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Tameness of Complex Dimension
in a Real Analytic Set

Janusz Adamus, Serge Randriambololona, and Rasul Shafikov

Abstract. Given a real analytic set X in a complex manifold and a positive integer d, denote by A¢ the
set of points p in X at which there exists a germ of a complex analytic set of dimension d contained in
X. Itis proved that A4 is a closed semianalytic subset of X.

1 Introduction and Main Results

The existence or non-existence of complex analytic germs in a given real hypersur-
face X of a complex manifold plays an important role in the theory of holomorphic
mappings. A particularly interesting case is when X is real analytic. For example, in
[7] Diederich and Forneess showed that a compact real analytic set X in C" does not
contain germs of complex analytic sets of positive dimension. If X is not compact,
then the set A' of points p in X such that there exists a positive-dimensional complex
analytic germ Y, with ¥, C X,, is non-empty in general. It is a natural problem to
describe the structure of the set A!. D’Angelo [6] and Diederich and Mazzilli [8],
using different methods, proved that A' is closed in X. In [8] the authors also asked
whether A! is a real analytic subset of X. Our main theorem answers this question.

Theorem 1.1 Let X be a closed real analytic subset of an open set in C". Let A denote
the set of points p in X such that X,, the germ of the set X at p, contains a complex
analytic germ of dimension d. Then A% is a closed semianalytic subset of X, for every
d € N. Moreover, if X is real algebraic, then A% is semialgebraic in X.

The proof of closedness of A%, given in Proposition 3.2, is similar in spirit to [8]
(where it is done for .A!), but we do not use volume estimates or Bishop’s theorem.
Instead, our proof relies purely on the properties of Segre varieties. The following
example, which is due to Meylan, Mir, and Zaitsev [12], shows that the set A4 is not
in general real analytic. Consider

X={(z1,....,20) €C*:x] =3 +x3 =x}},
wherez; = x;j+iy;, j=1,...,4. Near (1,1, 0, 0) the set X is a smooth real algebraic

manifold. For every point z in X with x, > 0 there is a complex line passing through z
and contained in X. Butif x4 < 0, then X can be expressed (locally near z) as a graph
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of a strictly convex function, and therefore there cannot be any germs of positive-
dimensional complex analytic sets in X. Thus A' coincides with XN {x; > 0}, which
is semianalytic (even semialgebraic) but not analytic.

Remark 1.2 Another (in a sense, dual) question that can be asked about a germ X,
of a real analytic set is: what is the smallest dimension of a complex analytic germ at
p containing X,, and what can be said about the structure of the subset of X along
which this minimal dimension is realized? It is shown in [2, Thm. 1.5] that for an
irreducible real analytic subset X of C" of pure dimension d > 0 this so-called holo-
morphic closure dimension attains its minimum / outside a closed semianalytic subset
S C X of dimension less than d. In fact, X \ S is a CR manifold of CR dimension
d — h. Interestingly, X does not in general admit semianalytic (not even subanalytic,
see [2, Ex. 6.3]) stratification by holomorphic closure dimension beyond S. (See also
[1] for the semialgebraic context.) By comparison, Theorem 1.1 implies a semiana-
lytic filtration of X, X = A° D A D .. D AL,

Semianalyticity is a consequence of the description of the set A given in Theo-
rem 1.4 below. We first need to introduce some notation. Let o(z, Z) be a real analytic
function on some open polydisc V' € C" given by a power series convergent in a
neighbourhood of V such that

(1.1) XNV ={z€eV:o(z,z) =0}.

As in the smooth case (see, e.g., [16]), for a point w € V, we define the Segre variety
of was

(1.2) Sy ={z€V:o(z,w) =0}.

For more about Segre varieties, see Section 2. Geometric properties of these varieties
will play a crucial role in the proof of Theorem 1.4.

Let k be a positive integer, and let n > 1 be the complex dimension of the ambient
space of X with variables z = (zy,...,z,). For 1 < d < n,let

Adn)={=0,..., ) eN 1<\ <o < Mg <n}.

Given A = (A,...,A\y) € A(d,n), we will denote by z, the sub-collection of vari-
ables (zy,,...,2y,)-

Definition 1.3 Foranyl < d < nand A € A(d,n), we define a k-grid with
d-dimensional base z\, denoted G%, as follows. Let G} be a collection of (x + 1)4
distinct points p, € V,where v = (vy,...,1v4) € {1,..., s+ 1}%, such that

(i) foreach pair (p,, p,+) of elements of G5, we have o(p,, p,7) = 0, and
(ii) for p, and p, in G, we have v; = v} if and only if p, and p,- have the same
Aj-th coordinate (as vectors in C").

We denote by B(p, €) the standard open Euclidean ball of radius € centred at p.
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Theorem 1.4 Let X be a closed real analytic subset of an open set in C", and let V and

0 be such that (1.1) holds. Let 1 < d < n, and let A be the set of points p in X such

that X, contains a complex analytic germ of dimension d. Then there exists a positive

integer Kk such that the following two statements are equivalent:

(i) peAinv;

(if) for any € > 0, there exists a k-grid G with a d-dimensional base z) for some
A € A(d, n) such that G§ C B(p, €).

In general, the number  in Theorem 1.4 depends on the defining function p.
However, if X is a smooth real analytic hypersurface, then Segre varieties do not de-
pend on the choice of p provided that the differential of ¢ does not vanish on X, and
in fact, S,, are local biholomorphic invariants of X. Thus, in this case  is also a local
biholomorphic invariant of X (cf. Section 4).

Another question raised in [8] is whether the set of points on X of infinite D’An-
gelo type is exactly A'. The proof of this fact is given in D’Angelo [6, Sec. 3.3.3, Thm.
4]; however, in [8], the validity of this proof is questioned. We address this issue in
the last section. Our goal is to clarify the definition of type for real analytic sets, and
to give a concise but self-contained proof of the fact that the subset of X of points
of infinite type indeed coincides with the set A'. Combining this with Theorem 1.1
immediately gives the following result.

Corollary 1.5 Given a real analytic set X, the set of points of D’Angelo infinite type is
a closed semianalytic subset of X.

