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ON CONVEX FUNCTIONS HAVING POINTS
OF GATEAUX DIFFERENTIABILITY
WHICH ARE NOT POINTS
OF FRECHET DIFFERENTIABILITY

J. M. BORWEIN AND M. FABIAN

ABSTRACT ~ We study the relationships between Gateaux, Fréchet and weak Had-
amard differentiability of convex functions and of equivalent norms As a consequence
we provide related characterizations of infinite dimensional Banach spaces and of Ba-
nach spaces containing 1; Explicit examples are given Some renormings of WCG As-
plund spaces are made 1n this vein

0. Introduction. Let us consider the supremum norm || - || on ¢y. We may observe
that if || - || is Gateaux differentiable at some point, then it is Fréchet differentiable there.
Indeed, this is so because the dual norm is weak* Kadec, which means that the weak*
and the norm topologies coincide on the dual unit sphere. Similarly, once Talagrand [T]
constructs a Gateaux smooth norm on C([0, ©2]), then this norm is automatically Fréchet
smooth. But in this case 1t 1s not caused by the weak* Kadecness of the corresponding dual
norm. In fact, as 1n the proof of [T, Théoréme 3] it can be shown that C([0, Q])* admits
no equivalent dual weak* Kadec norm. An example of Haydon [H] shows that there ex-
ists an Asplund space admitting not only no Fréchet but even no Gateaux smooth norm.
All these situations show that the phenomenon of Fréchet differentiability is in some
cases close to that of Gateaux differentiability. On the other hand Phelps [Ph, p. 80] con-
structed a norm on /; which is everywhere Gateaux (except at the origin) but is nowhere
Fréchet differentiable, see also [DGZ, Proposition I11.4.5]. (For a classification of sep-
arable spaces that admit such norms see [DGZ, Theorem III.1.9].) Less drastically, if a
Banach space is weak Asplund, or even a Gateaux differentiability space [Ph, p. 90] and
we know that it is not Asplund, then there exists a convex continuous function, even an
equivalent norm, having points of Gateaux but not Fréchet smoothness. A real valued
function f on a Banach space will be called a PGNF-function if there exists a point at
which f is Gateaux but not Fréchet differentiable. This point will be called a special point
for f.

Our note is devoted mainly to the question: Does there exist on every Banach space
a convex continuous PGNF-function? In Section 1 we show that the occurrence of a
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convex PGNF-function is equivalent, among other facts, to the conclusion of Josefson-
Nissenzweig theorem, that is, that there exists a sequence {,} in the dual such that
&, — 0 weakly* but inf,, ||,|| > 0 [D2, Chapter XII]. Thus our question has a positive
answer in every infinite dimensional Banach space. In what follows such a sequence
{&,} will be called a JN-sequence. As a byproduct we also obtain a characterization
of Banach spaces containing /; via a variant of the PGNF-function for an intermediate
notion of weak Hadamard differentiability. In Section 2 we try to construct a PGNF-
norm otherwise as smooth as the space in question is. In particular, we are able to do so
in WCG Asplund spaces.

For notation and concepts not introduced in the text we refer to the books [D1], [Ph2],
[DGZ].

1. Statements equivalent to the existence of a convex PGNF-function. Let X be
a Banach space and let B be a bornology on X, that is B is a family of bounded sets of X
such that U{B : B € B} = X. We say that a sequence {&,} in X* B-converges to £ € X*
if

sup [(§, — &, B)| — 0 asn— oo foreach B € B.

A function f: X — R is called B-differentiable at x € X if there is £ € X* such that for
eachB € B

%[f(x+th) —f(x)—(&th)] —0 asr|0

uniformly for & € B. Thus, if B = {{x} xeX }, ‘B-convergence becomes weak™ con-
vergence and ‘B-differentiability is nothing else than Gateaux differentiability. Similarly
for B consisting of all bounded sets we get norm convergence and Fréchet differentia-
bility.

PROPOSITION 1.  Let (Y, ]| - ||) be a Banach space and consider on Y X R a bornology
B. Let {1} be a bounded sequence in Y* and let {Y,} C [5,1) be such that lim, ¥, = 1.
Then {(y, —Yn)} B-converges to (0, —1) if and only if the functionf: Y X R — R defined
by

fO.0 =sup[(G.y) = Vut], (1) EY XR,
is B-differentiable at (0, —1) with derivative f'((0,—1))(v,t) = —t, (y,1) € ¥ x R.

