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Small G-varieties

Hanspeter Kraft®, Andriy Regeta, and Susanna Zimmermann

Abstract. An affine variety with an action of a semisimple group G is called “small” if every nontrivial
G-orbit in X is isomorphic to the orbit of a highest weight vector. Such a variety X carries a canonical
action of the multiplicative group K* commuting with the G-action. We show that X is determined
by the K*-variety XU of fixed points under a maximal unipotent subgroup U c G. Moreover, if X is
smooth, then X is a G-vector bundle over the algebraic quotient X /G.

If G is of type A, (n >2), C,, E, E7, or Eg, we show that all affine G-varieties up to a certain
dimension are small. As a consequence, we have the following result. If n > 5, every smooth affine
SL,-variety of dimension < 2n — 2 is an SL,-vector bundle over the smooth quotient X/ SL,, with
fiber isomorphic to the natural representation or its dual.

1 Introduction

Our base field K is algebraically closed of characteristic zero. If G is an algebraic group,
then a G-variety is an affine variety X with an action of G such that the corresponding
map G x X - X is a morphism. If G is semisimple, then the closure of an orbit Gx
is a union of G-orbits and contains a unique closed orbit. A very interesting special
case is when the closure is the union of the orbit Gx and a fixed point xy € X: Gx =
Gx U {xo}. Such an orbit is called a minimal orbit. It turns out that this condition
does not depend on the embedding of the orbit Gx into an affine G-variety. In
fact, the minimal orbits are isomorphic to highest weight orbits O, in irreducible
representations V) of G. If all orbits in X are either minimal or fixed points, then the
variety X is called small.

The following result shows that smooth small G-varieties have a very special
structure. The proofis given at the end of Section 5.4. Recall that the algebraic quotient
m: X - X/ G is the morphism corresponding to the inclusion O(X)% ¢ O(X).If G is
reductive, then O(X)C is finitely generated and so X /G is an affine variety. In general,
X/ G is just an affine scheme.
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Theorem 1.1 Let G be a simple group, and let X be a smooth irreducible small G-variety.
Then G =~ SL,, or G = Sp,,,, and the algebraic quotient X — X G is a G-vector bundle
with fiber:

o the standard representations K" or its dual (K")" if G = SL,,
o the standard representation K*" if G = Sp,, .

In particular, every fiber is the closure of a minimal orbit.

For G=SL, or G =Sp,,,, it turns out that an affine G-variety is small if its
dimension is small enough. More precisely, we have the following result.

Theorem 1.2

(1) For n >5, an irreducible affine SL,-variety X of dimension < 2n — 2 is small. In
particular, if X is also smooth, then X is an SL,-vector bundle over X | SL, with
fiber K" or (K™)Y.

(2) For n > 3, an irreducible affine Sp,,-variety X of dimension < 4n — 4 is small. In
particular, if X is also smooth, then it is an Sp,,-vector bundle over X || Sp,, with
fiber K2,

In general, we have the following theorem about the structure of a small G-variety
where G is a semisimple algebraic group. As usual, we fix a Borel subgroup B c G and
amaximal torus T c B, and denote by U c B the maximal unipotent subgroup and by
U~ c G the opposite one. For a simple G-module V) of highest weight A, we denote
by O, c V) the orbit of highest weight vectors, and by P, the corresponding parabolic
subgroup, i.e., the normalizer of V.

For any minimal orbit O, there is a well-defined cyclic covering O — O where A is
an indivisible dominant weight, i.e., A is not an integral multiple of another dominant
weight. This A is called the type of the minimal orbit O.

In Section 2.4, we define the canonical K*-action on a minimal orbit O. For
O = 0, c V), with an indivisible A, it is the scalar multiplication.

For a reductive group H and H-varieties X and Y, we denote by X « Y the
algebraic quotient (X x Y')/H. There are two projections: X 7 Y — X /H and X «
Y - Y/H.

A similar construction is the following, called associated bundle. Let H c G be a
closed subgroup of an algebraic group G, and let Y be an H-variety. Consider the free
action of H on G x Y defined by h(g, y) := (gh™', hv). Then the orbit space G x*
Y := (G x Y)/H has a canonical structure of an algebraic variety and the projection
G x?'Y - G/H is a bundle with fiber Y, locally trivial in the étale topology. If H is
reductive and Y affine, then G xH Y = G« Y.

An action of a reductive group G on an affine variety X is called fix-pointed if the
closed orbits are fixed points.

Theorem 1.3  Let X be an irreducible small G-variety. Then the following holds.

(1) The G-action is fix-pointed and in particular X6 = X G.
(2) All minimal orbits in X have the same type A, called the type of X.

(3) The quotient X — X U~ restricts to an isomorphism XV = X JU~. In particular,
X is normal if and only if XY is normal.
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(4) There is a unique K*-action on X which induces the canonical K*-action on each
minimal orbit of X and commutes with the G-action. Its action on XY is fix-pointed,

and XV |K* = X|G < X©,
(5) The morphism G x XV — X, (g, x) = gx, induces a G-equivariant isomorphism

0:0, +¢ XV := (0, x XV)JK* =5 X,

where K* acts on Oy by (t,v) = t™' v and on XV by the action from (4).
(6) We have Normg (XV) = Py, and the G-equivariant morphism

v:GxP XY 5 X, [gx] e gx,

is proper, surjective, and birational, and induces an isomorphism between the
algebras of regular functions.

The proofs are given in Proposition 4.3 for the statements (1)-(3) and in Proposi-
tion 4.4 for the statements (4)—(6).

As a consequence, we obtain the following one-to-one correspondence between
irreducible small G-varieties of a given type and certain irreducible fix-pointed affine
K*-varieties. The proof is given at the end of Section 4.2. A K*-action on a variety Y is
called positively fix-pointed if for every y € Y the limit lim,_,o ty exists and is therefore
a fixed point.

Corollary1.4  For any indivisible highest weight A € Ag, the functor F: X — XY defines
an equivalence of categories

irreducible small G-varietiesX LN irreducible positively fix-pointed
of type A affine K*-varieties Y ’

The inverse of F is given by Y = O, +" Y, where the K*-action on Oy x Y is defined
ast(v,y) = (v, ty).

Our Theorem 1.1 is a consequence of the following description of smooth small
G-varieties.

Theorem 1.5 (See Theorem 4.11)  Let X be an irreducible small G-variety of type A, and
consider the following statements.

(i) The quotient m: X — X |G is a G-vector bundle with fiber V).

(ii) K* acts faithfully on XY, the quotient XV — XV |K* is a line bundle, and V) = O,.
(iii) The quotient XU\XC — XY JK* is a principal K*-bundle, and Vy = O;.

(iv) The closures of the minimal orbits of X are smooth and pairwise disjoint.

(v) The quotient morphism m: X — X |G is smooth.

Then the assertions (i) and (ii) are equivalent and imply (iii)-(v). If X (or X V) is normal,
all assertions are equivalent.

Furthermore, X is smooth if and only if X || G is smooth and m: X — X |G is a G-vector
bundle.

In order to see that small-dimensional G-varieties are small (see Theorem 1.2), we
have to compute the minimal dimension d¢ of a nonminimal quasi-aftine G-orbit.
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G dim G mg dg rG H Ie)

A 3 2 2 2 T K2

A, 8 3 4 4 ArxTy K (KP)Y

Az 15 4 5 5 B, K4, (K*)Y
An,n>3 n(n+2) n+l 2n 2n A, x Ty KM (R
B, 10 4 4 4 A x A Nv,p Vo, = K*
B.,,n>2 n(2n+1) 2n 2n 2n D, Ny,,

Cixn>3 n(2n+1) 2n 4n-4 4n-4 C, xA K>

Dy 14 7 7 7 Bs Nv,» Nv,» Nv,,
D,,n>5 n(2n-1) 2n-1 2n-1 2n-1 B, Ny,

Es 78 17 26 26 F4 ¢ Ny,,i=16
E; 133 28 45 54 EexTi  §Ny,,

Es 248 58 86 112 E; x A & NLieks

F4 52 16 16 16 B4 ¢ Ny,,i=14
G, 14 6 6 6 A, Nv,,» & Niiea,

Table 1. The invariants mg, rg, and dg for the simple groups, the orbit closures
realizing mg, and the reductive subgroups H & G realizing rg.

In fact, if the dimension of the affine G-variety X is less than d, then every orbit in X
is either minimal or a fixed point; hence, X is small.
We define the following invariants for a semisimple group G.

mg = min{dim O | O a minimal G-orbit},
dg := min{dim O | O a nonminimal quasi-affine nontrivial G-orbit},
rg = min{codim H | H & G reductive subgroup}.
The following theorem lists 1, dg, and r¢ for the simply connected simple groups,

and also gives the closure O of a minimal orbit realizing m and a reductive subgroup
H of G realizing . In the last column, the null cone Ny appears only if Ny & V.

Theorem 1.6  Let G be a simply connected simple group. Then the invariants mg, g,
and dg are given by Table 1. In particular, dg = rg except for E; and Es.

The third and last columns of Table 1 will be provided by Lemma 5.3, the fourth
column by Proposition 5.8, and the fifth and sixth columns by Lemma 5.6. Note
also that Theorem 1.2 is a consequence of Theorems 1.1 and 1.6 because X is a small
G-variety in case dim X < dg.
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2 Minimal G-orbits

In this paragraph, we introduce and study minimal orbits of a semisimple group G.
We will use the standard notation below and refer to the literature for details (see, for
instance, [2, 9, 14-16, 19, 26]).

Let G be a semisimple group. We fix a Borel subgroup B c G and a maximal torus
T c B, and denote by U := B,, the unipotent radical of B.

2.1 Highest weight orbits

Let Ag c X(T) := Hom(T,K*) be the monoid of dominant weights of G. A simple
G-module V is determined by its highest weight A € Ag, which is the weight of
the one-dimensional subspace VU, and we write V = V;. The dual module of a
G-module W will be denoted by WY, and for the highest weight of the dual module
VY, we write 1.

Remark 2.1 Define A := @]_, Nw; € Ag ®7 Q, where w, ..., w, are the fundamen-
tal weights. We have Ag € A with equality if and only if G is simply connected. In
general, we have Ag = X(T) n A.

For an affine G-variety X, we denote by 7: X — X /G the algebraic or categorical
quotient, i.e., the morphism defined by the inclusion O(X)¢ = O(X).If X =V isa
G-module, then the closed subset

Ny =7 (n(0))={veV|Gv30}cV

is called the null cone or null fiber of V. It is a closed cone in V, i.e., it is closed and
contains with any v the line Kv c V.

Let V=V) be a simple G-module of highest weight A€ Ag, A#0. Then
dim VU =1, and we define the highest weight orbit to be O, := Gv c V, where
v € VU\{0} is an arbitrary highest weight vector of V. It is a cone, i.e., stable under
scalar multiplication. These orbits and their closures have first been studied in [30].

For a subset S of a G-variety X, the normalizer and the centralizer of S are
defined in the usual way: Normg(S) := {ge€ G| gS =S} and Centg(S) :={ge G|
gs = s for all s € §}. The stabilizer or isotropy group of a point x € X is denoted by Gy,
and the group of G-equivariant automorphisms of X by Autg (X).

Lemma 2.2 Let V = V) be a simple G-module of highest weight A # 0, and let v € VY

be a highest weight vector. Then the following holds.

(1) Oy = GVY = 0, u {0}, and O, is a normal variety.

(2) There are isomorphisms of G-modules O(0)) = O(0;) = @rso Vir' = Do Virv-
In particular, O, is not affine.

(3) We have OV = K*v, and so G, = CentG(Of). Moreover, VU = Ky = V6 = VO,

(4) The group Py := Normg (0OY') = Normg (Kv) c G is a proper parabolic subgroup.
We have P, = Normg G, = Normg(G?}), and dim O, = codim Py + 1.

(5) The scalar multiplication on V induces an isomorphism K* 5 Autg (0) =
Autg(0y).

(6) Ifw e Ny and w # 0, then Gw > O;.

(7) The closure O, is nonsingular if and only if O, = V.
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Proof (1) and (2) These two statements can be found in [30, Theorems 1 and 2].

(3) We have O} c VV = K*v U {0}; hence; O ¢ K*v. They are equal because O,
isa cone. Since G, = G,, for all w € K*v, we see that G, = Centg(Of) and VO 2 Kv.
Now, the second claim follows because U € GS € G,, and so V& ¢ V& ¢ VU = Ky,

(4) G acts on the projective space P(V'), and the projection p: V\{0} - P(V) is G-
equivariant and sends closed cones to closed subsets. In particular, p(0,) = G p(v) is
closed,and so Py := G,y = Normg (Kv) = Normg(O}) c G is a parabolic subgroup
normalizing G, . If g € G normalizes Gy, then Gg, = G, and so gv € K*v = Oy by (3).
Hence, Normg (G, ) € Normg(Gj) € Norm(0OY) = P, € Normg(G,).

(5) By (1) and (2), we have Autg (a) = Aut (0, ). Since O, is a cone, we have an
inclusion K* < Autg (O, ). Any ¢ € Aut (O, ) is U-equivariant and hence preserves

07AU = VU aswellas {0} € VY, and the claim follows.

(6) Let Y := Gv c Ny, which implies that 0 € Y. Since Y is irreducible, the fixed
point set YV does not contain isolated points (see, e.g., [20, Section IIL.5, Theorem
5.8.8]), and so YV # {0}. Hence, Y contains a highest weight vector, and so Y > 0.

