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Abstract

Let X = C0(2π) or X = L1[0, 2π]. Denote by Πn the space of all trigonometric polynomials of degree less
than or equal to n. The aim of this paper is to prove the minimality of the norm of de la Vallée Poussin’s
operator in the set of generalised projections PΠn (X, Π2n−1) = {P ∈ L(X,Π2n−1) : P|Πn ≡ id}.
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1. Introduction

Let C0(2π) denote the space of all continuous, 2π-periodic functions equipped with the
supremum norm. Let Πn denote the space of all trigonometric polynomials of degree
less than or equal to n. The Fourier projection Fn : C0(2π)→ Πn is defined by

Fn( f )(t) =
1

2π

∫ 2π

0
f (s)Dn(t − s) ds,

where Dn is the Dirichlet kernel

Dn(t) =

n∑
k=−n

eikt.

It is well known by the classical result of Lozinski [8] that the Fourier operator Fn has
the minimal norm among all projections from C0(2π) onto Πn. If we replace C0(2π)
by L1[0, 2π], the Lozinski theorem stays true. In 1969, Cheney et al. [2] proved that
the Fourier projection is the unique minimal projection with respect to the operator
norm in L(C0(2π)). In the same year, Lambert [5] proved the analogous result for
L1[0, 2π]. For other results concerning the minimality or the unique minimality of the
Fourier-type operators see, for example, [6, 7, 11, 12].

In 1918, de la Vallée Poussin [15] introduced the following operator.
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Definition 1.1. De la Vallée Poussin’s operator Hn : X → Π2n−1 is given by

Hn( f )(t) =
1
n

2n−1∑
k=n

Fk( f )(t) =
1

2π

∫ 2π

0
f (s)Vn(t − s) ds,

where

Vn(t) =
1
n

2n−1∑
k=n

Dn(t) =
sin2(nt) − sin2(nt/2)

n sin2(t/2)
.

Again, de la Vallée Poussin’s operator has been extensively studied by many authors
(see, for example, [1, 3, 4, 9, 10, 14]).

In our paper, we will show that de la Vallée Poussin’s operator has the minimal
norm in the set of generalised projections

PΠn (X, Π2n−1) = {P ∈ L(X,Π2n−1) : P|Πn ≡ id},

where X = C0(2π) or X = L1[0, 2π]. Our proof is surprisingly simple and it is based on
the behaviour of the zeros of the kernel Vn and the classical theorem characterising the
best approximation elements.

Theorem 1.2 (See for example [13]). Let X be a Banach space and V ⊂ X be a linear
subspace and let x0 ∈ X \ cl(V). Then v0 is a best approximation to x0 in V if and only
if there exists f ∈ S (X∗) such that

f (x0 − v0) = ‖x0 − v0‖ and f |V ≡ 0.

2. Results

We will start with a lemma, which can be treated as a certain generalisation of the
Lozinski theorem.

Lemma 2.1. Let X be C0(2π) or L1[0, 2π]. For every P ∈ PΠn (X, Π2n−1), there exists
P̃ ∈ PΠn (X, Π2n−1) such that

‖P̃‖ ≤ ‖P‖ and P̃( f )(t) =
1

2π

∫ 2π

0
f (s)

2n−1∑
k=−2n+1

akeik(t−s) ds

for some ak ∈ C.

Proof. For any s ∈ R, let us define an isometry Ts : X → X by

Ts( f )(t) = f ((t + s)mod 2π).

Now define an operator

Q :=
1

2π

∫ 2π

0
Ts ◦ P ◦ T−s ds.

It is obvious that ‖Q‖ ≤ ‖P‖. Since P ∈ PΠn (X, Π2n−1), for |k| ∈ {0, . . . , n} we have
P(eikt) = eikt and for |k| ∈ {n + 1, . . .} we have P(eikt) =

∑2n−1
l=−2n+1 ak

l eilt for some ak
l ∈ C.
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Define

P̃( f )(t) =
1

2π

∫ 2π

0
f (s)

2n−1∑
k=−2n+1

akeik(t−s) ds, (2.1)

where ak = 1 for |k| ∈ {0, . . . , n} and ak = ak
k for |k| ∈ {n + 1, . . . , 2n − 1}. We will show

that P̃ is a generalised projection and P̃ ≡ Q. Since the closure of the space generated
by {eikt : k ∈ Z} is equal to X, it is enough to show that:

(1) P̃(eikt) = Q(eikt) = eikt for |k| ∈ {0, . . . , n};
(2) P̃(eikt) = Q(eikt) ∈ Π2n−1 for |k| ∈ {n + 1, . . .}.

Take |k| ∈ {0, . . . , n}. Then

P̃(eikt) =
1

2π

2n−1∑
l=−2n+1

aleilt
∫ 2π

0
ei(k−l)s ds = akeikt = eikt

and

Q(eikt) =
1

2π

∫ 2π

0
Ts(P(eik(t−s))) ds =

1
2π

∫ 2π

0
e−iksTs(eikt) ds =

1
2π

∫ 2π

0
eikt ds = eikt.