PROOF.  Assume {(,, —7,)} B-converges to (0, —1). Fix any B € B and any ¢ > 0.
As B and {¢,}, {7} are bounded, the definition of f ensures the existence of § > 0 such
that

F(O, =) +7(3, D)) = supl (G, Ty) +Vn — Vu7t]
for all (y,t) € Band all T € (—0,6). Now we find m so large that

sup [{(G, — VYn) — (0,—1),B)| < e whenever n > m.
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Then for every 7 € (0, ) satisfying moreover

11—,
[{Gus )| + e[ (1 = 70)
and every (y,f) € B we have

0<T<inf{ :(y,t)eB,n:I,Z,...,m}

! F(0, =) £7(y,0) = f(0,—1) £ 7] = SUp[((},,iy) +1(1—7,) — %(1 - v,,]

-
= max{max[~ -], max|[- - -]} < max{0,e} = e.
n<m n>m

And since € > 0 was arbitrary and f is convex, we conclude that f is ‘B-differentiable at
(0, —1) with derivative f'(0, —1) = (0, —1).

Conversely, assume that f is ‘B-differentiable at (0, —1) and f'(0, —1) = (0, —1). We
are to show that ({,, —7,) B-converges to (0, —1). Fix any € > 0. Then there is§ > 0
such that

%[f(O,—l)iT(y,t)) —fO, - E£7] <e

whenever 0 < 7 < § and (y,#) € B. From the previous paragraph we know there is
7 € (0,6) such that

F(O.=1) £ 7(y,0) = supl(Ge £7y) + Y F Vurt]
for all (y,t) € B. Thus for all n and all (y,7) € B we have

\ I
)+ T — — i <e
T T

or, for all n, |
_ ’Yn
SUP|<(Cnﬁ—7n)_(O,*1)vB>‘_ §6~
Hence
lim sup sup [{(G;, —Vn) — (0, —1), B)| <ee.
But ¢ > 0 was arbitrary; so ((,, —7,) ‘B-converges to (0, —1). ]

THEOREM 1. For a Banach space (X, || - ||) the following statements are equivalent:
(i) There exists on X a convex continuous PGNF-function.

(ii) There exists on X an equivalent PGNF-norm.

(iii) There exists on X* an equivalent dual norm which is not weak® Kadec.

(iv) There exists a IN-sequence in X*.

(v) There exists a linear continuous noncompact operator T: X — cy.

(vi) X is infinite dimensional.

PROOFE. (i) = (iv). Let f: X — R be a convex continuous PGNF-function with a
special point xy € X. Then by Smulyan’s test [DGZ, Chapter 1, Corollary 1.5], there are
X, € X converging in norm to xo and &, in the subdifferential of (x,) of f at x, such that
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&n — f'(x0) weakly* but inf, ||, — f'(x0)|] > 0 Thus {&, — f'(x0)} 1s a IN-sequence
(11) = (111) can be proved 1n the same way (1) = (1) and (111) = (1v) are trivial, while
(v) = (v1) 15 obvious For the proof of (1v) = (v) we can follow [D2, Chapter XII,
Exercise 1] (v1) = (1v) 1s the deeper Josefson-Nissenzweig theorem [D2, Chapter XI1]
It remains to prove (1v) = (11) Let {{,} be a JN-sequence in X* Write X as ¥ x R
where Y x {0} 1s a closed hyperplane in X and put §,(y) = (€, (y,0)), y € ¥ Then {{,} 15
aJN-sequence in ¥* Letf Y xR — [0, +00) be the function constructed in Proposition 1
for our {¢,} and some {v,} C [%, 1),7, T 1 Applying Proposition 1 twice for different
B we can conclude that f 1s Gateaux but not Fréchet differentiable at (0, —1) Put now

1
llo-0ll = max[fo0. 5l + D] Gun e v xR

Then ||| ||| 1s an equivalent norm on ¥ X R and

1
110, Dl = £0.~1 = 1> (0] + 1

Thus ||| ||| has the same differentiability property at (0, —1) as f, so ||| ||| 1s a PGNF-
norm n