2 Segre Varieties

Given a closed real analytic set X in an open set in C" of arbitrary positive dimension,
for any point p € X there exists a neighbourhood V' C C" of p such that X N V is
precisely the zero set of a convergent power series

0z = > cplz—p)E—p),

lol+]8]>1
where, for a multi-index 8 = (B1,...,8,) € N" w? denotes the monomial
wfl owl and |B] = By + - - - + By (Indeed, if X is defined near p by the vanishing
of real analytic functions hy, ..., h;, one can put 9 = h? + - - - + h2.) For simplicity,

assume that p = 0. By shrinking V' if needed, we may further assume that the series
0(z,W) = 3 c,5z°W" is also convergent in a neighbourhood of the closure of V x V.
For a given w € V define the Segre variety S,, of w to be the complex analytic subset
of V defined by (1.2).
The set
X ={(z,w) €V XV :0(z,w) =0}

is a non-empty complex analytic set defined by a single holomorphic function, and
hence it is of (pure) dimension 2n — 1. It follows that a fibre {z € V : (z,w) € X°}
over a point w, if nonempty, has dimension n — 1 or n. For every point z € X, we
have p(z,Zz) = 0, and hence S, is not empty. Therefore, by the analytic dependence
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of S,, on W, there exist polydisc neighbourhoods U; € U, € V of p such that for
any w € Uy, the set S,, N U, is a non-empty complex analytic subset of U, of (pure)
dimension either n — 1 or n. To simplify notation, we will write S,, for S,, N Uy,
whenever w € U;. From the definition (1.2), and the fact that o(z, Z) is real-valued,
it follows that for z, w € Uy,

(2.1) z€ S, = wes,,

(2.2) z€S, «<—z€X.

Let E be the set of points z in U; such that dimS, = #n; i.e, S, = U,. Thenz € E
implies z € S,, and therefore E C X. Furthermore, E # X unless X is itself complex
analytic.

Remark 2.1 Apart from properties (2.1) and (2.2), the results of the following sec-
tions rely on a few basic properties of complex analytic sets, which we list here for the
reader’s convenience (for details, see [4] or [11]). Let Y denote a complex analytic
subset of an open set in C".

(i) The family of irreducible components of Y is locally finite, and each irre-
ducible component is precisely the set-theoretic closure in Y of a connected com-
ponent of the regular locus of Y.

(ii) The set Y is irreducible if and only if its regular locus Y™ is a connected
manifold. In this case, Y is of pure dimension. Moreover, a proper analytic subset of
an irreducible set Y is of dimension at most dimY — 1.

(iii) A point z° € Y is regular (i.e, z° € Y™8) if and only if there are a natu-
ral number d, an open polydisc U centered at zj, and a sub-collection of variables
(2j, - -+, 2j,), such that the projection 7 onto (the linear subspace of C" spanned by)
these variables restricted to Y N U is a bijection between Y N U and 7(U).

(iv) If Y is irreducible, of dimension k > 0, and 0 € Y, then after a (generic)
linear change of coordinates in C", there is a neighbourhood €2 x ¥ of 0, where
Q={(z,....,z) € "1 |z;] < 6}, Z = {(z415---,20) € C"F 1 |zj| < g} for
some §,¢ > 0, and a proper analytic subset Z of € such that the restriction to Y,
m: Y N(Q x X) — Q, of the canonical projection 2 x ¥ — €2 is proper, surjective,
and locally biholomorphic at every p in (Y N (2 x X)) \ (Z x %), which is an open
dense subset of Y N (2 x X).

(v) If wisa proper projection from Y to a linear subspace of C", then dim 7 (Y) =
dimY.

By a holomorphic disc through a point p we mean an irreducible one-dimensional
complex analytic set Y in a neighbourhood U of p such that p € Y and Y is the
image of a non-constant holomorphic map + from a disc {¢ € C: |[{| < §} to U. We
say that the disc is centred at p when «(0) = p. The following result is essentially a
restatement of [7, Claim on p. 383]. It generalizes [8, Lem. 2.5], which states that a
holomorphic disc Y through a point z is contained in S,, provided Y C X.

Lemma 2.2 Let X, p,0,V,U; and U, be as above. Suppose that Y is an irreducible
complex analytic subset of an open set in U,, of positive dimension k, and such that
Y C X. Thenz € Y impliesY C S,.
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Proof Fix a point zy € Y. We shall show that Y C S,,. For simplicity of notation,
assume that zy = 0. By Remark 2.1(iv), we may choose a neighbourhood 2 x ¥ of
zo such that €0 is a k-dimensional polydisc, and the projection w: Y N (2 x ) —
is proper and surjective. Let z/ = (z{,...,2/,2(,,,-..,2,) be an arbitrary point in
YN(QxX),andlet L, C Q be the complex line segment through (z{, ..., z/) and 0
in Q. ThenY,, := 7~ !(L,/) is an analytic subset of Y N (2 x X), with a proper projec-
tion onto L./, and hence of dimension one, by Remark 2.1(v). We may assume that
Y, is irreducible by keeping only one irreducible component of Y,/ passing through
z" and z. Then, by the Puiseux theorem (see, e.g., [11, Ch. IL, §6.2]), there is a neigh-
bourhood 2’ of 0 € £, such that Y,: N (2’ x X) is a holomorphic disc centred at z,.
By [8, Lem. 2.5], Y, N(Q' x X) C §,,. It follows that the set Y,» N(Q’' x £)NS,, con-
tains a non-empty open subset of Y,/, hence is of dimension dim Y, and so is not a
proper subset of Y, by Remark 2.1(ii). Thus Y,» C S,, and, in particular, z’ € S,,.
Consequently, Y N (2 x ¥) C S,,, because z’ was arbitrary. Hence, by Remark 2.1(ii)
again, Y C §,,, as required. [ ]

Lemma 2.3 (¢f. [8, Thm. 1.2],seealso [7]) Let X, p,0,V, U, and U, be as above.
For a non-empty subsetY of U,, withY N U, # @, define

Y= ﬂ S, and Y?= ﬂ Sy

zeYNU, weyYlnU,;

(i) Y'andY? are complex analytic subsets of U,. If Y' N U, # &, then Y NU; C
Y?NU,.