(7) The tangent space Ty O, is a nontrivial submodule of V3, hence equalto V;.If Oy
is smooth, then dim O, = dim TyO; = dim V}, and so O, = V). The other implication
is clear. [

For any k > 1, the kth symmetric power S¥(Vy) contains Vj; with multiplicity 1.
It is the G-submodule generated by v¥ € S¥(V;), where vq € Vj is a highest weight
vector. Let p: S¥(V}) — Vi, be the linear projection. Then the map v + p(v¥) is a
homogeneous G-equivariant morphism ¢x: Vi — Vi, of degree k, classically called a
covariant.

Lemma 2.3 LetV = V) be a simple G-module of highest weight A, and letv € VY be a
highest weight vector. For k > 1, define yy := {{ e K* | {¥ =1} c K*.

The covariant ¢i: V) — Vi, is a finite morphism of degree k and induces a bijective
morphism ¢i: V) [ur = @ (Vy), where uy acts by scalar multiplication on V).

In particular, the induced map ¢y: Oy — Oy, is a finite G-equivariant cyclic covering
of degree k, and ¢y: O) — Oy, is the quotient by the action of uy.

Proof Since ¢;'(0) = {0}, the homogeneous morphism ¢y is finite, the image
@k (V1) is closed, and the fibers of ¢ are the p-orbits. This yields the first statement.
The last statement follows from the fact that Oy is normal, by Lemma 2.2(1). [

Remark 2.4 The following remarks are direct consequences of the lemma above.

(1) For k > 1, wehave ¢4 (V)) & Vi, because the quotient V) /iy is always singular in
the origin. In particular, dim Vi, > dim Vj.

(2) The image under ¢ of any nontrivial orbit O c Vj is an orbit ¢ (O) c Vj,, and
the induced map ¢x: O — ¢4 (O) is a cyclic covering of degree k.

(3) For k >1, we have dim Vi > dim V; > dim O, = dim Oy, and hence Oy, is
singular in the origin, by Lemma 2.2(7).

The following lemma states that orbits of the form O, are minimal among G-orbits.

Lemma 2.5 Let W be a G-module, and let w € W be a nonzero element. If p: W — V
is the projection onto a simple factor V ~ V) of W such that p(w) # 0, then dim Gw >
dim O,.
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Proof If v:= p(w) #0, then dim Gw > dim Gv > 0. Hence, we can assume that
W =V is a simple G-module and p the identity map.

Given a closed subset Y c V of a vector space, one defines the associated cone
CY c V to be the zero set of the functions gr f, f € I(Y) c O(V), where gr f denotes
the homogeneous term of f of maximal degree. If Y is irreducible, G-stable and
belongs to a fiber 77'(z) of the quotient morphism 7: V — V|G, then CY € Ny,
and CY is G-stable and equidimensional of dimension dim Y (see [3, Section 3]).
Lemma 2.2(6) now implies that the highest weight orbit O c V belongs to CY, and
the claim follows. ]

Example2.6 The simple SL,-modules are given by the binary forms V,, := K[x, y]m,
m € N. The form y™ € V,, is a highest weight vector whose stabilizer is

U, = {[(cs_l]|{m:1,S€K},

and hence O,, ~ SL, /U,,. If m = 2k is even, then x* y* € V,, is fixed by the diagonal
torus T c SLy, and the orbit O = SL, x* y* is closed and isomorphic to SL, /T for odd
k and to SL, /N for even k where N c SL, is the normalizer of T. It is easy to see that
in both cases the associated cone CO is equal to O,,,.

2.2 Stabilizer of a highest weight vector and coverings

Let Oy =GvcV, be a highest weight orbit where v e V. We have seen in
Lemma 2.2(4) that

Py := Normg (0Y) = Normg (Kv) = Normg G, c G

is a parabolic subgroup. It follows that the weight A extends to a character of P,
defining the action of Py on Kv:

pv' =A(p)-v' forv' e Kvand p € Py.

Note that G, = ker A, and so P, /G, = K*.

A dominant weight A € Ag is called indivisible if A is not an integral multiple of
some A’ € Ag, M # . For an affine algebraic group H, we denote by H° its connected
component.

Lemma 2.7

(1) Let A € Ag be a dominant weight of G. If Ay € QA N Ag is an indivisible element,
then QA n Ag = NA,.

(2) Let v € V) and vo € V), be highest weight vectors, and let k > 1 be the integer such
that A = kAg. Then:
(a) Py =Py,.
(b) Gy = G,, and G, /G is finite and cyclic of order k.
(c) G, is connected if and only if A is indivisible.
(d) If Oy is smooth, then A is indivisible.

(3) IfOis an orbit and ¢: O — O, a finite G-equivariant covering, then O = O, where
A = Ly for an integer £ > 1, and ¢ is cyclic of degree (.
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Proof (1) Itis a standard fact that the intersection of a lattice with a line is a sublattice
of rank 1 generated by any of the two indivisible elements.
(2a) Consider the covariant ¢;: V), - V. We have

g (Kv) = 9" (V') = V3, = Ko,
so by Lemma 2.2(4), we obtain that
P) = Normg(Kv) = Normg (Kvp) = P,.

(2b) and (2¢) Since Py /G = P,/G) ~K* is a finite connected cover of K*, we
have G = ker(A;) for some character A: Py - K*, and A = [1;, where [ = |G,/G}|.
Furthermore, A, is a dominant weight because A is a dominant weight. Since G} has
no finite index subgroup, it follows that A; is indivisible, and so A; = Ay. This yields
(2b) and also implies (2c).

(2d) follows from Lemma 2.2(7) and Remark 2.4(3).

(3) For we O and v = ¢(w) € O, we get a finite covering G/G,, =0 - O, =
G/G,, and hence G; € G,, € G,. By (2b), we have G/G; = O,,, where A = k), for
an integer k > 1, and the composition G/G,, = 0, - G/G, =0 - G/G, =0, is a
cyclic covering of degree k. Therefore, O), - O and O — O, are both cyclic, of degree
m and ¢, respectively, and k = ¢m. Hence, O ~ O, and £(mAg) = A. |

2.3 Minimal orbits

In this subsection, we define the central notion of minimal orbits and prove some
remarkable properties.

Definition 2.1 An orbit O in an affine G-variety X isomorphic to a highest weight
orbit O, will be called a minimal orbit. This name is motivated by Lemma 2.5. The type
of aminimal orbit O ~ O, is defined to be the indivisible element Ay € QA N Ag ~ N,
from Lemma 2.7.

We denote by 0" the normalization of O c X and call it the normal closure

of O. Clearly, 0" is an affine G-variety, and the normalization 11:6n — O is finite,
birational, and G-equivariant.

Lemma 2.8 The normalization 77:6n - O is bijective. In particular, O c 0"ina
natural way and O '\O is a fixed point, as well as O\O. Moreover, (0 ") = O(O).

Proof Choose an isomorphism v: Oy =~ O. Since O(0,) = 9(0;) by Lemma 2.2(2),

the morphism v extends to a G-equivariant morphism : O; — 0". We claim that 7
is an isomorphism. Then the lemma follows from Lemma 2.2(1) and (2).

It remains to see that O(0") = 0(0). By Lemma 2.2(2), we have O(0) =
@10 Viav> and so the G-stable subalgebra O(0") € O(0) is a direct sum of some
of the Vi,v. This implies that a power of every element from V)v belongs to O(6n).
Hence, Vv © (0 ") and the claim follows. [

Remark 2.9

(1) Two minimal orbits O; ~ Oy, and O, ~ O,, are of the same type if and only if
QA = QA, (Lemma 2.7). This is the case if and only if for v; € O; the groups
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G,, and Gy, are conjugate (Lemma 2.7(2b)), and this implies that the parabolic
subgroups P; := Normg G,, and P, := Normg G,, are conjugate.

(2) Let O be a minimal orbit of type Ag, O = O, for an integer k > 1. Then there isa
finite cyclic G-equivariant covering O,, — O of degree k (Lemma 2.3). Moreover,
O,, ~ G/H, where H is connected (Lemma 2.7(2c)). In particular, if G is simply
connected, then O,, is simply connected and O,, — O is the universal covering.

(3) If Visasimple G-module and O c V a minimal orbit, then O is the highest weight
orbit. In fact, OV is nonempty; hence, O contains a highest weight vector of V.

In general, the closure of a minimal orbit needs not to be normal, as shown by the
following example.

Example 2.10 Let V,, = K" be the standard representation of SL,. For any k > 1,
the minimal orbit Oy, © Viy, = SKK” is the orbit of e where ¢; = (1,0,...,0), and
Oy, = K"\{0} — O, is the universal covering which is cyclic of degree k and extends

to a finite morphism K" — Oy, v = vk,
Now, consider the SL,-module W := @72, Vj,,,, where ki, ..., k,, are coprime
and all k; > 1. For w = (el,..., ef") € W, we have an SL,-equivariant isomorphism

Ou, — O := SL, w which extends to a bijective morphism ¢: V,,, — O. However, ¢
is not an isomorphism because TyO is a submodule of W, and hence cannot be

_ —U
isomorphicto V,,.In particular, O is not normal. The fixed point set O ~ is the cuspidal
curve given by the image of the bijective morphism K — K", ¢~ (ch, ..., ckm),
which shows again that O is not normal by Proposition 4.3(3).

The following result collects some important properties of minimal orbits.

Proposition 2.11 Let X, Y be affine G-varieties, and let O c X be a G-orbit.

(1) The orbit O is minimal if and only if O\O is a single point (which is a fixed point
of G).

(2) If O is minimal and ¢: O — Y a nonconstant G-equivariant morphism, then go(O)
is minimal of the same type as O, and ¢ extends to a finite morphism ¢: 0" >
9(0).

(3) Suppose that O is minimal. Let Z be a connected quasi-affine G-variety, and let
0:Z — O be a finite G-equivariant covering. Then Z is a minimal orbit of the same
type as O and ¢ is a cyclic covering. o

(4) If O c X is minimal, then O C X is smooth if and only if O is G-isomorphic to a
simple G-module V). In that case, A is indivisible.

For the proof, we will use the following lemma.

Lemma 2.12  Let X, Z be affine G-varieties, and let O c Z be a G-orbit. Assume that
O\O is a fixed point in ZS, and denote by n: Y — O the normalization.

(1) The morphism 1 induces an isomorphism 1~ (0) = O, Y\n™'(0) is a fixed point,
and 0(0) = O(n71(0)) = O(Y).
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(2) Every G-equivariant nonconstant morphism ¢:0 — X induces a finite G-
equivariant morphism ¢:Y - X

n'(0) —— O

Y LANN's

and ¢(0)\¢(O0) is a fixed point in XC. Moreover, the orbit O is a minimal
orbit, as well as its image ¢(O) c X for any G-equivariant nonconstant morphism
¢: 0 — X, and both have the same type.

Proof (1) Let O = O u {x} for some fixed point x € Z. If 5: Y — O is the normal-
ization, then #71(0O) — O is an isomorphism because O is normal. Since 77*(x) is
finite and G-stable, it must be a single fixed point y € Y. Moreover, Y\ ™'(0) = {y}
has codimension > 2 in Y because a semisimple group does not have one-dimensional
quasi-affine orbits. (In fact, the only simple groups having one-dimensional orbits are
SL, and PSL, [7], and their orbits are projective.) It follows that O(Y) = O(O).

(2) Since O(0) 5 O(Y) by (1) and X is affine, the G-equivariant morphism
¢:0 - X induces a G-equivariant morphism ¢:Y — X. There is a closed G-
equivariant embedding of X into a G-module W, X — W, and a linear projection
pry,: W — V) onto a simple G-module V) such that ¢(O) is not in the kernel of pr, .

Set y := pry, 0¢: Y — Vj. Since a unipotent group U does not have isolated fixed
points on an irreducible affine U-variety (see, e.g., [20, Theorem 5.8.8]), we get
0OV # @, and so y(0)Y # @. This implies that y(0) = Oy and y(Y) = O,. We have
v1(0) = {y}, and so v is finite and surjective. In particular, O is a minimal orbit of
the same type as O,, by Lemma 2.7(3). From the factorization

T

yY —— 9(0) —— 0,

we see that both maps are finite, and so ¢(O) is a minimal orbit as well, of the same
type as O, again by Lemma 2.7(3). ]

Proof (of Proposition 2.11) (1) One implication follows from Lemma 2.8, and the
other one from Lemma 2.12(2).

(2) This follows from (1) and Lemma 2.12(2).

(3) We can assume that O = O, c Vj. Letvg € VAU be a highest weight vector. Since
Z is connected, it is a G-orbit, and the claim follows from Lemma 2.7(3).

(4) Any (G-equivariant) isomorphism O = 0, extends to a (G-equivariant) iso-
morphism O (N 0, because 0, is normal. If O is smooth, then 0" and hence 0,
are smooth, and so O, = Vj by Lemma 2.2(7). In particular, A is indivisible by Lemma
2.7(2d). The other implication is obvious. [

2.4 The canonical K*-action on minimal orbits

In this subsection, we show that there exists a unique K*-action on every minimal
orbit O with the following properties.
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(a) Every G-equivariant morphism #: O — O’ between minimal orbits is also
K*-equivariant.

(b) If O c X is a minimal orbit in an affine G-variety X, then the K*-action on O
extends to the closure O.

(c) If O c X is as in (b), then the limit lim,_,q ty exists for all y € O and is equal to
the unique fixed point x4 € O.

(d) If O=0,, where A is indivisible, then the canonical action is the scalar
multiplication.

Let O ~ O, be a minimal orbit of type Ay, i.e., A¢ is indivisible and A = ¢, for some
¢ € N (see Definition 2.1). Since Autg (O) ~ K* by Lemma 2.2(5), there are two faithful
K*-actions on O commuting with the G-action, given by the multiplication with ¢
and ¢!, Both extend to the normal closure O ", and for one of them, we have that
lim;_,o ty exists for all y € O and is equal to the unique fixed point in 0" . This action
corresponds to the scalar multiplication in case O = O, c V). We call it the action by
scalar multiplication and denote it by (¢, y) — ¢ - y.