We recall that a function f X — R 1s said to be weak Hadamard differentiable at
x € X 1f there 1s £ € X* such that

%[f(x+th) —f(x) — (&, th)] —0 astr|0

uniformly for & € K, where K 1s any weakly compact set in X (This corresponds to
using the bornology of all weakly compact sets ) In a reflexive space this 1s clearly the
same as Fréchet differentiability for any function, while 1n /; 1t coincides with Gateaux
differentiability for any Lipschitz function For convex functions the situation 1s much
more interesting Indeed, as a parallel to Theorem 1 we may formulate

THEOREM 2 For a Banach space (X, || ||) the following assertions are equivalent
(1) There exist a convex continuous function (an equivalent norm) on X and xo € X
at which 1t 1s weak Hadamard but not Frechet differentiable
(1) There exist an equivalent dual norm ||| || on X* and £0,£1,&2, i X" such that
&l = llI&olll = 1, € — &o 1n the Mackey topology but nf, [[[€, — &oll| > O
(ut) X 1s not sequentially reflexive, that is, there 1s a sequence {&,} n X* such that
&n — 0 1n the Mackey topology on X* but nf,, ||£,]] > 0
(1v) There exists a linear completely continuous, that 1s, sequentially weak to norm
continuous, noncompact operator T X — ¢y
(v) X contains an isomorphic copy of 1

PROOF  (11) & (v) 1s due to Brno [A] and can be found 1n the Appendix, see also
[B], [BF] For the remaining implications one follows the proof of Theorem 1 ]

It should be noted that a JN-sequence can always be chosen to be basic [KP], [M] and
thus the operator T 1n both the above theorems can moreover be constructed with dense
range
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Let us consider further the explicit construction of a convex continuous PGNF-func-
tion. Theorem 1 ensures this is possible in every infinite dimensional Banach space and
Proposition 1 shows how to construct such a function once a JN-sequence is at hand.
But the construction of a JN-sequence is not trivial for a general Banach space, (see [D2,
Chapter XII]). Let us record some situations when a JN-sequence can be found easily.

Let X be an infinite dimensional separable Banach space. Let {£,,} be an infinite se-
quence of distinct points in the unit ball Bx- of X* with distance between distinct members
bounded away from zero. Because Bx- with the weak™ topology is a metrizable compact,
there is a subsequence {,,} converging to some ¢ weakly*. And clearly {¢, } do not
converge (to €) in norm. Hence {&, — £} is a IN-sequence. Now we can easily use this
sequence for the construction of a JN-sequence for every Banach space having a sep-
arable infinite dimensional quotient space. Indeed, if Q is a linear continuous operator
from X onto a separable infinite dimensional space Y and if {¢, } is a JN-sequence in Y*,
then {Q*¢,} is a IN-sequence in X*. Thus, in particular, we can find a JN-sequence for
WCG spaces, or more generally for WCD spaces, for the duals of Asplund spaces [DGZ,
Chapter VI, §82, 3] for L..([0, 1]) and for ¢, [LT, p. 111].

The next proposition presents a different way of constructing a PGNF-function in a
large class of Banach spaces. Given a nonempty set K in X let dx be the corresponding
distance function, that is,

dg(x) = inf{||x — k|| : k € K}, x€X.

Clearly dk is a Lipschitz function with dg(x) > 0 = dg(k) for all x € X and all k € K.

PROPOSITION 2. Let K C X be a convex closed set with 0 € K. Then the following
statements are equivalent:
(i) dg is Gateaux differentiable at 0.
(ii) 0 is not a support point of K, that is, sup(£,K) > 0 for every 0 # £ € X*.
(iii) UnK is dense in X.
Further dy is Fréchet differentiable at 0 if and only if O € intK.

PROOF. (i) = (ii). Take any 0 # £ € X*. Find h € X so that (£, h) > 0. Then
1 1
0 = lim ~dg(th) = lim — inf ||th — k||
10t tl0 t k€K

1
> limsup — inf(&,th —k
2 lim sup ¢ inf(¢ )

1
= (&) — tim — sup(€,K) > (~00) sup(€, K)
and therefore sup(¢,K) > 0.
(ii) = (iii). Assume (iii) is false. Then there is x € X not lying in UnK. Hence there

exists 0 # & € X* such that (£, x) > sup{(&,nk) : k € K,n = 1,2,...}. Then necessarily
sup(&, K) < 0 so that (ii) is violated.
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(iii) = (i). Take any £ € ddk(0). Then for each k € K we have (£,k) < dg(k) —
dk(0) = 0 and so, by (iii), (£, h) <0 forall & € X. Thus £ = 0 and dx must be Gateaux
differentiable at 0.

