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Simplicial Complexes and Open Subsets of
Non-Separable LF-Spaces

Kotaro Mine and Katsuro Sakai

Abstract. Let F be a non-separable LF-space homeomorphic to the direct sum
P

n∈N
ℓ2(τn), where

ℵ0 < τ1 < τ2 < · · · . It is proved that every open subset U of F is homeomorphic to the product

|K| × F for some locally finite-dimensional simplicial complex K such that every vertex v ∈ K(0) has

the star St(v, K) with card St(v, K)(0) < τ = sup τn (and card K(0) ≤ τ ), and, conversely, if K is such

a simplicial complex, then the product |K| × F can be embedded in F as an open set, where |K| is the

polyhedron of K with the metric topology.

1 Introduction

A locally convex topological linear space is called an LF-space if it is the strict in-

ductive limit of Fréchet spaces.1 A typical LF-space is the limit R
∞ of the Euclidean

spaces R ⊂ R
2 ⊂ R

3 ⊂ · · · . Let ℓ2(τ ) be Hilbert space with density dens ℓ2(τ ) = τ .

According to the topological classification of LF-spaces ([10, Theorem 2.14] com-

bined with [19, Theorem 6.1]), every LF-space F is homeomorphic to (≈) one of the

spaces R
∞, ℓ2(τ ) × R

∞ or
∑

n∈N
ℓ2(τn), where τ = dens F and τ1 < τ2 < · · · with

sup τi = dens F.

Given a space E (called a model space), a paracompact Hausdorff space M is called

an E-manifold if it is locally homeomorphic to E, that is, each point of M has an open

neighborhood that is homeomorphic to an open set in E. In the theory of mani-

folds modeled on an LF-space, one can also consider three cases by the topological

classification of LF-spaces.

First of all, the theory of R
∞-manifolds has been well developed. The classifica-

tion, the open embedding, and the triangulation theorems were established in [4]

(cf. [3]), that is, two R
∞-manifolds are homeomorphic if they have the same ho-

motopy type; every connected R
∞-manifold can be embedded into R

∞ as an open

set, and every R
∞-manifold is homeomorphic to |K| × R

∞ for some locally finite

simplicial complex K. These results were derived from the stability theorem asserting

that M × R
∞ ≈ M for every R

∞-manifold M. Later, a topological characterization

of R
∞-manifolds was given in [17], where easy proofs of the above results were also

given.

Concerning the second case, it was proved in [11] that every open subset of

ℓ2(τ ) × R
∞ is homeomorphic to the product of an ℓ2(τ )-manifold and R

∞. As a
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1A Fréchet space is a locally convex completely metrizable topological linear space.
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consequence, we obtained the stability, classification, and triangulation theorems for

open subsets of ℓ2(τ )×R
∞, where the triangulation theorem asserts that every open

subset of ℓ2(τ ) × R
∞ is homeomorphic to the product |K| × ℓ2(τ ) × R

∞ for some

locally finite-dimensional simplicial complex2 K, where |K| is the polyhedron of K

with the metric topology. Thus, if the open embedding theorem were established for

ℓ2(τ ) × R
∞-manifold, then the classification and triangulation theorems would be

obtained for ℓ2(τ ) × R
∞-manifolds. But, this is still open.

In this paper, we show that the stability and triangulation theorems are valid for

open subsets of LF-spaces of the third type
∑

n∈N
ℓ2(τn), where ℵ0 < τ1 < τ2 < · · · .

In the following, polyhedra are endowed with the metric topology instead of the

Whitehead (weak) topology. The set of vertices of a simplicial complex K is denoted

by K(0). For a simplex σ ∈ K, let σ(0) be the set of vertices of σ. The star St(v, K) at a

vertex v ∈ K(0) in K is the subcomplex consisting of all faces of simplexes σ ∈ K with

v ∈ σ(0). Our first main result is the following trianglation theorem for open subsets

of LF-spaces.

Theorem 1.1 Every open subset U of
∑

n∈N
ℓ2(τn) is homeomorphic to the product

|K| ×
∑

n∈N
ℓ2(τn) for some locally finite-dimensional simplicial complex K such that

each vertex v ∈ K(0) has the star St(v, K) with card St(v, K)(0) < supn∈N
τn.

Observe that
∑

n∈N
ℓ2(τn) ×

∑

n∈N
ℓ2(τn) ≈

∑

n∈N
ℓ2(τn). This is trivial, since

∑

n∈N
ℓ2(τn) is regarded as the small box product ⊡n∈Nℓ2(τn) (see §1). As a corollary

of Theorem 1.1, we have the following stability theorem.

Corollary 1.2 (Stability) Every open subset U of
∑

n∈N
ℓ2(τn) is homeomorphic to

U ×
∑

n∈N
ℓ2(τn).

We can also prove the following converse of Theorem 1.1.

Theorem 1.3 For a locally finite-dimensional simplicial complex K, if card K(0) ≤
τ = supn∈N

τn and card St(v, K)(0) < τ for each vertex v ∈ K(0), then the product

|K| ×
∑

n∈N
ℓ2(τn) can be embedded in

∑

n∈N
ℓ2(τn) as an open set.

Remark 1.4 The condition card St(v, K)(0) < supn∈N
τn is equivalent to the con-

dition that card St(v, K)(0) ≤ τn for some n ∈ N. Replacing the first condition

with the latter, Theorems 1.1 and 1.3 are also valid in the case τ1 ≤ τ2 ≤ · · ·
(the same proof is available). When τn = τ for sufficiently large n ∈ N, we have
∑

n∈N
ℓ2(τn) ≈ ℓ2(τ ) × R

∞, which is the case of the previous paper [11]. In this

case, Theorem 1.1 is none other than [11, Corollary 3]. But this induces the Main

Theorem of [11]. Indeed, |K| × ℓ2(τ ) × R
∞ ≈ (|K| × ℓ2(τ )) × ℓ2(τ ) × R

∞. Since

|K| is a completely metrizable ANR,3 it follows from Toruńczyk’s ANR Factor Theo-

rem [18] (see Section 1) that |K| × ℓ2(τ ) is an ℓ2(τ )-manifold. On the other hand,

Theorem 1.3 in this case is trivial. Indeed, by Toruńczyk’s ANR Factor Theorem,

|K| × ℓ2(τ ) is an ℓ2(τ )-manifold with density τ , which can be embedded into ℓ2(τ )

2A simplicial complex K is locally finite-dimensional if each vartex v of K has the finite-dimensional
star, that is, sup{dim σ | v ∈ σ ∈ K} < ∞.

3ANR = absolute neighborhood retract (for metrizable spaces); the local finite-dimensionality of K
implies the complete metrizability of |K| (cf. [9, Lemma 11.5]).
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as an open set by Henderson’s Open Embedding Theorem [5]. Thus, |K|×ℓ2(τ )×R
∞

can be embedded into ℓ2(τ ) × R
∞ as an open set.

A subcomplex L of a simplicial complex K is said to be full in K if every sim-

plex σ ∈ K with σ(0) ⊂ L(0) belongs to L. For such a pair L ⊂ K, let N(L, K) =
⋃

v∈L(0) | St(v, Sd K)|, where Sd K is the barycentric subdivision of K. To prove Theo-

rem 1.3, we need the following theorem, which is well known for locally finite sim-

plicial complexes or the Whitehead topology but we are treating non-locally finite

simplicial complexes endowed with the metric topology.

Theorem 1.5 Let L be a full subcomplex of a locally finite-dimensional simplicial com-

plex K. Then, the topological boundary bd|K| N(L, K) of N(L, K) in |K| is bicollared

in |K|.

Here, it is said that a subset A ⊂ X is bicollared in X if there exists an open embed-

ding k : A × (−1, 1) → X such that k(x, 0) = x for every x ∈ A.

The Whitehead topology is preserved by subdivisions of K, but the metric topol-

ogy is not. To prove Theorem 1.5, we have to use simplicial subdivisions preserving

the metric topology. The barycentric subdivision is a typical one. In [7], D. W. Hen-

derson called such a subdivision a proper subdivision and gave its characterization

(see Theorem 5.2). Since it is not easy to check the condition even for derived subdi-

visions, we show the following characterization.

Theorem 1.6 For a locally finite-dimensional simplicial complex K, a derived subdi-

vision K ′ of K is proper if and only if K ′(0) is discrete in |K|. 4

2 Preliminaries

Let (Xi)i∈N be a sequence of topological spaces. The box product ¤i∈NXi is the prod-

uct
∏

i∈N
Xi with the box topology, whose basis consists of sets

∏

i∈N
Ui , where each

Ui is open in Xi . Given maps fi : Xi → Yi , i ∈ N, the box product ¤i∈N fi : ¤i∈NXi →
¤i∈NYi is defined by (¤n∈N fi)(x) = ( fi(xi))i∈N for each x = (xi)i∈N. Then, ¤i∈N fi is

obviously continuous. In case every Xi is a pointed space with ∗i ∈ Xi the base point,

the following subspace of ¤i∈NXi is called the small box product:

⊡i∈NXi =
{

(xi)i∈N ∈ ¤i∈NXi

∣

∣ xi = ∗i except for finitely many i ∈ N
}

.

When each fi : Xi → Yi is a pointed map (i.e., fi(∗i) = ∗i), we can define the map

⊡i∈N fi : ⊡i∈N Xi → ⊡i∈NYi as the restriction of ¤i∈N fi . For each n ∈ N, we identify
∏n

i=1 Xi with
∏n

i=1 Xi =
∏n

i=1 Xi × {∗n+1} ⊂
∏n+1

i=1 Xi . Then,

⊡i∈NXi =
⋃

n∈N

n
∏

i=1

Xi .