(ii) Moreover, if Y is an irreducible positive-dimensional complex analytic subset of an
open set in Uy, such thatY C X, thenY NU; C Y! NU,.

(iii) IfYNU, CY'NUy, thenY* CY'andY?>NU, C X.

Proof (i) The Segre varieties S, are complex analytic in U,, for z € Uy, hence so are
Y! and Y2. By definition, z € Y? ifand only if z € S,, for all w € Y! N U,. Hence,
by (2.1),z € Y?N U, ifand only if w € S, for all w € Y! N U;. On the other hand,
z € YN U, implies that w € S, forallw € Y}, and so z € Y2,

(ii) Suppose now that Y is an irreducible positive-dimensional complex analytic
subset of an open set in U,, such that Y C X. Then, by Lemma 2.2,Y C S, for every
zeY,andsoY NU; C (N,eynp, $:) NUI =Y NU,L.

(iii) Finally, assume that Y N U; C Y! N U,. Then mzeYlﬂUl S, C ﬂzEYﬁUl S
ie, Y? C Y. Por the proof of the last inclusion, let z € Y* N U, be arbitrary. Then
z € S, for every w € Y! N Uy, hence, by (2.1) again, w € S, forallw € Y! N U,. In
particular, z € S,, since z € Y? C Y. Therefore z € X, by (2.2). |

3 Topology of the Set of Points of Positive Complex Dimension

In this section we prove that A4 is closed in X, for any d > 1. The openness of
the set of points of finite type in the hypersurface case was already established in [5,
Thm. 4.11] and later extended to smooth real analytic sets of arbitrary codimension
in [6]. Via the equivalence between the finiteness of the type at p and the property
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p ¢ A', which we recall in Section A, D’Angelo proved in [6] the openness of X \
A'. The result was recently reproved in [8]. In the proof of Proposition 3.2, we
use Lemma 2.3 to replace complex analytic germs by their representatives in a fixed
open set (cf. [8]) and then show that their Hausdorff limit is contained in a complex
analytic set in X that has dimension at least d.

For a non-empty set E C C" and a point p € C", put

d(p,E) = inf{d(p,q) : q € E},

where d(p, q) is the Euclidean distance between p and g. Recall that U; being com-
pact, the space K(U,) of closed subsets of U, equipped with the Hausdorff distance

dy(K1,Kp) = min{r >0:d(x,K5),d(x,,K;) < rforall (x1,x;) € Kj X Kz}

is a compact metric space (see, e.g., [13]).

Remark 3.1 Suppose that the sequence (K]-)J‘?i1 C K(U,) converges to K in this
metric, with di (K, K) < 27/, Then K is precisely the set of points p for which there
is a sequence (p;)72; with p; € Kjand d(pj,p) < 27/. In particular, if K; C L;
are closed subsets of U with the sequence (K;) (resp. (L;)) converging to the set K
(resp. L), then K C L.

Proposition 3.2 Let X be a closed real analytic subset of an open set in C", and let A%
be the set of points p in X such that X, contains a complex analytic germ of dimension
d. Then A% is closed in X for every d > 1.

Proof Fixd > 1,and let py € X be a limit point of A%. Then there exists a sequence
of d-dimensional complex analytic germs (Y;),, C X, at points p; € X such that
po = limj_, o p;. We restrict our considerations to neighbourhoods U, and U, of
Po» as discussed in Section 2. Without loss of generality, we may assume that the Y;
are irreducible.

One difficulty arising here is that the (Y;),, may not simultanously admit rep-
resentatives in a fixed neighbourhood of p,. We can, however, replace the Y; by
irreducible complex analytic subsets of U, by setting

Y}: ﬂ S, and YJ?: ﬂ Sw-

z€Y;NU; WEY}ﬁUl

Indeed, by Lemma 2.3, the Y} and Y7 are complex analytic subsets of U, Y; C Y7
and YJ2 N U; C X. The first inclusion implies also that dim Y]2 > d, for all j, since
the Y; are d-dimensional. We may also assume that the Y? are irreducible, by keeping
only one irreducible component of Y]-2 passing through p;. To simplify the notation,
from now on we denote Y by Y;. Since dimY; € {d, ..., n— 1} forall j, there exists
an integer d’ > d such that dimY; = d’ for infinitely many j. Let us then replace the
original sequence (Y;)32, by this infinite subsequence.
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By compactness of K(U,), the sequence (Y; N Ul);ﬁl contains an infinite sub-
sequence convergent in the Hausdorff metric to a set Y; closed in U;. Therefore,
without loss of generality, we may assume that

Yo = hIl’lH(YJ N Ul),
and further that
(3.1) dy(Y;N Ty, Y,) <27

(by throwing out some terms of the sequence, if necessary). Notice that p, =
lim;_, o, p;j belongs to Yy, by Remark 3.1.

We will show that Y is contained in a complex analytic set of dimension at least d
contained in X. Set

Yi= () S Yi= () S and Y =limu(Y]NT)),
z€Y;NU, zeYoNU;

where limH(Y} N U,) is again the limit of (an infinite convergent subsequence of)
Y} N U, in the sense of the Hausdorff metric on K(U,). (Notice that replacing (Y; N
U1)72, by its infinite convergent subsequence does not affect Yy.) We may further
assume that dH(Y} NU,,Y!) <277, as above.

We claim that Y] C Y{. Indeed, there exist points {aj,...,a,} C Y such that
Yy = iz S by compactness of U, and Remark 2.1(i). Therefore, there exist r

sequences (ai)]?il such that a; € Y; and lim;_,oca] = ar, k = 1,...,r (see Re-
mark 3.1).

