J. Appl. Prob. 44, 685-694 (2007)
Printed in England
© Applied Probability Trust 2007

RUIN PROBABILITY FOR THE
INTEGRATED GAUSSIAN PROCESS
WITH FORCE OF INTEREST

XIAOXIA HE * AND
YIJUN HU,** Wuhan University

Abstract

In this paper we obtain the exact asymptotics of the ruin probability for the integrated
Gaussian process with force of interest. The results obtained are consistent with those
obtained for the case in which there is no force of interest.
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1. Introduction and main result

In risk analysis of insurance and finance, ruin is the most important event because it should
be avoided. The classical risk model is defined as

N(@)

Uty =u+ct— Y X,
k=1

where N = {N(¢); t > 0}, N(0) = Oisapoint process, and { Xy }7° , is a sequence of identically
distributed random variables. The sum in the risk process represents the total claim amount
up to time ¢ and the positive constant ¢ is the premium rate. For such a risk process, the
probability of ruin, the ruin time, the distribution of the surplus, and some related quantities
were investigated by Dufresne and Gerber [3], Dickson and Egidio dos Reis [2], Rolski et al.
[10, pp. 147-204], etc.

If we consider a large company with many customers, the random walk Z,ivz(ll) X with
random times is replaced by another random process X (), such as a Brownian motion, a Lévy
process, or arenewal process. In the latter cases, the ruin probability is still of importance. Thus,
the process X (#) has been of interest in such models as the Brownian motion, the fractional
Brownian motion, and the integrated Gaussian process, see [1], [6], and [8].

In [7], the following model was considered:

t
Y; :/ E(s)ds — ct,
0

where £(¢) is a stationary, real-valued, and zero-mean Gaussian process with a real twice
differential covariance function R(¢), and ¢ > 0 is a constant. Such a model arises in ruin
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problems in finance, information transfer, and storage problems [6]. The exact asymptotics of
the ruin probability was found by Kobelkov [7] using Rice’s method.

In the present paper we assume that there exists a constant force of interest § > 0 which
affects the risk process. Let u > 0 be the initial surplus of the insurance company, then the
total surplus up to time ¢, denoted by Us(¢), satisfies the equation

t t
Us(t) = ue® + c/ et dz — / e=DE(z) dz.
0 0

The ultimate ruin probability for this risk process is then defined by
P(u) = P{Us () < 0 for some 7 > 0} = P{ma(;( Us(t) < 0}. (1.1)
>

The aim of this paper is to obtain the exact asymptotics of the ruin probability & (u) as
u — oo. To evaluate the asymptotic behavior of the ruin probability (1.1), we transform the
probability in the following way:

t

t
P (u) =P{max/ e %% (z)dz > u +c/
120 Jo 0

1 t
{I}Laé(1+(c/u)f0’e—8de/0 e E(z)dz >u}

=PimaxV;, > u},
>0

e—SZ dZ}

where
1

=g Fe-bzd
+ (c/u) [ye z

Now, we are in a position to state our main result.

t
f e %E(z) dz.
0

Theorem 1.1. Assume that R(t) is the covariance function for the real-valued and zero-
mean stationary Gaussian process &(t), R(t) is twice differentiable for any t, and that G =
JoTe ¥ R(z)dz < oo and H = [;° e**R(z) dz < oo. Then we have

P 1 | (bu+co)H _u2 1+c . Gce ))2)(1+ )
() = V27 og( Ge P\ 26 ;< §(8u+c)H o(1).

Remark. The covariance function R(?) is usually assumed to be regularly varying; see,
for example, [1] and [5]. However, the regularly varying property of R(¢) does not satisfy
the condition in our theorem. But, there exists an example which meets the conditions of
Theorem 1.1. For example, when R(¢) = cexp(—|t|*/2), ¢ > 0, it is easy to show that
fooo e%2R(z) dz < co. Meanwhile, it does not satisfy the condition of [1] and [5].

To estimate the ruin probability, we shall use the Rice method based on an estimation of the
moment of the number of crossings of the level u by the process. Intuitively, it is clear that for
large u the event that the process V; crosses the level u more than once is rare, so the probability
& (u) approximately equals the mean number of crossings.

Denote by N, ([0, T]) the number of crossings of the level u by the process V; on the segment
[0, T']. In [8] and [9], it was shown that, for a random process with continuously differentiable
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trajectories and for any segment S, the following inequality holds:
1
0 <EN.(S) — P{masx Vi = u} =3 E(N,(S)(Nu(S) — 1)). (1.2)
te

In the next section we will prove Theorem 1.1 in three steps. Firstly, we will obtain
asymptotics of the value E N, ([0, c0)) as u — oo. Secondly, we will show that, for some

a=oa()and B = Bu), a < B,

P{ max V; > u} —i—P{ max V; > u} = 0o(E N, ([0, 00))), u — 0o.

tef0,a] te[B,o0]

Finally, we will show that E(N, ([«, B]) (N, ([«, B]) — 1)) = o(E N, ([0, 00))). Consequently,
by inequality (1.2), it follows that

P ) =EN,([0,00))(1 + 0o(1)), u — 00.