Lemma 2.13 Let O,0" be minimal orbits, and let §:O — O’ be a G-equivariant
morphism.

(1) O and O’ are of the same type, and 1 extends to a finite G-equivariant morphism
70" > 0"

(2) The G-equivariant morphisms n and #j are unique, up to scalar multiplication.

(3) For the scalar multiplication, we have 5(t-y) = t*-n(y) for all y € O, where
k := degn.

(4) IfO ~ O, and O" ~ Oy, then " = kA, where k = degn, and n: O - O’ is a cyclic
covering of degree k.

(5) The action by scalar multiplication on O, corresponds to the representation of
K* on O(0,), which has weight —n on the isotypic component O(Oy) yv:

tf=t"-fforteK*, feO(O))n-

Proof (1) This follows from Proposition 2.11(2) and the fact that (0 ") = O(0).

(2) If v: O — O’ is another G-equivariant morphism, then, for a given v € OY, we
have v(v) =ty - #(v) for a suitable #, € K*. Since the G-action commutes with the
scalar multiplication, we get v(gv) = gv(v) = g(to - n(v)) = to - gn(v) = to - n(gv),
and the claim follows.

(3) Choose v € OV and set v/ := (v) € O'Y. With respect to the scalar multipli-
cation, we have OU = K* - v and O'Y = K* - v/. Since 1(0V) = 0'", this implies that
n(t-v) =tk .y =tk 4(v) for a suitable k € Z. By (1), # extends to O; hence, k > 1by
the definition of the scalar multiplication. Since the G-action commutes with the scalar
multiplication, the formula # (¢ - v) = t* - #(v) holds for any v € O, and k = deg#.

(4)Forse T,ve OY,andv' € O}, wehavesv = A(s) - vand sv' = A'(s) - v'. By (2)
and the G-equivariance of #, we get

n(sv) = n(A(s) -v) = A(s)* - n(v) = sn(v),

where k = deg#, and so A’ = k. The last statement follows from Proposition 2.11(3).
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(5) This is clear from (3) and (4): the scalar multiplication on V, induces the
multiplication by ™" on the homogeneous component of O(V)) of degree n. [ ]

Using this result, we can now define the canonical K*-action on minimal orbits.

Definition 2.2 Let O ~ O, be a minimal orbit of type Ag, where A =/¢Ay. The
canonical K*-action on O is defined by

(t,y) —t*-yforte K*and y € O.

It follows that this K*-action extends to O such that the limits lim,_q t¢ - y exist
in O". If A is indivisible, then the canonical action on O ), coincides with the scalar
multiplication, but it is not faithful if A is not indivisible.

Proposition 2.14 Let O ~ O be a minimal orbit of type Ao where A = {A,.

(1) The canonical K*-action on O corresponds to the representation on O(O), which
has weight —n on the isotypic component O(O) . In particular, it commutes with
the G-action.

(2) If n: O - O’ is a G-equivariant morphism of minimal orbits, then 7 is equivariant
with respect to the canonical K*-action.

Assume that O is embedded in an affine G-variety X and that O = O U {x,} € X.

(3) The canonical K*-action on O extends to O.

(4) For any x € O, the limit lim,_ t* - x exists in O and is equal to xo. In particular,
the canonical K*-action on O extends to an action of the multiplicative semigroup
(K.-).

(5) We have Normg(0OY) = Normg (5U) = Py, and the action of Py on 6U is given
by px = A(p) - x = Lo(p)* - x, i.e., it factors through the canonical K*-action.

Proof (1) The first claim follows from Lemma 2.13(5) and obviously implies the
second.

(2) This is an immediate consequence of Lemma 2.13, statements (4) and (3).

(3) Since ©(0) =O(0"), the claim holds if the closure O is normal. By (1),
the canonical K*-action on 0" corresponds to the grading of the coordinate ring
0(0") = @0 Viav. In the general case, O(0) is a G-stable subalgebra of O(0").
Since the homogeneous components Vi,v are simple and pairwise nonisomorphic
G-modules, we see that O(0) is a graded subalgebra, hence stable under the canonical
K*-action.

(4) This obviously holds for the scalar multiplication on O) c V), hence in the case
where O is normal. By (3), it is true in general.

(5) We have Normg(O,) =P and px=A(p)-x for peP), xc O (cf.
Lemma 2.2(4)). This shows that the action of Py on OV is given by the canonical
K*-action. Since OU\OV is the unique fixed point of O under G, we have

Normg (5U) = Normg(0Y). [

3 Isotypically graded G-algebras

Let G be a semisimple group. An affine G-variety whose nontrivial G-orbits are
minimal orbits is called a small G-variety. We will show that the coordinate ring of

https://doi.org/10.4153/50008414X22000682 Published online by Cambridge University Press


https://doi.org/10.4153/S0008414X22000682

Small G-varieties 185

a small G-variety is an isotypically graded G-algebra, a structure that we introduce and
discuss in this paragraph.

As in the previous section, we fix a Borel subgroup B c G, a maximal torus T c B,
and denote by U := B, the unipotent radical of B, which is a maximal unipotent
subgroup of G.

3.1 G-algebras and isotypically graded G-algebras

Definition 3.1 A finitely generated commutative K-algebra R with a unit 1 = I,
equipped with a locally finite and rational action of G by K-algebra automorphisms,
is called a G-algebra.

If A9 € Ag is an indivisible dominant weight, we say that the G-algebra R is of type
A if the highest weight of any simple G-submodule of R is a multiple of A,.

For any G-algebra R, we have the isotypic decomposition R = @), Ry. If thisisa
grading, i.e., if Ry - R, € Ry, forall A, u € Ag, then R is called an isotypically graded
G-algebra.

Example 3.1 Let V be a simple G-module of highest weight A, and let O, c V be the
highest weight orbit. Assume that O, is of type Ao, i.e., A¢ is indivisible and A = kA,
for a positive integer k. Then
0(01) = 0(02) =D Vi1’ = D Vi,
j>0 20

by Lemma 2.2(2), and so it is an isotypically graded G-algebra of type A;. Note that,
by Definition 2.2, this grading is induced by the canonical K*-action (t,v) ~ t*-v
on O,.

Definition 3.2 Let H be a group, and let W be an H-module. Define
Wg:=W/{(hw-w|heH,we W),

and denote by 7g: W — Wy the projection. Then my has the universal property
that every H-invariant linear map ¢: W — V factors uniquely through 7. We call
g W — Wy the universal H-projection or simply the H-projection.

If another group N acts linearly on W commuting with H, then N acts linearly on
Wy, and my is N-equivariant. Note that if W is finite-dimensional, then 7y is the dual
map to the inclusion (WY )H « WV,

Example 3.2 Let V be a simple G-module of highest weight A and consider the
universal U-projection 7ry: V — Vi with respect to the action of the maximal unipo-
tent group U c G. Since T normalizes U, we see that 7y is T-equivariant and that
the kernel is the direct sum of all weight spaces of weight different from the lowest
weight —AY. If U~ c G denotes the maximal unipotent subgroup opposite to U, then
VU is the lowest weight space and thus the composition VU < V - Vi is a T-
equivariant isomorphism.

Lemma 3.3 Let R be an isotypically graded G-algebra. Then the kernel of the universal

U-projection my: R — Ry is a graded ideal, and the composition RV — R WRyisa
T-equivariant isomorphism of K-algebras.
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Proof For the isotypic component R, of R, denote by R} c R, the direct sum of
all weight spaces of weight different from the lowest weight. Then R) = (R;)V" & R}.
SinceR) - Ry, € Ry, wegetR, - R; c R:HM because the lowest weight of Ry, is equal
to the sum of the lowest weights of R, and R,,. It follow that &®,, R;‘ =kermy c Ris

an ideal and that the induced linear isomorphism RV~ => Ry is an isomorphism of
K-algebras. [ ]

Remark 3.4 Let X be an affine G-variety, and assume that O(X) is an isotypically
graded G-algebra. Then O(XY) = O(X)y and the quotient map X — X /U™~ induces
an isomorphism XV = X JU".

In fact, we have O(XY) = O(X)/\/I, where I is the ideal generated by the linear
span (gf - f|geU, feO(X))=ker(O(X) - O(X)y). Now, Lemma 3.3 implies
that this kernel is an ideal, and hence (gf - f|ge U, f e O(X)) =1, and since
O(X)/T=0(X)U cO(X), we finally get I = \/T.

It follows that the restriction map p: O(X) — O(XY) can be identified with the
universal U-projection 7: O(X) - O(X)y, and thus, by Lemma 3.3, the composition
O(X)V" > 0(X) 5 0(XY) is an isomorphism. In particular, the quotient X —
X /U~ induces an isomorphism XV = X JU".

Lemma 3.5 Let ¢:R — S be a G-equivariant linear map between G-modules. If the

induced linear map ¢V: RV — SY or oy: Ry — Sy is injective or surjective, then so is g.

In particular:

() If pu or @Y is an isomorphism, then so is ¢.

(2) If y:R — S is another G-equivariant linear map such that ¢y = yy or ¢V = yY,
then ¢ = .

Proof Let V c R be a simple submodule. Then either ¢(V) =(0) or ¢|y:V —
@(V) is an isomorphism. If U or ¢y is injective, then we are in the second case and
so ¢ is injective. If W c § is a simple submodule which is not contained in the image
of ¢, then W n ¢(R) = (0) and so WY and Wy are not in the image of RV (resp. Ry).
This proves the first part of the lemma and (1). As for (2), we simply remark that ¢ is
Zero in case (pU (or @y) is zero. [ |

Now, consider the action of G x G on G by left and right multiplication, i.e.,
(g h) x:=gxh™.
With respect to this action, one has the following well-known isotypic decomposition:

0(G) ~ @ ie VY.
AeAg
This means that the only simple G x G-modules occurring in O(G) are of the form
V® VY, and they occur with multiplicity 1. The embedding V ® V¥ < O(G) is
obtained as follows. The G-module structure on V corresponds to a representation
pv:G - GL(V) cEnd(V)~ VY ®V, and the comorphism pj, induces a G x G-
equivariant embedding V ® V¥ = End(V)" < O(G). (The first map is defined by
(v®o)(p)=0(p(v))forveV,oe VY, and ¢ € End(V).)
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The action of Uc G on G by right multiplication induces a G-equivariant
isomorphism O(G/U) ~ O(G)Y with respect to the left multiplication of G on G/U
and on G, and we obtain the following isomorphisms of G-modules:

(*) 0(G/U)=0(G)' = P Vie(W)' = P W,

AEAG AEAG

giving the isotypic decomposition of O(G/U) = O(G)Y. Thus, O(G/U) contains
every simple G-module with multiplicity 1.

Since the torus T normalizes U, there is also an action of T on O(G)Y induced by
the action of G by right multiplication, and this T-action commutes with the G-action.
Thus, we have a G x T-action on O(G/U) = 9O(G)Y.

Remark 3.6

(1) The isomorphism (*) above is G x T-equivariant where T acts on O(G/U); ~ V)
by scalar multiplication with the character Y. Thus, the T-action on O(G/U)
corresponds to the grading given by the isotypic decomposition. In particular,
O(G/U) is an isotypically graded G-algebra.

(2) The universal U-projection ny:O(G/U) > O(G/U)y is equivariant
with respect to the T x T-action. On the one-dimensional subspace
(0(G/U))v c O(G/U)y the action of (s, t) € T x T is given by multiplication
with 1Y (s)7IAY(¢).

Let & O(G/U) - K denote the evaluation map f +~ f(eU). This is the comor-
phism of the inclusion i: {eU} - G/U.

Lemma 3.7 'The induced linear map ¢,: O(G/U), — K is the universal U-projection
my:O(G/U) - (0(G/U)2) v, and it induces an isomorphism &: O(G/U)V" = K.

Proof We first consider the evaluation map & O(G) - K, f — f(e), which is the
comorphism of the inclusion I: {e} = G. We claim that on the isotypic components
Vi ® V) of O(G), the map ¢ is given by the formula é(v ® 0) = 0(v). Indeed, let
p1:G - GL(V}) c End(V)) denote the representation on V). Then the composition
p o isends e to idy, ; hence, the comorphism End(V) )" — Kis given by £ — £(idy, ).
We have mentioned above that the isomorphism V ® V¥ = End(V)" is defined by
(v®0)(¢) :=a(g(v)). This implies that & Vj ® V) = End(V)" - K is given by
v® o — d(v) as claimed.

For the restriction ¢ of £ to O(G/U) = O(G)Y, we thus find for v € V} ~ O(G/U);
that e(v) = go(v), where gy is a highest weight vector in V)’. As a consequence,
e(v) # 0 if v has weight —1Y, i.e., if v € O(G/H)Y . Now, the claims follow from
Example 3.2. [ ]

One can use the isomorphisms &) to define elements f; := £;'(1) ¢ O(G/U)Y"
with the following properties: f) - fu = fi+, and fo = 1. This means that they form a

multiplicative submonoid of O(G/U)Y  isomorphic to A¢. In fact, there is a canonical
isomorphism K[Ag] — O(G/U)V , x) = fi.
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3.2 The structure of an isotypically graded G-algebra

It is a basic fact from highest weight theory that the structure of a G-module M is
completely determined by the T-module structure of MU In this subsection, we show
that the structure of an isotypically graded G-algebra R is completely determined by
the structure of Ry or of RY as a T-algebra.

