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ON CONVEX FUNCTIONS HAVING POINTS 
OF GATEAUX DIFFERENTIABILITY 

WHICH ARE NOT POINTS 
OF FRÉCHET DIFFERENTIABILITY 

J. M. BORWEIN AND M. FABIAN 

ABSTRACT. We study the relationships between Gateaux, Fréchet and weak Had-
amard differentiability of convex functions and of equivalent norms. As a consequence 
we provide related characterizations of infinite dimensional Banach spaces and of Ba-
nach spaces containing li. Explicit examples are given. Some renormings of WCG As-
plund spaces are made in this vein. 

0. Introduction. Let us consider the supremum norm || • || on CQ. We may observe 
that if || • || is Gateaux differentiable at some point, then it is Fréchet differentiable there. 
Indeed, this is so because the dual norm is weak* Kadec, which means that the weak* 
and the norm topologies coincide on the dual unit sphere. Similarly, once Talagrand [T] 
constructs a Gateaux smooth norm on C([0, Q]), then this norm is automatically Fréchet 
smooth. But in this case it is not caused by the weak* Kadecness of the corresponding dual 
norm. In fact, as in the proof of [T, Théorème 3] it can be shown that C([0, Q,])* admits 
no equivalent dual weak* Kadec norm. An example of Haydon [H] shows that there ex­
ists an Asplund space admitting not only no Fréchet but even no Gateaux smooth norm. 
All these situations show that the phenomenon of Fréchet differentiability is in some 
cases close to that of Gateaux differentiability. On the other hand Phelps [Ph, p. 80] con­
structed a norm on l\ which is everywhere Gateaux (except at the origin) but is nowhere 
Fréchet differentiable, see also [DGZ, Proposition III.4.5]. (For a classification of sep­
arable spaces that admit such norms see [DGZ, Theorem III. 1.9].) Less drastically, if a 
Banach space is weak Asplund, or even a Gateaux differentiability space [Ph, p. 90] and 
we know that it is not Asplund, then there exists a convex continuous function, even an 
equivalent norm, having points of Gateaux but not Fréchet smoothness. A real valued 
function/ on a Banach space will be called a PGNF-function if there exists a point at 
which/ is Gateaux but not Fréchet differentiable. This point will be called a special point 
for/. 

Our note is devoted mainly to the question: Does there exist on every Banach space 
a convex continuous FGNF-function? In Section 1 we show that the occurrence of a 
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convex PGNF-function is equivalent, among other facts, to the conclusion of Josefson-
Nissenzweig theorem, that is, that there exists a sequence {£„} in the dual such that 
£n —• 0 weakly* but infn ||£„|| > 0 [D2, Chapter XII]. Thus our question has a positive 
answer in every infinite dimensional Banach space. In what follows such a sequence 
{£„} will be called a ^-sequence. As a byproduct we also obtain a characterization 
of Banach spaces containing l\ via a variant of the PGNF-function for an intermediate 
notion of weak Hadamard differentiability. In Section 2 we try to construct a PGNF-
norm otherwise as smooth as the space in question is. In particular, we are able to do so 
in WCG Asplund spaces. 

For notation and concepts not introduced in the text we refer to the books [D1 ], [Ph2], 
[DGZ]. 

1. Statements equivalent to the existence of a convex PGNF-function. Let X be 
a Banach space and let *B be a homology on X, that is $ is a family of bounded sets of X 
such that U{B : B G $ } = X. We say that a sequence {£„} in X* ^-converges to £ G X* 
if 

sup | (£n — £, B) | —> 0 as n —> oo for each B G îS. 

A function/: X —+ IR is called (B-differentiable at JC G X if there is £ G X* such that for 
each B G ® 

- [/(jc + f/i) - / ( * ) - (£, f/i)] ^ 0 as * | 0 

uniformly for /z G B. Thus, if $ = {{x} : JC G X}, ^-convergence becomes weak* con­
vergence and ^-differentiability is nothing else than Gateaux differentiability. Similarly 
for *B consisting of all bounded sets we get norm convergence and Fréchet differentia­
bility. 

PROPOSITION 1. Let ( Y, 11 • 11 ) be a Banach space and consider onYxRa homology 
(B. Let {C,n} be a bounded sequence in Y* and let {ln} C [^,l)be such that limn ln = I. 
Then {^, —ln)} ^-converges to (0, —1) if and only if the function f\ Y xR —> R defined 
by 

f(y,f) = sup|(C,y) - 7 ^ | , (y,0 eYxR, 

is (B-dijferentiable at (0,-1) with derivative f {if), - l ) )(y, i) = —t, (j, t) G Y x R. 

