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Particle acceleration by rotat-
ing magnets

A magnet rotating in vacuo with its vector of an-
gular velocity w perpendicular to its vector of mag-
netic dipole moment  is able to act as a particle
accelerator. The dynamic features involved may be
relevant for the understanding of rotating magne-
tized neutron stars as cosmic accelerators (Thiel-
heim 1989) and may be useful for the designing of
new mechanisms for accelerating devices. -

In the present paper I will consider the accel-
eration of particles initially at rest, from positions
between the acceleration boundary

(1)

rg 77 (TT/TL)I/S

and the plasma border

Tp = (2—1/2) (ﬁ'y)_ITT ‘(TT/TL) (2)
within the wave zone of a rotating magnet. By def-
inition the ‘light radius’
r=cfw 3)
will be used as a unit of length throughout this pa-
per, so that all coordinates are written in dimen-
sionless form. The ‘typical radius’
1/2
ro = (epfme?)"! (4)
also with the dimension of a length, will be used to
characterize the electromagnetic properties of the
system at hand.
Special attention will be paid to the mean fi-
nal energy of such particles and to the resulting
differential energy spectrum as obtained on the

basis of given source functions within the range
rg < r¢9 < rp (Thielheim and Tolan 1990).

Vacuum wave fields of a rotat-
ing magnet

Since particle dynamics under given premises are
essentially determined by the spherical character of
the wave field, it is convenient to use spherical coor-
dinates z! = r, z? = 0, z3 = ¢ instead of cartesian

coordinates r = rsinfcos¢, y = rsinfsing, z =
r cos .

The mixed components of the field tensor de-
fined with reference to these spherical coordinates
are also given in dimensionless form by

0 0 a -b
2
iR 0 0 a -b
(F k)_ra a/r2 _a/r2 0 0 ) (5)
—q/r* q/r* 0 0

with a = sin®, b = sinf cosf cos®, ¢ = cotf cosd
and ® = (z° - z!) - 4.

Equations of motion

The Lorentz equation for arbitrary coordinates

Du'
- (6)

on its left side involves the covariant derivative of
the vector of velocity with respect to eigentime

5 = 5 vy, (M

and therefore has to be calculated by means of the
Christoffel symbols

Tii = ¢'"™{0Lgkm + Okgmi — Omgri}/2, (8)

which in the case of spherical coordinates are given
by

= Fikuk

I, =—-r; T3 =-rsin’g
I'2, = —sinfcosf

It =T%, =T =I5, =1/r
I3, =T3, = cotd

I3, =0 for all other indices.

(9)

The components of the vector of velocity are also
written in dimensionless form, s.e. in units of the
velocity of light,

u=coo = (10a)
dr
1. =
d o = Ur (100)
2= e =ug/r (10¢)
ds
d¢ :
ul= o= ug/rsind
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where ds is the dimensionless differential of eigen-
time,
ds = cdt[ry = cdt/yry,

so that

2

ulu; =% —u, —uoz—u¢2=1.

Use will also be made of the definition a = v — u,.
The components of the Lorentz equation then
are obtained in the form

dy riugsin® —ugcosfcosd

= 11
ds r} r (11a)
du, g’ +u®  r2 ugsinf — ugcoshcosd
ds ~ r r% T
(11b)
d u,2cotd — u,u 2
Cho _ 2¢ i + :% (2) sin @
ds r ri \r
(11¢)
gu—?l = _ Lol cotf + urug - i (E) cosf cos .
8 r i \r
(11d)

Equations (10a) to (10d) and (11a) to (11d) consti-
tute the equations of motion for the problem dis-
cussed here.

It is useful to note that as a consequence of the
definitions given above

ur = {14y’ +u? — a’}/2a. (12)

Constant latitude approxima-
tion and restriction to the
equatorial plane of rotation

The topography of orbits and the development of
energy are considered for particles initially at rest
and originating from positions within the range
rg < rg < rp for parameter values w and p, or
alternatively ry and rt, typically observed in the
physics of rotating magnetized neutron stars.

Under these premises the ‘constant latitude ap-
proximation’

8(s) = 6(s0) = 6o (13)
implying that particle orbits essentially remain con-
fined to the neighborhood of a certain locus of con-
stant latitude 6y has been found to be justified by
comparison with the results of numerical integra-
tion.