Theorem 3.8 Let R be a G-module. Then there are two canonical G-equivariant
isomorphisms

~

¥:(O(G/U)®Ry)T SR and V':(0(G/U)®RY )T SR,

where the T-action on O(G/U) is by right multiplication and on Ry, RV induced by the
G-action on R. If Ris an isotypically graded G-algebra, then ¥ and V' are isomorphisms
of K-algebras.

For the proof, we introduce an intermediate T-module Ag. If Ris a G-module, then,
for every simple G-module V of highest weight A, there is a canonical G-equivariant
isomorphism

V ® Homg(V,R) = R;, givenby v® p + p(v).

In particular, we have isomorphisms O(G/U), ® Homg(O(G/U),,R) = R, for
any dominant weight 1. Recall that we have a T-action on O(G/U) by scalar-
multiplication with the character 1Y on O(G/U), (see Remark 3.6(1)).

Lemma 3.9 There is a canonical G-equivariant isomorphism

(0(G/U) ® A@ Homg(O0(G/U),R))T 5 R.
c€Ag

Proof The action of T on O(G/U), ® Homg(O(G/U);, R) is by scalar multiplica-
tion with the character y¥ — 1¥; hence, (O(G/U), ® Homg(O(G/U),,R))T =0
unless pg=A. For u=A, the torus T acts trivially and so (O(G/U),®
Homg(O(G/U);,R))T 55 Ry as we have seen above. Thus, the left-hand side
is @yea, O(G/U)) ® Homg (O(G/U),, R)T, which is canonically isomorphic to
Drens Ra = R. u

Recall that we have natural T-actions on Ry and RV and a T-equivariant isomor-
phism RV~ = Ry (Lemma 3.3).

Proposition 3.10 Define the T-module Ag := @)cp, Homg(O(G/U)y, R) where T
acts by right multiplication on O(G/U). Then there are canonical T-equivariant iso-
morphisms

@: AR SRy and y:Ag S RY

Proof (1) We first show that for every dominant weight A, there is a canonical iso-
morphism ¢;:Homg(O(G/U),,R) = (R))y. For p € Homg(O(G/U)y,R), con-
sider the composition 7y ) 0 p: O(G/U)y = Ry = (Ry)u, where 1y 3: Ry = (Ry)u
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is the universal U-projection (see Remark 3.2). From the universal property of
€1:0(G/U), - K (Lemma 3.7), we obtain a unique factorization

O(G/U)y —— Ry

K i (Ry)u-

It is easy to see that the map ¢,: Homg(O(G/U),, R) — (R))y defined by p — p(1)
has the required properties.

(2) Next, we show that for every dominant weight A, there is a canonical iso-
morphism y;:Homg(O(G/U)y, R) = (Ry)V . Here, we use the elements fj :=
£;'(1) defined after Lemma 3.7, and set y,(p) := p(f1). Now, the claim fol-
lows from (1) because ¢)(fy) =1 and so 7y (p(f2)) = p(1), ie, Tyrova = @y,
where 77y 3: R} = (Ry)y is the T-equivariant isomorphism induced by 7y, (see
Lemma 3.7). ]

Proof (of Theorem 3.8) From Lemma 3.9, we get an isomorphism (O(G/U) ®

Ar)T 5 R of G-modules. Now, the first part of the theorem follows from Proposition
3.10.

For the last claim, we have to work out the multiplication * on A = Ay given by
the isomorphism y: Az —> RU . If p € Ayand o€ A), then p * 0 € Ay, is uniquely
defined by (p + 0)(fua) = p(fu) - 0(f1) € Ry - Ry € Rysa. The claim follows if we
show that

() (p*0)(p-q) =p(p)-0(q) for p e O(G/U), and g € O(G/U),.

Since O(G/U), ® O(G/U), A R, ®R, mulf R,y is a G-equivariant linear map,
it factors uniquely through the multiplication map O(G/U), ® O(G/U), -
O(G/U)[H-/\:

p&C

0(G/U), ® O(G/U), R, ® R,

l mult l mult

O(G/U);HA —s Ry+/\ .

By construction, 7 is G-equivariant and has the property that 7(p - q) = p(p) - 0(q)

for p & O(G/U) 1,4 € O(G/U),. Tn particular, t(fye1) = (- ) = pfy) - o) =
(p + 0)(fusr), and hence 7 = p *+ o by uniqueness, and so equation (**) follows. m

Remark 3.11 We will later need an explicit description of the isomorphism ¥

from Theorem 3.8. Let f € O(G/U),\ker ny and h € (R))y. Proposition 3.10 shows
that there is a unique G-equivariant homomorphism p: O(G/U); — R, such that
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my(p(f)) = h,and then ¥(f ® h) = p(f) by Lemma 3.9:

0(G/U), —~ R,

I

K E— (R/\)U.

Since €,(f1) =1, we get p(1) =h and so m (Y (f®h)) =m(p(f)) =p(er(f)) =
&) (f)h. This shows that the diagram

(0(G/U) ® Ry)T —— R

le@id l"u

Ry Ry

commutes.
3.3 Deformation of G-algebras

In 1980, the first author wrote a letter to Michel Brion [18] in connection with his
theses [5], explaining him a general method how to “reconstruct” a G-variety X
from its U-invariants where G is a connected reductive group and U c G a maximal
unipotent subgroup. This method allows to show that certain properties of the
U-invariants also hold for X (Proposition 3.16). At that time, Brion was interested
in rational singularities, and he gave the proofs for this special case in his thesis,
attributing them to Kraft.

In 1986, Popov reproved these results in [25] and added a statement about proper-
ties inherited by the U-invariants (see Remark 3.17). Later on, similar results appeared
in the literature, e.g., in [11, 29] where in both cases they were wrongly attributed to
Popov.

We believe that our proofs are shorter and more transparent, and so we give them
here, as an application of the methods developed above. The results are interesting in
their own, but they will not be used in the remaining parts of the paper. We keep the
assumption that G is semisimple, although it is not difficult to see that the results carry
over to connected reductive groups.

Let R be a G-algebra with isotypic decomposition R = @jcp, Ry. We define an
isotypically graded G-algebra gr R in the following way. As a G-module, we set gr R :=
R = @)cp, Ry, and the multiplication is defined by the symmetric bilinear map

mult pr

R,\XR” R

Rysu-

It is not difficult to see that this multiplication is associative, and hence defines a
K-algebra structure on gr R such that gr R becomes an isotypically graded G-algebra.
We now generalize Theorem 3.8 to general G-algebras.

Proposition 3.12  For any G-algebra R, there is a canonical G-equivariant isomorphism
of K-algebras

(0(G/U)®RY )T 5 grR.
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Proof The definition of the multiplication on grR implies that the subalgebra
(grR)Y" c grR is equal to the subalgebra RV c R since one has R - R} ¢ R[,,.
Applying Theorem 3.8 to the isotypically graded G-algebra gr R, we get

(0(G/U)eRY )T = (0(G/U) @ (grR)Y )" = grR,
hence the claim. [}

The following Deformation Lemma shows that there exists a flat deformation of gr R
whose general fiber is R.

Lemma 3.13 Let R be a G-algebra. There exists a K[s]-algebra R with the following
properties:

(1) R is a free K[s]-module and, in particular, flat over K[s].

(2) There is an isomorphism R/sR =~ gr R as G-algebras.

(3) Ry:=K[s,s7'] ®kps) R=K[s,s7'] @k R.

Proof On Ag, we have a partial ordering
Y < A= ) — pisasum of positive roots,

which has the following property: if V,, V,, are simple G-modules of highest weight
A and y, then V), ® V,, = V3, ® W where the simple summands of W have highest
weights < A + .

The cone Q5o - P ¢ Q ® Ag generated by the positive roots O is pointed and
contains Q¢ - Ag. Therefore, we can find a Q-linear function p:Q ® Ag — Q such
that the following holds:

(1) p(1) e N for all dominant weights A € Ag.
(2) p(a) € N, for all positive roots a € O,.

In particular, if 4 < A, then p(u) < p(A). Setting Ry, := @ (1)< Rx for n >0, we get
R, - Ry, € R,y It follows that the G-stable subspace

R:=®,5)Ks"® R, CK[s]® R
is a subalgebra containing K[s]. Since the isotypic component R) is given by
Ry = @pspyKs" ® Ry,
we see that R is a free K[s]-module, proving (1). Moreover,
s(Ks"®R,) =Ks"" @ R, c Ks"™ ® R,,,1,

and hence R/sR = @, R,/R,_1 where we set R_; = (0). From the canonical decom-
position R, = (@p(1)=n R1) ® Ry-1, we see that R/sR = R = gr R as a G-module, and
the multiplication of Ry c R,/R,_; with R, ¢ R,,/R,,_; is given by the product in
R followed by the projection onto Ryym/Ry+m-1. We have Ry - R, = V & W, where
V € Rj4, and all summands of W have highest weights p < A + u. This implies that
p(p) <p(A+u)=n+mand so W S R,,,_1. Hence, the product of R, and R, in
R/sR coincides with the product in gr R, proving (2).
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Finally, the subalgebra R, € K[s,s!] ® R contains Ks* ® R, for all £ € Z and all
n € N, and hence is equal to K[s,s™'] ® R, proving the last claim (3). ]

Remark 3.14 Let Z be a variety. For simplicity, we assume that Z is affine. Then
a flat family (A;) ez of finitely generated K-algebras is a finitely generated and flat
O(Z)-algebra A such that A, = A/m, A where m, is the maximal ideal of z € Z.

We say that a property P for finitely generated K-algebras is open if for any flat
family (A, ),ez of finitely generated K-algebras the subset {z € Z | A, has property P}
is open in Z.

The Deformation Lemma 3.13 tells us that for a given G-algebra R, there is a flat
family (R;),cp1 of finitely generated G-algebras over the affine line A' such that
Ry ~ grR and R, ~ R for all z € A’\{0}. Together with Proposition 3.12, this allows
to show that certain properties of the U-invariants RV also hold for R.

Example 3.15 The following result is due to Vust [31, Section 1, Théoréme 1]: if R is
a finitely generated G-algebra such that RY is normal, then R is normal. In fact, since
RY ~ RV and O(G/U) are both normal, we see that (9(G/U) ® RY )T is normal,
and hence gr R is normal, by Proposition 3.12. Moreover, normality is an open property
(see [12, Corollaire 12.1.7(v)]). Since gr R ~ Ry is normal, the Deformation Lemma
implies that R, is normal for all x in an open neighborhood W of 0 € A'; hence, R
is normal.

The argument from this example can be formalized in the following way.

Proposition 3.16 Let P be a property for finitely generated K-algebras which satisfies
the following conditions.

(i) P is open.
(i) O(G/U) has property P.
(iil) If R and S have property P, then so does R ® S.
(iv) IfRis a T-algebra with property P, then R has property P.

Then a finitely generated G-algebra R has property P if RU has property P.

Proof If RU has property P, then so does RU . Hence, assumptions (ii)-(vi) imply
that (O(G/U) ® RV )T has property P. In particular, gr R has property P by Propo-
sition 3.12. Now, (i) implies that R has property P as well. [ ]

A very interesting property satistying the assumption of the proposition above is
that of rational singularities (see [4]).

Remark 3.17 Let X be a G-variety, and consider the action of G x U on G x X given
by h(g,x) := (hg, hx) and u(g,x) := (gu™", x). Then

(GxX)J(GxU)~GJU X ~X/U.

In particular, (O(G/U) ® O(X))¢ ~ O(X)V. In fact, the isomorphism G x X = G x
X, (g,x) = (g,g7'x) is G x U-equivariant for the action u - (g, x) := (gu™", ux) and
h-(g,x):= (hg,x) on the right-hand side, and the claim follows.

https://doi.org/10.4153/50008414X22000682 Published online by Cambridge University Press


https://doi.org/10.4153/S0008414X22000682

Small G-varieties 193

This formula gives the following result (cf. [25]). Assume that a property P for finitely
generated K-algebra satisfies the following conditions.

(i) O(G/U) has property P.

(if) If R and S have property P, then so does R ® S.
(iii) IfR is a G-algebra with property P, then RS has property P.
Then RY has property P if R does.

4 Small G-varieties

Recall that an affine G-variety is small if every nontrivial orbit is a minimal orbit.
We will show that the coordinate ring of a small G-variety is an isotypically graded
G-algebra and then use the results of the previous section to obtain important
properties of small G-varieties and a classification.

Remark 4.1 The G-action on a small G-variety X is fix-pointed, which means that the
closed orbits are fixed points. This has some interesting consequences. For example,
it is not difficult to see that for a fix-pointed action of a reductive group on an affine
variety X, the algebraic quotient 7: X - X /G induces an isomorphism X¢ = X /G
(cf. [1, Section 10, p. 475]).

4.1 A geometric formulation

We first translate Theorem 3.8 into the geometric setting. By a result of Hadziev [13]
(cf. [19, Lemma 3.2]), the U-invariants O(G)Y are finitely generated, and hence
define an affine G-variety GJU with a G-equivariant quotient map #:G — GJU.
Since O(G/U) = O(G)Y = O(GJU), the canonical G-equivariant map G/U - G/ U,
gU ~ 5(g), is birational, hence an open immersion: G/U = Gy(e) c GJU. More-
over, the T-action on G/U by right multiplication extends to a T-action on GJU
commuting with the G-action.
For an affine G-variety X, we have a canonical G-equivariant morphism

G/UxXY > X, (gU,x)w gx,

and a T-action on G/U x XY given by (¢, (gU,x)) = (gt™'U, tx). As O(G/U x
XY)=0(G/U) @ O(XY) = O(GJU) ® O(XY) = O(GJU x XV) (see [6, Chapter I,
Section 2, Proposition 2.6]), they, respectively, extend to a morphism ¢:GJU x
XY - X and a T-action on G U x XU. It follows that ¢ is constant on the T-orbits,
and thus induces a G-equivariant morphism

O:GJU «T XY := (GJU x XY)JT - X.