PROOF. Assume {(<£„, —7„)} (B-converges to (0, —1). Fix any B G *B and any e > 0. 
As B and {^}, {7«} are bounded, the definition of/ ensures the existence of 6 > 0 such 
that 

/ ( ( 0 , - l ) + r(y,0) = sup[(C*,ry) + 7„ - 7„Tt] 

for all (y, 0 G B and all r G (—6,6). Now we find m so large that 

sup |((£,, — ln) — (0, —!),#) | < e whenever n > m. 
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Then for every r G (0, <5) satisfying moreover 

0 < r < i n f j , . ,, ~ ^ :(y,t)eB,n = 1,2,...,m 

and every (y, t) £ B we have 

l-[f{(0,-\)±r(y,t)) -f(0,-l)±rt] = suV[(Çl,±y)±t(l-Jn)-kl-ln\ 

— max{max[- • -],max[- • •]} < max{0, e} = e. 
^n<m ri>m ' 

And since e > 0 was arbitrary and/ is convex, we conclude that/ is $-differentiable at 
(0,-1) with derivative/'(0, -1 ) = (0, -1) . 

Conversely, assume that/ is S-differentiable at (0, -1 ) and/'((), -1 ) = (0, -1 ) . We 
are to show that (C^, —ln) ^-converges to (0, —1). Fix any e > 0. Then there is 6 > 0 
such that 

-\f(0,-l)±r(y,t))-f(0,-l)±rt]<e 
r 

whenever 0 < r < 8 and (y, t) G B. From the previous paragraph we know there is 
re (0,6) such that 

/((0, -1 ) ± r(y, t)) = sup[(C, ±ry) + 7„ =F 7„Tf] 
n 

for all (y, t) G B. Thus for all n and all (y,t) G B we have 

r r 

or, for all n, 

Hence 

s u p | ( ( C , - 7 „ ) - ( 0 , - l ) , £ ) | - — ^ <e. 

l imsupsup | ( (C, -7„) - (0 , - l ) ,£ ) | < e. 

But e > 0 was arbitrary; so (Q, —ln) (B-converges to (0, — 1). • 

THEOREM 1. For a Banach space (X,\\ • ||) the following statements are equivalent: 
(i) There exists onX a convex continuous PGNF-function, 

(ii) There exists on X an equivalent PGNF-norm. 
(Hi) There exists on X* an equivalent dual norm which is not weak* Kadec. 
(iv) There exists a JN-sequence in X*. 
(v) There exists a linear continuous noncompact operator T: X —> CQ. 

(vi) X is infinite dimensional. 

PROOF, (i) => (iv). Let/ :X —• R be a convex continuous PGNF-function with a 
special point XQ E X. Then by Smulyan's test [DGZ, Chapter 1, Corollary 1.5], there are 
xn E X converging in norm to XQ and £w in the subdifferential df(xn) off at xn such that 
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£n —> /'(JCO) weakly* but inf„ \\£n — f'(xo)\\ > 0. Thus {£n —/'(JCO)} is a JN-sequence. 

(ii) => (iii) can be proved in the same way. (ii) => (i) and (iii) =» (iv) are trivial, while 

(v) => (vi) is obvious. For the proof of (iv) => (v) we can follow [D2, Chapter XII, 

Exercise 1]. (vi) => (iv) is the deeper Josefson-Nissenzweig theorem [D2, Chapter XII]. 

It remains to prove (iv) => (ii). Let {£„} be a JN-sequence in X*. Write X as F x IR 

where F x { 0 } i sac losedhyperp lane inXandput^ i j ) = (£«,Cy,0)),;y G F. Then{(„}is 

a JN-sequence in F*. Le t / : F x IR —> [0, +oo) be the function constructed in Proposition 1 

for our {(^} and some {~fn} C [^, 1), ln Î 1. Applying Proposition 1 twice for different 

$ we can conclude t ha t / is Gateaux but not Fréchet differentiable at ( 0 , - 1 ) . Put now 

|||(y, 0||| = max [f(y,0,^(|M| + M) 

Then ||| • ||| is an equivalent norm on F x IR and 

(y,t)eYx 

| | | (0 , - l ) | | |= / (0 , - l )= l> i ( | | 0 | | + l). 

