theorems in Section 2.
Parallel results based on the theorems in Section 3 are obtained in a similar fashion. This
is left to the interested reader.

Consider two equations

d
4.1 O = pxt =]+ Z qi(Dx(t — 0;) =0
and
d 5 N n 5 5
“4.2) c_i;[x(t) — px(t — )] + Z gi(Hx(t —6;) = 0.
i=1

Assume (2.2)~(2.4) hold for both the sets {g;(1)}*_, and {gi(1)}?_,. Furthermore, assume
the conditions for ¢;(¢), i = 1,...,n, in Corollary 2.4 hold.
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THEOREM 4.1. i) Suppose (4.1) is oscillatory, and p > p, T > 7, and for all p > 0,

{=7,6,...,0,

—00

o 1 .n el n
4.3) liminf 5 3>e' [ Gi(s)ds > Y- ' (q; + ).
i=1 ! i=1

Then (4.2) is oscillatory.
it) Suppose (4.2) is oscillatory, and p < p, T < 7, and there exists a T > to such that
forallpy>0,0=7,6,...,6,

1.n R n
4.4) sup 7 3¢ [ Gils) ds < Y- e g} + ).
>7 L= d i=1
Then (4.1) is oscillatory.
iii) Suppose (4.2) is nonoscillatory, and p > p, ¥ > 7, and forall p > 0, ¢ =
TyG1s...,0n (4.3) holds. Then (4.1) has a nonoscillatory solution.
iv) Suppose (4.1) has a nonoscillatory solution, and p < p, ¥ < 1, and there exists
aT > ty such that forallu >0, { = 7,61,...,6,, (4.4) holds. Then (4.2) has a
nonoscillatory solution.

PROOF. i) Since (4.1) is oscillatory, by Corollary 2.4 we have for all u > 0,
1 n
pe' + =5 " eti(g; + hi) > 1.
iz

i=1

Then (4.3) gives that forall 4 > 0, £ = 7,6,...,6,

lim inf| pet” U s (70 d 1
imin [pe +E;e /r Gi(s) s] > 1.
By Theorem 2.1, (4.2) is oscillatory.

ii) If not, (4.1) has a nonoscillatory solution. By Corollary 2.4 there exists a u* > 0
such that

n

. 1 .
pel' T+ — 5 et Ti(g; + h)) < 1.

i=1

Then (4.4) gives thatforall p >0, { =7, 61,...,0,
1

bp*§

s noooL e
sup[ﬁe" T+ et ""/ gi(s) ds] <.
>T =1 !
By Theorem 2.2, (4.2) has a nonoscillatory solution, contradicting the assumption.
iii) and iv) are the converses of i) and ii). n
Theorem 4.1 provides criteria for oscillation and for existence of nonoscillatory so-
lutions for a certain class of equations by means of a comparison with equations having
constant, periodic or even aperiodic coefficients. The criteria are given by investigating
the “integral averages” of the coefficients g; over an interval of length £, and can be eas-
ily verified. It is clear that Theorem 4.1 substantially improves Theorems 2 and 3 in [12]
under the conditions (2.2)—(2.4) since the latter are only very special cases of parts ii)

and iv) in Theorem 4.1.

https://doi.org/10.4153/CJM-1994-013-9 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-1994-013-9

296 L. H. ERBE AND Q. KONG

5. Explicit conditions for oscillation. We can also obtain some explicit conditions
for oscillation from Theorems 2.1 and 3.1. As an example, we mention the result derived
from Theorem 2.1.

THEOREM 5.1.  Assume (2.2)—(2.4) hold, and for { = 1,04,...,0

1
. k . _
G llmme E ( / q,(s)ds)p (kT +0;) > =

=00 i T k=0
Then (2.1) is oscillatory.

PROOF.  We show that (2.7) is true for all © > 0, and then (2.1) is oscillatory by
Theorem 2.1.

For any u > 0, if pe'” > 1, then (2.7) is obviously true. So we only consider the
values of 1 such that pe!” < 1. From a well-known inequality we see that for u > 0,

(5.2) eﬂ(kT*U,‘) > ep(kr + 07).
So we have
1 /1 e 1 .n > ")
- - i d H9i(1 — pet” L——— ; d k ju(kt+a;)
M ;(K | ae S)e (I=pety =2 ;I;)( | atods)pte
n o0 l
z ’Z‘Tkz%(g / qi( S)dY)p e(kt + 0;).

Then (5.1) implies that for £ =T,04,...,0

I3
lim inf — Z( [” q,-(s)ds)e’”"(l— Py > 1

1—00

or
n

liminf 1 o 1+l ur
imin Z—Ze /t qi(s)ds > 1 — pe''".

oo Lo
Hence (2.7) holds for all 4 >0, and ¢ = 7,04,...,0,, and the theorem is proved. =
Theorem 5.1 gives a sharp condition for oscillation in the sense that for the constant

coefficient case it coincides with our recent result in [5] and it is better than the corre-
sponding results in [2, 6, 7, 8, 13].
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