From the analytic dependence of Segre varieties S, on the parameter z, we con-
clude that

r r
limH( N sa,-) CNSa=Yh
k=1 * k=1
forifz € limy (N, Sﬂi’ we can find 2/ € (,_, Sﬂi such that lim;_,, 2/ = z, hence
o(z,@) = lim o(z,a)) =0

foreachk € {1,---,r}.
Also, since aj € Y, for every fixed j we have Y} C Moy S“i"
From this we conclude that limHY} C Y& , which proves the claim.
We now claim that Yo N U; C Y{ N Uj. Indeed, since the Y; N U, are irreducible

positive-dimensional complex analytic sets in U}, and subsets of X, we have Y;NU,; C
Y} N U, by Lemma 2.3(ii). Therefore, by Remark 3.1, limy(Y; N U;) C limH(Y} N

U)) = 1701, and hence Yy N U, = limp(Y; NU,) C Y{ N Uy, by the previous claim. In
particular, the set Y] N U is not empty. Let

Y2 = ﬂ S,.

ZEYINU;
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Then Y§ C U, is a complex analytic set, such that Y§ N U; C X and dim,, Y¢§ > d.
Indeed, since Yo N U; C Y] N Uj, Lemma 2.3 implies that Y; N U; C X. Given
z € Yo N Uy, we have w € S, for every w € Y;, by the definition of Y. Hence
z € S, forevery w € Yl NUy, by (2.1), and so z € YZ. Therefore Y, N U; C YZ. It
thus suffices to show that the Hausdorff dimension of (Yy),, is at least 2d’. This is a
consequence of [15, Thm. 4.2], but one can also argue directly as follows.

Recall that, for every j > 1, Y; is an irreducible d’-dimensional complex analytic
subset of U, (where d’ > d) passing through p; and such thatY; NU,; C X. By (3.1),
we have

(3.2) dH(Yj n Ul, Y]'Jrk N Ul) < 2~ U=,

Since lim;_, p; = po, it follows that, for every 6 = (41, ..., d,) with §; > 0, all but
finitely many Y; have non-empty intersection with a polydisc

P(py,6) = {z =(z1,...,20) €C": |71 — pot] < (51}.
For every j, there exist § and a generic system of coordinates
Z2= (21,245, 247415 - - - 5 Zn)

at pg, such that Y; N P(po,d) has a proper and surjective projection onto the
(z1,...,2z4r)-variables (see Remark 2.1(iv)). By (3.2), we may choose a positive §
and a system of coordinates z at py such that all but finitely many of the Y; N P(py, 9)
simultaneously have proper and surjective projection onto the (zi, . . ., z4/)-variables.
Therefore the same must be true for the Hausdorff limit Yo N P(py, 9), by Remark 3.1.
Thus the Hausdorff dimension of (Yy),, is at least 2d" > 2d, and hence p, € Al
which completes the proof of the proposition. ]

4 Finiteness and Noetherianity in Analytic Families

In this section we prove two finiteness properties for intersections of elements in a
family of analytic sets that will be used in the proof of Theorem 1.4. We begin with
some basic facts about semi and subanalytic sets.

Recall that a subset E of a real analytic manifold M is called semianalytic if it is lo-
cally defined by finitely many real analytic equations and inequalities. More precisely,
for each p € M, there is a neighbourhood U of p, and real analytic in U functions
fi,gjwherei =1,...,r,j=1,...,s such that

ENU = O(ﬁ{xeU:gij(x)>0andﬁ(x):O}).

=1\ j=1

A real analytic set is clearly semianalytic. A subanalytic subset E of a real analytic
manifold M is one that can be locally represented as the proper projection of a semi-
analytic set. More precisely, for every p € M, there exist a neighbourhood U of p in
M, a real analytic manifold N, and a relatively compact semianalytic set Z C M x N
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such that ENU = w(Z), where m: M x N — M is the natural projection. In par-
ticular, semianalytic sets are subanalytic. For details on semi and subanalytic sets, we
refer the reader to [3].

The class of semianalytic (resp. subanalytic) sets is closed under natural topo-
logical operations: locally finite unions and intersections, set-theoretic differences,
complements, topological closures, and interiors of semianalytic (resp. subanalytic)
sets are semianalytic (resp. subanalytic). Subanalytic sets are furthermore closed
under the operation of taking proper projections to linear subspaces.

Remark 4.1 An important property of subanalytic sets is that the number of
connected components of fibres of a projection is locally bounded (see, e.g., [3,
Thm. 3.14]). If S is a relatively compact subanalytic subset of R” x R", and D C R"
is compact, then there is a positive integer kp such that the number of connected
components of the set 7~ !(x) is bounded above by kp for all x € D, where 7 is the
restriction to S of the canonical projection R” x R* — R™.

Lemma 4.2 Let S be a subanalytic subset of C" x C". Let )y and §, be relatively
compact open subsets of C" and C" respectively, and let D, C C™ and D, C C" be open
polydiscs such that D1 C Qy and D, C Q,. Suppose that for every point a € Dy, the set
Sa=1{b € Qy:(a,b) €S} isacomplex analytic subset of Q. Then there is a positive
integer N such that, for every a € Dy, the analytic set S, N D, has at most N irreducible
components.

Proof By Remark 2.1(i), it suffices to show that there is a positive integer N such that
for every a € Dy, the set (S, N D;)™® has at most N connected components. Using
Remark 4.1, the latter would be a consequence of the subanalyticity of the set

{(a,b) € Dy x Dy : b € (S, N D,)"8}.

Remark 2.1(iii) ensures that this set is precisely the set of pairs (a, b) in D; x D, for

which there is a natural number d and a choice of coordinate indices (ji,... ji) €
{1,...,n}% such that there is a number ¢ > 0 small enough so that for all
(2j,,--.,2j,) € C* with |zj, — bj| < e ( = 1,...,d) there is a unique b’ =

(by,...,b)) satisfying b’ € Y N B(b, ) and b]‘l =z (I=1,...,4).