Thus HI • HI has the same differentiability property at (0, — 1) a s / ; so ||| • ||| is a PGNF-

norm. • 

We recall that a function f:X —> IR is said to be weak Hadamard differentiable at 

x G X if there is £ G X* such that 

-\f(x + th)-f(x)-(t,th)]->0 a s^ iO 

uniformly for h G K, where K is any weakly compact set in X. (This corresponds to 

using the homology of all weakly compact sets.) In a reflexive space this is clearly the 

same as Fréchet differentiability for any function, while in l\ it coincides with Gateaux 

differentiability for any Lipschitz function. For convex functions the situation is much 

more interesting. Indeed, as a parallel to Theorem 1 we may formulate: 

THEOREM 2. For a Banach space (X, || • || ) the following assertions are equivalent: 

(i) There exist a convex continuous function (an equivalent norm) on X and XQ G X 

at which it is weak Hadamard but not Fréchet differentiable. 

(ii) There exist an equivalent dual norm \\\ • ||| on X* and £o> £i > £2» • • • in X* such that 

\Hn\\\ = III Colli = 1, £« —• Co in theMackey topology but inf'n |||£„ - Co It I > °-
(iii) X is not sequentially reflexive, that is, there is a sequence {£„} in X* such that 

Cn —+ 0 in the Mackey topology on X* but infn | |£n | | > 0. 

(iv) There exists a linear completely continuous, that is, sequentially weak to norm 

continuous, noncompact operator T:X —> CQ. 

(v) X contains an isomorphic copy ofl\. 

PROOF, (iii) & (v) is due to 0rno [0] and can be found in the Appendix, see also 

[B], [BF]. For the remaining implications one follows the proof of Theorem 1. • 

It should be noted that a JN-sequence can always be chosen to be basic [KP], [M] and 

thus the operator T in both the above theorems can moreover be constructed with dense 

range. 
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Let us consider further the explicit construction of a convex continuous PGNF-func-
tion. Theorem 1 ensures this is possible in every infinite dimensional Banach space and 
Proposition 1 shows how to construct such a function once a JN-sequence is at hand. 
But the construction of a JN-sequence is not trivial for a general Banach space, (see [D2, 
Chapter XII]). Let us record some situations when a JN-sequence can be found easily. 

Let X be an infinité dimensional separable Banach space. Let {£n} be an infinité se­
quence of distinct points in the unit ball Bx* of X* with distance between distinct members 
bounded away from zero. Because Bx* with the weak* topology is a metrizable compact, 
there is a subsequence {£n/.} converging to some £ weakly*. And clearly {£«,} do not 
converge (to £) in norm. Hence {£„. — £} is a JN-sequence. Now we can easily use this 
sequence for the construction of a JN-sequence for every Banach space having a sep­
arable infinite dimensional quotient space. Indeed, if Q is a linear continuous operator 
from X onto a separable infinite dimensional space Y and if {Q} is a JN-sequence in Y*, 
then {<2*C*} is a JN-sequence in X*. Thus, in particular, we can find a JN-sequence for 
WCG spaces, or more generally for WCD spaces, for the duals of Asplund spaces [DGZ, 
Chapter VI, §§2, 3] for ^ ( [0 ,1 ] ) and for lœ, [LT, p. 111]. 

The next proposition presents a different way of constructing a PGNF-function in a 
large class of Banach spaces. Given a nonempty set K in X let dx be the corresponding 
distance function, that is, 

dK(x) = mf{\\x-k\\ :keK}, x G X. 

Clearly dx is a Lipschitz function with dK(x) > 0 = dx(k) for all x G X and all k G K. 

PROPOSITION 2. Let K C X be a convex closed set with 0 G K. Then the following 
statements are equivalent: 

(i) djt is Gateaux differentiate at 0. 
(ii) 0 is not a support point ofK, that is, sup(£, K) > Ofor every 0 ^ £ G X*. 

(Hi) UnK is dense in X. 
Further dx is Fréchet dijferentiable at 0 if and only ifO G int K. 

PROOF, (i) => (ii). Take any 0 ^ £ G X*. Find h G X so that (£, ft) > 0. Then 

0 = lim -dK(th) = lim - inf \\th - k\\ 
f|0 f t[0 t keK 

> lim sup - inf (£, r/z — £) 

= (£, ft) - lim - sup(£, tf) > (-oo) sup(£, £) 
f|0 t 

and therefore sup(£, £) > 0. 
(ii) => (iii). Assume (iii) is false. Then there is x G X not lying in UnK. Hence there 

exists 0 ^ £ G X* such that (£,JC) > sup{(t;,nk) : k £ K,n = 1,2,...}. Then necessarily 
sup(£, K) < 0 so that (ii) is violated. 
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(iii) =̂> (i). Take any f G ddK(0). Then for each k G K we have (£,£) < dK(k) -

dK(0) = 0 and so, by (iii), (£, h) < 0 for all A G X. Thus £ = 0 and dK must be Gateaux 

differentiable at 0. 