In case every Xi is the same space X, ¤i∈NXi and ⊡i∈NXi are denoted by ¤NX and

⊡NX, respectively.

4Recently, Theorem 1.6 was proved in [12] for any subvidision of an arbitrary simplicial complex.
In [12], a proper subdivision is renamed an admissible subdivision.
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We always regard a topological linear space as a pointed space with 0 the base

point. In case every Xi is a Fréchet space, the weak box product ⊡i∈NXi is the strict

inductive limit of the tower X1 ⊂ X1 × X2 ⊂ X1 × X2 × X3 ⊂ · · · , which is denoted

by
∑

i∈N
Xi in [10] (it is no other than the direct sum

∑

i∈N
Xi in [21, §13-2] or the

locally convex direct sum
⊕

i∈N
Xi in [13, Example 5.10.6]).

One should take caution that the inductive limit in the category of topological

linear spaces is different from the one in the category of topological spaces. In this

paper, the latter is called the direct limit. The direct limit of a tower X1 ⊂ X2 ⊂ · · · is

denoted by lim
−→

Xn.

For the reader’s convenience, we shall list the fundamental results on ℓ2(τ )-man-

ifolds that will be used in our proof. In the proof of Theorem 1.1, we adopt the

same strategy as the previous paper [11], but we now need Toruńczyk’s ANR Factor

Theorem [18].

Theorem 2.1 (ANR Factor) For every completely metrizable ANR X with dens X

≤ τ , the product X×ℓ2(τ ) is an ℓ2(τ )-manifold. In case X is an AR, X×ℓ2(τ ) ≈ ℓ2(τ ).

For a locally finite-dimensional simplicial complex K with card K(0) ≤ τ , |K| ×
ℓ2(τ ) is an ℓ2(τ )-manifold, where |K| is the polyhedron with the metric topology.

Indeed, |K| is a completely metrizable ANR and card K(0) ≤ τ implies dens |K| ≤ τ .

A closed set A in X is called a Z-set (or a strong Z-set) if there are maps f : X →
X \ A (or A ∩ cl f (X) = ∅) arbitrarily close to id. It is said that a subset A ⊂ X is

collared in X if there is an open embedding k : A×[0, 1) → X such that k(x, 0) = x for

every x ∈ A. The following is well known (see the statement after [14, Corollary 4.4]).

Theorem 2.2 (Collaring) If a Z-set in an ℓ2(τ )-manifold M is also an ℓ2(τ )-manifold

then it is collared in M.

Combining [20, Theorem B1] with the ANR Factor Theorem, we have the follow-

ing.

Theorem 2.3 (Enlargement) Let X be a completely metrizable ANR and A a strong

Z-set in X. If X \ A is an ℓ2(τ )-manifold, then X is also an ℓ2(τ )-manifold.

We call an embedding f : X → Y a Z-embedding if f (X) is a Z-set in Y . The

following Z-Set Unknotting Theorem was established in [1].

Theorem 2.4 (Z-set Unknotting) Let A be a Z-set in an ℓ2(τ )-manifold M. If a Z-

embedding h : A → M is homotopic to (≃) id, then h extends to a homeomorphism

h̃ : M → M that is isotopic to id.

We also use the following version.

Corollary 2.5 Let A be a Z-set in an ℓ2(τ )-manifold M and f : M → N a home-

omorphism from M onto another ℓ2(τ )-manifold N. If a Z-embedding g : A → N is

homotopic to the restriction f |A, then g extends to a homeomorphism g̃ : M → M that

is isotopic to f .

The following is proved in [8] (cf. [6]).
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Theorem 2.6 (Classification) Let M and N be ℓ2(τ )-manifolds. Every homotopy

equivalence f : M → N is homotopic to a homeomorphism.

The following result is due to the second author [15] (cf. [16]).

Theorem 2.7 Let M be an ℓ2(τ )-manifold with dens M = τ and N a Z-set in M that

is an ℓ2(τ )-manifold and contains a strong deformation retract of M. Then, there is a

closed embedding h : M → ℓ2(τ ) such that h(N) = bd h(M) is bicollared in ℓ2(τ ).

3 The First Step in the Proof of Theorem 1.1

In this section, we translate the argument in the previous paper [11] by replacing the

intervals [0, 1) (resp. [0, 1]) by the unit open (resp. closed) ball Bi (resp. Bi) of ℓ2(τi).

For the sake of readers’ convenience and completeness, we repeat the arguments. We

also improve the notation.

In Theorem 1.1,
∑

i∈N
ℓ2(τi) = ⊡i∈Nℓ2(τi) can be replaced with ⊡i∈NBi because

ℓ2(τi) ≈ Bi . For each s > 0, let

sBi = {x ∈ ℓ2(τi) | ‖x‖ < s} and sBi = {x ∈ ℓ2(τi) | ‖x‖ ≤ s}.

For a subset N ⊂
∏n

i=1 Bi and a map α : N → (0, 1), we define

N(α) = {(x, y) ∈ N × Bn+1 | ‖y‖ < α(x)} ⊂
n+1
∏

i=1

Bi .

Let U be an open set in ⊡i∈NBi . For each n ∈ N, let Un = U ∩
∏n

i=1 Bi . Then, Un

is an ℓ2(τn)-manifold and Un is closed in Un+1. For a sequence α = (αk)k∈N of maps

αk : Uk → (0, 1) satisfying the condition Uk(αk) ⊂ Uk+1, we can inductively define

Un(αn, . . . , αk) = Un(αn, . . . , αk−1)(αk) ⊂ Uk(αk) ⊂ Uk+1 for each k > n.

Then, Un(αn) ⊂ Un(αn, αn+1) ⊂ Un(αn, αn+1, αn+2) ⊂ · · · . Let

U α
n =

⋃

k>n

Un(αn, . . . , αk) ⊂ U .

Thus, we have a tower U α
1 ⊂ U α

2 ⊂ U α
3 ⊂ · · · with U =

⋃

n∈N
U α

n . If each U α
n is

open in U , then U is the direct limit of this tower, that is, U = lim
−→

U α
n .

Lemma 3.1 There exists a sequence α = (αk)k∈N of maps αk : Uk → (0, 1) such

that Uk(αk) ⊂ Uk+1 for every k ∈ N and each U α
n is open in U , hence U = lim

−→
U α

n .

Moreover, each x ∈ Uk has a neighborhood V in Uk with ai > 0, i > k such that

infy∈V αk(y) > 0 and

inf
{

αn(y)
∣

∣ y ∈ V ×
n
∏

i=k+1

ai Bi

}

> 0 for every n > k.
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Proof For each k ∈ N, let Vk = {Vλ | λ ∈ Λk} be a locally finite open cover of

Uk with aλ,i ∈ (0, 1], i > k, such that cl Vλ × ⊡i>kaλ,i Bi ⊂ U for each k ∈ N and

λ ∈ Λk, where Λk ∩ Λk ′ = ∅ if k 6= k ′. Suppose that Wk = {Wλ | λ ∈ Λk} is an

open cover of Uk that is a shrinking of Vk, that is, cl Wλ ⊂ Vλ for each λ ∈ Λk. We

define βk : Uk → I as follows:

βk(x) = max

{

aλ,k+1

2

∣

∣

∣

∣

x ∈ cl Wλ ×
k
∏

i= j+1

aλ,i

2
Bi , λ ∈ Λ j , j ≤ k

}

,

where cl Wλ ×
∏k

i= j+1
aλ,i

2
Bi = cl Wλ if j = k. Observe

{

(x, t) ∈ Uk × I
∣

∣ t ≤ βk(x)
}

=
⋃

j≤k

⋃

λ∈Λ j

cl Wλ ×
k
∏

i= j+1

aλ,i

2
Bi ×

[

0,
aλ,k+1

2

]

,

which is closed in Uk × I. This means that βk is upper semi-continuous. Moreover,

we can define a lower semi-continuous function γk : Uk → I as follows:

γk(x) = max
{

aλ,k+1

∣

∣ x ∈ Vλ ×
k
∏

i= j+1

aλ,iBi , λ ∈ Λ j , j ≤ k
}

.

Since βk < γk, there exists a continious map αk : Uk → (0, 1) such that βk < αk < γk.

Then, Uk(αk) ⊂ Uk+1 for every k ∈ N.

From the definition, it follows that

Wλ ×
n
∏

i=k+1

aλ,i

2
Bi ×

aλ,n+1

2
Bn+1 ⊂ Un(αn) for each λ ∈ Λk and n > k,

which implies infy∈Wλ
αk(y) > aλ,k+1/2 > 0 and

inf
{

αn(y)
∣

∣ y ∈ Wλ ×
n
∏

i=k+1

aλ,i Bi

}

>
aλ,n+1

2
> 0 for every n > k.