Proposition 4.2 Let X be an affine G-variety, and assume that O(X) is an isotypically
graded G-algebra. Then the canonical morphism

O:GJU T XY > X

is a G-equivariant isomorphism. Its comorphism is the inverse of the isomorphism ¥
from Theorem 3.8.
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Proof By definition, the comorphism ®*:0(X)— (O(G/U)® O(XY))T
is given as follows: if @®*(f)=%;fi®h; then ®*(f)(gU,x) = f(gx) =
Y;fi(gU)hj(x). Consider the evaluation map &O(G/U)~>K, fw f(eU).
Then f(x) = ¥; &(fj)hj(x) forall x € XY, which shows that the diagram

0(X) —2— (0(G/U) @ O(XV))T

; e

O(XY) —— O(xY)

commutes, where p is the restriction map, i.e., p(f) = ¥; e(fj) hj = (e ® id)(®*(f)).
Since O(X) is an isotypically graded G-algebra, it follows from Remark 3.4 that
the restriction map p is equal to the universal U-projection ny: O(X) - O(X)y. If
we show that & ® id is also equal to the U-projection y: (O(G/U) ® O(XY))T —
((0(G/U) ® O(XU))T)U, then @* is an isomorphism by Lemma 3.5. We have

(O(G/U) @ O(XY))T = Dreas O(G/U)r @ O(XY) 1w,

where O(XY)(, is the T-weight space of O(XY) of weight y. Since the evaluation
map £:0(G/U), =K, f+~ f(eU), is the universal U-projection (Lemma 3.7),
we see that the linear map O(G/U)y ® O(XY)_1v) = O(XY)av), X, fj® by >
2 j €(fj)hj, is the U-projection as well, and the claim follows.

It remains to see that @* is equal to the inverse of ¥ from Theorem 3.8. Using again
Lemma 3.5, it suffices to show that the diagram

(0(G/U) 8 O(XV))T —— 0O(X)
ls@id 1/’
0(xY) 0(xY)

commutes. This is stated in Remark 3.11. ]

4.2 The structure of small G-varieties

Proposition 4.3  Let X be an irreducible small G-variety. Then the following holds.

(1) The G-action is fix-pointed, and all minimal orbits in X have the same type A.
(2) O(X) is an isotypically graded G-algebra of type 1”.
(3) The quotient X — X U~ restricts to an isomorphism XV 5 X/ U~. Moreover,

X normal <= XY normal <= XU normal.
We call such a variety X a small G-variety of type A.

Proof (1) By hypothesis, any nontrivial orbit O c X is minimal, so O = O U {xo},
where xq € X¢ by Proposition 2.11(1). In particular, the G-action is fix-pointed.

We can assume that X is a closed G-stable subvariety of a G-module W (see, for
example, [20, Corollary 2.3.5]). Let O c X be a nontrivial orbit. There is a linear
projection p: W — V onto a simple G-module V of highest weight A such that
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O ¢ ker p. Proposition 2.11(2) implies that p(O) = O, and that O is of the same type as
O, . The same is true for all orbits O’ from the open subset X’ := X\ ker p of X. Since X
is irreducible, all minimal orbits are of type A. It follows from Example 3.1 that O(O)
is of type A".

(2) Since X is small, we have X = G - XY, showing that the morphism G/U x XV —
X is surjective. Thus, we obtain a G-equivariant inclusion O(X) = O(G/U) ® O(XY)
where the G-algebra on the right is isotypically graded (by (*) and Example 3.1). Hence,
it follows from (1) that O(X) is isotypically graded of type A".

(3) The first part follows from Remark 3.4. It also shows that if X is normal, then XV
is normal. The other implication follows from the isomorphism @ in Proposition 4.2
because G U is normal (cf. Example 3.15). The second equivalence is clear. [ ]

Proposition 4.4  Let X be an irreducible small G-variety of type A.

(1) There is a unique K*-action on X which induces the canonical K*-action on each
minimal orbit and commutes with the G-action. This action on XY is fix-pointed,

and we get isomorphisms XU |K* = X |G < X©.
(2) The morphism G x XV — X, (g,x) = gx, induces a G-equivariant isomorphism

®:0, +£ xV 5 X,

where K* acts on O), by the inverse of the scalar multiplication: (t,x) + t™'- x.
(3) We have Normg (XVY) = Py, and the G-equivariant morphism

0:Gx" XY 5 X, [gx]~ gx,

is proper, surjective, and birational, and it induces an isomorphism between the
algebras of regular functions.

Proof (1) By Proposition 4.3(2), O(X) is an isotypically graded G-algebra of type 1.
If we define the K*-action on O(X) such that the isotypic component of type nA" has
weight —n, then this action is fix-pointed and restricts to the canonical K*-action
on the closure of each minimal orbit (Proposition 2.14(3)). Since X is the union of
the closures of the minimal orbits, this K*-action is unique and commutes with the
G-action. We have X¢ = (XU)X" and the K*-action on XV is fix-pointed, since this
holds for the closure of a minimal orbit. This implies that X¢ = (xU)¥" 5 XV JK*,
and X% = X /G since the G-action is fix-pointed, which yields the remaining claims.

(2) Choose xq € O} and consider the G-equivariant morphism #7:GJU — O,
induced by gU +~ gxo.Fort € T,weget (gt 'U) = gt 'xo = A(t) ™" - gxo. This shows
that the T-action on G/ U by right multiplication induces a T-action on O, which
factors through A: T — K*, and the induced K*-action is the inverse of the scalar
multiplication, i.e., the inverse of the canonical K*-action.

Define D := ker A ¢ T. We claim that # is the algebraic quotient under the action
of D. In fact, the action of t € T on O(G/U), is by scalar multiplication with y"(t)
(Remark 3.6(1)). Hence, the action of D is trivial if and only if y is a multiple of 1".
This implies that

O(G/U)? = @ e, O(G/U)R = Biso Viav = O(0y)
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(see Lemma 2.2(2)). Since X is of type A, it follows that D = ker A acts trivially on XVY.
Therefore, (GJU x XV) /D = O, x XY, and so

GJU T XY = (GJUu +P xV) T = (O, x XV)T.

By construction, the T-action on O, x XV is given by t(v,x) = (A(t)™!-v, tx), i.e,
by the inverse of the canonical K*-action on O) and the given action on XU. Hence,
(0, x XU)JT = 0, " XY, and the claim follows from Proposition 4.2.

(3) Consider the action of Py on G x XY given by p(g,x) = (gp~", px). Then the
action map G x XV — X, (g, x) ~ gx, factors through the geometric quotient

G xP XY= (G x XY)/Py.
For @, we have the following factorization:

[g:x]—~(gPa,gx)

@ GxP XU —= 5 GxP X G/Pyx X —X X,
where the first map is a closed immersion and the second an isomorphism. Since
G/P, is complete, it follows that ® is proper. Moreover, ® is surjective because every
G-orbit meets XU. We claim that ® induces a bijection G x?* (XV\X¢) —» X\XC,
which implies that ® is birational. Indeed, if x € XY\ X, then x € OY for a minimal
orbit O c X. If gx = ¢’x’ for some x’ € XV, g’ € G, then x’ € OY, and hence x’ = qx
for some q € Py because the action of Py on OV is transitive. It follows that g ¢’q €
Gy c Py, and hence p := g7'¢’ € Py. Thus, [¢/, x'] = [gp, x"] = [g. px'] = [g x].

It remains to see that the comorphism of ® is an isomorphism on the global
functions. Let K, be the kernel of the character A: Py — K*. Then G/K ~ O,, and
the action of Py on G by right multiplication induces an action of K* = P} /K, on
G/K} by right multiplication corresponding to the canonical action on O, . This gives
the G-equivariant isomorphisms

G ><P‘ XU :) G/K,\ *]K* XU :) O/\ *JK* XU)
and the claim follows from (2). [

Example 4.5 Let X := O, c V, be the closure of the minimal orbit in V}, and let
p = LA, where A is indivisible. Then X U =K, and from Proposition 4.4(2), we get an
isomorphism

0, +** K=~X=0,,

where K* acts on O, by the  inverse of the canonical action, (#,x) — ¢ - x, and by
the canonical action on K = O, which is the scalar multiplication with p(¢).

The second statement of Proposition 4.4 says that a small G-variety X can be
reconstructed from the K*-variety XV. In order to give a more precise statement, we
introduce the following notion. A K*-action on an affine variety Y is called positively
fix-pointed if for every y € Y the limit lim,_,( ty exists and is therefore a fixed point.

For a fix-pointed K*-action on an irreducible affine variety Y, either the action
is positively fix-pointed or the inverse action (¢, y) = t™'y is positively fix-pointed.
Indeed, for any y € Y, either lim;_,o ty or lim,_, ty exists. Embedding Y equivari-
antly into a K*-module, one sees that the subsets Y, := {y € Y | lim;_,o ty exists} and

https://doi.org/10.4153/50008414X22000682 Published online by Cambridge University Press


https://doi.org/10.4153/S0008414X22000682

Small G-varieties 197

Y_:={yeY|lim, o ty exists} are closed. As Y is irreducible, this yields the claim.
(The claim does not hold for connected K* -varieties, as the example of the union of the
coordinate lines in the two-dimensional representation ¢(x, y) = (tx, ¢t 'y) shows.)

Remark 4.6 A positively fix-pointed K*-action on Y extends to an action of the
multiplicative semigroup (K, -), and the morphism K x Y - Y, (s, y) ~ sy, induces
an isomorphism K «%" Y 5 Y. This follows from the commutative diagram

v y=(Ly) KxY (s,y)~>sy Y

Jia | Jio

Y —» K&y — 5 v

where the compositions of the horizontal maps are the identity.

Lemma 4.7 Let Y be a positively fix-pointed affine K*-variety, and let A € Ag be
indivisible. Consider the K*-action on Oy x Y given by t(v, y) := (t™* - v, ty). Then

X::a*K* Y= (ax Y)/K*

is a small G-variety of type A where the action of G is induced by the action on O;.
Moreover, there is canonical K* -equivariant isomorphism XU = Y.

Proof By definition, X is an affine G-variety. For x = [v, y] € Oy +* Y, v # 0, the
G-orbit Gx c X is the image of Oy x {y} in X, hence a minimal orbit of type A or
a point (Proposition 2.11(2)). As a consequence, X is a small G-variety of type A.
Furthermore, since the canonical K*-action on O; commutes with the G-action, we
have

XU = (0, +K V)V =0, «X y2K+Xy Sy,

where the last morphism is given by [¢, y] — ty which is an isomorphism, as explained
in Remark 4.6. ]

Proof (of Corollary 1.4) This corollary follows from Proposition 4.4(2) and
Lemma 4.7. ]

4.3 Smoothness of small G-varieties

Before describing the smoothness properties of small varieties, let us look at some
examples. As before, G is always a semisimple algebraic group.

Remark 4.8 Let W be a G-module whose nontrivial orbits are all minimal. We claim
that W is a simple G-module and contains a single nontrivial orbit which is minimal.
In particular, the highest weight of W is indivisible.

Indeed, all minimal orbits in W have the same type by Lemma 4.3(1) and there-
fore the same dimension d > 1, by Remark 2.9(2). Moreover, every minimal orbit
meets WY in a punctured line, by Lemma 2.2(3). This implies that dim W = dim WY —
1+d.Let W = @, V; be the decomposition into simple G-modules. Since a simple G-
module contains exactly one minimal orbit (Remark 2.9(3)), we obtain dim W = md,
and since diim WV = m, we get md = m — 1+ d, and so m = 1.
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Remark 4.9 1f a small G-variety X is smooth and contains exactly one fixed point,
then X is a simple G-module V) containing a dense minimal orbit, and A is indivisible.
Indeed, smoothness and having exactly one fixed point imply by Luna’s Slice theorem
[24, Section III.1, Corollaire 2] that X is a G-module, and the rest follows from the
remark above.

Example 4.10 Let K" be the standard representation of SL,, and set W := (K")®™.
Define Y := Ke; @ Ke; @ - @ Ke; ¢ W, where ¢; = (1,0,...,0), and set X :=SL,
Y ¢ W. Since Y is B-stable and closed, it follows that X is a closed and SL,,-stable
subvariety of W with the following properties (cf. Example 2.10).

(1) X contains a single closed SL,-orbit, namely the fixed point {0}.

(2) Every nontrivial orbit O c X is minimal of type ¢;, and O ~ K" as an SL,,-variety.
In particular, X is a small SL,-variety.

(3) Since XY =Y is normal (even smooth), X is also normal, by Lemma 4.3(3).

However, by Remark 4.9 and (2), X is not smooth if m > 1.

Concerning the smoothness of small G-varieties, we have the following rather
strong result (cf. Theorem 1.5).

Theorem 4.11 Let X be an irreducible small G-variety of type A, and consider the
following statements.

(i) The quotient m: X — X |G is a G-vector bundle with fiber V).

(i) K* acts faithfully on XY, the quotient XV — XY JK* is a line bundle, and V) = Oj.
(iii) The quotient XY\ X — XY JK* is a principal K*-bundle, and V) = O,.

(iv) The closures of the minimal orbits of X are smooth and pairwise disjoint.

(v) The quotient morphism m: X — X |G is smooth.

Then the assertions (i) and (ii) are equivalent and imply (iii)-(v). If X (or XY) is normal,
all assertions are equivalent.

Furthermore, X is smooth if and only if X || G is smooth and 7: X — X |G is a G-vector
bundle.

We will prove Theorem 4.11 just after the following example.