Assume now 0 G int^f. Then dx(x) = 0 whenever \\x\\ is sufficiently small, whence 

dK is Fréchet differentiable at 0. Finally, let 0 ^ int AT. According to the Bishop-Phelps 

theorem [Ph, pp. 50, 51], there are support points kn G K converging to 0. Take £rt G 

^*>ll£n|| — 1> s u c n that {in,kn) = swp(£n,K). Then we can easily check that £„ G 

ddxikn). And since &fo(0) contains 0, Smulyan's test says that dK is not Fréchet differ­

entiable at 0. • 

Having this proposition we can construct a convex continuous PGNF-function when­

ever we have at hand a convex closed set K C X such that 0 G K\'vatK and UnK is 

dense in X. Such a set can easily be constructed if X has a separable infinite dimensional 

quotient, X/Z, say. Indeed, let Q be the associated quotient operator. Choose a sequence 

{xn} in the unit ball of X such that {Qxn} is dense in the unit ball of X/Z and define 

H — cô{±^xn : n = 1,2,.. ,},K = H + Z. Then UAZÂ' is dense in X. Further, H is 

compact and hence so is Q(K) = Q(H). It follows int Q(K) = 0, and finally intK = 0 

because Q is open. 

A similar construction gives a convex closed K C XwithO G K\intKmdUnK — X\i 

X can be written as Y + Z, where FDZ = {0} and y is infinite dimensional and separable. 

This is the case, in particular, if X = 1^ [R] or if X has a Markusevic basis, see, e.g. [V] 

or references therein. 

Unfortunately we must leave open the question of whether every Banach space ad­

mits a convex closed set K such that 0 G K\'mtK and UnK is dense. Possibilities of 

constructing such K from a JN-sequence are discussed in [BFa]. 

2. PGNF-functions and PGNF-norms made as smooth as possible. In the previ­

ous section we did not consider the degree of smoothness outside of the special point 

when constructing a PGNF-function or a PGNF-norm. Now we will deal with the fol­

lowing problem. If we have a norm on the space with some degree of smoothness, can 

we "preserve" this in the construction of an equivalent PGNF-norm? Below we present 

two such renorming procedures. 

THEOREM 3. Let X be a separable Banach space. Then X admits an equivalent norm 

which is not Fréchet differentiable at some nonzero point and whose dual norm is strictly 

convex. 

PROOF. We will think of X as Y x R endowed with the norm \\(y9t)\\ = | | j | | + \t\, 

(y, t) G Y xR. Then (Y x R)* can be thought of as Y* x R with the norm ||(C r\\ = 

max(||£||, |r |), (£, r) G F* x R. Let {yn} be a dense sequence in the unit ball of Y and 

define T:li —> Y by T({Xn}) = Y.n~2\nyn, {Xn} G h- Then T is a linear compact 

operator. Define a norm ||| • ||| on F* x R by 

|| |(Cr)|| |2 = max( | |C | |V) + | | r c | | £ + r2, (C r) G F* x R. 
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Clearly ||| • ||| is an equivalent norm on F* x R. Moreover it is weakly* lower semicontin-

uous, so that it is a dual norm. We will use the symbol ||| • ||| also for the corresponding 

norm on Y x R. 

Let {C^} be a JN-sequence in 7*. Without loss of generality we may assume that 

IIC.II -> 1. Thus we have (£,, 1) - • (0,1) weakly*, and |||(0,1)||| = y/l. Now 7 % -> 0 

weakly* and, as 7* is norm-compact (because T is), T*(^ —• 0 in /2-norm. Hence 

IIKC, Dill2 = maxdlCH2,1) + | |7%| |£ + 1 -> 2 as n -* oo. 

Therefore putting {£„} = { ( C 1)/|||(&, D|| |},ande = (0, >/2/2)weget | | | U | = |||£||| = 
1 and £n —> £ weakly*. On the other hand we shall show that £ is a norm attaining 
functional. Indeed, taking* = (0, y/2) in Y x R, we have (£, JC) = ((0, \ / 2 / 2 ) , (0, >/2)) = 
1 while 

IIWII = sup{((C,r),(0, V^)) : (C,r) G r x M I M I I < 1} 

= s u p j v ^ r : (C,r) G r x R,max(||C|| V ) + | |rC||2
2 + ? < 1} 

<sup{V^r: re Kir2 <!}=!. 