To show that each U α
n is open in U , let x ∈ U α

n . Choose k > n so that x ∈
Un(αn, . . . , αk) ⊂ Uk+1. Since Uk+1 =

⋃

λ∈Λk+1
Wλ, it follows that x ∈ Wλ for some

λ ∈ Λk+1. Let G = Wλ ∩Un(αn, . . . , αk). Then, G × ⊡i>k+1
aλ,i

2
Bi is a neighborhood

of x in ⊡i∈NBi . By induction on m > k, we shall show that

G ×
m+1
∏

i=k+2

aλ,i

2
Bi ⊂ Un(αn, . . . , αm).

Take an arbitrary point y = (w, zk+2, . . . , zm+1) from the left side in the above. By the

inductive assumption, we have

y ′
= (w, zk+2, . . . , zm) ∈ G ×

m
∏

i=k+2

aλ,i

2
Bi ⊂ Un(αn, . . . , αm−1).
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Since ‖zm+1‖ < aλ,m+1/2 < αm(y ′), we have

y ∈ Un(αn, . . . , αm−1)(αm) = Un(αn, . . . , αm).

Thus, it follows that

G × ⊡i>k+1
aλ,i

2
Bi =

⋃

m>k

(

G ×
m+1
∏

i=k+2

aλ,i

2
Bi

)

⊂
⋃

m>k

Un(αn, . . . , αm) = U α
n .

Therefore, U α
n is open in U .

Now, we shall construct a sequence Ψ = (ψi)i∈N of open embeddings ψi : Ui ×
Bi+1 → Ui+1 so that ψi(x, 0) = (x, 0) for every x ∈ Ui and U is homeomorphic to

the direct limit UΨ of the following open tower:

U1 × ⊡i>1Bi ⊂
ψ1×id

U2 × ⊡i>2Bi ⊂
ψ2×id

· · · ,

where Un ×⊡i>nBi is regarded as an open set in Un+1 ×⊡i>n+1Bi by the embedding

ψn × id : Un × ⊡i>nBi = Un × Bn+1 × ⊡i>n+1Bi → Un+1 × ⊡i>n+1Bi .

Lemma 3.2 There exists a sequence Ψ = (ψn)n∈N of open embeddings ψn : Un ×
Bn+1 → Un+1 such that UΨ ≈ U , ψn(x, 0) = (x, 0) for every x ∈ Un and ψn|Un ×
sBn+1 : Un × sBn+1 → Un+1 is a closed embedding for each s ∈ (0, 1).

Proof Let α = (αn)n∈N be a sequence of maps αn : Un → (0, 1) obtained in Lemma

3.1. Then, U α
n is open in U and U = lim

−→
U α

n . The desired open embeddings ψn : Un×
Bn+1 → Un+1, n ∈ N, are defined by ψn(x, y) = (x, αn(x)y). It is sufficient to show

that UΨ ≈ U because the other conditions are easily observed.

For every k ∈ N, we inductively define δn,k : Un ×
∏n+k

i=n+1 Bi → Bn+k as follows:

δn,k(x, yn+1, . . . , yn+k) =

αn+k−1

(

x, δn,1(x, yn+1), . . . , δn,k−1(x, yn+1, . . . , yn+k−1)
)

yn+k,

where δn,1(x, y) = αn(x)y. Then, by induction, we have the following equation:

(3.1) δn,k

(

x,
zn+1

αn(x)
, . . . ,

zn+k

αn+k−1(x, zn+1, . . . , zn+k−1)

)

= zn+k.

Define hn : Un × ⊡i>nBi → U α
n and gn : U α

n → Un × ⊡i>nBi as follows:

hn(x, yn+1, yn+2, . . . ) = (x, δn,1(x, yn+1), δn,2(x, yn+1, yn+2), . . . ) and

gn(x, zn+1, zn+2, . . . ) =

(

x,
zn+1

αn(x)
,

zn+2

αn+1(x, zn+1)
,

zn+3

αn+2(x, zn+1, zn+2)
, . . .

)

.

https://doi.org/10.4153/CJM-2010-083-5 Published online by Cambridge University Press

https://doi.org/10.4153/CJM-2010-083-5


Simplicial Complexes and Open Subsets of LF-Spaces 443

As is easily observed, gn ◦ hn = id. By (3.1), hn ◦ gn = idU α
n

. Hence, gn is a bijection

with hn = g−1
n . Moreover, the following diagram commutes:

U α
n ⊂ U α

n+1

gn





y





y

gn+1

Un × ⊡i>nBi
⊂

−−−−→
ψn×id

Un+1 × ⊡i>n+1Bi .

Indeed, let (x, zn+1, zn+2, . . . ) ∈ U α
n . Then, ((x, zn+1), zn+2, . . . ) ∈ U α

n+1 and

(ψn × id) ◦ gn(x, zn+1, zn+2, . . . ) = (ψn × id)

(

x,
zn+1

αn(x)
,

zn+2

αn+1(x, zn+1)
, . . .

)

=

(

ψn

(

x,
zn+1

αn(x)

)

,
ϕn+2

αn+1(x, zn+1)
, . . .

)

=

(

(x, zn+1),
zn+2

αn+1(x, zn+1)
, . . .

)

= gn+1

(

(x, zn+1), zn+2, . . .
)

.

It remains to show that each hn and gn are continuous, which means that gn is a

homeomorphism. Thus, we would have

U = lim
−→

U α
n ≈ lim

−→

(

Un × ⊡i>nBi

)

= UΨ.

To see the continuity of hn at x ∈ Un × ⊡i>nBi , let V be a neighborhood of hn(x)

in U α
n . Then, x is contained in some Un ×

∏n+k
i=n+1 Bi , which implies that hn(x) ∈

Un(αn, . . . , αn+k−1). We can find a neighborhood V ′ in hn(x) in Un ×
∏n+k

i=n+1 Bi and

0 < εi < 1, i > n + k + 1, such that hn(x) ∈ V ′ × ⊡i>n+kεi Bi ⊂ V . Since δn,1, . . . ,

δn,k are continuous, it follows that hn|Un ×
∏n+k

i=n+1 Bi is continuous, hence x has a

neighborhood W in Un ×
∏n+k

i=n+1 Bi such that hn(W ) ⊂ V ′. Then, W × ⊡i>n+kεi Bi

is a neighborhood of x in Un × ⊡i>nBi and

hn

(

W × ⊡i>n+kεi Bi

)

⊂ V ′ × ⊡i>n+kεi Bi ⊂ V,

which implies that hn is continuous at x.

To see the continuity of gn at x ∈ U α
n , let V be a neighborhood of gn(x) in

Un × ⊡i>nBi . Then, gn(x) is contained in some Un ×
∏n+k

i=n+1 Bi . Put m = n + k and

choose an open set W in Um and εi > 0, i > m + 1, so that gn(x) ∈ W ×⊡i>mεi Bi ⊂
V . Since αn, . . . , αm−1 are continuous, it follows that gn|Un(αn, . . . , αm−1) is con-

tinuous, hence we have a neighborhood W ′ of x in Un(αn, . . . , αm−1) ⊂ Um such

that gn(W ′ × {(0, 0, . . . )}) ⊂ W × {(0, 0, . . . )}. By virtue of Lemma 3.1, it can be

assumed that infy∈W ′ αm(y) > 0 and

inf
{

αm+l(y)
∣

∣ y ∈ W ′ ×
m+l
∏

i=m+1

εi Bi

}

> 0 for every l ∈ N.
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We can find 0 < δm+l ≤ εm+l, l ∈ N, such that

y ∈ W ′, ‖zm+1‖ < δm+1 ⇒
‖zm+1‖

αm(y)
< εm+1 and

(y, zm+1, . . . , zm+l) ∈ W ′ ×
m+l
∏

i=m+1

εi Bi , ‖zm+l+1‖ < δm+l+1

⇒
‖zm+l+1‖

αm+l(y, zn+k+1, . . . , zm+l)
< εm+l+1.

Then, we have gn

(

W ′ × ⊡i>mδi Bi

)

⊂ W × ⊡i>mεi Bi ⊂ V , which implies that gn is

continuous at x.

4 The Second Step in the Proof of Theorem 1.1

To construct the simplical complex K in Theorem 1.1, for each n ∈ N, let Kn be

a locally finite-dimensional simplicial complex of the homotopy type of Un and

ξn : Un → |Kn| a homotopy equivalence with a homotopy inverse ηn : |Kn| → Un.

Moreover, take a subdivision K ′
n ⊳ Kn and a simplicial approximation ϕn : K ′

n →
Kn+1 of ξn+1inηn : |Kn| → |Kn+1|, where in : Un = Un × {0} ⊂ Un+1 is the inclusion.

The simplex with vertices v1, . . . , vn is denoted by 〈v1, . . . , vn〉, where we allow the

case v1, . . . , vn are not pairwise distinct. We give orders on K(0)
n and K ′

n
(0) such that

the set σ(0) of vertices of each simplex σ is totally ordered. The simplicial mapping

cylinder Z(ϕn) of ϕn : K ′
n → Kn+1 can be defined as follows:

Z(ϕn) = Kn+1 ∪
{

〈ϕn(v1), . . . , ϕn(vi), v j , . . . , vk〉
∣

∣ v1, . . . , vk ∈ K ′
n,

v1 < · · · < vk, 1 ≤ i ≤ j ≤ k
}

.

Then, K ′
n and Kn+1 are subcomplexes of Z(ϕn) and Z(ϕn)(0)

= K ′
n

(0) ∪ K(0)
n+1. We also

define the triangulation I(Kn, K ′
n) of the product |Kn| × [2n − 1, 2n] as follows:

I(Kn, K ′
n) = (Kn × {2n − 1}) ∪ (K ′

n × {2n})

∪
{

〈σ(0) × {2n − 1} ∪ {vm, · · · , vn} × {2n}〉
∣

∣ σ ∈ K ′
n,

〈v1, · · · , vn〉 ∈ Kn, v1 < · · · < vn, σ ⊂ 〈v1, · · · , vm〉
}

.