The set {(a,b) € Dy x D, : b € (S, N D;)™8} is thus the proper projection (there
exists) of the complement of the proper projection (for all) of the complement of the
proper projection of a semianalytic set, and is therefore subanalytic. ]

Using this lemma, we can now prove the following proposition.
Proposition 4.3 Under the notation of the previous lemma, there is a positive integer

L such that for any set A C D there is an L-tuple (ay, . .. ,ar) € AL for which

<ﬂAS”) AD; =S, N--NS, NDs.
ac

Proof Given! > 1and (aj,---,a) € (Dy),let N(lay,--- ,a;) denote the (n + 1)-
tuple of natural numbers whose k-th coordinate is the number of irreducible com-
ponents of dimension n — k+ 1 of S, N--- NS, N Ds.

https://doi.org/10.4153/CJM-2012-019-4 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-2012-019-4

730 J. Adamus, S. Randriambololona, and R. Shafikov
Applying Lemma 4.2 to the subanalytic set
{(ar,...,a1,0) € (C")' x C":b €S, N--- NSy},

we conclude that the number of such components of any dimension is bounded
above independently of the choice of (ay, ..., q;) (but a priori not independently of
1). Hence N(L;ay, . . ., a;) is well defined for all (ay, . .., a;) € (D)}, and the set

{Nay,...,a): (ay,...,a4) € (Dl)l}

is a finite subset of N"*!.
Let us order N"*! lexicographically. Observe that

N(l;ah"')al) Zlex N(l+ l;ala"'aalJrl)

for any (ay,...,a11) € (D)), Indeed, by intersecting S, N --- N S, with S,
we may only decrease lexicographically the number of irreducible components: an
irreducible component Z,, of S, either contains all the irreducible components of
Sa; M -+ N S, in which case our (n + 1)-tuple is not affected, or else there is an
irreducible component W, of S, M- - -NS,,, of dimension, say, k, such that Z,NW,, &
W,. In the latter case, by Remark 2.1(ii), the set Z, N W, is of dimension strictly
smaller than k, and so the number of k-dimensional componentsin S, N--- NS
is strictly less than thatin S;, N --- N S,,.

Suppose for a contradiction that the number L from the proposition does not
exist. Then for every [ > 1, the set

al+1

Tl = {([11, cee 7al) S Dll : N(l;al) >lex N(Z;alaQZ) Slex *t lex N(l;alv oo ,Cll)}
is nonempty. Assume N(I) is the (lexicographic) maximum among the tuples
N aq,...,a) as (ay,...,a) € T, and let (bl17 ey b%) € T be such that N(I) =
N(; bl17 e b;). It follows that

N(D) Z1ex NGB, b)) e N+ LB L b = N(+ 1),
forall/ > 1. Hence there exists a strictly decreasing infinite sequence of (114 1)-tuples

N(l) >lex N(2) Slex © lex N(l) Slex *
which contradicts the fact that >, is a well-ordering of N"*1, [ |
For1 <d < n,and A € A(d, n), let

(4.1) 7T)\:7T)\17___7)\d2((:n*>(cd

be the canonical projection from C" onto (its linear subspace spanned by) the vari-
ables zy = (z5,,...,2\,). Letz, = (z4,,...,2,, ,) be the (n — d)-tuple of the
remaining variables (that is, {1,...,n} = {A,..., Aa} U {p1,..., u—qg}, with
1< < < pp—g < n).
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Corollary 4.4 Under the notation of Lemma 4.2, there exists a positive integer k such
that for every non-empty A C Dy and any A, the number of irreducible components of a
fibre of A|(,_, s.np,) is bounded above by .

Proof Use Proposition 4.3 to replace [
apply Lemma 4.2 to the sets

aea Sa N Dy by some S, M-+ -N' S, and then

{(ar,...,a1,2),2,) € (D} xCh)xc=:zes, N+ NS, NDy}. ]

5 Proofs of the Main Theorems

We first prove Theorem 1.4, from which the semianaliticity in Theorem 1.1 will fol-
low.

5.1 Proof of Theorem 1.4
Fix d > 1. We give the proof of Theorem 1.4 for this given dimension.

(i) = (ii). Let p € A?be an arbitrary point, and let U, and U, be neighbourhoods
of p as defined in Section 2. Then there exists a complex analytic set Y in a neigh-
bourhood of p, of dimension d, which is contained in X and passes through p. We
may assume that Y is irreducible, and hence, by Lemma 2.3(ii), S, contains
Y NU;.

Let (z1,...,z,) be the coordinates in C". We will show that, for every ¢ > 0 and
k > 0, there exists A € A(d, n) for which there is a x-grid G} with d-dimensional
base z, such that G§ C B(p, ¢).

Fix ¢ > 0. By Remark 2.1(iv) there are a small polydisc D C B(p,e) N U; such
that Y N D is a complex manifold and A = (Ay,..., Ay) € A(d,n) suchthatY N D s
the graph of a holomorphic mapping in variables z). In particular, any set

zeYNU,

{z,,€7r,\(D)71/:(1/1,...,Vd)6{1,...,/<;+1}d:

forallv,v’, j, vi = vj & my\(2,) = m\(2,)}
is pulled back by 7y |ynp to a set
G5 = {p,,:y: (11,...,14) € {1,...,,‘£+1}d}

satisfying Definition 1.3(ii) (7, and 7y, are as in (4.1)). But as noted earlier,

() s:ovnu,
z€YNU;

which shows that G also satisfies (i) of Definition 1.3.

(ii) = (i). Let g € X NV be arbitrary, and let U; and U, be neighbourhoods of g
as defined in Section 2. Let k > 1 be an upper bound for the number of irreducible

https://doi.org/10.4153/CJM-2012-019-4 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-2012-019-4

732 J. Adamus, S. Randriambololona, and R. Shafikov
components of any fibre of (),., S, N U, for any projection my, A € A(d, n), as Z
ranges over the subsets of U;. Corollary 4.4 applied to the set {(a,b) € C" x C" :
o(a, b) = 0} ensures that this upper bound is finite.

Let p € U; N X. Suppose that for any ¢ > 0, there exists a x-grid with d-di-
mensional base z), for some A = (A, ..., A\g),

9’/‘\":{pl,:V:(Vl,...,Z/d)E{l,...,f{+1}d}

contained in B(p, €). Without loss of generality we may assume that the open e-ball
B(p, €) is contained in U;.

LetY! = ﬂzegi S,and Y? = ﬂzeyanl S.. By Lemma 2.3(i), §§ C Y% moreover,
Y? C X by Definition 1.3(i) and Lemma 2.3(iii).

For \ as above, we denote by A the 6-tuple (\y,...,\s) € A(8,n) of the first
§ components of A, & € {1,...,d}. We will consider the fibres W;(,l) (my\o (py)) at
points p,, € G5, with the convention that wiol) (myo (py)) =V.