Let us summarize what we have shown so far about {£«}: |||£/i||| = |||£||| = 1 = (£,JC) = 

|||*|||, £« —• £ weakly* and a simple computation yields that |||£„ — £||| —•» \ / 2 / 2 . Whence, 

by Smulyan's test, the norm ||| • ||| on Y x R is not Fréchet differentiable at x. 

The last thing that has to be checked is the strict convexity of the dual norm ||| • |||. So 

let(C-,r/) G Y*xR,i = 1,2, be such that IIKCi.rOlU = |||(C2,r2)||| = l/2|| |(Ci+C2,n+r2)| | | . 

From convexity and the définition of ||| • ||| we immediately get r\ = r2 and ||7"*(i |||/2 = 

| |rC2 | | | /2 = l / 2 | | r ( C i +C2)||/2. Now, as || • ||/2 is strictly convex, we have 7 % = TC^, 

and because T has dense range, £i = (2. The strict convexity of the dual norm ||| • ||| is thus 

verified. Note that in consequence ||| • ||| on X is Gateaux differentiable at all non-zero 

points. • 

Of course the above theorem and the corollary below are interesting, only if X is As-

plund. Indeed, otherwise, according to Ekeland and Lebourg [Ph, Corollary 4.6], any 

equivalent norm on X is not Fréchet differentiable at some nonzero point. Let us men­

tion here [DGZ, Theorem III. 1.9] characterizing separable Banach spaces admitting a 

norm which is everywhere (except origin) Gateaux differentiable but nowhere Fréchet 

differentiable. See also [GMS]. 

COROLLARY 1. Assume X — Y x Z where Y is separable and infinite dimensional 

and Z* has a dual strictly convex norm || • ||; in particular let X be a WCG space. Then 

the conclusion of Theorem 3 holds. 

PROOF. According to Theorem 3, there exists a PGNF-norm ||| • ||| on Y such that its 

dual norm is strictly convex. Define a norm | • | on X by 

I M 2 = llblll2+llz||2, (y,z)€Yxz. 

Then 

\(y\z*)\2 = Hi/If + |k*||2, (y*,z*) e Y* x z*(^X*) 
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and so the strict convexity of the dual norms ||| • ||| and || • || is inherited by the dual norm 
| • |. Further |(y,0)| = |||v||| for all y G Y. Hence | • | is notFréchet differentiable at (v,0) 
if HI • HI is not Fréchet differentiable at y. 

Now let X be a WCG space. Then, there is a linear bounded projection P: X —> X with 
separable infinite dimensional range. Thus X is isomorphic with PX x (/ — P)X, where 
(/ — P)X is WCG; so it has an equivalent norm whose dual norm is strictly convex [Dl, 
p. 148]. • 

Next we improve the distance function d^ so as to obtain, first a smooth PGNF-
function and then, actually a smooth PGNF-norm. 

THEOREM 4. Let X be a WCG Asplund space. Then X admits a convex function, 
which is Fréchet differentiable at each x G X \ {0} and which is Gateaux but not 
Fréchet differentiable at 0. Moreover X admits an equivalent norm which is Gateaux 
differentiable at each x G X \ {0} and which is Fréchet differentiable exactly at each 
i G l \ Rxo, where xo G X is a fixed nonzero point. 

PROOF. Let || • || be a Fréchet smooth norm on X [DGZ, Corollary VII. 1.13]. Since 
X is WCG, it has a separable complemented subspace [DGZ, Section VI.2]. Then, fol­
lowing the text immediately below the proof of Proposition 2, we can construct a convex 
symmetric weakly compact set K C X with intK = 0 and UnK — X. (If X is nonreflex-
ive, then the Krein-Smulyan theorem provides us with such a K immediately.) Consider 
a set C C R2 defined by 

C=([0, l ]x [0,- U (Ki 
,1 

,1 

1 \ 2 

•(-ïï+(°-ïï<-
1x2 . 1 

4 

and let (p be Minkowski's functional associated with C (we take inf 0 = +oo). Since 

2J 
x [0, i ] C C C [ 0 , l ] x [ 0 , l ] , 

we have for t > 0, s > 0 

max(/, s) < (f(t,s) < 2max(/,5). 