Identifying K ′
n and Kn+1 in Z(ϕn) with K ′

n ×{2n} ⊂ I(Kn, K ′
n) and Kn+1 ×{2n + 1} ⊂

I(Kn+1, K ′
n+1) respectively, we can obtain the simplicial complex

K =
⋃

n∈N

(I(Kn, K ′
n) ∪ Z(ϕn)).

Take an increasing sequence 0 < c1 < c2 < · · · with supn∈N
cn = 1 (e.g., cn =
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n/(n + 1), n ∈ N). For each n ∈ N, let

Nn = (|Kn| × [2n − 1, 2n − 1
2
)) ∪

n−1
⋃

i=1

(|I(Ki , K ′
i )| ∪ |Z(ϕi)|),

Nn = (|Kn| × [2n − 1, 2n − 1
2
]) ∪

n−1
⋃

i=1

(|I(Ki , K ′
i )| ∪ |Z(ϕi)|),

Mn = Nn ×
n+1
∏

i=1

cnBi , Mn = Nn ×
n+1
∏

i=1

cnBi and

∂Mn = Mn \ Mn =

(

θn(|Kn|) ×
n+1
∏

i=1

cnBi

)

∪ (Nn × Dn+1),

where θn : |Kn| → |Kn| × {2n − 1
2
} ⊂ Nn \ Nn ⊂ Nn is the natural injection and

Dn+1 =

n+1
∏

i=1

cnBi \
n+1
∏

i=1

cnBi = cn

(

n+1
∏

i=1

Bi \
n+1
∏

i=1

Bi

)

.

It should be remarked that

(4.1) θn+1ϕn ≃ θn in Nn+1 \ Nn for each n ∈ N.

Lemma 4.1 Every Dn+1 is homeomorphic to ℓ2(τn+1).

Proof By induction, we shall show that

D ′
n+1 = c−1

n Dn+1 =

n+1
∏

i=1

Bi \
n+1
∏

i=1

Bi ≈ ℓ2(τn+1),

so we will have Dn+1 ≈ ℓ2(τn+1). The unit sphere Sn+1 = Bn+1 \ Bn+1 and the unit

closed ball Bn+1 of ℓ2(τn+1) is homeomorphic to ℓ2(τn+1). Then, D ′
1 = S1 ≈ ℓ2(τ1).

Assume that D ′
n ≈ ℓ2(τn). Observe

D ′
n+1 = (D ′

n × Bn+1) ∪ (B1 × · · · × Bn × Sn+1) and

(D ′
n × Bn+1) ∩ (B1 × · · · × Bn × Sn+1) = D ′

n × Sn+1.

By the ANR Factor Theorem, we have

D ′
n × Bn+1 ≈ B1 × · · · × Bn × Sn+1 ≈ D ′

n × Sn+1 ≈ ℓ2(τn+1).

As is easily observed, D ′
n ×Sn+1 is a Z-set in both D ′

n ×Bn+1 and B1 ×· · ·×Bn ×Sn+1.

Since ℓ2(τn+1) × (−1, 1) ≈ ℓ2(τn+1) × [0, 1) ≈ ℓ2(τn+1), it is easy to obtain D ′
n+1 ≈

ℓ2(τn+1) by the Z-set Unknotting Theorem.

Lemma 4.2 Each Mn, Mn, and ∂Mn is an ℓ2(τn+1)-manifold, and ∂Mn is a Z-set

in Mn.
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Proof Since Bn+1 ≈ Dn+1 ≈ ℓ2(τn+1), the following are ℓ2(τn+1)-manifolds by the

ANR Factor Theorem:

Mn, Mn, θn(|Kn|) ×
n+1
∏

i=1

cnBi , Nn × Dn+1 and

(

θn(|Kn|) ×
n+1
∏

i=1

cnBi

)

∩ (Nn × Dn+1) = θn(|Kn|) × Dn+1.

The last one in the above is a Z-set in the both θn(|Kn|)×
∏n+1

i=1 cnBi and Nn×Dn+1, so

it is collared in them by the Collaring Theorem. Then, ∂Mn is an ℓ2(τn+1)-manifold

because

∂Mn =

(

θn(|Kn|) ×
n+1
∏

i=1

cnBi

)

∪ (Nn × Dn+1).

Observe that θn(|Kn|)×
∏n+1

i=1 cnBi and Nn×Dn+1 are Z-sets in Mn = Nn×
∏n+1

i=1 cnBi .

Thus, ∂Mn is a Z-set in Mn.

We also consider the following sets:

∂̄Mn = (∂Mn × cnBn+2) ∪ (Mn × cnSn+2)

=

(

θn(|Kn|) ×
n+2
∏

i=1

cnBi

)

∪

(

Nn ×

(

n+2
∏

i=1

cnBi \
n+2
∏

i=1

cnBi

))

,

Ln+1 = Mn+1 \ (Mn × cnBn+2)

=

(

(Nn+1 \ Nn) ×
n+2
∏

i=1

cn+1Bi

)

∪

(

Nn+1 ×

(

n+2
∏

i=1

cn+1Bi \
n+2
∏

i=1

cnBi

))

.

Then, we can write Mn+1 = (Mn × cnBn+2)∪ Ln+1 and ∂̄Mn = (Mn × cnBn+2)∩ Ln+1,

where ∂̄Mn is the topological boundary of both Ln+1 and Mn × cnBn+2 in Mn+1.

Lemma 4.3 Each ∂̄Mn and Ln+1 is an ℓ2(τn+2)-manifold, and ∂̄Mn is a Z-set in Ln+1.

Proof The following two sets are bicollared in Mn+1:

θn(|Kn|) ×
n+2
∏

i=1

cn+1Bi and Nn+1 ×

(

n+2
∏

i=1

cnBi \
n+2
∏

i=1

cnBi

)

.

Then, it is easy to construct a homeomorphism f : Mn+1 → Mn+1 arbitrarily close to

id such that

(

Nn ×
n+2
∏

i=1

cn+1Bi

)

∩ cl f

(

(Nn+1 \ Nn) ×
n+2
∏

i=1

cn+1Bi

)

= ∅ and

(

Nn+1 ×
n+2
∏

i=1

cnBi

)

∩ cl f

(

Nn+1 ×

(

n+2
∏

i=1

cn+1Bi \
n+2
∏

i=1

cnBi

))

= ∅,
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which implies (Mn×cnBn+2)∩clMn+1
f (Ln+1) = ∅. Since ∂̄Mn ⊂ Mn×cnBn+2, we have

a map f |Ln+1 : Ln+1 → Ln+1 arbitrarily close to id such that ∂̄Mn ∩ cl f (Ln+1) = ∅.

Hence, ∂̄Mn is a strong Z-set in Ln+1. Observe that Ln+1\∂̄Mn = Mn+1\(Mn×cnBn+2).

Since Mn+1 is an ℓ2(τn+2)-manifold by Lemma 4.2, it follows from the Enlargement

Theorem that Ln+1 is an ℓ2(τn+2)-manifold.

By the ANR Factor Theorem, ∂Mn × cnBn+2 and Mn × cnSn+2 are ℓ2(τn+2)-mani-

folds because Bn+2 ≈ Sn+2 ≈ ℓ2(τn+2). Observe that

(∂Mn × cnBn+2) ∩ (Mn × cnSn+2) = ∂Mn × cnSn+2,

which is also an ℓ2(τn+2)-manifold by the ANR Factor Theorem. Since ∂Mn × cnSn+2

is a Z-set in both ∂Mn × cnBn+2 and Mn × cnSn+2, it is collared in them. Then it

follows that ∂̄Mn is an ℓ2(τn+2)-manifold.

For each n ∈ N, let jn : Nn → Nn × {vn+1} ⊂ Mn be the natural injection, where

vn+1 = (cne1, . . . , cnen+1) ∈ Dn+1 =

n+1
∏

i=1

cnBi \
n+1
∏

i=1

cnBi

and each ei ∈ Si is a fixed point. It should be remarked that

jnθn(|Kn|) = θn(|Kn|) × {vn+1} = |Kn| × {2n − 1
2
} × {vn+1} ⊂ ∂Mn.

Since jn+1(Nn+1 \ Nn) ⊂ Ln+1, the following follows from (4.1):

(4.2) jn+1θn+1ϕn ≃ jn+1θn in Ln+1 for every n ∈ N.

Lemma 4.4 For each n ∈ N, there exists a retraction rn : Mn → jnθn(|Kn|) such that

rn ≃ id rel. jnθn(|Kn|) in Mn and rn|∂Mn ≃ id rel. jnθn(|Kn|) in ∂Mn,

where the latter homotopy is obtained as the restriction of the former, hence

(rn × id)|∂̄Mn ≃ id rel. jnθn(|Kn|) × cnBn+2 in ∂̄Mn.

Moreover, rn+1 satisfies that rn+1|Ln+1 ≃ id rel. jn+1θn+1(|Kn+1|) in Ln+1, which is

obtained by restricting rn+1 ≃ id rel. jn+1θn+1(|Kn+1|) in Mn+1.