Assume now 0 € intK. Then dg(x) = 0 whenever ||x|| is sufficiently small, whence
dy is Fréchet differentiable at 0. Finally, let 0 ¢ int K. According to the Bishop-Phelps
theorem [Ph, pp. 50, 51], there are support points k, € K converging to 0. Take &, €
X* |l = 1, such that (£,,k,) = sup(£,,K). Then we can easily check that ¢, €
ddx (k,). And since ddk(0) contains 0, Smulyan’s test says that dx is not Fréchet differ-
entiable at 0. ]

Having this proposition we can construct a convex continuous PGNF-function when-
ever we have at hand a convex closed set K C X such that 0 € K \ intK and UnK is
dense in X. Such a set can easily be constructed if X has a separable infinite dimensional
quotient, X/ Z, say. Indeed, let Q be the associated quotient operator. Choose a sequence
{x.} in the unit ball of X such that {Qx,} is dense in the unit ball of X/Z and define
H = @{j:%xn :n = 1,2,...},K = H+Z Then UnK is dense in X. Further, H is
compact and hence so is Q(K) = Q(H). It follows int Q(K) = 0, and finally intK = {)
because Q is open.

A similar construction gives a convex closed K C X withO € K\intK andUnK = X if
X can be written as Y + Z, where YNZ = {0} and Y is infinite dimensional and separable.
This is the case, in particular, if X = ¢, [R] or if X has a MarkuSevic basis, see, e.g. [V]
or references therein.

Unfortunately we must leave open the question of whether every Banach space ad-
mits a convex closed set K such that 0 € K \ intK and UnK is dense. Possibilities of
constructing such K from a JN-sequence are discussed in [BFa].

2. PGNF-functions and PGNF-norms made as smooth as possible. In the previ-
ous section we did not consider the degree of smoothness outside of the special point
when constructing a PGNF-function or a PGNF-norm. Now we will deal with the fol-
lowing problem. If we have a norm on the space with some degree of smoothness, can
we “preserve” this in the construction of an equivalent PGNF-norm? Below we present
two such renorming procedures.

THEOREM 3. Let X be a separable Banach space. Then X admits an equivalent norm
which is not Fréchet differentiable at some nonzero point and whose dual norm is strictly
convex.

PROOF. We will think of X as ¥ x R endowed with the norm ||(y, || = ||y/| + |1,
(y,t) € Y x R. Then (Y x R)* can be thought of as Y* x R with the norm [|({,r]| =
max(|[¢]], |r]), ((,r) € Y* X R. Let {y,} be a dense sequence in the unit ball of ¥ and
define T:1, — Y by T{\,}) = S n 2\yn, {M} € L. Then T is a linear compact
operator. Define a norm ||| - ||| on Y* x R by

I = max((icl®. ) + [IT°¢llE, + 7. G €Y xR
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Clearly ||| - ||| is an equivalent norm on Y* x R. Moreover it is weakly* lower semicontin-
uous, so that it is a dual norm. We will use the symbol ||| - ||| also for the corresponding
normon Y X R.

Let {¢,} be a JN-sequence in Y*. Without loss of generality we may assume that
1G]l — 1. Thus we have (¢, 1) — (0, 1) weakly*, and [||(0, 1)||| = v/2. Now T*¢, — 0

weakly* and, as T* is norm-compact (because T is), 7°(, — 0 in /;-norm. Hence

G DI = TG} +1—2 asn— oo.