Let us prove by descending induction on § € {0,...,d} that for each p, € G4 the
fibre

Tl';dl) (71')\(5) (p,,)) ny?

contains an irreducible component of dimension > d — § that passes througha p,» €
9% with Ty (p,) = my» (p,) (the latter equality being vacuously true if § = 0).

e For § = d, it suffices to take any irreducible component of 7r;1(7r,\( ) NY?2
passing through p, (which exists, since p, € Y?2).

e Suppose the result holds for ¢ + 1. Then the collection of subsets of V

{W;alm (myen (pu)) NY? 2 pyy € G5, myo(pp) = myo (py) }

has k + 1 pairwise disjoints elements (one for each my¢n(p,)), each containing
an irreducible component of dimension > d — (§ + 1) and each contained in
ﬂ;;)(w,\m( p,)) N Y2 By the definition of x and the pigeonhole principle, there is
an irreducible component X,, of 7r;51) (my@(p,)) NY? and two indices p and p’ such
that myen (py) 7 maen (py), and there is an irreducible component X, (resp. X,,/)
ofW;}H)(ﬂA(m) (pu)) (resp. of7r;d~1+1)(7rA<5+1>(p#/))) of dimension > d — (§ + 1) with

X, CX,and X, C X,.

Since X, N X,,» = @, we get dimX,, > d — ¢, for else X, would be the union
of proper analytic subsets X,,, X,,» and X, \ (X,, UX,/), with dimX,, = dimX,, =
dim X,,, contradicting the irreducibility of X,, (Remark 2.1(ii)).

The case § = 0 of the induction provides a point p,. € B(p,e) N A% Therefore,
p is an accumulation point of A% and hence p € A? by Proposition 3.2.

Finally, for any point q € V, there is a pair of neighbourhoods U] € U7 € V such
that for every w € UJ, S,, is a complex analytic subset of U7 of dimension at least n—1
(¢f. Section 2). Since V is relatively compact in the domain of convergence of g, the
set XNV can be covered by a finite collection of open sets U{*, aw = 1, ..., N. Taking
the maximum value among the x associated with each U," will give the uniform x,
as claimed in Theorem 1.4. ]
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5.2 Proof of Theorem 1.1

Theorem 1.4 gives us a description of A% d > 1, as a subanalytic set. This description
will be shown to actually define a semianalytic set, which will prove Theorem 1.1.

Let p € X be arbitrary. Let o(z, Z) be any defining function of X given by a conver-
gent power series in a polydisc neighbourhood V of p. Let « be as in Theorem 1.4.
Define

Si={(z1,.. . 21) €V 1 0(2,,2,) = 0,1 < p,v < K+ 1},
Then 3, is a real analytic subset of V"1, Let
A= {(zlv"'azﬁ+1) e@)y iz = :Zn+1},

and consider the set

S1=X1\{(z1,...,2e11) EVF1: z, =2, forsomev #v'} N Ay

The closure of a semianalytic set being semianalytic, S; is a semianalytic subset of
the diagonal A;. One easily checks that the projection to the first coordinate of a
semianalytic subset of the diagonal is itself semianalytic. But A' NV is precisely the
projection of S; to the first coordinate by Theorem 1.4.

Similarly, for d > 2, define

Ed = { (Zl‘...,la tee aZK,+1,M,H,+1) S V(HJrl)d .
0(2,,2,) =0, v,v € {1,...,5k+1}"},
and for every A = (A1,..., A\g) € A(d, n), put

.....

and (v,v') € ({1,... 5 +1}9)? A (2) = Ty (20) S vj = y]’}

Then 34 N Uyeadn ©4 is a semianalytic subset of VD! et

41 d
Ag={(zi 1,241, 041) € A SZi1 = = Zugl, kel )

and consider the set

Sd:(Edﬂ U @‘;\)\TﬂAd,
AEA(d,n)

.....

As above, S; is a semianalytic subset of the diagonal A, and hence its projection to
the first coordinate, which is precisely A?NV (by Theorem 1.4), is itself semianalytic.

Finally, suppose that X is real algebraic. Then g is a polynomial, and hence the sets
¥4 above are all semialgebraic. It follows that the A are semialgebraic, for all d € N,
which completes the proof of Theorem 1.1. ]
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A Appendix: Points of Infinite Type

In this section we review the basics of D’Angelo’s theory of points of finite type. As
before, let X denote a closed real analytic subset of an open set in C". Our goal is to
clarify the definition of type in the case that X is not a smooth hypersurface, and to
give a condensed but self-contained proof of the fact that the subset of X of points
of infinite type coincides with A! (cf. [6, §3.3.3, Thm. 4]). We were motivated, in
part, by the claims of incompleteness of the D’Angelo argument (see [8]). All the
proofs presented in this section (modulo minor technical modifications) originate in
D’Angelo [5,6].

A.1  Order of Contact of a Holomorphic Ideal

Let O, = ,0, denote the ring of germs of holomorphic functions at a point p =
(p1,- .-, pu) € C". By the Taylor expansion isomorphism, we may identify ,0, with
the ring C{z — p} of convergent power series in z — p, where z = (z;,...,2,) isa
system of n complex variables. Let n, denote the maximal ideal of the local ring ,O,.
Let Hol,, denote the set of germs of (non-constant) holomorphic mappings from a
neighbourhood of 0 in € to a neighbourhood of p in C" (sending 0 to p). Given
f =, fu) € C{C}", we denote by v(f) the order of vanishing of f at 0; i.e.,
v(f) =max{k € N: f; e mk,j = 1,... n}if f # 0in C{¢}", and v(0) := oo,
where m is the maximal ideal of C{(}.

Definition A.1 ([5, Def. 2.6]) Given a proper ideal I in O, define

7(I) = sup inf V(gO’y);
~eHol, €1 v(7)

K(I) = inf{k € N:m} C I};
D(I) = dimc(0, /1) (as a complex vector space).

The following is a simplified variant of [5, Thm. 2.7].
Lemma A.2 Suppose that I is a proper ideal in O,. Then

() < K(I) < D).