Take |k| ∈ {n + 1, . . . , 2n − 1}. Then

P̃(eikt) =
1

2π

2n−1∑
l=−2n+1

aleilt
∫ 2π

0
ei(k−l)s ds = akeikt

and

Q(eikt) =
1

2π

∫ 2π

0
Ts(P(eik(t−s))) ds =

1
2π

∫ 2π

0
e−iksTs

( 2n−1∑
l=−2n+1

ak
l eilt

)
ds

=
1

2π

2n−1∑
l=−2n+1

ak
l eilt

∫ 2π

0
ei(k−l)s ds = ak

keikt = akeikt.

For |k| ∈ {2n, . . .},

P̃(eikt) =
1

2π

2n−1∑
l=−2n+1

aleilt
∫ 2π

0
ei(k−l)s ds = 0

and

Q(eikt) =
1

2π

∫ 2π

0
Ts(P(eik(t−s))) ds =

1
2π

∫ 2π

0
e−iksTs

( 2n−1∑
l=−2n+1

ak
l eilt

)
ds

=
1

2π

2n−1∑
l=−2n+1

ak
l eilt

∫ 2π

0
ei(k−l)s ds = 0.

This yields the desired conclusion. �

Theorem 2.2. Let X be C0(2π) or L1[0, 2π]. Then de la Vallée Poussin’s operator Hn
is a minimal generalised projection in PΠn (X, Π2n−1).
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Proof. By Lemma 2.1, it is enough to show that ‖Hn‖ = inf{‖P‖ : P satisfies (2.1)}.
Let Y = span{eikt : k ∈ Z, n < |k| < 2n} ⊂ L1[0, 2π]. Notice that if P is of the form
(2.1), then there exists y ∈ Y such that

P( f )(t) =
1

2π

∫ 2π

0
f (s)(Vn + y)(t − s) ds

and

‖P‖ =
1

2π

∫ 2π

0
|(Vn + y)(s)| ds =

1
2π
‖Vn + y‖1.

Now observe that the minimality of Hn is equivalent to the fact that 0 is a best
approximation to Vn in Y . Notice that (L1[0, 2π])∗ = L∞[0, 2π]. We will show that,
for any y ∈ Y ,

∫ 2π
0 sgn(Vn(t))y(t) dt = 0, which, according to Theorem 1.2, gives us the

desired conclusion. First observe that

Vn(t) =
sin2(nt) − sin2(nt/2)

n sin2(t/2)
=

(sin(nt) − sin(nt/2))(sin(nt) + sin(nt/2))
n sin2(t/2)

=
4 sin(nt/4) cos(nt/4) sin(3nt/4) cos(3nt/4)

n sin2(t/2)
=

sin(nt/2) sin(3nt/2)
n sin2(t/2)

.

Let f (t) := sin(nt/2) sin(3nt/2). Then, for t ∈ (0, 2π), sgn(Vn(t)) = sgn( f (t)). By the
above, it is easy to see that f (t) = 0 if and only if t = 2πb/3n for b ∈ {1, . . . , 3n − 1}.
Notice that it is only at double zeros of f (that is, t = 2πa/n for a ∈ {1, . . . , n − 1})
that the function does not change the sign. Denote Ia := (2π(3a − 1)/3n, 2πa/n) ∪
(2πa/n, 2π(3a + 1)/3n) for a ∈ {1, . . . , n − 1} and Ja := (2π(3a + 1)/3n, 2π(3a + 2)/3n)
for a ∈ {0, . . . , n − 1}. Then, for any a ∈ {1, . . . , n − 1}, sgn( f )|Ia = sgn( f )|(0,2π/3n) =

1 and, for any a ∈ {0, . . . , n − 1}, sgn( f )|Ja = sgn( f )|(2π/3n,4π/3n) = −1. Now
let n < |k| < 2n. Since e(2πik/n) , 1,∫ 2π

0
sgn(Vn(t))eikt dt =

∫ 2π/3n

0
eikt dt +

n−1∑
a=1

∫
Ia

eikt dt −
n−1∑
a=0

∫
Ja

eikt dt +

∫ 2π

2π−(2π/3n)
eikt dt

= (ik)−1(e2πik/3n − 1) + (ik)−1
n−1∑
a=1

(e2πik(3a+1)/3n − e2πik(3a−1)/3n)

+ (ik)−1
n−1∑
a=0

(e2πik(3a+1)/3n − e2πik(3a+2)/3n)

+ (ik)−1(1 − e2πik(3n−1)/3n)

= 2(ik)−1e2πik/3n
n−1∑
a=0

(e2πik/n)
a
− 2(ik)−1e4πik/3n

n−1∑
a=0

(e2πik/n)
a

= 2(ik)−1(e2πik/3n − e4πik/3n)
1 − e2πik

1 − e2πik/n = 0.

Hence, for all y ∈ Y ,
∫ 2π

0 sgn(Vn(t))y(t) dt = 0, as required. �

It is worth mentioning that in the paper [9] Mehta showed that for any n ∈ N the
norm of de la Vallée Poussin’s operator Hn is equal to 1/3 + 2

√
3/π.
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