Therefore putting {£, = (0,v2/2) weget||&lll = [ll€]l =
1 and &, — & weakly*. On the other hand we shall show that £ is a norm attaining

functional. Indeed, taking x = (0, v/2) in ¥ x R, we have (&, x) = ((0,v/2/2),(0,+/2)) =

1 while
Il = sup{((¢. 7. (0.v2)) : G;n) € ¥* x R |G Il < 1}
= sup{v2r: ((,”) € ¥* x Rymax(||¢|[% A) + || T} + 7 < 1}
< sup{\/§r: reR27?<1}=1.
Let us summarize what we have shown so far about {&,}: [[|&ll = [lI¢]ll = 1 = (&, x) =
I — ¢ weakly* and a simple computation yields that |||, — ||| — v/2/2. Whence,
by Smulyan’s test, the norm || - ||| on ¥ x R is not Fréchet differentiable at x.

The last thing that has to be checked is the strict convexity of the dual norm ||| - ||. So
let (G, r;) € Y*XR, i = 1,2,besuch that [[|(G, rD)|l| = (G, )|l = 1/2[|(G+G, ri+r2)]|-
From convexity and the definition of ||| - ||| we immediately get ry = r, and || T°¢,|||;, =
TGl = 1/2]|T*C + &)|li,- Now, as || - ||, is strictly convex, we have T, = T*(,,
and because T has dense range, ¢; = (. The strict convexity of the dual norm ||| - ||| is thus
verified. Note that in consequence ||| - ||| on X is Gateaux differentiable at all non-zero
points. L]

Of course the above theorem and the corollary below are interesting, only if X is As-
plund. Indeed, otherwise, according to Ekeland and Lebourg [Ph, Corollary 4.6], any
equivalent norm on X is not Fréchet differentiable at some nonzero point. Let us men-
tion here [DGZ, Theorem III.1.9] characterizing separable Banach spaces admitting a
norm which is everywhere (except origin) Gateaux differentiable but nowhere Fréchet
differentiable. See also [GMS].

COROLLARY 1. Assume X = Y X Z where Y is separable and infinite dimensional
and Z* has a dual strictly convex norm || - ||; i
the conclusion of Theorem 3 holds.

PROOF.  According to Theorem 3, there exists a PGNF-norm ||| - ||| on Y such that its
dual norm is strictly convex. Define a norm | - | on X by

0,2 = [IyllI* +

r,z) €Y X Z.

Then
10,297 = Iy IF+112°]17 65,2 € Y x ZH(= XY)
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and so the strict convexity of the dual norms ||| ||| and || || 1s inherited by the dual norm
| | Further |(y,0)] = |||y||| forally € ¥ Hence | | 1snot Fréchet differentiable at (y,0)
if ||| || 1s not Fréchet differentiable at y

Now let X be a WCG space Then, there 1s a linear bounded projection P X — X with
separable 1nfinite dimensional range Thus X 1s 1somorphic with PX X (I — P)X, where
(I — P)X 1s WCQG, so 1t has an equivalent norm whose dual norm 1s strictly convex [D1,
p 148] L]

Next we improve the distance function dg so as to obtain, first a smooth PGNF-
function and then, actually a smooth PGNF-norm

THEOREM 4  Let X be a WCG Asplund space Then X admits a convex function,
which 1s Fréchet differentiable at each x € X \ {0} and which 1s Gateaux but not
Fréchet differentiable at 0 Moreover X admits an equivalent norm which 1s Gateaux
differentiable at each x € X \ {0} and which is Fréchet differentiable exactly at each
x € X \ Rxq, where xy € X 1s a fixed nonzero point

PROOF Let || || be a Fréchet smooth norm on X [DGZ, Corollary VII 1 13] Since
X 1s WCG, 1t has a separable complemented subspace [DGZ, Section VI 2] Then, fol-
lowing the text immediately below the proof of Proposition 2, we can construct a convex
symmetric weakly compact set K C X with it K = () and UnK = X (If X 1s nonreflex-
1ve, then the Kremn-Smulyan theorem provides us with such a K immediately ) Consider
a set C C R? defined by

=101 fo 3] (04]x [31)
Uleoe [ 3] (-3 +6-2r <)
and let ¢ be Minkowski1’s functional associated with C (we take inf ) = +00) Since

1 1
[0,5] x [O’E] ccclo1]xIo,1],
we have fort > 0,5 >0

max(t,s) < ¢(t,s) < 2max(t,s)

Clearly ¢ 1s convex and differentiable at any (¢,s) € RZ witht > 0, s > 0 We also
remark that