For the present purposes it is sufficient to con-
sider particle motion near the equatorial plane of
rotation

8o = /2 (14)
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for which equation (11d) reduces to
Bs _ _yuy)r. (15)
ds
With the definition
U =ruy (16)
one is lead to
di du _
£=rd_: +u.-u¢ (1()

which together with equation (15) is equivalent to

di
—-— = 0. 1
2 =0 (18)
The solution of this equation for given initial con-
ditions is
i(s) = u(s0) = (19)
so that

(20)

and therefore

& = ¢(s0) = ¢o = const. (21)
Consequently, particle orbits under given premises
not only are restricted to regions near to a conus
of constant latitude, but also to regions near to a
plane of constant longitude, in other words, near to
a straight line pointing outward from the rotating
magnet in the radial direction.

As a consequence of the ‘constant-latitude ap-
proximation’ one may adopt the initial value of lon-
gitude ¢9 = 0, so that the phase & may be written
in the form

¢ =z"-zl. (22)

Differentiation with respect to eigentime then

delivers
d®

ds
Substracting equation (11b) from equation (11a) re-
sults in

= .

(23)

da

E = —ug/r. (24)

The latter equations together with

2

d;: = {-:—g—ug sin +u92} /T (25)
L

dup _ 11 a sin® — upug/r (26)

ds ~ rir re

obtained from equations (11b) and (1lc) respec-
tively, and with equations (10b) and (10c) now re-
place the original set of equations of motion.
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Substitution of eigentime by
phase

Differentiation with respect to eigentime may be
substituted with the help of equation (23) by dif-
ferentiation with respect to phase,

d d
d—s = C!ES. (27)

It is convenient to introduce

©L=rug (28)
so that "
ik dug/d® + urug/a. (29)
Equation (26) then leads to
% = (rp/ry)?sin & (30)
so that
i = g + (r7/rL)%(cos B9 — cos ) (31)

where i9 = 4(®9) = 0 according to initial condi-
tions adopted here.
Correspondingly, equation (24) leads to

da - .
7 S 2/ar? (32)
while equation (10b) now becomes
dr 2 2y 4 72 2.2
d—q)-={r (1—q)+u}/2ar.. (33)

The set of equations of motion thereby has been
reduced to (31), (32), and (33).

Mean development of dynamic
variables

Since by equation (31) @2 is a periodic function of
phase

@? = (ry/rL)*(cos &g — cos ®)? (34)
oscillating about a mean value
@2 = (rp/rL)* (1 + 2 cos® &) /2 (35)

the mean development of dynamic variables is ob-
tained by replacing #? by @ in equations (32) and
(33) so that

da

— = -a%/ar’

73 (36)

https://doi.org/10.1017/50002731600154873 Published online by Cambridge University Press

111
dr 2 2y L 37 2.2
Es:{r (1-a*)+a?}/2a%r". (37)
Dividing equation (36) by (37) leads to
fidﬂ = —20a?/r{r}(1 - o®) + @?%} (38)
r

from which by integration for given initial condi-
tions ap = a(®o) = 1 and ro = r(Po),

— — 1/2
r= @ {2003+ T/2m,7) —a? -1} . (39)

Since

dr  dr d®
Up = o= = S (40)
and with equations (23) and (37)
—_[.2 2y L 33 2
ur—{r (1—a)+u}/2ar (41)
and further with equation (39)
= (14 32/2r,) - (42)
so that with a = v — u,,
5 =1+ u?/2r,%. (43)

Speculations about cosmic ac-
celeration

The mean final energy of particles initially at
rest thus exhibits an inverse proportionality to the
square of the initial radial distance r¢ from the ro-
tating magnetized star if rg < r9 < rp,

Fmc? = u2mc? [2ry2. (44)
Adopting a constant source function for this region
of space one is thereby lead to a differential en-
ergy spectrum which is characterized by an inverse
proportionality to the 2.5t" power of energy in rea-
sonable agreement with what is observed for high
energy cosmic-ray particles. Pursuing this line of
thought by further postulating an outer injection
mechanism (Thielheim 1986) by which neutral par-
ticles from the interstellar medium enter into the
given region of acceleration rg < r9 < 7p to be ion-
ized there and to generate a constant source func-
tion of charged particles, the chemical composition
of the latter can be expected to resemble the chem-
ical composition of the interstellar medium, which
is also in reasonable agreement with observations of
high energy cosmic-ray particles.
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