Proof Observe that θn(|Kn|) = |Kn|×{2n− 1
2
} is a strong deformation retract of Nn,

Dn+1 is a strong deformation retract of
∏n+1

i=1 cnBi , and {vn+1} is a strong deformation

retract of Dn+1. It is easy to construct a deformation h : Mn × I → Mn such that

h(∂Mn × I) ⊂ ∂Mn, h1 : Mn → jnθn(|Kn|) is a retraction and ht | jnθn(|Kn|) = id for

every t ∈ I. Then, rn = h1 is the desired retraction.

In case n > 1, θn(|Kn|) is a strong deformation retract of Nn \ Nn−1 and Nn \
Nn−1 is a strong deformation retract of Nn. Then, we can construct h so as to satisfy

h(Ln × I) ⊂ Ln.
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By Lemma 3.2, we have a sequence Ψ = (ψi)i∈N of open embeddings ψi : Ui ×
Bi+1 → Ui+1 such that U is homeomorphic to the direct limit UΨ of the open tower

U1 × ⊡i>1Bi ⊂
ψ1×id

U2 × ⊡i>2Bi ⊂
ψ2×id

· · · .

Theorem 1.1 is reduced to the following.

Lemma 4.5 |K| × ⊡i∈NBi ≈ UΨ.

Proof Here, we regard UΨ as the direct limit of the open tower

U1 × ⊡i>1c1Bi ⊂
ψ1×id

U2 × ⊡i>2c2Bi ⊂
ψ2×id

· · · .

For each n ∈ N, let

M∞
n = Nn × ⊡i∈NcnBi = Mn × ⊡i>n+1cnBi .

Then, M∞
1 ⊂ M∞

2 ⊂ · · · are open in |K| ×⊡i∈NBi and
⋃

n∈N
M∞

n = |K| ×⊡i∈NBi .

To show that |K| × ⊡i∈NBi ≈ UΨ, we may construct homeomorphisms hn : M∞
n →

Un × ⊡i>ncnBi , n ∈ N, so that the following diagram commutes:

M∞
n

⊂
−−−−→ M∞

n+1

hn





y





y

hn+1

Un × ⊡i>ncnBi
⊂

−−−−→
ψn×id

Un+1 × ⊡i>n+1cn+1Bi .

Note that Mn × cnBn+2 ⊂ Mn+1. If we could construct homeomorphisms fn : Mn →
Un × cnBn+1, n ∈ N, so that the following commutes:

Mn × cnBn+2
⊂

−−−−→ Mn+1

fn×id





y





y

fn+1

Un × cnBn+1 × cnBn+2 −−−−→
ψ×id

Un+1 × cn+1Bn+2,

then the desired homeomorphism hn could be defined as follows:

hn = fn × id : M∞
n = Mn × ⊡i>n+1cnBi → Un × ⊡i>ncnBi .

By Lemma 4.4, we have a retraction rn : Mn → jnθn(|Kn|) such that rn ≃ id rel.

jnθn(|Kn|) in Mn and rn|∂Mn ≃ id rel. jnθn(|Kn|) in ∂Mn, hence both rn and

rn|∂Mn : ∂Mn → jnθn(|Kn|) are homotopy equivalences. Let

i∗n : Un → Un × {cnen+1} ⊂ Un × cnSn+1 ⊂ Un × cnBn+1

be the natural injection. Recall ηn : |Kn| → Un is a homotopy equivalence. Then, the

map qn = i∗nηn( jnθn)−1rn : Mn → Un×cnBn+1 is a homotopy equivalence. Moreover,
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ψni∗n ≃ in in Un+1, where in : Un = Un × {0} ⊂ Un+1 is the inclusion. Since Sn+1 is

an AR, the restriction qn|∂Mn : ∂Mn → Un × cnSn+1 is also a homotopy equivalence.

We shall construct homeomorphisms f̄n : Mn → Un × cnBn+1, n ∈ N, so that

f̄n ≃ qn, f̄n(∂Mn) = Un × cnSn+1 (i.e., f̄n(Mn) = Un × cnBn+1) and the following

diagram commutes:

Mn × cnBn+2
⊂

−−−−→ Mn+1

f̄n×id





y





y
f̄n+1

Un × cnBn+1 × cnBn+2 −−−−→
ψn×id

Un+1 × cn+1Bn+2.

Then, fn = f̄n|Mn, n ∈ N, are the desired homeomorphisms.

First, by the Classification Theorem, we have two homeomorphisms

f : M1 → U1 × B2 and f ′ : ∂M1 → U1 × S2

such that f ≃ q1 and f ′ ≃ q1|∂M1. Since f ′ ≃ f |∂M1 in U1 × B2, we can apply the

Z-set Unknotting Theorem to extend f ′ to a homeomorphism f̄1 : M1 → U1 × B2

that is isotopic to f , hence f̄1 ≃ q1.

Now, assume that f̄n has been obtained. Let

Fn = (ψn f̄n × id)(∂̄Mn)

= (ψn f̄n(∂Mn) × cnBn+2) ∪ (ψn f̄n(Mn) × cnSn+2)

= (ψn(Un × cnSn+1) × cnBn+2) ∪ (ψn(Un × cnBn+1) × cnSn+2) and

Wn+1 = (Un+1 × cn+1Bn+2) \ (ψn f̄n × id)(Mn × cnBn+2)

= (Un+1 × cn+1Bn+2) \ (ψn(Un × cnBn+1) × cnBn+2).

Then, we have

Un+1 × cn+1Bn+2 = (ψn f̄n × id)(Mn × cnBn+2) ∪Wn+1,

Fn = (ψn f̄n × id)(Mn × cnBn+2) ∩Wn+1

and the homeomorphism

g = (ψn × id)( f̄n × id)|∂̄Mn = (ψn f̄n × id)|∂̄Mn : ∂̄Mn → Fn.

Hence, Fn is an ℓ2(τn+2)-manifold. Similarly to Lemma 4.3, it can be shown that Wn+1

is also an ℓ2(τn+2)-manifold and Fn is a Z-set in Wn+1. Recall

∂̄Mn = (∂Mn × cnBn+2) ∪ (Mn × cnSn+2) ⊂ Mn × cnBn+2 ⊂ Mn+1.

Note that cnSn+2 is a strong deformation retract of cnBn+2 and {cnen+2} is a strong

deformation retract of cnSn+2. Let c : cn+1Bn+2 → {cnen+2} be the constant map.

Since f̄n ≃ qn, it follows that

g ≃ (ψn f̄n × c)|∂̄Mn ≃ (ψnqn × c)|∂̄Mn = (ψni∗n × c)(ηn( jnθn)−1rn × id)|∂̄Mn in Fn.
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In addition to the natural injection i∗n+1 : Un+1 → Un+1×{cn+1en+2} ⊂ Wn+1, consider

the natural injection i ′n+1 : Un+1 → Un+1 × {cnen+2} ⊂ Wn+1. Then we have

ψni∗n × c ≃ in × c = i ′n+1in prUn
≃ i∗n+1in prUn

in Wn+1.

Since ηn+1ξn+1 ≃ idUn+1
and ϕn is a simplicial approximation of ξn+1inηn, it follows

that

g ≃ i∗n+1in prUn
(ηnθ

−1
n j−1

n rn × id)|∂̄Mn

≃ i∗n+1ηn+1ξn+1inηnθ
−1
n j−1

n rn prMn
|∂̄Mn

≃ i∗n+1ηn+1ϕnθ
−1
n j−1

n rn prMn
|∂̄Mn in Wn+1.

Note that rn+1|Ln+1 : Ln+1 → jn+1θn+1(|Kn+1|) is a retraction. By (4.2), we have

ϕnθ
−1
n j−1

n = θ−1
n+1 j−1

n+1rn+1 jn+1θn+1ϕnθ
−1
n j−1

n

≃ θ−1
n+1 j−1

n+1rn+1 jn+1θnθ
−1
n j−1

n = ( jn+1θn+1)−1rn+1 jn+1 j−1
n in |Kn+1|.

Then it follows that

g ≃ i∗n+1ηn+1( jn+1θn+1)−1rn+1 jn+1 j−1
n rn prMn

|∂̄Mn

= i∗n+1ηn+1( jn+1θn+1)−1rn+1 jn+1 prNn
(rn × id)|∂̄Mn in Wn+1.

Since Mn × cnSn+2 is a strong deformation retract of ∂̄Mn and

jn+1 prNn
|Mn × cnSn+2 ≃ id in Mn × cnSn+2,

we have jn+1 prNn
|∂̄Mn ≃ id in ∂̄Mn. On the other hand, due to Lemma 4.4, (rn ×

id)|∂̄Mn ≃ id in ∂̄Mn. Thus, we have

g ≃ i∗n+1ηn+1( jn+1θn+1)−1rn+1|∂̄Mn = qn+1|∂̄Mn in Wn+1.

Recall that qn+1|∂Mn+1 : ∂Mn+1 → Un+1 × cn+1Sn+2 is a homotopy equivalence.

By the Classification Theorem, we have a homeomorphism g ′ : ∂Mn+1 → Un+1 ×
cn+1Sn+2 such that g ′ ≃ qn+1|∂Mn+1. On the other hand, due to Lemma 4.4,

rn+1|Ln+1 ≃ id rel. jn+1θn+1(|Kn+1|) in Ln+1,

hence rn+1|Ln+1 : Ln+1 → jn+1θn+1(|Kn+1|) is a homotopy equivalence. Then it follows

that qn+1|Ln+1 : Ln+1 → Wn+1 is also a homotopy equivalence. By the Classification

Theorem, we have a homeomorphism g ′ ′ : Ln+1 → Wn+1 such that g ′ ′ ≃ qn+1|Ln+1.