Example 4.12 This example of a normal small G-variety X illustrates what might
go wrong in the different statements of Theorem 4.11 if X is not smooth. Let
W :=K? be the K*-module with weights (2,1,0), ie., t(x,y,z) = (£*-x,t- y,2).
The homogeneous function f := xz — ¥ defines a normal K*-stable closed subvariety
Y = V(f) c K3 with an isolated singularity at 0. The invariant z defines the quotient
n=2zY —>K=Y/K*. The (reduced) fibers of 7 are isomorphic to K, but 7 is not
a line bundle, because the zero fiber is not reduced. The action of K* is given by
(t,s) — t-s on the fibers over K\{0} and by (¢,s) = t*-s on the zero fiber. In fact,
the zero fiber contains the point (1,0, 0), which is fixed by {+1}, but not by K*.

By Lemma 4.7, X := O, »* Y is a small G-variety and XY ~ Y, and hence X
is normal (Proposition 4.3(3)). Moreover, X/G ~ Y JK* = K by Proposition 4.4(1).
All fibers of the quotient map m: X — X /G =K different from the zero fiber are
isomorphic to K® = O, but 77(0) = O,.
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Proof (of Theorem 4.11) (i) = (ii): If X — X /G is a G-vector bundle with fiber V},
then the induced morphism XV — X /G = XV JK* is a subbundle with fiber V ~ K,
hence a line bundle.

(ii) = (i): Since Oy, = Vj, we have a canonical isomorphism Vj K xU 5oy,
where K* acts by the inverse of the scalar multiplication on V) (see Proposi-
tion 4.4(2)). If XV — XY JK* is aline bundle, then it looks locally like K x W Lal.4 w,
and K* acts by scalar multiplication on K. Hence, V) + XY looks locally like

VA (K x W) = (VS K)x W vy x W,

where we use the canonical isomorphism V)« K5 Vi, [v,s]~s-v (see
Remark 4.6). This shows that Vj +*" XV 5 X is a G-vector bundle over XU JK* =
X/G.

(i) = (v): This is obvious.

(v) = (iv): The (reduced) fibers of 7: X — X G are small G-varieties with a unique
fixed point. If such a fiber F is smooth, then F ~ V, and V) = O, by Remark 4.9.

(iv) = (iii): If the closure of a minimal orbit O is smooth, then O ~ O; and
0, =V, again by Remark 4.9. It follows that the action of K* on XY\ X¢ is free and
so P:= XY\X% — XV JK* is a principal K*-bundle.

(ii)) = (ii) assuming XY normal: If P:= XY\X% » XY JK* is a principal
K*-bundle and L := K +X" P » XU JK* the associated line bundle, then there is a
canonical morphism (see Remark 4.6)

oL =K +5 (XU\XG) — KK xU . xV,

By construction, ¢ is bijective, hence an isomorphism, because XY is normal.

It remains to prove the last statement where one implication is clear. Assume that
X is smooth. Since the G-action is fix-pointed, it follows from [1, Theorem (10.3)] that
m: X — X/ G is a G-vector bundle. ]

5 Computations

In this paragraph, we calculate the invariants mg, dg, and rg, which are defined for
any semisimple algebraic group G in the following way:

mg = min{dim O | O a minimal orbit},
dg := min{dim O | O a nonminimal quasi-affine nontrivial orbit},
r¢ = min{codim H | H & G reductive}.

For any nontrivial orbit O in an affine G-variety X, Lemma 2.5 implies that
dim O > mg. An orbit O ~ G/H with H reductive is affine and thus cannot be minimal
(Lemma 2.2(2)).

If O c X is an orbit of dimension mg, then it is either minimal or closed. In fact,
if O is not closed, then O\O must be a fixed point since it cannot contain an orbit of

positive dimension. This implies, by Proposition 2.11(1), that O is minimal. It follows
that if dg = mg, then dg = rg. Hence, we get

(5.1) rg >dg > mg, and dg > mg in case rg > mg.
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If dg > mg, then an irreducible G-variety X of dimension < dg is small and we can
apply our results about small G-varieties.
For simplicity, we assume from now on that G is simply connected.

5.1 Notation

Let G be a simply connected simple group. As before, we fix a Borel subgroup B c G,
a maximal torus T c B, and denote by W := Normg(T)/T the Weyl group. The
monoid of dominant weights Ag ¢ X(T) := Hom(T,K*) is freely generated by the
fundamental weights wy, ..., w,, i.e., Ag = D]_; Nw; (see Section 2.1). We denote by
® = Og c X(T) the root system of G, by ®F = O c @ the set of positive roots
corresponding to B and by A = Ag c ®* the set of simple roots. Furthermore, g :=
Lie G, b := Lie B, and h := Lie T are the Lie algebras of G, B, and T, respectively, g, C g
is the root subspace of a € @, and G, c G is the corresponding root subgroup of G,
isomorphic to K*.

The nodes of the Dynkin diagram of G are the simple roots Ag = {ay, ..., a,}. We
will use the Bourbaki-labeling of the nodes:

ne e—e — — - — — — *————o ne &—@ — — — — — —
oy o ®Xn—1 ®n o1 1%} Ap—1 Ay
®Xn—1
Chi o—e —i—e D
ne @&—@ — — - — — - n o——0 — — — — — -
[241 2% Kp—1 Qn o o Kp—2
Ay
o 433
E6 b—o—I—o—« E7' ~—o—I—o—o—<
31 a3 2 as ®6 a1 a3 ®y a5 X6 a7
453
Es: »—o—[—o—o—o—Q Fy: GZ ==
a a3 oy as %3 ay ag aq s a3 a4 ay a

We also have a canonical bijection between the simple roots Ag and the fundamental
weights {w;,...,w,} induced by the Weyl group invariant scalar product (-,-) on
X(T)r = X(T) ®z R:

2(wi, «f
(w,-,ocj) = M = 811
(aj> ;)
For any root a, we denote by g, the corresponding reflection of X (T )g:

2(M )
(@ a)

og(A) =LA - a=1-(A a)a.
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5.2 Parabolic subgroups

We now recall some classical facts about parabolic subgroups of G (cf. [14, Sections 29
and 30]).

If R c A is a set of simple roots and I := A\R the complement, we define P(R) :=
BW;B ¢ G, where W; € W is the subgroup generated by the reflections o; correspond-
ing to the elements of I. Thus, «a €I if and only if g_, c Lie P(R). Any parabolic
subgroup of G containing B is of the form P(R), and we have R ¢ § if and only if
P(S) c P(R), with R = S being equivalent to P(R) = P(S). In particular, P(@) = G
and P(A) = B, and the P(«;) := P({«;}) are the maximal parabolic subgroups of G
containing B.

Consider the Levi decomposition P(R) = L(R) x U(R), where U(R) is the unipo-
tent radical of P(R) and L(R) the Levi part of P(R) containing T, ie., L(G) =
Centg(Z) where Z := Ny kera € T. In particular, L(R) is reductive, and so its
derived subgroup (L(R),L(R)) is semisimple. The connected center Z(L(R))° of
L(R) is equal to Z, and hence

dimZ(L(R)) =dimZ =dim T - |I| = |R|.
It follows that
(5.2) dim(L(R),L(R)) =dim L(R) — dimZ(L(R)) = dim L(R) - |R|.

On the level of Lie algebras, we see that Lie P(R) contains all positive root spaces
9> and that for a simple root & € A, we have g_, c Lie P(R) ifand only if « € I = A\R:
p(R) :=Lie P(R) = h ® @yecp 9o Where © :=0* U (O™ NY ,(; Za).

If ®; c @ is the subsystem generated by I, we get

p(R) =[(R)®n(R), [(R):=LieL(R) =1 Duce,9a>
n(R) := Lie U(R) = EBoceCD*\d)Igoc-

Moreover, if R € S, we have [(S) ¢ [(R) and n(S) 2 n(R).
Setting n™(R) := @g,cn(r) §-a> We get dimn~(R) =dimn(R) and g=n"(R) ®
p(R) =n"(R) @ [(R) ® n(R), and hence

(5.3) dimg - dim[(R) = 2dimn(R) = 2dim(g/p(R)).
Furthermore, (5.2) and (5.3) yield

(5.4) dimn(R) = %(dim g — dim[I(R), (R)] = |R]).

Remark 5.1 The following facts will be important in our calculations of the invariants
mg and dg. From the Dynkin diagram of G, we can read off the type of semisim-
ple group S(R):= (L(R),L(R)) by simply removing the nodes corresponding to
the roots in R. Moreover, we have g, c n(R) for any « € R, and one can determine
the irreducible representation V(a) € n(R) of L(R) generated by g, because g, c
V(a) is the lowest weight space.

In the special case R = {; }, the Cartan numbers (a;, & ;) are the coefficients in the
decomposition of &;|s(q,) With respect to the fundamental weights of S(a; ).
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It is also easy to see that the Lie subalgebra generated by V(«) consists of all root
spaces gg where f3 is a positive root containing a. In the special case R = {«;}, this
implies that n(«;) is equal to the Lie subalgebra generated by V («;).

5.3 The parabolic subgroup P,

Recall that for a simple G-module V' = V, with highest weight A, the subgroup
Py := Normg (V) = Normg (0Y)
is a parabolic subgroup of G, and A induces a character 1: Py — K*.Forv e Vv # 0,
we have
0, =Gv and G, =ker(1: P} > K*).

In particular, dim O, = codimg P) + 1. As above, there is a well-defined Levi decom-
position Py = L) x U, where T ¢ L,, which carries over to the Lie algebra:

py:=LiePy = ®&n,, [):=LieL,, ny:=LieU,.

Since P, contains B, it is of the form P(R) where the subset R € Ag has the following
description.

Lemma 5.2

() IfA =Y m;w;, then Py = P(R) where R := {a; € Ag | m; + 0}.

(2) We have Py = Py, if the same w; appear in A and )'. More generally, if every w;
appearing in A also appears in A, then Py € Py, Ly € Ly, and Uy 2 Uy

(3) Piw; = P(a;) for all k>0, and these are the maximal parabolic subgroups of G
containing B.

Proof (1) Fora positive root a, the a-string through A, i.e., the set of weights {1 — i« |
i >0} of V, has length (A, &) + 1 (cf. [15, Proposition 21.3]). Thus, g_, V" = (0) if and
onlyif (A, &) = 0. If & = & is a simple root, this is equivalent to the condition that w;
does not occur in A, showing that Py = P(R).

(2) follows from (1) and (3) from (2). [

5.4 The invariant mg

It follows from (5.3) that
mg = irel}\r; dim O, = /{2{1\1; codimg Py + 1.
So, it suffices to calculate
(5.5) pg :=min{dim G/P | P ¢ G a parabolic subgroup} = mg — 1.
For this, it is sufficient to consider the maximal parabolic subgroups P,, = P(«;).

Lemma 5.3 The following table lists the invariants mg and p¢ for the simple groups G,
the corresponding maximal parabolic subgroups P, and the dimensions of the funda-
mental representations V,,. The last column gives some indication about O,, for w as in
the fourth column where the null cone Ny appears only if Ny & V.
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G mg jZe maximal P, dim V,, O,

A,n>1 n+l n P,,, P,, n+l,n+1 K", (K1)
B, 4 3 Po,, P, 5,4 Nvar Vo,
B,,n>3 2n 2n -1 P, 2n +1 Nle

C,,n>3 2n 2n—1 Py, 2n \

D4 7 6 Py PuysPu,  8,8,8 Nv,» Ny, Nv,,
D,,n>5 2n-1 2n-2 P, 2n Nle

Es 17 16 Pu,, P, 27,27 ¢ Ny,,i=16
E, 28 27 P., 56 ¢ Ny,

Es 58 57 Pa, 248 ¢ NLieE,

Fs 16 15 Pu,, Po, 52,26 € Ny,,i=14
G, 6 5 Py, Po, 7,14 Nv,» & NiieG,

Table 2. Minimal dimension of minimal orbits for the simple groups.

Remark 5.4 Table 2 lists all parabolic subgroups P, of codimension pg. Therefore,
if O, is a minimal orbit of dimension mg, then there is finite covering Oy — O,, for a
fundamental weight w from the table. In particular, A = kw for some k > 1, and so O,
is singular if A # w, by Remark 2.4(3).

Proof By (5.3), we have to find the maximal dimensional Levi subgroups L,,. For
this, it suffices to compute the maximum of dim(L,,, L, ). A short calculation in each
case will give the possible w; from which we will obtain columns 2-5 of Table 2. For
the last column, we use that

1
Oy, € NVwi where dim O, = codimP,, +1= E(dimG - dim?; -1) +1

(see Lemma 2.2(1) and (4) and Section 5.2).

We now apply the above strategy to each simple group G. In each case, dim 9; turns
out to be quadratic in i and achieves its minimum on the interval [1, #]. Hence, if d;
is of maximal dimension, then i is either 1 or n.

(row A,) Fori =1,...,n, we obtain 0; = sl; ® sl,_; ;. It is of maximal dimension
for i = 1, n. Furthermore, V,,, = K"*' and V,,, = (K"*!)" are the standard representa-
tion of SL,,; and its dual which yields codim P,,, = codim P,, = n and Oiu,‘ =V,

(rows B, = C; and B,) For i =1,...,n, we obtain 0; = sl; ® 505(,_;)1. It is of
maximal dimension for i = 1if n > 3and for i = 1,2if n = 2. Furthermore, V,,, = K***!
is the standard representation of SO,,.1, and the quotient V,,, J SO2,41 ~ Kis given by
the invariant quadratic form. In particular, dim Ny, = 2n,and SO, acts transitively
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on the isotropic vectors Ny, \{0},and hence O,, = Ny, . This gives the row B, n > 3,
and half of the row B,.