Moreover, each of the above constants is finite if and only if the zero-set germ of I is the
singleton {p}.

Proof Let V(I) denote the zero-set germ of I. By the complex analytic Nullstellensatz
(see, e.g, [11, Ch. 3, §4.1]), V(I) = {p} if and only if /T = m,, or equivalently
(by Noetherianity of O,), I contains a power of the maximal ideal m,. Hence V(I)
equals {p} precisely when both K(I) and D(I) are finite. On the other hand, V(I) 2
{p} if and only if there exists a 1-dimensional irreducible complex-analytic germ
Y, at p such that every ¢ € I vanishes on Y,. Choosing v € Hol, the Puiseux
parametrization of Y, (see [11, Ch. II, §6.2]), we see that the latter is equivalent to
go~y = 0forevery g € I, thatis, 7"(I) = oo.
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Assume then that V(I) = {p}, or equivalently, that I contains a power of the
maximal ideal m,. Observe that I C J implies 7*(I) > 7*(J). Hence, if I D m’l‘,,
then 7*(I) < 7*(m*). The inequality 7*(I) < K(I) thus follows from the fact that
T*(m§ ) =K (as m, can be generated by monomials, all of degree K).

Suppose now that mf, ¢ I. Then there is a multi-index 8 € N" of length | 5| = k,
such that (z — p)” ¢ I. It follows that (z — p)® ¢ I for every o = (v, ..., ;) € N

satisfying oj < 3, j = 1,...,n. Since there are at least | 3| + 1 = k + 1 of such o’s,
then O, /I contains at least k + 1 elements linearly independent over C. This proves
the inequality K(I) < D(I). [ |

A.2  The Type of a Real Analytic Principal Ideal

Let (9‘5 = ,,O];f denote the ring of real-valued real analytic germs at a point p =

(p1,---,pn) € C". Let 9(z,2) = ZuﬁeN" caplz — p)¥(z — p)ﬁ be a power series
representation of p(z,2) € Olg{, convergent in an open neighbourhood of p in C". We
define the type of ¢ at p as

v(po7)
A(g,p) = su
¢.p WGHEIP V(V)

where the order of vanishing is taken with respect to the maximal ideal (Re(¢), Im(())
of the ring R{Re(¢), Im(¢)} of real analytic germs at 0 in C = R?. It is readily seen
that A(u- o, p) = A(p, p) for any invertible u € (()]5. Hence, since O:]'f is a UFD, we
may speak of the type A(I, p) of a principal ideal I = (p) in O%.

Let X be a smooth real analytic hypersurface in an open neighbourhood U of a
point p in C". Then, after shrinking U if necessary, there is a unique (up to mul-
tiplication by an invertible u € (‘)];f) real analytic p € O]lRf with do(p) # 0 and
X ={z € U : o(z,z) = 0}. One defines (see [5, Def. 2.16], [6, §3.3.3]) the type
of X at p as A(X, p) := A(p, p). However, the type of a real analytic set X is not
well defined if X is not a hypersurface. Indeed, if the real codimension of X at p is
greater than 1, there is no canonical choice of a single defining function, and given
two distinct defining functions g, 0, for X in a neighbourhood of p there need not
exist an invertible u with 9, = u - 9;. Consequently, the family of ideals I(o, U, p)
associated with X, (see below) is not an invariant of X, but only of the principal
ideal (p) - O]E{. (Thus D’Angelo’s [6, §3.3.2, Prop. 5] only applies to smooth real
hypersurfaces.) Nonetheless, we can state the following definition.

Definition A.3 Let X be a closed real analytic subset of an open set in C", and let
0(z, ) be any real analytic function in a neighbourhood U of a point p € X satisfying
XNU ={z € U: p(z,z) = 0}. We say that p is a point of finite type of X, when
A(p, p) < oo. Otherwise, p is called a point of infinite type of X.

Remark A.4 By Proposition A.8, the notion of a point of finite type is well de-
fined, i.e., independent of the choice of a defining function. Indeed, if p; and g, are
two real analytic functions defining X in a neighbourhood of a point p € X, then
A(o1, p) = oo ifand only if A(p,, p) = 00, because both equalities are equivalent to
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X, containing a positive-dimensional complex analytic germ.

A.3 Holomorphic Decomposition

Consider o(z, z) = Z|a\+\ﬂ|>1 caplz—p)*(z — p)? areal analytic function vanishing
at p, with the power series convergent in the polydisc {z : |z; — pj| < §;}. Let
6 = (61,...,0,),and let 0 < t < 1. One can associate with ¢ functions

hz) =4 caulz—p)°,

la|>1

@ = captd)’(z = p)* +(z— p)’(t5) 7,
la]>1

§'@) =) castd) 2= p)" = (2= p)'(t0) ",
o] >1

forall 5 € N, |B] > 1. It is easy to see that h(z) and all the fﬂ(z), g‘g(z) are holo-
morphic in the polydisc {z : |z; — p;| < td;}, and that || f(2)|> = 32,55, | f* (D),
llg(2)|]* = 2811 |g?(2)|? are real analytic in the same polydisc. One may thus con-

sider f = (f”)5>1 and g = (§”)5/>1 as holomorphic functions with values in the
Hilbert space 2. Moreover, ¢ admits a holomorphic decomposition of the form

(A1) 40(z,2) = 2Re(h(2)) + || f(2)||* — ||lg(2)|*.

For a unitary transformation U : > — [2, consider an ideal I(p, U, p) in O » generated
by h(z) and by the components fﬁ(z) - ZUGN” u3,8° (z) of f — U(g), where ug, are
the entries of the (matrix of) U.