2. Proof of Theorem 1.1

2.1. Estimation of E N, ([0, o0))
By the Rice formula, we have

T e’}
ENu<[o,T]>=/O/0 ylpe e, y) dy dr,

where p;(u, y) is a joint distribution density of the random variables V; and V/; here and
in the sequel, V/ denotes the derivative of V;. Introduce the notation a(t) = cov(V;, Vy),

b(t) = cov(V;, V)), d(t) = cov(V/, V/), and o (t) = /a(t)d(t) — b2(t). Itis easy to show
that

fé e %2R(z)dz — e 2 fé e R(z)dz

a(t) = (0 + (c/u) fOt e—0z dz)2
e—251‘ t 5
b(t) = R
(t) (1+(c/u)f0’e52dz)2/o e’*R(z)dz
—dt t /
o +(c(/c:)u )fe’ e~ dz)? </0 e R dg — e /0 CBZR(Z)dZ>,
0
—5t
A e °'R(0)

T (1t (c/u) [e 0 dz)?

2 7,2\ —28t t t
(c /M )te - </ C_&R(Z) dz — e—28t / CBZR(Z) dz)
(1 + (c/u) [y ed2d2)* \Jo 0

- (c/we / "R () dz
(1+ (c/u) fyed2dz)3 Jo .

We will prove the finiteness of the following limit:

I'= lim EN, (0, T]):/ / Y exp<—f(“”)>dydr, @.1)

2o (t) o2(t)
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where
flu, 1) =d®)u? = 2b)uy + a(t)y*.

Write y = y(t,u) = —ub(t) /(o (t)+/a(t)). Noting that

R ey
o, P = oo TP\ T a0

oy 1 ub(t) \?
X [) 270 () exp(— 2020 (\/a(t)y - =0 > >dy,

M2
= F/ a(r) exp(_%>dt’

where g(1) = (1/+/27) f;o ye Y 22 dy —y (1 — ®(y)) and P (¢) are the distribution functions
of the standard normal random variable.
It is easy to verify that g(¢) is a bounded function, o (t)/a(t) — C; ast — 0, where C is
some constant, and that o' (¢)/a(¢t) — 0 as t — oo. So, the limit in (2.1) exists for all u > 0.
Next we shall evaluate the integral in (2.1) as u — oo. First, we will give the following
estimation of the probabilities:

we have

a_P{ max Vt>u] Pﬁ:P{maxV,>u},
0<t<a t>p
where o = 19 — (logu)/u’ and B = 19 + (log u) /u>.

Owing to the continuous differentiability of the covariance function of the process V;, note
that, for u > 0 and any segment [sg, s1], there exists a constant M (S) such that E(V; — Vs)2 <
Mi(S)|t —s|forall ¢, s € S. By the Piterbarg inequality [8], we obtain

2

u
A m —
¥ > ] < Comanty ()

where var(V;) is the variance function of the process V; and the constant C» depends only on
51 — S0.
Divide the variance of the process V; into two parts as follows:

fre 2 R(z)dz — e 2 [1 P R(z)dz

var(V;) = -
(1 + (c/u) [y e%2dz)?
B G — e—ZStH ftoo ef‘SZR(Z) dz — 672& f[oo e‘SZR(z) dz
T+ (e/w) [lededz)? (I + (c/u) [} e~ dz)?
=851(6) + R1(®),

where G and H are as given in Theorem 1.1.
Consider the function S7(#). It reaches its maximum at the point ro = (1/§) log((éu +
c)H/Gc). For the second derivative of S1(¢), we have

928, (1)
—

e —48%He ™" <0 asu — oo.
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Then, for any 0 < y < 1, the second derivative converges uniformly on the segment
[y (1/8)log((8u + ¢)H/Gc), y~1(1/8) log((8u + ¢)H/Gc)] to the function S>(¢). On this
segment it is easy to see that S>(¢) < 0, so, 82(S1(1))/091% < 0. Thus, we obtain the uniqueness
of the maximum on the segment [y (1/8) log((8u + c)H/Gc), y 1 (1/8) log((8u + ¢)H/Gc)]
for large enough u.

To estimate Pg, let us point out that

( u? ) ( u? u?R (1) )
expl ————— ) =exp| — + .