Note that ∂̄Mn and ∂Mn+1 are disjoint Z-sets in the ℓ2(τn+2)-manifold Ln+1, and Fn

and Un+1 × cn+1Sn+2 are disjoint Z-sets in the ℓ2(τn+2)-manifold Wn+1. Since g ≃
qn+1|∂̄Mn ≃ g ′ ′|∂̄Mn and g ′ ≃ qn+1|∂Mn+1 ≃ g ′ ′|∂Mn+1, we can apply the Z-set

Unknotting Theorem to obtain a homeomorphism f : Ln+1 → Wn+1 such that f
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is isotopic to g ′ ′, f |∂̄Mn = g and f |∂Mn+1 = g ′. Then f can be extended to a

homeomophism

f̄n+1 : Mn+1 → Un+1 × cn+1Bn+2 by f̄n+1|Mn = (ψn × id)( f̄n × id).

Recall that rn+1 ≃ id in Mn+1 and

rn+1(Mn+1) = jn+1θn+1(|Kn+1|) ⊂ ∂Mn+1.

It follows that f̄n+1 ≃ f̄n+1rn+1 = g ′rn+1 ≃ qn+1rn+1 ≃ qn+1. This completes the

proof.

5 Proofs of Theorems 1.5 and 1.6

In this section, we shall prove Theorems 1.5 and 1.6. For each point x ∈ |K|, let

(βK
v (x))v∈K(0) ∈ IK(0)

be the barycentric coordinate, that is,
∑

v∈K(0) βK
v (x) = 1 and

{v ∈ K(0) | βK
v (x) > 0} is the set of vertices of the carrier of x, which is the simplex

of K containing x as an interior point. Then we can write x =
∑

v∈K(0) βK
v (x)v. The

open star at v ∈ K(0) is defined by

O(v, K) =
{

x ∈ |K|
∣

∣ βK
v (x) > 0

}

.

The metric ρK for the polyhedron |K| is defined as follows:

ρK (x, y) =

∑

v∈K(0)

∣

∣βK
v (x) − βK

v (y)
∣

∣ .

A simplicial subdivision K ′ of K is proper5 if and only if the metric ρK ′ is admissible

for |K|.

Remark 5.1 Identifying x with (βK
v (x))v∈K(0) ∈ ℓ1(K(0)), we can regard |K| as a

subspace of the Banach space ℓ1(K(0)). Then, the metric ρK is induced by the norm

of ℓ1(K(0)).

The following characterization was established by D. W. Henderson.

Theorem 5.2 ([7, Lemma V.5]) A simplicial subdivision K ′ of K is proper if and only

if the open star O(v, K ′) at each vertex v ∈ K ′(0) is open in |K|.

For each x ∈ |K|, let σx ∈ K be the carrier of x and define O(x, K) =
⋂

v∈σ(0)
x

O(v, K). Then, O(x, K) is open in |K| with cl|K| O(x, K) = | St(σx, K)|, where

St(σ, K) is the star at σ ∈ K, which is the subcomplex of K defined as follows:

St(σ, K) =
{

σ ′ ∈ K
∣

∣ ∃σ ′ ′ ∈ K such that σ, σ ′ ≤ σ ′ ′
}

.6

For 0 < t < 1, we can define ϕx
t : | St(σx, K)| → | St(σx, K)| by

ϕx
t (y) = (1 − t)x + t y for y ∈ | St(σx, K)|.

5Or admissible (cf. Footnote 4).
6The notation σ ≤ σ ′ means that σ is a face of σ ′.
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Lemma 5.3 For each x ∈ |K| and 0 < t ≤ 1, the image ϕx
t (| St(σx, K)|) is closed in

|K|, and ϕx
t (O(x, K)) is open in |K|.

Proof Regarding |K| ⊂ ℓ1(K(0)) as in Remark 5.1 above, ϕx
t extends to the home-

omorphism ϕ̃x
t : ℓ1(K(0)) → ℓ1(K(0)). Hence, ϕx

t is a closed embedding, and the

restriction ϕx
t |O(x, K) : O(x, K) → O(x, K) is an open embedding.

For A ⊂ |K|, let C(A, K) = {σ ∈ K | σ ∩ A = ∅}. Then C(A, K) is a subcomplex

of K. In case A = {x}, we write C({x}, K) = C(x, K). Then, O(x, K) = |K| \
|C(x, K)|. Observe that K = St(σ, K) ∪ C(σ◦, K) for each simplex σ ∈ K, where σ◦

is the interior of σ. In particular, K = St(v, K) ∪ C(v, K) for each vertex v ∈ K(0).

Note that K 6= St(σ, K) ∪C(σ, K) in general.

Let V ⊂ |K| such that O(v, K) ∩ O(v ′, K) = ∅ if v 6= v ′ ∈ V . For each v ∈ V

and σ ∈ St(σv, K) ∩ C(v, K), let vσ be the simplex spanned by {v} ∪ σ(0), that is,

(vσ)(0)
= {v} ∪ σ(0). Then, we can define the simplicial subdivision KV of K as

follows:

KV = C(V, K) ∪
{

vσ
∣

∣ v ∈ V, σ ∈ St(σv, K) ∩C(v, K)
}

.

Observe that K(0)
V = V ∪K(0), C(V, KV ) = C(V, K), and O(v, KV ) = O(v, K) for each

v ∈ V . When V = {w}, we write K{w} = Kw. The operation K → Kw is a starring

K at w. A subdivision obtained by finite starrings is known as a stellar subdivision

(cf. [2]).

Lemma 5.4 For each w ∈ |K| \ K(0), Kw is a proper subdivision of K.

Proof Let σw ∈ K be the carrier of w. Observe that O(v, Kw) = O(v, K), v ∈
K(0) \ σ(0)

w , and O(w, Kw) = O(w, K) =
⋂

v∈σ(0)
w

O(v, K) are open in |K|. To apply

Theorem 5.2, it remains to show that O(v, KV ) is open in |K| for each v ∈ σ(0)
w . Since

O(v, Kw) = (βKw
v )−1((0, 1]), it suffices to prove the continuity of βKw

v : |K| → I for

each v ∈ σ(0)
w .

By using the barycentric coordinate with respect to Kw, each point x ∈ |K| can be

written

x = βKw
w (x)w +

∑

u∈K(0)

βKw
u (x)u.

Since βK
v (v) = 1 and βK

v (u) = 0 for each u ∈ K(0) \ {v}, it follows that

βK
v (x) = βKw

w (x)βK
v (w) + βKw

v (x),

hence βKw
v (x) = βK

v (x)−βKw
w (x)βK

v (w). Since βK
v : |K| → I is continuous, it is enough

to show that βKw
w : |K| → I is continuous.

We shall show that βKw
w : |K| → I is lower semi-continuous. For each t ∈ [0, 1),

(βKw
w )−1((t, 1]) = ϕw

1−t (O(w, K)) =
{

tw + (1 − t)z
∣

∣ z ∈ O(w, K)
}

,

which is open in |K| by Lemma 5.3. Indeed, let y ∈ (βKw
w )−1((t, 1]). If βKw

w (y) = 1,

then y = w ∈ ϕw
1−t (O(w, K)). When βKw

w (y) < 1, we have

(5.1) y∗ =

∑

v∈K(0)

βKw
v (y)

1 − βKw
w (y)

v ∈ σy ⊂ | St(σw, K)|.
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Observe that βKw
w (y∗) = 0 and y = βKw

w (y)w + (1−βKw
w (y))y∗. Since βKw

w (y) > t , we

have

z =
βKw

w (y) − t

1 − t
w +

1 − βKw
w (y)

1 − t
y∗ ∈ (βKw

w )−1((0, 1]) = O(w, K).

Then it follows that

tw + (1 − t)z = tw + (βKw
w (y) − t)w + (1 − βKw

w (y))y∗

= βKw
w (y)w + (1 − βKw

w (y))y∗ = y,

hence y = ϕw
1−t (z) ∈ ϕw

1−t (O(w, K)). Conversely,

z ∈ O(w, K) = (βKw
w )−1((0, 1]) =⇒

βKw
w (ϕw

1−t (z)) = βKw
w (tw + (1 − t)z) = t + (1 − t)βKw

w (z) > t,

which means ϕw
1−t (O(w, K)) ⊂ (βKw

w )−1((t, 1]).

Next, we shall show that βKw
w : |K| → I is upper semi-continuous. Note that

(βKw
w )−1(1) = {w} is closed in |K|. For each t ∈ (0, 1),

(βKw
w )−1([t, 1]) = ϕw

1−t (| St(σw, K)|) =
{

tw + (1 − t)z
∣

∣ z ∈ | St(σw, K)|
}

,

which is closed in |K| by Lemma 5.3. Indeed, let y ∈ (βKw
w )−1([t, 1]). If βKw

w (y) = 1,

then y = w ∈ ϕw
1−t (| St(σw, Kw)|). When βKw

w (y) < 1, take the same y∗ as (5.1) in

the above. Then, since βKw
w (y) > t , we have

z =
βKw

w (y) − t

1 − t
w +

1 − βKw
w (y)

1 − t
y∗ ∈ | St(σw, K)|.

Similarly to the above, it follows that

y = tw + (1 − t)z = ϕw
1−t (z) ∈ ϕw

1−t (| St(σw, Kw)|).