Lemma A.5 (c¢f. [5, Thm. 3.5]) The following inequality holds:

Ao, p) < 2 sup ™(I(o, U, p)),

where the supremum is taken over all unitary transformations U : I — 2,

Proof Suppose that v € Hol, is such that v(¢ o ) > 2k for some integer k > 1.
It suffices to find a unitary U: > — I for which 7*(I(, U, p)) > k/v(v). We have
J?*(0 0 y) = 0, where, for a germ f € R{x, y}, J(f) denotes the s-jet of f, that
is, the image of f under the homomorphism J*: R{x, y} — R{x, y}/(x, y)"' of
R{x, y }-modules. For simplicity of notation assume that p = 0. Then

01O = (D @O+ 3 @@) + D a0

le] =1 [B1=1 laf,|8] 21

Since the bracket on the right-hand side of this equation contains only pure terms
and all the other (non-zero) terms contain positive powers of both ¢ and ¢, it follows
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from J*(0 o ) = 0 that the 2k-th jet of the bracket is zero. The content of the
bracket is precisely 2Re(h o), hence J**(ho~y) = 0, and consequently J2*(|| foy||> —
llg © v||*) = 0 by (A.1). One checks by direct computation that the latter implies
I 75(foy)|I> = || J¥(g o )||*. Then, by Lemma A.6, there is a unitary U: > — I such
that J¥(foy) —U(J*(go7)) = 0. Since J*(foy) —U(J*(go)) = J[(f —U(g))o7],
it follows that v/((f” — > oenn Ugag”) 0y) > kforall |3 > 1. Therefore v(Foy) > k
for every generator F of I(g, U, p), which proves 7*(I(o, U, p)) > k/v(7). [ |

Lemma A.6 (cf. [6, §3.3.1, Prop. 4]) Let F,G: B — I? be holomorphic mappings on
an open ball in C1, with ||F||> = ||G||>. Suppose there exists k € N such that all the
components of F and G are polynomials of degree at most k. Then there is a unitary
operator U: > — I satisfying F = U(G).

Proof Write F = > F,z% G = >_ G,z". By expanding and equating the norms
squared, one obtains relations

(A.2) (Fa, F3) = (Ga, Gg)

for all multi-indices «, 3, where (-, -) denotes the inner product in 2. Since all the
components of F and G are polynomials of degree at most k, it follows that span(F,)
and span(G,) are finite-dimensional vector spaces. Moreover, by (A.2), they are of
the same dimension. Hence one can define U: span(G,) — span(F,) by setting
U(G,) = F, on a maximal linearly independent set. Then U is a well-defined linear
transformation and an isometry from span(G,) to span(F,). By defining U to be an
isometry from the orthogonal complement of span(G,) to the orthogonal comple-
ment of span(F,,), one obtains an operator with the required properties. ]

Remark A.7 We are indebted to the anonymous referee for pointing out a mistake
in an earlier version of the above lemma. In fact, the mistake can be traced back
to [6, §3.3.1, Prop. 4], where it is not assumed that F and G are polynomial. As
it turns out, without this assumption one cannot guarantee that the dimensions of
span(F,) and span(G,) are the same and so are the dimensions of their orthogonal
complements. This can be seen readily if one sets, for example, F = (z,2%,2°,...)
and G = (0,z,2%,2%,...). In the general case, one can still prove that there exists an
isometry U (but not necessarily unitary) such that F& 0 = U(G) or G® 0 = U(F),
where 0 is a certain (possibly infinite) vector of zeros.

A.4 The Equivalence

Proposition A.8 (cf. [0, §3.3.3, Thm. 4]) Let X be a closed real analytic subset of an
open set in C", defined in a neighbourhood of a point p € X by the vanishing of a real
analytic function 9(z,2) = ), 5 Cap(z — p)*(z — p)P. Then A(p, p) < oo if and only
if the germ X, contains no positive-dimensional complex analytic germ.

Proof We follow the argument of Lempert [10]. Suppose X, contains a 1-dimen-
sional complex-analytic germ Y,. Choosing v € Hol, the Puiseux parametrization
of (an irreducible component of) Y at p, we get o o v = 0, hence A(p, p) = 0.
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Conversely, assume that X, contains no positive-dimensional complex germs and,
for a proof by contradiction, suppose that A(g, p) = co. Then, by Lemma A.5, there
exists a sequence (U’) ;> of unitary matrices for which

(A.3) lim 7 (I(o,U’, p)) = oc.
j—oo

Denoting by (UH* the adjoint of U/, we have, for every j,
(A4) I(o,Ul,p)=(h,f=U'(g) - 0p= (h,f—=UI(g),(U)*(f) —g) - Op,

since (U/)* = (U/)~! and ideals in O p are closed in the topology of coefficient-wise
convergence (see, e.g., [9, Thm. 6.3.5]). By (A.3) and Lemma A.2, it follows that

(A.5) lim D(I(p,U’,p)) = oc.
J—0o0

The entries “fm of every U/ with respect to any complete orthonormal set are
bounded in absolute value by 1. Hence, it can be assumed that, for all 5,0 € N, the
sequence (7, );>1 has a limit, say, ug,. Denote by U™ the limit operator (u7; ), and

let (U*°)* = (43) denote its adjoint.

LetY, be the zero-set germ of the ideal J = (h, f — U>(g), (U>)*(f) — g) - O,.
The operator norms of U and of (U>)* are less than or equal to 1 (however, U
need not be unitary). Therefore, for every z in a (sufficiently small) representative of

Y,, we have

@ = |U=@@)| <|g@| = | W= (f@)] < | f@]-

Thus Y, C X,, by (A.1), and hence Y, is the germ of the singleton {p}, by assump-
tion. Consequently D(J) < oo, by Lemma A.2; say, D(]) = d.
Now, by noetherianity of O, there exists N € N such that

J= <h7f8_zuﬂoggag/3_zﬁﬂ0]w : ‘Bl SN)'

Set

= (hf' = wl,erg" =S, 17 B < N),

where i), are the entries of (U/)*. By the Banach-Steinhaus Theorem, in a suffi-
ciently small neighbourhood of p, all f% — 3" u/ ¢ (resp. g’ — > i} f7) con-
verge uniformly to f% — > u3,g% (resp. tog” — > s, f7)as j — 0. Hence, by
the upper semi-continuity of D(I) = dim¢ O, /I as a function of I ([14, Ch. II, Prop.
5.3]), we have D(I;) < d for j large enough. On the other hand,

L (hf =Y w,e g’ = i, f7:BEN) = 1o, U7, p),

where the equality follows from (A.4). Therefore, D(I(o, U7, p)) < D(I i) < d, which
contradicts (A.5). [ |
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