If n =2, then V,, is the standard representation K* of Sp,, and hence O,, =
K*\{0}, giving the other part of the row B,.

(row C,,) Here, we get 9; = sl; & SPo(n-i)> which is of maximal dimension for i = 1.

Furthermore, V,, = K*" is the standard representation of Sp,,, and O, = V,,, and
hence mg, = 2n.
(rows Dyand D) Fori=1,...,n -3, we get0; = s[; ® 50,(,_;). Moreover, 0, =

5ly_r ® sl @ sl and 0,1 = 0, = sl,,. They are maximal dimensional for i =1ifn >5
and for i = 1,3, and 4 if n = 4. Furthermore, V,,, = K" is the standard representation
of SO;,, and we get the claim for D,, n > 5 and for V,,, in case n = 4. In this case,
Vu, and V,, are conjugate to the standard representation V,, = K® by an outer
automorphism of D,. For the standard representation V, we have V|G =K, given
by the invariant quadratic form, and the nullcone consists of two orbits, {0} and the
minimal orbit of nonzero isotropic vectors.

(I‘OW E6) Here, we find 01 = 0¢ = 5019, 03 = 5[6, 03 =05 = 5[2 @5[5, and 04 = 5[3 ®
sl, @ sl;. The maximal dimension is reached for i = 1,6, and we get pg, = 16. The
representations V,, and V,, of dimension 27 are dual to each other. The quotient
Vi, /Es =K is given by the cubic invariant of V,, (see [27, Table 5b]), and so
dim Ny, = 26.It follows that O,, ¢ Nv, , i =1,6.

(row E;) We have 0; = 5015, 0, = 5l7, 03 = 51, @ slg, 04 = 5l3 ® 5, @ sy, 05 = 5l5 @
5l3, 06 = 5019 ® 5l,, and 07 = E4. The maximal dimension is reached for i = 7, and
we get pg, = 27. We have dim V,,, = 56 and dim V,,, JE; =1 (see, for instance, [27,
Table 5a]), and hence NVm7 c V., has codimension 1 and so O, & NVw7.

(row Eg) Here, we obtain 0; = 014, 0, = slg, 03 = sl @ sl;, 04 = 513 ® 51, & sls,
05 = 5l5 @ sly, 06 = 5010 ® 513, 07 = Eg & sl,, and 0g = E;. The maximal dimension is
reached for i = 8, and we get pg, = 57. Moreover, V,, is the adjoint representation
of dimension 248, dim Ny,, =dimEg - rank Eg = 240 [22, Example 2.1], and thus
Ous & Nv,, -

(row F4) We have 0; = sp¢, 0, = 03 = sl @ s(3, 04 = 507, and the maximal dimen-
sion is reached for i = 1, 4. This yields pf, = 15. Moreover, V,,, is the adjoint representa-
tion of dimension 52, and thus dim Nle =dimF4 —rank F4 = 48,and so O, & NVN1 .
The other representation V,,, has dimension 26, is cofree, and dim V,,, /G = 2 (cf. [27,
Table 5a]). Hence, dim N, = 24 and thus O, & va4.

(row G;) We have 0; = 0; = sl;, and hence pg, =5 and dim O, = 6. Further-
more, dim V,,, =7, dim V,,, = 14, and G, preserves a quadratic form on V,, (see [9,
Section 22.3]), which implies that O,, = Ny, . Moreover, V,,, is the adjoint represen-

tation, dim Nsz = dim G, — rank G, = 12, and hence Oia,2 ¢ NVMZ- [ ]

Remark 5.5 'The lemma above has the following consequence. Let G be a simple
group. If O, is smooth, then we are in one of the following cases (see Table 2 in
Lemma 5.3):

(1) G=SL,and A = wy or A = wy, i.e., O, is the standard representation or its dual.
(2) G =Sp,, and A = wy, i.e., O, is the standard representation.
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G A; A,n#3 B, Cy,,n>3 D,,n>4
H By AjouixTy Dy CuaxAr Buo

r¢ 5 2n 2n 4(n-1) 2n-1
mg 4 n+1l 2n 2n 2n—-1
G Eg E; Eg Fq Gz
Fy EgxT; E;xA By A,
rg 26 54 112 16 6
mg 17 28 58 16 6

Table 3. Maximal reductive subgroups of simple groups.

Indeed, if O, is smooth, then O, = V; by Lemma 2.2(7), and so dim V} /G = 0. These
irreducible representations are known (see [17]):

(@) Ay Vi, Vi, 0) Ay (neven>2):V,,, V, ., (c) Cu: Vi, (d) Ds: V,, Vis.

(a) and (c) correspond to (1) and (2) above, and for (b) and (d), one has dim O, <
dim V).

Now, we can prove the first theorem from the introduction.

Proof (of Theorem1.1) Theorem 1.5 implies that X — X /G is a G-vector bundle with
fiber V,, where A is the type of X, and the minimal orbits are smooth. This means that
O, = V), by Lemma 2.2(7), and the claim follows from Remark 5.5. [ ]

5.5 The invariant rg
In this subsection, we compute the invariant
rg = min{codimg H | H & G reductive},

which is the minimal dimension of a nontrivial affine G-orbit. These orbits are never
minimal orbits, by Lemma 2.2(2).

Lemma 5.6 Table 3 lists the types of the proper reductive subgroups H of the simple
groups G of maximal dimension, their codimension rg = codimg H, and the invariant
mg from Lemma 5.3. (In the table, T, denotes the one-dimensional torus.)

Proof The classification of maximal subalgebras ) of a simple Lie algebra g is due to

Dynkin (see [7, 8]). His results are reformulated in [10, Chapter 6, Sections 1 and 3].
(a) If b is maximal reductive of maximal rank /¢ := rank g, then the classification

is given in [10, Corollary to Theorem 1.2, p. 186] (the results are listed in Tables 5
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and 6, pp. 234-235). From these tables, one gets the following candidates for reductive
subalgebras of minimal codimension.!

g A,n>1 B,,n>2 C,,n>3 D,,n>4
b A1 xTy D, Cho1xAp Dy x Ty
codim 2n 2n 4(n-1) 4(n-1)
g Es E; Es F4 Gy
b AsxA; EgxT; E;xA; B, Ay
codim 40 54 112 16 6

(b) If h c g is a maximal subalgebra, then it is either semisimple or parabolic [10,
Theorem 1.8]. Since the Levi parts of the parabolic subalgebras have maximal rank,
the second case does not produce any new candidate. It is therefore sufficient to look
at the maximal semisimple subalgebras.

For the exceptional groups G, the classification is given in [10, Theorem 3.4], and
one finds one new case, namely F, c E¢, which has codimension 26. Thus, the claim
is proved for the exceptional groups.

(c) From now on, G is a classical group and we can use [10, Theorems 3.1-3.3]. From
the first two theorems, one finds the new candidates B,,_; c D,, of codimension 2n — 1,
including B, c A; of codimension 5. This gives the following table.

G SLy SL,,n#4 SO,,n2>4 Sp,,n=2m24
H Sp, GL,.i SO,  Sp,,xSL,
dimH 10 (n-1) 25¥gq ningy
cgi=codimgH 5 2n -2 n-1 2n—4

Our claim is that ¢g = rg, i.e., that we have found the minimal codimensions of
reductive subgroups of the classical groups. In order to prove this, we have to show
that [10, Theorem 3.3] does not give any reductive subgroup of smaller codimension:

If HG G is an irreducible simple subgroup of a classical group G = SL,, SO, Sp,,,
then codimg H > c¢ (irreducible means that the representation of H — GL,, is irre-
ducible).

Now, the table above implies the following. Assume n > 4. If HE G c GL, is an
irreducible subgroup of a classical group G =SL,,SO,,Sp, and dimH < d(n) :=

n*-3n

52" +1, then codimg H > ¢, and so H can be omitted.

10ne has to be careful since the tables contain several errors.
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The following table contains the minimal dimensions of irreducible representa-
tions of the simply connected exceptional groups. They have been calculated using
[9, Exercise 24.9], which says that one has only to consider the fundamental represen-
tations.

H Es E, Es Fy; G,
dimH 78 133 248 52 14
A W, W W7 Wg W4 W)

n=dimV), 27 56 248 26 7

In all cases, we have dim H < d(n) = ”z‘%
exceptional group H.

(d) It remains to consider the simple subgroups H & G of classical type where
G =SL,,S0,, Sp,,.

(d;) The irreducible representations H — SL,, of minimal dimension of a group H
of classical type are given by the following table. It is obtained by using again the fact

that one has only to consider the fundamental representations (see [9, Exercise 24.9]).

+1, so that codimg H > cg for an

H Ay By Bpl>3 Cpl>3 D4 D¢, €25
dimH  0(0+2) 10 €(20+1) £20+1) 28  £(20-1)
A w1, Wy Wz w; w1 w1, W3, Wg w1y
n=dimV, (+1 4 20+1 20 8 20

They correspond to the standard representations SL, ¢ GL,, SO, ¢ GL,, and Sp,, c
GL,, except for B, = C, where it is Sp, c GL4. If H is not of type A, we have
codimgy, H > cg1, = 2n — 2 except for type B, where codimg;, Sp, = 5 = cs1,. More-
over, if SLy — SL,, is not an isomorphism, then k < n and codimgy,, SLx > csL, -

(d2) Next, we consider irreducible orthogonal representations p: H - SO,, for H
of classical type where n > 5. If H is a candidate not already in (a), then rank H <
rank SO, and one calculates straight forwardly that codimso, H > ¢so, = n — 1.

(d3) Finally, we consider irreducible symplectic representations p: H — Sp,,, for
H of classical type where m > 2. As above, if H is a candidate not already in (a), then
rank H < rank Sp,, = m. Again, an easy calculation shows that codims, H > csp, =
4m — 4.

5.6 The invariant dg

In this subsection, we compute the invariant

dg = min{dim O | O nonminimal quasi-affine nontrivial orbit}.
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G A1 A2 A3 An,i’l24 Bn Cn,i’l23 Dn,i’l24

r¢ 2 4 5 2n 2n 4(n-1) 2n-1
dc 2 4 5 2n 2n 4(n-1) 2n-1

mg 2 3 4 n+1 2n 2n 2n—-1
G E5 E7 E8 F4 G2
rG 26 54 112 16 6

dg 26 45 86 16 6
me 17 28 58 16 6

Table 4. The invariants rg, dg, and mg for the simple groups.

Formula (5.1) shows that ¢ > dg > m¢ and that dg > mg in case rg > mg. Compar-
ing the values of r¢ and m in Table 3 of Lemma 5.6, we get the following result.

Lemma 5.7 Let G be simple and simply connected. If rg = dg = mg, then we are in
one of the following cases.

(1) Gisoftype Ay anddg = 2.

(2) Gisoftype By, and dg = 2n.

(3) Gisoftype Dy, n >4, anddg =2n—1.

(4) Gisoftype Fy and dg = 16.

(5) Gisof type Gy and dg = 6.

In all other cases, we have rg > dg > mg.

Proposition 5.8 Table 4 lists the invariants rg, dg, and mg for the simply connected
simple algebraic groups G.

The first and last rows of Table 4 are rows from Table 3. We have seen above that for
rg < mg + 1, we have dg = rg because rg > mg implies that dg > mg. Thus, the only
cases to be considered are A,, for n > 4, C,, for n > 3, E¢, E;, and Eg.

We have seen in Section 5.3 that for a dominant weight A € A, the corresponding
parabolic subgroup Py c G and its Lie algebra p, have well-defined Levi decomposi-
tions Py = Ly x Uy where T € L) and p, := Lie Py = [ & n,.In addition, we define the
closed subgroup Py, := ker(A: Py — K*), which has the Levi decomposition P,y =
Ly x Uy, L(yy = ker(A: Ly - K*), and its Lie algebra

poy =Lie Py =lay®ny, [y :=Liely) = ker(dA:[) - K).

By construction, the semisimple Lie algebra [[}, [} ] is contained in [()), and they are
equal in case A is a fundamental weight w;. Note also that P,y = G, forve V., v 0
(see Section 2.2). For an affine G-variety X and x € X, we set g, := Lie G, and denote
by ny C g, the nilradical of g,.

The method for proving Proposition 5.8 was communicated to us by Oksana
Yakimova, who also worked out the result for the symplectic groups and for Eg.

https://doi.org/10.4153/50008414X22000682 Published online by Cambridge University Press


https://doi.org/10.4153/S0008414X22000682

Small G-varieties 209

It is based on the following lemma, which is a translation of a fundamental result of
Sukhanov (see [28, Theorem 1]).

Lemma 5.9 Let O be a nontrivial quasi-affine G-orbit. Then there exist A € Ag and
x € Osuchthat g, C p(yy andny C ny. In particular, we get an embedding |, := Ox /Ny =
[ny = puy/ma- If O is not a minimal orbit, then dim O > dimn, + 2.

Proof In Sukhanov’s paper, a subgroup L c G is called observable if G/L is quasi-
affine. Now, [28, Theorem 1] implies that such an L is subparabolic, which means that
there is an embedding L < Q such that L,, — Q, where Q is the isotropy group of a
highest weight vector. Translating this into the language of Lie algebras, we get the first
part of the lemma.

For the second part, we note that g, & p(y), so that

dim O = codimg gy > codimg p() +1=dim Oy + 1= codimgy p, +2 = dimny +2,
and the claim follows. ]

The strategy of the proof of Proposition 5.8 is the following. Let O = Gx c X be
a nonminimal nontrivial orbit, and consider an embedding g, = p()) given by the
lemma above.