1
et s) =p(s,t) =1t 1f0<s< Et
We define f X — Rby
f@ = o(Ixl* dk ), x€X,

where d(x) 1s the distance of x from K We can easily see that f 1s convex, continuous,
nonnegative and f(0) = 0
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Let us check the promised differentiability properties of f Take any £ in df(0) Then
forany k € K and any ¢ € (0, 1) we have from the definition of f and by a property of ¢,

(€, 1k) < f(tk) — £(0) = f(tk) = ||k])%,

so (£,k) < 0forany k € K As UnK 1s dense 1n X, we can conclude that £ = 0
This proves f 1s Gateaux differentiable at 0, with derivative equal to 0 Consider now
x € X\ {0} Assume first that x € K Then dg(x) = 0 < }||x||> Hence there 1s a
neighbourhood N of x such that dx(x') < 3||x’||* for all ¥ € N Then by the same
property of ¢, we have f(x') = ||x/||> for all x' € N Therefore f 1s Frechet differentiable
at x Assume now that x € X \ K Then |[|x||> > 0 and dx(x) > 0 Now, 1t 1s well
known that di 1nherits the Frechet smoothness of || || at points outside K whenever K 1s
weakly compact Thus, the chain rule implies that f 1s Fréchet differentiable at x Finally,
let us show that f 1s not Fréchet differentiable at 0 By another property of ¢ we have
f(x) > dg(x) for all x € X Moreover f(0) = dk(0) and, according to Proposition 2, dg
1s not Fréchet differentiable at O since int K = () A fortior1, the same holds true for f

We may now, with some work, build a norm with the properties announced 1n the
statement of the theorem Write X = Y X R, then Y 1s also WCG and Asplund By the
preceding argument, there 1s a convex symmetric continuous function f ¥ — [0, +00),
which 1s everywhere Fréchet differentiable except at O where 1t 1s only Gateaux differen-
tiable, withf(0) = 0 and f'(0) = 0 We may also observe that f(y) — +oo as ||y|| — +00

First of all we will cultivate f Let ) [0, 1] — [0, 1] be defined by ¢(f) = 1—v1 — £2,
t € [0,1] Clearly v 1s convex, increasing, differentiable at each ¢ € (0, 1) and ¥’ (1) =
+00 Define

1
s0) = ¢ (V). fW). fy € Yandfp) <1,

where ¢ 1s our maximum-like function used above Clearly g(0) = 0 < g(y) when-
ever f(y) < 1 and g 1s symmetric since f 15 Also g 1s convex since f, ¢, ¢ are and
¥, o are mcreasing Further g 1s Gateaux differentiable at 0 with g'(0) = 0 as g(y) <
2 max <1[)(f(y)), éf (y)) < 2f(y) By the chain rule we get that g 1s Fréchet differentiable
at each 0 # y € Y satisfying f(y) < 1 Finally we will show g 1s not Fréchet differ-
entiable at O For this find 0 < § < 1 such that ¥(r) < t/l6 whenever 0 < ¢t < §,
this 1s possible since 1, (0) = 0 Find A > 0 such that f(y) < é whenever ||y|| < A
Then |ly|| < A implies g(y) = éf (y) by a property of p and so g cannot be Fréchet
differentiable at O as f 1s not
Define the set

D={(n€eYxR g —1<t<—g(+Lf <1}

This 1s a convex, symmetric, closed and bounded set with nonempty interior Let ||| ||
be Minkowski1’s functional for D We will show that ||| ||| 1s the norm we are looking for
We can easily check that the boundary D of D 1s

{3, eYXR f(y)<landeitherg(y)—1=tor —g(y)+1 =1}
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Fix (yo, 1) € 0D, with g(yp) < 1; then necessarily f(yo) < 1. Also ||| (yo, f0)||| = 1 and
to is equal to g(yo) — 1, say. Take (¢, r) in 9||| - ||| (vo» t0)- Thus for all # € Y, ||h|| < 1, and
all sufficiently small 7 > O we have

1 =(( o) +r(g(yo) - 1) > (C,yo +Th) +r(g(y0 +7h) — 1).

Hence for these 4 and 7

gy +7h) — g(yo).