2 var(Vr) 2851(1)  2851(@)(S1(1) + Ri(1))
Consider t € [8, y~1(1/8) log((Su 4+ ¢)H/Gc)], we have, for some 6 € (9, 1),

u2 I/l2
eXp(_zvar(v,)> =G eXp<_251 (r))

=Cj exp(— u? + ”251/(9)@ —10)%/2 )
T\ 2810 2(5100) + S{O)@ — 10)7/2)S1 (1)

By the facts that Si(19) = O(1), S7(0) = Ow2),and t —ty < B — (1/8)log((8u +

c)H/Gc), we obtain
u?

Let t* denote some point of maximum variance of the random process and let #y denote the
maximum point of the function Sy (¢) in the neighbourhood of (1/8) log((6u +c)H/Gc). Then

ox (_ u? )—ex < I N0) )
P 2maxgos<q var(V;) ) P 2(S1(t*) + R (%))

-l : )
=P 2610 + 1) + R - s )

Noting the facts that S; (¢*) — S1(f9) < 0 and R;(t*) — 0, by the same argument used to derive

(2.2), we can obtain
u2

Next, we turn to evaluating the integral

I—L/ﬂﬂ (1) ex (— u )dt
= V2x o a0 P\ T 20
Taking a change of variable r = ¢ (t) = (t/§) log((6u + ¢)H/Gc) gives

o Gu+H\ (P o) u?
'=Joms 1°g< Ge ) / att(x)® mmexp(‘Zaa(r))) a
where
. ) ~ 8
o= ( > and 8= ( ),3.
log((6u + c)H/Gc) log((u +c)H/Gc)
Noting that

a(t(v)) = $1(t(v)) + R (1(7)),
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we have
u? _ u? — Sy(r) — u?Ry(t (1))
2a(t(t))  2(S1t(x)) + Ri(t(v)) : 281 (t(T)(S1(1(r)) + Ri(1(1)))’

where S3(7) = u?/258)(t). Thanks to the assumptions, we find that the last term in (2.4) tends
to 0. Thus,

o Gu+c)H\ [P o)
I = L7 10g< Ge )/‘;{ 2 (0) gt (r)) exp(—S3(7))dr(1 + o(1)). 2.5)

Since the function S3(7) has a unique minimum point tp,;, on the segment [¢, 8], by applying
Laplace’s method to the integral in (2.5) (see Chapter 3 of Freidlin and Wentzell [4]), we have

L <®u+@H
)
V28 g Gce

24)

I =

) exp(—=53(tmin)) (1 + o(1)).

Thus,

[— 1 ) (bu+c)H u? | c | Gce 2 1 |
BNET °g< Ge )exp<_ﬁ< +E( _6<8u+c>H>) )( o)

2.2. Estimation of the second factorial moment

Taking into account (2.2) and (2.3), it remains to estimate the second factorial moment of
the number of crossings of the level u by the process V; on the segment [«, 8]. Let

1 t
V= % (2) dz,
"+ (/) foe%edz /0 ¢

then

1 t
JP(u):P{max / e %%(z) dz >u} :P{maxV >u}.
120 (1 + (c/u)) fy e dz Jo >0 '
By explicit formula for the second factorial moment [8], we have

B B oo poo
E(Nu([ot,ﬁ])(Nu([a,ﬂ])—1))=/ //0 /0 Y1Y2@rs,,s W, u, yi, y2) dyr dy2ds dr,

where ¢; 5, s(u, u, y1, y2) is a joint density of the variables V;, Vi, V,’ , and Vs’ . Denoting
Q={(s,1): x € [a, B], y € [, B]}, then we can obtain

B B oo poo
f// f yl}’2§0t,s,t,s(u,u,yl,y2)dyldy2d5dt
a Ja JO 0
00 oo 5 5
5// dsdtf / 7 + )01 5,05, u, y1, y2) dyi dyz
QN e=s) o Jo

o0
5// dsdt/ y2§0r,s,t(u7’/h)’)d)’
QM (t=>s) 0

o0
_|_]/ dsdt/ yz(l)t,s,s(uauvy)dy’
QN @=s) 0
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where ¢ 5 (u, u, y) is a joint density of the variables V;, Vi, and V;. Let us estimate the first
integral; estimation of the latter one is performed similarly. Proceeding to a conditional density

leads to
o0
// dsdt/ Y215, u, y)dy
QN (=) 0

o0
=// w:,s(u,u)dsdt/ V2o s (v | u, u)dy.
QM (t>s) 0

Hence, ¢; s (u, u) denotes a joint density of the variables V; and Vi, and ¢; s(y | u, u) denotes
a conditional density of the random variable V, under the conditions that V; = u and Vs = u.
Thus,

e ¢]

E(N, ([0, BNy (e B1) — 1)) < 2 f [ 0.5, u) s dr fo Vors(y | u, u)dy.