(1) Since O is not minimal, we have dim O > dimn, + 2. Thus, in order to show that
dim O > dg, one has only to consider those p, with dimn, + 2 < dg for the numbers
dg given in Table 4. For this, one first calculates dimn,,, i =1,...,n, and then uses
that dimn, > dimn,, for all i such that w; appears in A (see Lemma 5.2).

It turns out that in all cases, the remaining A are fundamental weights, and we are
left to study some of the embeddings gx = P (a,)-

(2) Since O is not minimal, the embedding g, < p(q,) is strict, and hence one of
the two inclusions n, € n, or [, < [(,,) has to be strict.

(2a) If I, = I(,,), thenn, mustbeastrict [(,,)-submodule of n,,,. As we have seen in
Remark 5.1, n, cannot contain the simple module V(«;), and hence the codimension
of n, in n,, is at least dim V (a;).

(2b) If I, G [(o,), then L] & L‘(’wi) is a proper reductive subgroup of the semisimple
group L(,,), and the codimension can be estimated using the values of ry given in our
tables.

Remark 5.10 In the cases of E; and Eg, we will have to construct quasi-affine orbits
of a given dimension. For this, we will use the following result.

Let H c G be a closed subgroup. If the character group X (H) is trivial, then there is
a G-module Vand av € V such that G, = H.

In fact, there is a G-module V and a line L = Kv ¢ V such that H = Normg (L)
[2, Chapter II, Theorem 5.1]. Since H has no characters, it acts trivially on L and so
H =G,.

5.6.1 The type A,, n >4

Suppose that G = SL,,;; and g = sl,,4; with n >4, and let O be a nonminimal and
nontrivial quasi-affine orbit. We have to show that dim O > 2xn. We have seen above
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that it suffices to consider those embeddings g, c p(yy where dimn) <2n —2. We
have

Doy =8l @ sl ®ny,,

and so dimn,, = i(n+1-i), which is greater than or equal to 2n—2 for i #
1,n. Moreover, we have P, 10, = (5,1 ® K*) @14, +0,, and hence Plwr+w) =
(sly-1 @ K) @ gy, 40, = 91,1 BNy, +0,, which implies that dimn,, 4, = 2n — 1. Thus,
by (5.4) and Lemma 5.2, the only cases to consider are A = w; and A = w,,.

If gx & Pwy) =50 ® (K")Y, then we have either n, = (0) or [, & sl,. In the
first case, we get dim O = codim g, = codimp,,) + 7 =21 + 1. In the second case,
[, is a reductive Lie subalgebra of sl, and thus has codimension at least ra, , =
2(n —1) for n > 4 and at least 5 for n = 4. Hence, dim O = codim g, > codim p ) +
(2(n-1)-1)=3n-2>2n.

The other case A = w,, is similar.

Remark 5.11 We have just shown that, for n # 3, any quasi-affine SL,,;-orbit of
dimension <2n is minimal. Furthermore, we have dim O, = dimn, +1 by (5.3) and
Section 5.3. In particular, since dim O, = i(n +1— i) +1 (see above), we get

dimO,, =dimO,, =n+1, dimO,, =dimO,, , =2n-1,

and all other minimal orbits have dimension >2#.
Note that ra, = 2n appears as dimension of the affine orbit SL,,; / GL, as well as
of the minimal orbit O, 4, (see above).

5.6.2 The type C,,, n >3

Suppose that G = Sp,,, and g = sp,,,, where n > 3, and let O be a nonminimal and
nontrivial quasi-affine orbit. We have to show that dim O > 4n — 4. We have seen
above that it suffices to consider those embeddings g, c p(y) where dimn, < 4n - 6.

For the fundamental weights, we get p(,;) =5l;®sp,, ,; ®n,;. An easy
calculation shows that

dimn,, = 2jn + w

Thus, dimn,, +2>4n-4 except for j=1, and in this case, we have
dimn,, =2n-1and codimp(,,) = 2n. Thus, by (5.4) and Lemma 5.2, it suffices to
look at the embedding g, c p(u,) = 5P,,_, ® Ny,. As a representation of sp,,_,, we
getn, = V(a) oK, V(a) ~ K2

Therefore, if [, = sp,,_,, then the codimension of g, in p,,) is > dim V(a;) =
2n - 2,and so dim O = codim g, > codimp () +2(n—1) =4n-2>4n-4.

If [, & sp,,_,, then the codimension is at least 7c, , = 4n — 8, and so dim O > 2n +
4n-8=6n-8>4n-4.

Remark 5.12 We have just shown above that any quasi-affine orbit of dimension
< 4n — 4 is minimal. Furthermore, we have dim O, = dimn, +1 by (5.3) and Sec-
tion 5.3. In particular, since dim O,,, = 2jn + @ (see above), we get dim O, = 2,
and all other minimal orbits have dimension >4n — 4.
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Note that rc, = 4n — 4 appears as dimension of an affine orbit as well as of the
minimal orbit O, .

5.6.3 The type E;

Let G be simply connected of type E¢ and g = Lie G, and let O be a nonminimal and
nontrivial quasi-affine orbit. We have to show that dim O > 26. We have seen above
that it suffices to consider those embeddings g, — p()) where dimn) < 24. For the
fundamental weights A, we find

P(w) =10@®n,,, dimn,, =16 = dimn,,,

P(wy) =5l ® Mgy, dimn,, =21,

P(ws) = (5L @ sl5) @ ny,, dimn,, =25 =dimn,,,
Plwy) = (513 @ s, @ 513) ®ny,, dimn,, = 29.

Since dimng, e, = dimng, ., = %(dim Es —dimA; —2) =26 and dimng e, =
%(dim Es — dim D4 — 2) = 24, we have only to consider the cases A € {w;, w;, w¢ }.

(1) We have p(,,) = 10 ® 1, and n,, = V(a;) is the irreducible representation V,,,
of 10 of dimension 16. Since 16 > rp, = 9, we see that the codimension of g, in p(,,) is
at least 9. Thus, dim O = codim g, > codimp(,,) +9 =17 +9 = 26.

(2) We have p(y,) = sls ® ny,, Mo, = V(az) ® K, and V(ay) is the irreducible
representation V,,, = A3 K of slg of dimension 20. Since 20 > rsr, = 10, we see that
the codimension of g, in p(y,) is at least 10. Thus, dim O = codim g, > codim p,,) +
10 =22 +10 = 32.

(3) The case p() is similar to p(,,) from (1).

Remark 5.13 We have just shown that any quasi-affine orbit of dimension <26 is
minimal. Furthermore, dim O, = dimn, +1by (5.3) and Section 5.3. From above, we
get

dim O, =dimO,, =17, dimO,, =22, dim Oy, e, = 25,

and all other minimal orbits are of dimension >26 by (5.4). Moreover, rg, = 26 appears
as dimension of an affine orbit as well as of the minimal orbits O, and O,,.

5.6.4 The type E;

Let G be simply connected of type E; and g = Lie G, and let O be a nonminimal and
nontrivial quasi-affine orbit. We have to show that dim O > 45. We have seen above
that it suffices to consider those embeddings g, c (1) where dimn, < 43.
If A is a fundamental weight, then we find

Pw) = 12 mn,,, dil‘nl‘lw1 =33,

P(wy) = sl; ®n,,, dimn,, = 42,

Plws) = (shosl) ® Ngy,, dimn,, =47,

P(wy) = (513 ® s, ®sly) ® 1y, dimn,, =53,

Plws) = (5Is ® 5l3) @ ny,, dimn,, = 50,
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P(ws) = (10 ®5l) ® 1y, dimn,, = 42,
Pwy) = E¢ ® ny,, dimn,, = 27.

Since dimng, e, = %(dim E; - dim A5 - 2) =48, dimng, 4o, = %(dim E; -
dim Dy - dim A; - 2) =50, dim ng, 4, = 3 (dim E; — dim Ds - 2) = 43, dimno, 0, =
1(dimE; —dim A - dimA; - 2) =52, dimng,+a, = 3(dim E; — dim As — 2) = 48,
and dimnyg i, = %(dim E; — dim Ds — 2) = 43, we have only to consider the cases
A e {wy, wz, we, w7 }.

(1) We have p(,,,) = 12 @ 1y, Ny, = V(1) ® K, and V() is the irreducible repre-
sentation V,,; of 12 of dimension 32 > rp, = 11. Thus, the codimension of g, in p(,,)
is at least 11, and so dim O = codim g, > codimp,,) + 11 = 34 + 11 = 45. Moreover,
the subalgebra b :=11® n,, c g is the Lie algebra of a subgroup H of codimension
34 + 11 = 45 which has no characters. By Remark 5.10, we see that G/H is a quasi-affine
orbit of dimension 45, and so dg, < 45.

(2) We have p(q,) = 517 ® ny,, Ny, = V(a2) ® K7, and V(a,) is the irreducible
representation V,,, = A* K’ of sl; of dimension 35 > rgr, = 12. Thus, the codimension
of gy in p(q,) is at least 12, and so dim O = codim g, > codimp(,,) +12=43 +12 =
55 > 45.

(3) We have p(,,) = (10 @ sl,) ® 1y, 1y = V() ® K', and V(ae) is the irre-
ducible representation V,,, ® K? of 10 @ sl, of dimension 2 x 16 = 32 > rp_xa, = 2.
Thus, the codimension of gy in p(,) is at least 2, and so dim O = codimg, >
codimp,,) +2 =43 +2 = 45.

(4) We have p(,,) = E¢ ® n,, and V(ay) = n,, is the irreducible representation
Vi, of Eg of dimension 27 > rg, = 26. Thus, the codimension of g, in p(,,,) is at least
26, and so dim O = codim g, > codim p(,,,) +26 = 28 + 26 = 54 > 45.

5.6.5 The type E;

Let G be simply connected of type Eg and g = Lie G, and let O be a nonminimal and
nontrivial quasi-affine orbit. We have to show that dim O > 86. We have seen above
that it suffices to consider those embeddings g, c p(y) where dimn, < 84.
If A is a fundamental weight, then we find

P(w) =4 @1, dimn,, =78,

Plw,) = slg ®ny,, dimn,, =92,

P(ws) = (5L ®sl7) @1y, dimn,, =98,

P(wy) = (513 ® sl @ 5l5) ®ny,, dimn,, =106,

p(ws) = (5[5 @5[4) @ Ny, dim Ny = 104,

P(we) = 10 @ 5l3) ® 1y, dimng, = 97,

Plwy) = (E6 @5[2) D ngy,, dimnw7 = 83,

p(ws) =E, @ Ny, dimnws =57.
Since dim Ny, 40, = 3(dim Es — dim Ds — dim A; - 2) = 99, dim 4«0, = 3 (dim Es —
dim Dg —2) =90, and dimn,, e, = %(dim Es — dim Eg — 2) = 84, we have only to
consider the cases A € {w;, w7, wg}.
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(1) We have p(,,) =14 @y, gy, = V(ar) @ K", and V(a;) is the irreducible
representation V,,, of 14 of dimension 64 > rp, = 13. Thus, the codimension of g, in
P(w;) s atleast 13, and so dim O = codim g, > codimp,,) +13 =79 +13 = 92 > 86.

(2) We have p(,,) = (Es ® s) ®n,,, and V(ay) cn,, is the irreducible rep-
resentation V,,, ® K* of E¢ @ s, of dimension 2 x 27 = 54 > rg,«a, = 2. Thus, the
codimension of g, in p,,) is at least 2, and so dim O = codim g, > codimp(,,) +2 =
84 + 2 = 86.

(3) We have p(y,) = E7 @ ny,, 1y, = V(ag) ® K, and V(asg) is the irreducible
representation V,,, of E; of dimension 56 > rg, = 54. Thus, the codimension of g, in
P(wy) 18 at least 54, and so dim O = codim g, > codim p,) + 54 = 58 + 54 = 112 > 86.

(4) The subalgebra p(y,+wy) = Es ® Nw,+0, corresponds to a closed subgroup
H c G of codimension 84 + 2 = 86 which has no characters. Thus, by Remark 5.10,
G/H is a quasi-affine orbit of dimension 86, and so dg, < 86.

For these computations, we used the Computer Algebra Program LiE [23] (cf. the
version of our paper on the arXiv [21, Section 5.7]). It can also be done directly using
the following facts (see Remark 5.1).

o The Dynkin diagram of 9; := [l,, [, ] is obtained by removing the ith node from
the Dynkin diagram of G.

« The Cartan numbers («;, «;) are the coefficients of the decomposition of the lowest
weight o; o, of V («;) with respect to the fundamental weights of 9;.

o Using the highest root amax of g visible from the extended Dynkin diagram, we see
that wmax|o, is the highest weight of a simple d;-submodule of n,,, which coincides
with V(a;) onlyifn,, = V(a;).

Here is an example suggested by the referee.

Example 514 In Section 5.6.5(2), one sees from the Dynkin diagram that
07 = E¢ @ sl, and the nonzero Cartan numbers are (a7, as) = (@7, ag) = —1. By dual-
ity, the highest weight of V(a7 ) is the sum of two fundamental weights corresponding
to the simple roots a; of E¢ and ag of s,. Hence, V(«7) is the tensor product of the
minimal representation of E¢ with K2, and is of dimension 27 x 2 = 54.

Moreover, the only nonzero Cartan number of dmayx iS {@max> &) = 1. Hence, the
respective representation of 97 is K2. Finally, since (&max» ocg) >0, & 1= Apax — Ag 1S
a root, and 8 := & — ay is a root for the same reason. As 8 + «; is not a root, except
for j=7, flo, is the highest weight of another simple d;-submodule of n,,, with
the only nonzero Cartan number (f3, as) = 1. Hence, this submodule is given by the
other minimal representation of E¢. By dimension count, we have found all simple
summands of n,.
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