The inclusion ϕw
1−t (| St(σw, K)|) ⊂ (βKw

w )−1([t, 1]) follows from the following impli-

cation:

z ∈ | St(w, K)| ⇒ βKw
w (ϕw

1−t (z)) = βKw
w (tw + (1 − t)z) = t + (1 − t)βKw

w (z) > t.

This completes the proof.

Lemma 5.5 Let V be a discrete set in |K| such that O(v, K) ∩ O(v ′, K) = ∅ if v 6=
v ′ ∈ V . If dim K = n < ∞, then KV is a proper subdivision of K.

Proof Due to Theorem 5.2, the proof is reduced to show that O(v, KV ) is open in |K|

for every v ∈ K(0)
V = V ∪ K(0). If v ∈ V , then O(v, KV ) = O(v, K) is open in |K|.

When v ∈ K(0), since O(v, KV ) = (βKV
v )−1((0, 1]), it suffices to show the continuity

of βKV
v : |K| → I.
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Note that each x ∈ |K| can be written as follows:

x =

∑

w∈V

βKV
w (x)w +

∑

u∈K(0)

βKV
u (x)u,

where βKV
wx

(x) > 0 at most one wx ∈ V . Then we have

βK
v (x) = βKV

wx
(x)βK

v (wx) + βKV
v (x).

Thus, the following holds:

(5.2) ∀v ∈ K(0), βKV
v (x) = βK

v (x) − βKV
wx

(x)βK
v (wx).

Now let v ∈ K(0) be fixed. To see the continuity of βKV
v at x ∈ |C(V, K)|, for any

ε > 0, let

0 < δ =
ε dist(σx,V )

4n
<

ε

2
.

Then we shall show the following:

y ∈ O(x, K), ρK (x, y) < δ ⇒ |βKV
v (y) − βKV

v (x)| < ε.

Let σx, σy ∈ K be the carriers of x and y respectively. Since x ∈ |C(V, K)|, we have

σx ∩ V = ∅, which implies βKV
v (x) = βK

v (x). If σy ∩ V = ∅, then βKV
v (y) = βK

v (y)

and hence

|βKV
v (y) − βKV

v (x)| = |βK
v (y) − βK

v (x)| ≤ ρK (x, y) < δ < ε.

In case σy ∩ V 6= ∅, we have wy ∈ V such that βKV
wy

(y) > 0, which implies that the

carrier σwy
∈ K of wy is a face of σy . Then it follows from (5.2) that

|βKV
v (y) − βKV

v (x)| = |βK
v (y) − βKV

wy
(y)βK

v (wy) − βK
v (x)|

≤ |βK
v (y) − βK

v (x)| + βKV
wy

(y)βK
v (wy) ≤ ρK (x, y) + βKV

wy
(y).

Since ρK (x, y) < ε/2, it remains to show that βKV
wy

(y) < ε/2. We can take z ∈ σx

such that βK
u (z) > βK

u (wy) for each u ∈ σ(0)
x . Observe that

ρK (z, wy) =

∑

u∈σ(0)
x

(

βK
u (z) − βK

u (wy)
)

+
∑

u∈σ(0)
wy \σ(0)

x

βK
u (wy)

= 1 −
∑

u∈σ(0)
x

βK
u (wy) +

∑

u∈σ(0)
wy \σ(0)

x

βK
u (wy) = 2

∑

u∈σ(0)
wy \σ(0)

x

βK
u (wy).

Since dist(σx,V ) ≤ ρK (z, wy), we have

∑

u∈σ(0)
wy \σ(0)

x

βK
u (wy) >

dist(σx,V )

2
.
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Hence, βK
u (wy) > dist(σx,V )/2n for some u ∈ σ(0)

wy
\ σ(0)

x because dim σwy
≤ n. By

virtue of (5.2), we have

βKV
wy

(y) =
βK

u (y) − βKV
u (y)

βK
u (wy)

≤
βK

u (y)

βK
u (wy)

≤
ρK (x, y)

βK
u (wy)

<
2nδ

dist(σx,V )
<

ε

2
.

Finally, it remains to show the continuity of βKV
v at x ∈ |K| \ |C(V, K)|. Note that

σx ∩ V 6= ∅, which is the singleton {wx}. For every y ∈ O(x, K), σx is a face of σy ,

hence σy ∩V = {wx}. Then it follows from (5.2) that

βKV
v (y) = βK

v (y) − βKV
wx

(y)βK
v (wx) for every y ∈ O(x, K).

Observe that βKV
wx
|O(x, K) = β

Kwx
wx |O(x, K), which is continuous as saw in the proof

of Lemma 5.4. Since βK
v is continuous, βKV

v |O(x, K) is also continuous.

Lemma 5.6 Let K be a finite-dimensional simplicial complex. Then, a derived subdi-

vision K ′ of K is proper if K ′(0) is discrete in |K|.

Proof Let dim K = n and K ′(0)
= K(0) ∪ {vσ | σ ∈ K \ K(0)}, where each vσ is

an interior point of σ. For each i = 1, . . . , n, let Vi = {vσ | σ ∈ K(i) \ K(i−1)}.

By downward induction, we define subdivisions Ki of K as follows: Ki = (Ki+1)Vi
,

where Kn+1 = K. Note that Vi is discrete in |K| by the assumption and O(v, Ki+1) ∩
O(v ′, Ki+1) if v 6= v ′ ∈ Vi . By using Lemma 5.5 inductively, we can see that each Ki

is a proper subdivision. Observe that K ′
= K1. Thus, we have the result.

Now, Theorem 1.6 easily follows from Lemma 5.6.

Proof of Theorem 1.6 Since K ′(0) is discrete in |K ′|, it suffices to show the “if” part.

For each vertex v ∈ K ′(0), let σv ∈ K be the carrier of v and u ∈ σ(0)
v . Then,

O(v, K ′) ⊂ O(v, K) ⊂ | St(u, K)|. Let L ′ be the subdivision of L = St(u, K) induced

from K ′. Since dim L < ∞ and L ′(0) is discrete in |L|, it follows from Lemma 5.6 that

L ′ is a proper subdivision of L. Thus, O(v, K ′) = O(v, L ′) is open in |L| = | St(u, K)|,
and therefore in O(u, K). Since O(u, K) is open in |K|, it follows that O(v, K ′) is open

in |K|. Then, K ′ is a proper subdivision of K by Theorem 5.2.

By using Theorem 1.6, Theorem 1.5 can be proved in the standard way.

Proof of Theorem 1.5 Let f : |K| → I be the simplicial map defined by f (L(0)) = 0

and f (K(0) \ L(0)) = 1. Then, f −1(0) = |L| and N(L, K) ⊂ f −1([0, 1)). Moreover,

f −1( 1
2
) is bicollared in |K|. In fact, for each 0 < t < t ′ < 1, there is a homeo-

morphism h : f −1(t) × I → f −1([t, t ′]) such that h( f −1(t) × {0}) = f −1(t) and

h( f −1(t) × {1}) = f −1(t ′). This can be shown as follows: let (βv(x))v∈K(0) be the

barycentric coordinate for x ∈ |K|, that is, x =
∑

v∈K(0) βv(x)v. Note that x ∈ f −1(t)

if and only if
∑

v∈L(0) βv(x) = 1−t and
∑

v∈K(0)\L(0) βv(x) = t . Then, h can be defined

as follows:

h(x, s) =

∑

v∈L(0)

1 − ((1 − s)t + st ′)

1 − t
βv(x)v +

∑

v∈K(0)\L(0)

(1 − s)t + st ′

t
βv(x)v.
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Thus, to see that bd N(L, K) is bicollared in |K|, it is sufficient to construct a homeo-

morphism ϕ : |K| → |K| such that ϕ(bd|K| N(L, K)) = f −1( 1
2
).

Now, let

S =
{

σ ∈ K
∣

∣ σ(0) ∩ L(0) 6= ∅, σ(0) \ L(0) 6= ∅

}

.

For each σ ∈ S, let σ0 and σ1 be the faces of σ spanned by σ(0) ∩ L(0) and σ(0) \ L(0)

respectively, and define vσ =
1
2
σ̂0 + 1

2
σ̂1 ∈ f −1( 1

2
) ∩ σ◦. By using the barycenters

σ̂ of σ ∈ K \ S and the points vσ for σ ∈ S, we define the derived subdivision K ′.

Then, K ′(0) is discrete in |K|. Indeed, Sd K(0) \ {σ̂ | σ ∈ S} is discrete in |K|. Note

that f −1( 1
2
) is closed in |K|. Then, it suffices to see that {vσ | σ ∈ S} is discrete in

f −1( 1
2
). For each x ∈ f −1( 1

2
), let σx ∈ K be the carrier of x. Then O(σ̂x, Sd K) is a

neighborhood of x in |K|. If vσ ∈ O(σ̂x, Sd K), then σx is a proper face of σ. Since

βK
v (x) = 0 and βK

v (vσ) > 1/2(dim σ + 1) for every v ∈ σ(0) \ σ(0)
x , it follows that

ρK (x, vσ) >
dim σ − dim σx

2(dim σ + 1)
=

1

2
−

dim σx + 1

2(dim σ + 1)

>
1

2
−

dim σx + 1

2(dim σx + 2)
=

1

2(dim σx + 2)
.

Thus, x has a neighborhood in |K| that meets {vσ | σ ∈ S} at most one point.