Clearly ip is convex and differentiable at any (t, s) G R2 with t > 0, s > 0. We also 
remark that 

1 

We de f ine / :X^Rby 

ip(Us) = ip(s,t) = t if 0 < s < -t. 

m = <p(\\x\\2,dK(xj), xeX, 

where dxix) is the distance of x from K. We can easily see that/ is convex, continuous, 
nonnegative and/(0) = 0. 
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Let us check the promised differentiability properties off. Take any £ in 3/(0). Then 
for any k G K and any t G (0,1) we have from the definition of/ and by a property of <p, 

(&k)<W)-f(0)=f(tk)=\\tk\\\ 

so (£, k) < 0 for any k G K. As UnK is dense in X, we can conclude that £ = 0. 
This proves / is Gateaux differentiable at 0, with derivative equal to 0. Consider now 
x G X \ {0}. Assume first that x G K. Then dxix) = 0 < 5||x||2. Hence there is a 
neighbourhood N oï x such that dK(xf) < ^ 11JCX 112 for all x' G N. Then by the same 
property of </?, we have/(jcO = ||jt'||2 for all x' G N. Therefore/ is Fréchet differentiable 
at x. Assume now that x G X \ K. Then ||JC||2 > 0 and dK(x) > 0. Now, it is well 
known that dfc inherits the Fréchet smoothness of || • || at points outside K whenever K is 
weakly compact. Thus, the chain rule implies that/ is Fréchet differentiable at x. Finally, 
let us show that/ is not Fréchet differentiable at 0. By another property of p we have 
fix) > dxix) for all x G X. Moreover/(0) = d/K0) and, according to Proposition 2, dK 
is not Fréchet differentiable at 0 since int K = 0. A fortiori, the same holds true for/. 

We may now, with some work, build a norm with the properties announced in the 
statement of the theorem. Write X — F x H ; then Y is also WCG and Asplund. By the 
preceding argument, there is a convex symmetric continuous function/: Y —+ [0, +oo), 
which is everywhere Fréchet differentiable except at 0 where it is only Gateaux differen­
tiable, with/(0) = 0 and/'(0) = 0. We may also observe that/(j) —> +oo as \\y\\ —> +oo. 

First of all we will cultivate/. Let t/;: [0,1] —> [0,1] be defined by V>(0 = 1 - Vl - t2, 
te [0,1]. Clearly i[) is convex, increasing, differentiable at each t G (0,1) and t//_(l) = 
+oo. Define 

giy) = <pty(f(y)), Ifiy)), if y £ Ymdfiy) < l, 

where <p is our maximum-like function used above. Clearly g(0) = 0 < g(y) when­
ever f(y) < 1 and g is symmetric since / is. Also g is convex since / , i/;, (f are and 
t/;, (f are increasing. Further g is Gateaux differentiable at 0 with gf(Q) — 0 as giy) < 
2 maxf ipifiy)), ^fiy) ) £ 2/(j). By the chain rule we get that g is Fréchet differentiable 
at each 0 ^ y G Y satisfying f(y) < 1. Finally we will show g is not Fréchet differ­
entiable at 0. For this find 0 < 6 < 1 such that ^(0 £ t/\6 whenever 0 < t < <5; 
this is possible since -0+(O) = 0. Find A > 0 such that/(v) < 6 whenever \\y\\ < A. 
Then \\y\\ < A implies g(y) = |/(y) by a property of ip and so g cannot be Fréchet 
differentiable at 0 a s / is not. 

Define the set 

D={(y9t)£YxR:g(y)-l<t< -giy) + hfiy) < 1}. 

This is a convex, symmetric, closed and bounded set with nonempty interior. Let ||| • ||| 
be Minkowski's functional for D. We will show that ||| • ||| is the norm we are looking for. 
We can easily check that the boundary dD of D is 

{(y,t)eYxR:f(y)<l and either g(y) - 1 = t or - g(y) + 1 = t}. 

https://doi.org/10.4153/CJM-1993-062-8 Published online by Cambridge University Press

https://doi.org/10.4153/CJM-1993-062-8


1130 J. M. BORWEIN AND M. FABIAN 

Fix (yoJo) £ dD, with g(y0) < 1; then necessarily f(y0) < 1. Also |||(jo^o)|ll = land 
to is equal to g(y0) — 1, say. Take ((, r) in 3||| • \\\(yo, to). Thus for all h G F, ||/i|| < 1, and 
all sufficiently small r > 0 we have 

1 = {Cyo)+ r(g(yo)-l) > (Cyo+Th)+r(g(y0+Th)-\). 