T

(Gh) < (=)
Since g is differentiable at yy,
(¢, h) < (—r){g'(n),h) forallh ey,
that is, { = —rg’(yp). Using this, we have
1= (=g’ (o), yo) + (o) — 1)

and hence (, r) is uniquely determined. Therefore 9| - ||| (vo, f0) consists of one point only
and so ||| -||| is Gateaux differentiable at (yo, fo). If 7 = —g(y0)+1 we proceed analogously

or we can use the symmetry of D and g. In particular we have that ||| - ||| is Gateaux
differentiable at (0, —1) and (0, 1) and with ||| - |||'(0, —=1) = —[|| - |||'(0, 1) = (0, —1).
Next we will show that ||| - ||| is not Fréchet differentiable at (0, —1). Since g is not

Fréchet differentiable at 0, there are y, € Y, y, — 0, such that inf, ||g’(y,)|| > 0. By the
preceding paragraph we know that ||| - ]]]’(y,,, glm) — l) = (—r,,g’(y,,), r,,) for large n and
appropriate r, € R. Since ||| - [||'(0, 1) = (0, —1), we have from weak* convergence that
rn, — —1. Thus

lim inf || (—=rag'Gn)s ) — (0, =1)|| = lim inf l(g' G, —1) = ©,—D)|
> clim inf llg' o)l > 0,

where the constant ¢ comes from the equivalence of the norms involved. This shows that
Il - Il is not Fréchet differentiable at the points of the line 0 x R.

Fix 0 # yo € Y with g(yg) < 1. We will show || - ||| is Fréchet differentiable at
(¥0, 10), Where to = g(yo) — 1. So consider (y,,t,) — (yo,%). We are to show that ||| -
WG 22) — Il - lIl'(vos 20) in norm. By homogeneity we may assume |||(y,, 2,)|] = 1

and hence t, = g(y,) — 1 for large n, say, for simplicity, for all n. Thus we already
know that ||| - |||, ) = (~r,,g’(y,,), r,,) with appropriate r,, forn = 0,1,2,.... Now
because (—r,,g’(y,,), r,,) — (—rog’(yo), ro) weakly* we have in particular r, — rg. Also,
as y, — yo and g is Fréchet differentiable at yo, we get g'(y,) — g’ (yo) in norm. Therefore

Il W @ns t2) — Il - Il (vo, o) in norm, which proves the Fréchet differentiability of ||| - ||
at (yo, to)-
It remains to investigate the differentiability of ||| - ||| at points (y, 0), with g(y) = 1.

We claim that g(y) < 1 whenever f(y) < 1. In fact, if f(y) < 1/2, then

1 1
80 = ¢ (V). 5f0)) < 2max (¥(f0), ) <YW < 1.
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Further, if 1/2 < f(y) < 1, then
S = 50— 1=707 2 g0y
s0 8() = ¥(f()) < 1. Put

B={yev:fo) <1}

According to the claim, we have Bx {0} = DN(Y x {0}) and so Minkowski’s functional
| - | for B will be nothing else than |||(-,0)|||.

We will show that | - | is Fréchet differentiable on Y. Fix any y € Y, with |y| = 1, and
any £ € d| - |(y);then (£,y) = 1 = |£|. Leth € Y be such that (¢, h) = O and letf € R be
given. Then |y +th| > (€,y + th) = 1. Fix an arbitrary ¢ > 0. Then |(1 + €)(y + th)| > 1.
Hence (1 +€)(y + th) ¢ B, that is,f((l +e)y+ th)) > 1. Letting ¢ > 0 go to 0 we get
f(+1th) > 1(= f(y)). This holds for any ¢ € R. Hence (f'(y),h) = 0. Recall that we
have obtained this for any h € Y satisfying (£,h) = 0. It follows that £ = A\f'(y) for
an appropriate A € R. But 1 = (£,y) = Mf'(y),y); s0 € = {f'(y),y)"'f'(y). Thus ¢ is
uniquely determined and so | - | is Gateaux differentiable at y with

[ 10) = (F'0).5) " 'F ).
From this it follows that | - |" is norm continuous (because f is convex and Fréchet dif-
ferentiable), so we have shown Fréchet differentiability of | - | at every nonzero point of
Y. This will help us in proving that ||| - ||| is Fréchet differentiable at points (y, 0).
First we will show ||| - ||| is Gateaux differentiable at (yo, 0) with f(yo) = 1, that is with
8(v0) = 1. Take any (G, r) € ||| - [[|(vo, 0). Then (¢, yo) = (G, 1), (0, 0)) = sup((¢, r), D).
Hence for 7 > 0 small enough we have

