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TWO REMARKS ON THE FRANKLIN
SYSTEM

by P. WOJTASZCZYK

(Received 15th October 1984)

The aim of this note is to present two observations about the classical Franklin
system. First we show that the Franklin system, when considered in the space generated
by special atoms (as defined and studied by Soares de Souza in [11] and [12]) is an
unconditional basis equivalent to the unit vector basis in ly. In our second result we
give conceptually simpler proofs and some extensions of the results of Bockariov's [1]
about the conjugate Franklin system.

For n = 2" + l, 1 = 0,1,...,2k~\ k = 0,l,2,... we put tn = (2l+ l^"*"1. We also put t_i =0
and tl = l. The Franklin system (Fn)"=_i is an orthonormal system of piecewise linear
functions on [0,1] such that Fn has nodes at (tj-)"= -i- The fundamental result about
the system (Fn)"= _ ^ is the following proposition (see [5]).

Proposition 1. There exist constants C and q,0<q<l such that for all n

| » l (1)

and

| | l '»i. (2)

Remark 1. Obviously for large n we can replace n + 2 by n in these inequalities.
Now we define atomic Hardy spaces. For more detailed information the reader may

consult [7]. We will restrict our attention to l / 2 < p ^ l only. A p-atom is either a
function constantly equal to 1 on [0,1] or a function a(t), O^trS 1 such that

supp a{t) a I for some interval / <= [0,1],

and \a(t)\<\l\-llp.

The space Hp[0,1] is defined as the space of all distributions / such that f=^i^jaj
where a-s are p-atoms and £|A,-|p<oo. The quantity inf{(£|A,|p)1/p: f = Y,^jaj> e a c n aj a

p-atom, X|A,]P<00} is denoted by ||/||p. It was shown in [13], [14], [10] that Fn is an
unconditional basis in Hp[0,1] for 1/2<p^ 1.
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The following modification of 1-atoms has been considered in [11] and [12]. A
function a(t) on [0,1] is called a special atom if it is either a constant 1 or

suppa(f) = 7 for some interval J<=[0,1] and

a(t) = | / | - 1 on the left hand half of / and

a(t) = - 1 / | ~1 on the right hand half of /.

The space B is defined as the space of functions / such that / = £ Xflj with a/s special
atoms and £|A/|<co. The norm is defined by | | / | |B=mf{Z W : a j special atom,
f = Yj^jaj\- Our aim is to prove the following

Theorem 1. The function f is in B if and only if

l<2]f{t)Fn{t)dt <oo. (3)

The proof of this theorem is a modification of the proof of Theorem 2 of [14].

Lemma 1. There exists a constant C such that

\\Fn\\B^C(n + 2)-1'2 n = - 1 , 0 , 1 , . . .

The proof of this Lemma can be found in [3] and [13]. One has to note that in the
course of proving the estimate for {{F^ in [3] and [13] an explicit decomposition of Fn

into special atoms is obtained.
This Lemma immediately implies that whenever (3) holds / is in B.

Lemma 2. Let a(t) be a special atom supported on the interval I = (k, I) and let y(t, 1) =
min(|t-fc|,|t-/|,|t-(fc + /)/2|). Then

(4)$oa(t)Fn(t)dt

for some constants c>0 and q, 0<q< 1.

Proof. Let h = Yj=-ibjFj be such that for s<n

f 0 if ts<k or r s > l

/ I" 1 if k^

- I / I " 1 if

Then §a{i)Fn{t)dt=\l
o(a{t)-h{t))Fn{t)dt. Since a(t)-h(t) is different from zero on at
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most three intervals around the points k, I, (k +1)/2 and each interval is of the length
at most C(n + 2)~l we see that (4) follows from (1).

In order to prove Theorem 1 it is obviously enough to show that there is a constant
C such that for every special atom a(t) we have Yj(n + 2)~ll2\$aFn\^C. Let us fix
a(t) = | / | - 1 ( Z / - Z / 2 ) with / i u / 2 = /, l^r\l2 = 0, | / i | = |/2| and fix N such that
2-N<\l\^2~N+1. Let A(t) = $'oa(s)ds. Using (2) we have

£ \$a(t)Fn(t)dt\(n + 2rll2 = £ \$ A(t)F'n(t)dt\(n
n = - l n = - l

n= - 1

N 2*

Z Z

Using Lemma 2 we have

\
2"

oo 2 * + 1

^C£ Z 2
* = W n=2*

2 »+l

- k h nt2*
^constant.

So the Theorem is proved.

Remark 2. It is obvious that Theorem 1 holds also for orthonormal systems of the
higher order splines defined in [4] and [6] (see also [14]).

Remark 3. Comparing Theorem 1 with the result of Ropela [9] one sees that B is
identical with some Besov space. This identification was shown in a different way in
[11]. Those results suggest that possibility of "atomic decompositions" for other Besov
spaces.

By / we shall denote the trigonometric conjugate of a function feL^T), i.e. a
function such that f + ij is a boundary value of an analytic function. The classical
reference for the properties of the trigonometric conjugation is [15]. We shall consider
the periodic Franklin system fn(t) on T. The definition is obvious (for details see [4] and
[14]). For fe L^T) let ak{f) = ]ffk and bk{f) = \fjk. We shall use the following
interpolation theorem which in much more general setting can be found in [8] Theorem
3.37. The proof in our case follows routinely from the classical Calderon-Zygmund
decomposition.
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Proposition 2. Let S be a sublinear operator defined on Lt(T) with values in the space
of measurable functions. If | |S/| |L ( T ,^C| | / | | p for some C and some p < l and
\\Sf\\i. (T)^C||/||La(T) for some q>\, then S is of weak type 1 — 1, i.e.

for some constant B.
It was shown in [10] and [14] that (/„) is an unconditional basis in HP(T) for

1/2<p^ 1. Simce it is orthonormal, it is obviously an unconditional basis in L2(T). Also
the trigonometric conjugation operator "~" is the continuous operator on HP(T) and
on L2(T) (see [7] and [15]). There is also a "formal identity" from HP(T) into LP(T)
which is continuous. This "formal identity" is an extension of a map which sends an
atom in Hp to the same atom considered as an element of Lp. Using various
compositions of these operators and Proposition 2 we obtain the following theorem.

Theorem 2. There exists a constant C such that for all sequences $„= +1 and for
every X>0 one has

(5)

(6)

(7)

(8)

Inequality (6) was obtained by S. V. Bockariov in [1] Theorem 10 and inequality (5)
was also obtained by him in [2]. For an arbitrary unconditional basis (Gn) in Hp(T) we
infer by the Khintchine inequality that the map

is bounded from HP(T) into LP(T), p<\. This proves the following theorem.

Theorem 3. There exists a constant B such that

\\ (5a)

(6a)

(7a)

{t:(Z Hffht)1)112 > X} ZBA-1! \f\. (8a)

As before (6a) was obtained first in [1] Theorem 9 and (5a) in [2].
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Remark 4. Our argument is obviously much more general than we have stated. In
particular one can replace (/„) by higher order spline systems and their derivatives and
antiderivatives, i.e. all systems considered in Theorem 2' of [14].
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