Hence for these h and r 

T 

Since g is differentiable at yo, 

(Ç,h)<(-r)(g'(yo),h) for all h G F, 

that is, £ = —rg'(jo)- Using this, we have 

1 = ( - V O ^ o ) + r(g(y0) - l) 

and hence (£, r) is uniquely determined. Therefore 3||| • |||(jo> ô) consists of one point only 
and so HI • HI is Gateaux differentiable at (yoJo). If ô = — #Cyo)+1 we proceed analogously 
or we can use the symmetry of D and g. In particular we have that ||| • ||| is Gateaux 
differentiable at (0, - 1 ) and (0,1) and with ||| • |||'(0, - 1 ) = - | | | • ||r(0,1) = (0,-1) . 

Next we will show that ||| • ||| is not Fréchet differentiable at (0,-1) . Since g is not 
Fréchet differentiable at 0, there are yn G F, yn —> 0, such that infn Hg'Cyn)!! > 0. By the 
preceding paragraph we know that ||| • \\\'(yn, giyn) — l) = (—rng'(yn), rn) f° r large n and 
appropriate rn G R. Since ||| • |||'(0,1) = (0, —1), we have from weak* convergence that 
rn —> — 1. Thus 

l i m i n f | | ( - r n ^ n ) , r „ ) - ( 0 , - l ) | = liminf | |(*'(yn),-l) - ( 0 , - l ) | 
n III \ / III n III \ / III 

>climinf||g'(y„)|| > 0, 
n 

where the constant c comes from the equivalence of the norms involved. This shows that 
III • III is not Fréchet differentiable at the points of the line 0 x R. 

Fix 0 ^ yo G F with g(yo) < 1. We will show ||| • ||| is Fréchet differentiable at 
Cyo»*o)> where to = g(yo) — 1. So consider (ynJn) —> (yoJo)- We are to show that ||| • 
|| | '(Wn) —* III • lirCyo^o) in norm. By homogeneity we may assume |||(y„,r„)||| = 1 
and hence tn = g(yn) — 1 for large n, say, for simplicity, for all n. Thus we already 
know that ||| • \\\'(yn, tn) — (—rng

f(yn), rw) with appropriate rn, for n = 0,1,2, Now 

because (—rng'(yn), rn) —> (—rog'(yo), ro) weakly* we have in particular rn —> r$. Also, 
as yn —> yo and g is Fréchet differentiable at yo, we get gf(yn) —> gf(yo) in norm. Therefore 
III • IITCVn, tn) —> HI • HI'(jo, ̂ o) in norm, which proves the Fréchet differentiability of ||| • ||| 
at(>>o,'o). 

It remains to investigate the differentiability of ||| • ||| at points (j,0), with g(y) = 1. 
We claim that g(y) < 1 whenever f(y) < 1. In fact, iff(y) < 1/2, then 

g(y) = <p(*l>(f(yj), ^f(y)) < 2max(V(/(j)), ^fiy)) < 2f(y) < 1. 
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Further, if 1/2 <f(y)< 1, then 

\^{fiy)) = ^(i - Vi ~f(y)2 > ̂ (y); 

so^(y) = ^ ( y ) ) < l . P u t 

5 = { ^ r : / w < i } . 

According to the claim, we have B x {0} = DH(Yx {0}) and so Minkowski's functional 
| • | for B will be nothing else than |||(-,0)|||. 

We will show that | • | is Fréchet differentiable on Y. Fix any y G F, with \y\ = 1, and 
any £ G d| • |(y); then (£,y) = 1 = |£|. Let h G F be such that (£, A) = 0 and let r G R be 
given. Then |y + r/i| >(£,y + th) = l. Fix an arbitrary e > 0. Then |(1 + e)(y + th)\ > 1. 
Hence (1 + e)(y + f/z) ^ B, that is,/((l + e)(y + thj) > 1. Letting e > 0 go to 0 we get 
/(y + th) > l ( = /(y)). This holds for any f G R. Hence (f'(y),h) = 0. Recall that we 
have obtained this for any h G Y satisfying (£,&) = 0. It follows that £ = A/'(y) for 
an appropriate A G R. But 1 = (£,y) = \(ff(y),y)', so £ = (f'(y),y)~lf'(y). Thus £ is 
uniquely determined and so | • | is Gateaux differentiable at y with 

I • I'OO = <f<y),y)-lf(y)-

From this it follows that | • |' is norm continuous (because/ is convex and Fréchet dif­
ferentiable), so we have shown Fréchet differentiability of | • | at every nonzero point of 
Y. This will help us in proving that ||| • ||| is Fréchet differentiable at points (y, 0). 