By Theorem 1.6, the metric topology for |K ′| coincides with the one for |K|,
that is, |K ′| = |K| as topological spaces. Recall that | Sd K| = |K| as topological

spaces. Then the desired homeomorphism is obtained as the simplicial isomorphism

ϕ : | Sd K| → |K ′| defined by ϕ(σ̂) = σ̂ for σ ∈ K \ S and ϕ(σ̂) = vσ for σ ∈ S.

6 Proof of Theorem 1.3

In this section, we shall prove Theorem 1.3. Replacing each ℓ2(τi) with the unit open

ball Bi , we construct an open embedding of |K| × ⊡i∈NBi into ⊡i∈NBi .

Lemma 6.1 There exists a tower P1 ⊂ P2 ⊂ · · · of polyhedra in |K| such that
⋃

n∈N
Pn = |K|, each Pn is triangulated by a subcomplex of the n-th barycentric subdi-

vision Sdn K, dens Pn ≤ τn, Pn ⊂ int|K| Pn+1, and bd|K| Pn is a bicollared in |K|, hence

it is a Z-set in both Pn and |K| \ int|K| Pn.

Proof Since card K(0) ≤ τ = supn∈N
τn, we can write K(0)

=
⋃

n∈N
Vn, where V1 ⊂

V2 ⊂ · · · and card Vn ≤ τn for each n ∈ N. For each n ∈ N, let V ′
n = {v ∈ Vn |

card St(v, K) ≤ τn}. Since card St(v, K) < τ for each v ∈ K(0), we have K(0)
=

⋃

n∈N
V ′

n . Moreover, let V ∗
n = (Sdn−1 K)(0) ∩

⋃

v∈V ′

n
O(v, K). Then St(v, Sdn K)(0) ⊂

V ∗
n+1 for each v ∈ V ∗

n . Indeed, v ∈ O(v ′, K) for some v ′ ∈ V ′
n . Since v ∈ (Sdn−1 K)(0),

it follows that | St(v, Sdn K)| ⊂ O(v ′, K), hence we have St(v, Sdn K)(0) ⊂ (Sdn K)(0)∩
O(v ′, K) ⊂ V ∗

n+1.

For each n ∈ N, we define a polyhedron

Pn =
⋃

v∈V∗

n

| St(v, Sdn K)| ⊂
⋃

v∈Vn

| St(v, K)|,
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that is, Pn = |N(Ln, Sdn−1 K)|, where Ln is the full subcomplex of Sdn−1 K with

L(0)
n = V ∗

n (⊂ (Sdn−1 K)(0)). It follows from Theorem 1.5 that bd Pn is bicollared

in |K|. Observe that dens Pn ≤ τn and Pn ⊂
⋃

v∈V∗

n+1
O(v, Sdn+1 K) ⊂ int|K| Pn+1.

Moreover, |K| =
⋃

n∈N
Pn. Indeed, each x ∈ |K| is contained in O(v, K) for some

v ∈ K(0). Choose n ∈ N so that v ∈ V ′
n and x ∈ | St(v ′, Sdn K)| ⊂ O(v, K) for some

v ′ ∈ (Sdn−1 K)(0). Then v ′ ∈ V ∗
n , which implies x ∈ Pn.

It should be remarked that the local finite-dimensionality of K implies the com-

plete metrizability of |K| and the barycentric subdivision is a proper subdivision, that

is, it does not change the topology on |K|. Thus, in Lemma 6.1 above, each Pn is a

completely metrizable ANR.

Similarly to the second step of the proof of Theorem 1.1, take an increasing se-

quence 0 < c1 < c2 < · · · with supn∈N
cn = 1. Now, for each n ∈ N, we define

Mn = int|K| Pn ×
n
∏

i=1

cnBi , Mn = Pn ×
n
∏

i=1

cnBi and

∂Mn = Mn \ Mn =

(

bd|K| Pn ×
n
∏

i=1

cnBi

)

∪ (Pn × Dn),

where Dn is the same as in Section 3, that is, Dn =
∏n

i=1 cnBi \
∏n

i=1 cnBi . Moreover,

let

Ln+1 = Mn+1 \ (Mn × cnBn+1) and ∂̄Mn = (∂Mn × cnBn+1) ∪ (Mn × cnSn+1).

Then it should be noted that

Mn+1 = Ln+1 ∪ (Mn × cnBn+1) and ∂̄Mn = Ln+1 ∩ (Mn × cnBn+1).

Lemma 6.2 Each Mn, Mn, and ∂Mn is an ℓ2(τn)-manifold with density τn, and ∂Mn

is a Z-set in Mn that contains a strong deformation retract of Mn.

Proof Except for the last statement, the proof is the same as Lemma 4.2. Since

Dn and
∏n

i=1 cnBi are AR’s (cf. Lemma 4.1), Dn is a strong deformation retract of
∏n

i=1 cnBi , hence Pn×Dn is a strong deformation retract of Mn = Pn×
∏n

i=1 cnBi .

Lemma 6.3 Each ∂̄Mn and Ln+1 is an ℓ2(τn+1)-manifold with density τn+1, both

∂Mn+1 and ∂̄Mn are Z-sets in Ln+1 and ∂Mn+1 contains a strong deformation retract

of Ln+1.

Proof Because of the similarlity with Lemma 4.3, we shall show that ∂Mn+1 is a Z-

set in Ln+1 and it contains a strong deformation retract of Ln+1. Since ∂Mn+1 is a

Z-set in Mn+1 with ∂Mn+1 ⊂ Mn+1 \ Mn and Mn+1 \ Mn is open in both Mn+1 and

Ln+1, it follows that ∂Mn+1 is a Z-set in Ln+1. As we saw in the proof of Lemma

6.2, Dn =
∏n

i=1 cnBi \
∏n

i=1 cnBi is a strong deformation retract of
∏n

i=1 cnBi , hence
∏n

i=1 cn+1Bi \
∏n

i=1 cnBi is a strong deformation retract of
∏n

i=1 cn+1Bi . Moreover,

Dn+1 =
∏n

i=1 cn+1Bi\
∏n

i=1 cn+1Bi is also a strong deformation retract of
∏n

i=1 cn+1Bi\
∏n

i=1 cnBi . Then it easily follows that Pn+1 × Dn+1 is a strong deformation retract of

Ln+1.
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Now, we can complete the proof of Theorem 1.3

Proof of Theorem 1.3 Observe that M1 × ⊡i>1cnBi ⊂ M2 × ⊡i>2cn+1Bi ⊂ · · · are

open in |K| × ⊡i∈NBi and

|K| × ⊡i∈NBi =
⋃

n∈N

(Mn × ⊡i>ncnBi).

We shall inductively define closed embeddings gn : Mn →
∏n

i=1 Bi , n ∈ N, such that

gn(∂Mn) = bd gn(Mn) and gn+1|Mn × cnBn+1 = gn × id .

Now we have the following commutative diagram of open embeddings

Mn × ⊡i>ncnBi ⊂ Mn+1 × ⊡i>n+1cn+1Bi

gn×id





y





y

gn+1×id

⊡i∈NBi = ⊡i∈NBi .

This induces the open embedding g : |K| × ⊡i∈NBi → ⊡i∈NBi .

By Lemma 6.2, we can apply Theorem 2.7 to obtain an embedding g1 : M1 → B1

such that g1(∂M1) = bd g1(M1) is bicollared in B1. Now, assuming that g1, . . . , gn

have been obtained, we shall construct gn. Let E =
∏n+1

i=1 Bi \ (gn(Mn) × cnBn+1).

Observe that gn(∂Mn) × Bn+1 and
∏n

i=1 Bi × cnSn+1 are bicollared in
∏n+1

i=1 Bi . Then,

similarly to the proof of Lemma 4.3, we can see that (gn × id)(∂̄Mn) is a strong Z-set

in E and hence E is an ℓ2(τn+1)-manifold. Since cnSn+1 is a strong deformation retract

of both cnBn+1 and Bn+1 \ cnBn+1, it is easy to see that
∏n

i=1 Bi × cnSn+1 is a strong

deformation retract of E. Since Sn+1 is contractible, so is E, hence E ≈ ℓ2(τn+1) by the

Classification Theorem.

By Theorem 2.7 and Lemma 6.3, we have an embedding g ′ : Ln+1 → E such that

g ′(∂Mn+1) = bdE g ′(Ln+1) is bicollared in E. Note that g ′(∂̄Mn) is a Z-set in E because

it is closed in E and a Z-set in the open set g ′(Ln+1 \ ∂Mn+1) ⊂ E. By using the Z-

set Unknotting Theorem, we have a homeomorphism g ′ ′ : E → E such that (gn ×
id)|∂̄Mn = g ′ ′g ′|∂̄Mn. Then, we can define an embedding

gn+1 : Mn+1 →
n+1
∏

i=1

Bi by gn+1|Mn × cnBi and gn+1|E = g ′ ′g ′|E.

Since gn+1(Ln+1 \ ∂Mn+1) = g ′ ′g ′(Ln+1 \ ∂Mn+1) is open in E, we have an open set

W in
∏n+1

i=1 Bi such that gn+1(Ln+1 \ ∂Mn+1) = W ∩ E. Since gn+1(Mn × cnBn) =

gn(Mn)× cnBn is open in
∏n+1

i=1 Bi , it follows that gn+1(Mn+1) = gn+1(Mn × cnBn)∪W

is open in
∏n+1

i=1 Bi . Hence, we have gn+1(∂Mn+1) = bdE gn+1(Mn+1). This completes

the induction. Then we have the result.
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