
NOTES AND PROBLEMS NOTES ET PROBLEMES 

This department w e l c o m e s short notes and prob lems 
be l ieved to be new. Contributions should include solutions 
where known, or background mater ia l to the problem in c a s e 
the problem i s unsolved. Send all. communicat ions concerning 
this department to W. M o s e r , Department of Mathemat ics , 
Universi ty of Manitoba, Winnipeg, Manitoba. 

ON AN OBSERVATION OF M. RIESZ 

P. Scherk 

( rece ived October 1, I960) 

On a recent v i s i t to Toronto, P r o f e s s o r R i e s z made an 
interest ing remark on the invariance of a certa in c r o s s - r a t i o , 
I wish to present a s imple proof.of h i s resul t . 

Let x = ( x | , X2» x^, X4), . . . denote homogeneous 
coordinates in rea l project ive t h r e e - s p a c e ; x(t), . . . are 
differentiable c u r v e s in that space . 

If x = x(t) and y = y(t) are two such c u r v e s , the straight 
l ine s crx(t) + Py(t) generate a developable surface if and only if 
the determinant (x x y y) v a n i s h e s . 

Consider two such developable sur faces 

(1) orx(t) 4- Py(t)f orx(t) + pz(t) 

through the same curve x(t). Thus 

(2) (x x y y) = (x x z z) = G, 

For each value of t the two generators (1) are a s s u m e d to span 
a plane which does not contain the tangent of the curve x(t). Thus 

(3) ( x x y z)4 0. 
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Consider now a third developable surface through the curve x(t) 
whose generators always lie in the plane through the points 
x, y, z and are distinct from the straight lines (1). We may-
write its equation in the form 

(4) ox(t) + (3w(t) 

where 

(5) w(t) = n(t)y(t) + g(t)z(t); ttft) * 0, g(t) i 0. 

Since y(t), z(t) and w(t) are differentiable, we may assume 
T}(t) and g(t) to be so too. On account of (2), (3), and (5), the 
equation (x x w w) = 0 readily implies 

1 JQ (x x y z) - (x x y z) 
£ r\ (x x y z) 

If 
w. = Tj.(t)y(t) + ê-(t)z(t) [i = 1, 2] 

i i l 

are two curves satisfying the above assumptions, (6) implies 

é i ^î h 2̂ 

o r 

Hence 

ê i ^i h *2 

d t l ^ / T l J 

li lb 
\ I 2̂ 

= constant 

and (4)-(5) maps the planes through x(t), y(t), z(t) protectively 
onto one another. 
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