First we will show ||| • ||| is Gateaux differentiable at (yo, 0) with/(yo) = 1, that is with 
g(yo) = 1. Take any (£,r) G d||| • |||(y0,0). Then (Cyo) = <(C),(yo,0)) = sup((C,r),D). 

Hence for r > 0 small enough we have 

(Cyo - ry0) + r(g(y0 - ryo) - l) < (C,yo), 

or 
g(yo - ryo) - g(yp) , . 

r < (CW-

Let us remark that for r > 0 sufficiently small we have from convexity 

-{giyo - ry0) - g(yo)) = - [^(f(yo ~ ryo)) - l ) 

= —-\/fM2 -f(yo-ryo)2 

c^o -ryo) 
> —oo as r j 0. 

Hence about Y x {0} , we 
obtair (> 0)111 = | • |, we have 
C G c ^rentiability of ||| • ||| at 

(yo,Q 

vi. /?a,ï r-r ù /n 
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It remains to check that ||| • ||| is Fréchet differentiable at (yo,0) with g(yo) = 1-
Consider (&,rn) G F* x R, with |||(^, r„)||| = 1, and such that ((C,rn),Cyo,0)) —> 1 
(= ((| * I'Cyo), 0), (yo,0)))- Again, using the weak* convergence we get rn —> 0. Further 
we remark that 

sup(C,£) = sup((Cî,rn),JB x {0}) < sup((C,rn),JD) = 1, 

so|C,| < 1. Also(Cyo) = ((Ci,rw),(y0,0)^ 1 = (|-I'Cyo),Jo).Hence | C H - | ' M - 0 
by the Fréchet differentiability of | • |. Therefore 

limllkCr») - (| • r(yo),0)||| = limlCz - | • I ' M - 0. 
n III \ / Ml 

This proves ||| • ||| is Fréchet differentiable at (yo, 0). • 
It should be noted that for X = l2 a renorming much like the one in Theorem 4 is 

given by V. Klee [K]. 

Appendix. 
0rno's paper is not available in a printed form. We have thus chosen, following a 

referee's suggestion, to include 0rno's proof in its entirety. 

THEOREM 5. A Banach space X is sequentially reflexive if and only if t\ is not iso­
morphic to a subspace ofX. 

PROOF. Assume first that t\ is not isomorphic to a subspace of X and let { J C * } ^ 

be a weak*-null sequence in X* for which the sequence {(x„,xn)}
(^l converges to zero 

for every weakly null sequence {xn}
<^={ in X. It is easy to see that it is enough to check 

that such a sequence {x^}^^ must converge in norm to zero. (See Lemma 2.1 in [B].) 
If not, by passing to a subsequence we can a sequence {xn}^=l in the unit ball of X with 
{(x*,xn)}^j bounded away from zero. By passing to a further subsequence, we can as­
sume by Rosenthal's theorem [D2, Chapter XI] on Banach spaces which do not contain 
isomorphs of t\ that {xn}

(^l is weakly Cauchy. Since {x„}™={ converges weak* to zero, 
by passing to further subsequences and replacing { J C ^ } ^ with a subsequence of differ­
ences *2fl-jfrM ? w e can assume moreover that {xn}^={ is weakly null. This contradiction 
completes the proof of the first direction. 

To go the other way, suppose that F is a subspace of X which is isomorphic to I \ 
and let {en}

(£={ be the image of the unit vector basis under some isomorphism from i\ 
onto Y. Define a bounded linear operator from Y into LoJO, 1] by mapping en to the n-
th Rademacher function rn. By the injective property of LoJO, 1], this operator extends 
to a bounded linear operator T from X into LQO[0, 1]. Let r* be the rc-th Rademacher 
function in Lj[0,1] considered as a subspace of L^fO, 1]*. Thus the sequence { r * } ^ , 
being equivalent to an orthonormal sequence in a Hilbert space, converges weakly to 
zero. Since Loo[0,1] has the Dunford-Pettis property (cf. [D2, p. 113]), { r * } ^ converges 
in the Mackey topology to zero, a fortiori {T*r^}<^=l converges r(X*,X) to zero. But 
(T*r*,en) = (r*, r„) = 1, so {T*r*}(^=l does not converge to zero in norm. • 
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Theorem 5 extends and simplifies work in [B], where it was shown that Asplund 
spaces are sequentially reflexive and the full result was conjectured. The paper [B] also 
contains a variety of applications related to the present work. 

ADDED IN PROOF. The authors have recently discovered that Theorem 5 may also 
be deduced from [E]. 
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