(¢ yo = y0) + (800 — y0) — 1) < (¢, y0)

or

rg(Vo —Tyi) —800) <

¢ yo)-

Let us remark that for 7 > 0 sufficiently small we have from convexity
1 1
- (800 —7y0) — 8(0)) = - (w(f(yo —7y0)) — 1)

1
= — =02 — f(yo — 7y0)?

Clypy —
° =) — —0o0 asT|O0.
Hence about ¥ x {0}, we
obtair G, 0| = -], we have
(eEC srentiability of ||| - ||| at
(3,0

e 155 3 Cim
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It remains to check that || ||| 1s Frechet differentiable at (yo,0) with g(yp) = 1
Consider ({;,r,) € Y* x R, with |||({, r)|l| = 1, and such that {({,, 1), (0, 0)) — 1
(: ({( 10,0, (yo,0)>) Again, using the weak* convergence we get r, — 0 Further
we remark that

sup(Gi, B) = sup((G, ra), B x {0}) < sup((Gi, 1), D) = 1

50 |G| < 1 Also (G, y0) = (G ), 000, 0) = 1= (] '(vo), yo) Hence |G =] ['(v0)] — 0
by the Frechet differentiability of | | Therefore

tm |G = (I 1600, 0)[| = m |G = 60| =0

This proves ||| ||| 1s Frechet differentiable at (yo, 0) "
It should be noted that for X = /, a renorming much like the one in Theorem 4 1s
given by V Klee [K]

Appendix.

@rno’s paper 1s not available in a printed form We have thus chosen, following a
referee’s suggestion, to include @rno’s proof in its entirety

THEOREM 5 A Banach space X is sequentially reflexive if and only if € 1s not 1so
morphic to a subspace of X

PROOF  Assume first that £ 1s not 1somorphic to a subspace of X and let {x}}>
be a weak* null sequence in X* for which the sequence {(x},x,)}5°, converges to zero
for every weakly null sequence {x,}>°, 1n X It s easy to see that 1t 1s enough to check
that such a sequence {x}}° | must converge mn norm to zero (See Lemma 2 1 m [B])
If not, by passing to a subsequence we can a sequence {x,}°°, i the unit ball of X with
{(x},x,)}2° | bounded away from zero By passing to a further subsequence, we can as
sume by Rosenthal’s theorem [D2, Chapter XI] on Banach spaces which do not contain
1somorphs of £; that {x, }° | 1s weakly Cauchy Since {x}}>°, converges weak* to zero
by passing to further subsequences and replacing {x, }°° | with a subsequence of differ
ences -1, we can assume moreover that {x, }° | 1s weakly null This contradiction
completes the proof of the first direction

To go the other way, suppose that Y 1s a subspace of X which is 1somorphic to ¢
and let {e, }>°, be the image of the unit vector basis under some 1somorphism from ¢,
onto Y Define a bounded linear operator from Y into L.,[0, 1] by mapping e, to the n
th Rademacher function r, By the injective property of L,[0, 1], this operator extends
to a bounded linear operator 7 from X mnto L, [0, 1] Let r, be the n th Rademacher
function 1n L;[0, 1] considered as a subspace of L,[0, 1]* Thus the sequence {r}}>,
being equivalent to an orthonormal sequence 1 a Hilbert space, converges weakly to
zero Since L,[0, 1] has the Dunford Pettis property (¢f [D2,p 113]), {rf,};‘o | converges
n the Mackey topology to zero, a fortiort {T*r;}° | converges 7(X* X) to zero But

nin
(T*ri,en) = (ri,ra) = 1,50 {T"r:}2° | does not converge to zero 1n norm "
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Theorem 5 extends and simplifies work in [B], where it was shown that Asplund
spaces are sequentially reflexive and the full result was conjectured. The paper [B] also
contains a variety of applications related to the present work.

ADDED IN PROOF.  The authors have recently discovered that Theorem 5 may also
be deduced from [E].
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