QN (=)

Since

1 u?
@r.s(u, u) = s— exp| —5— (var(Vy) + var(Vy) —2cov(Vs, V1)) |,
2no 20

1 1
Qs (y | uyu) = Tih exp(—m(y — m(u, u))2>,

where
o = var(V;) var(Vy) — (cov(V;, Vi))%,
m(u, u) = %(Var(Vs)b(t) —cov(Vy, Vi) (b(t) + b(s)) + var(V;)b(s)),
b(s) = cov(V/, Vy),

var(Vy)b2(t) — 2 cov(V;, Vs)b(s)b(t) + var(V,)b*(s)

A = var(V]) — 3
o

)

we have

E(Nu(la, B (Nu([e, B]) — 1))

00 4,2
<2(8 — )’ supog s (u, u)sup/ y—w:,s(y | w,u)dy. (2.6)
t>s 0 o

t>s

Next we will prove that the former supremum in (2.6) has the order

(bu+c)H u? c Gc 2
logl ———— Jexpl ——=|1+ (1 - —— ,
Gc 2G u 6(u+c)H
and that the latter supremum grows no faster than (log u) /u>.
When ¢ > s, taking a change of variable y' = (y — m)/A, we have

0 o 1, ) _m/A /—27-[0 2 .
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Let us state the following facts which will be necessary to estimate the order of m and A:

var(V;) = ! </t e % R(z)dz — e /t e dz)
(1+ (c/u) f1 e=2dz)2 \Jo 0 ’

, e—28tR(O) Ce—Bt o8t t s
var(V/) = - + - e / e”*R(z)dz
(I + (c/u) f[ye2d2)>  u(l+ (c/u) fye=%dz)3 0

ce 1 (fy e O R(z)dz — e [ ¥ dz)
u(l + (c/u) [y ed2dz)*

’

1—s
cov(V/, Vy) = e 2 / e**R(z) dz. 2.7
0

Introduce the functions
f(s) = cov(Vt’, V), g(s) =var(Vy), and h(s) =cov(V;, Vy).
Then we have
W) =) =%g 1), f'(#) = var(Vy), g0y =2(f"() +h"(1)). (2.8)
Conversely, when |t — s| — 0, we have
mo? = 0((s — 1)°), (2.9)
A’o? = 0((s — 1)), (2.10)
o = (g"®)g) = 2hEN"E) =2 ENIs =% Ee(s,n. 21D
From (2.6)—(2.10), we have
o2 > u”>R(0)
- 8

|m|o2 < C4u2, Ao < C4u2, Cyq > 0.

(s — 12

Next we will estimate the integral in (2.6). From (2.8)—(2.11), it follows that

oo ,,2 () 2 2
y (Ay +m) y
/ —¢rs(y [ u,u)dy =/ —eXP<——> dy
0o O —m/A 2no 2
A2 oo ) ( y2)
= expl ——= ) d
2V 2o /—m/A Y P 2 Y
2mA /‘X’ ( y2>
+ yexp|l —= | dy
210 Jomy/a ™2

)
exp( —=
270 Jom/A PT2)%

< Csu.

Since 8 — a < 2(log u)/u3, we have

00 y2
2(8 — a)2 sup/ —¢ s, u)dy -0 asu — oo. (2.12)
o O

t>s
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Therefore, all that remains is to prove that

(bu+c)H
supo @ s(u, u) = o| log| ————
t>s Gce

u? 14 S(1- 6 ’ 2.13
Xexp<_ﬁ< +E( _6<6u+c>H>> )) @19

In fact,
var(Z;) + var(Zs) — 2cov(Z;, Zs) = g(s) + g(t) — 2h(s),
g0 +g() = 2h(s) _ 1 (h(1) = h(s))?
g($)g(t) — h%(s) g(®)  (g(s)gt) —h2(s))g(t)
So,

2
exp<—%(Var(Zt) + var(Zy) — 2 cov(Z;, ZS)))

M2
= Csexp <_ 2g(r)>

<C u? 1+ c | Gce 2
exp|l —— A1 - — .

=SSP\ 756 u 5Gu+ o H

From (2.6), (2.12), and (2.13), we finally obtain

E(Nu(la, B (Nu([ex, ) — 1))

(bu+c)H u? c Gce 2
=oflog| ———— Jexp| ——= 1+ -] - —— .
Gc 2G u 8(6u+c)H
Hence, the proof of Theorem 1.1 is completed.
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