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Introduction

It is well known that a wide range of Special Function Theory can be realized
by considering unitary representations of certain topological groups.

In this approach it is very important to determine all irreducible continuous
unitary representations of the group in question.

For the group of movements this problem was initiated by Vilenkin [6].
Rather restrictive conditions were imposed in this paper and while he returned to
the problem in [7], it was still not solved in full generality (among other things
the representation space was assumed separable). The first complete solution
appears to have been given by Thoma [5]. Here, the method was to show each
irreducible continuous unitary representation equivalent to a particular re-
presentation in a space of square integrable functions. The form of the operators
was given by the expression,

T,f(¥) = e* ¥"? f(y — a), R constant,

where g is the movement determined by a rotation through angle a and a shift re®.

A similar result has been established by Bingen [1]. In this work a repre-
sentation is understood in the more general sense of a homomorphism from the
group into the space of continuous linear operators on some locally convex
topological space. However this cannot be considered a generalization since a
differentiability condition is imposed on the operators T,.

In [2] Gelfand and Shapiro determine the irreducible continuous unitary
representations of the group of rotations by considering the infinitesimal operators.
This method is easy and natural and hence posed the question: Can the in-
finitesimal operators be used to characterize all irreducible representations of
the group of movements?

In solving this problem many difficulties were encountered. These had their

78

https://doi.org/10.1017/51446788700019145 Published online by Cambridge University Press


https://doi.org/10.1017/S1446788700019145

[21 The group of movements of the Euclidean plane 79

origin in that all irreducible representations (with the exception of a trivial re-
presentation) are infinite dimensional, and hence the infinitesimal operators are
unbounded. In Sections 3, 4 and 5 these difficulties are met by considering the
action of the infinitesimal operators on a particular dense subset, &, which has
reasonably pleasant properties. Some of the results of [2] carry over directly — for
example, Theorem 4, but they are proved in a different context, and by different
methods.

In Sections 7 and 8 the applications of this theory are considered. In particular
the Graf addition theorem is derived.

This research was performed in in 1968 and 1969 while I held a Monash
University Post-Graduate Award, and constituted a Master Degree. My supervi-
sor was E. Strzelecki and I take this opportunity to express my gratitude to him.

1. The group of movements

The group of Movements, ¢, is the set of all possible transformations of the
plane obtained by a rotation about some fixed point (the origin) and applying a
constant shift, together with the group operation of iteration of movements.

If the plane is regarded as the complex plane then we may write for g € ¥

g = (a,0)

where 6 is the angle through which the plane is rotated and o« is the complex
number of the shift. If by g(z) we understand the complex number obtained by
acting upon zeC with movement g, then

¢)) g9(2) = ez + a.

Usually we shall write g = (x,y,0) where x and y are the real and imaginary
parts of a respectively.

If g, = (x(,¥1,01), 9, = (x3,5,5,0,) then the group product formula is
easily obtained from (1):

9192 = (x3 + x;c080, — y,sinf,,y, + x,sin0; + y,c0s0,,0, + 6,).

The notation g = (x, y, 0) indicates the natural way to introduce a topology
upon ¥. We define the topology upon ¢ as the product topology of R? and the
circle {0:0 < 0 < 2n} where 6 = 0 and 0 = 2x are identified. This topology is
obviously locally compact and Hausdorff.

The last remark implies that there exists a left Haar Integral on ¥, that is,

f f(g9)dg =f f(g09)dg

for integrable function f(g), f: ¥ —C and for all goe%. Writing g = (x,y,0)
then f(g) = f(x,y,0) and th left Haar integral has the form
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© © 2n
03 f_ f_ L f(x,y,0)d0dxdy

2. Unitary representations of the group of movements

A unitary representation of ¢ is a homomorphism g - T,, g € 4, where the
operators T, are unitary linear operators on some Hilbert space 5. That
is for g,,9,€%

3 T, T

81742

=T

9192

where T,, and T, are unitary.

In the following the representations will be assumed to be continuous: that
is, H T, - T,¢ || -0 for all e s as g — g, in the topology of 4.

A representation g — T, of ¢ is said to be irreducible if the only closed sub-
spaces of & which are invariant under all operations T,, g €%, are {0) and /.
That is, if 47 is a closed subspace of # and T(A") = A for all ge %, then
N = {0 or .

3. The space #

We define Q to be the set of complex-valued functions with the following
properties. Let feQ if:

(1) f(g) = f(x, y,6) has continuous partial derivatives of all orders.

(2) if I = f or a partial derivative of f and g, = (h,0,0), (0, h,0) or (0,0, h),
then le X(9) N L'(%) and as h— 0, 1/h[l(g{ ' g) — I(g)] converges in L}(¥) to its
pointwise limit (it will be shown later that Q # ¢). The following are at once
apparent.

LEMMA 1. If f is in Q then so are 0f[0x, 0f |0y and 0f]00.
LEMMA 2. If g, €% and f(g)eQ then f(g7'g)eQ.

We now define # = {nest’ ;n = [f(g)T,tdg, feQ,te#}. (The above
integration is of a vector valued function, f(g)T,{. We use the approach of [4]
§6 Section 19. Since f(g) is measurable and bounded, and T,{ is continuous,
the integral exists.)

Lemma 3. If ne®B, n= [f(g)Ttdg with feQ and EeH, then T,n
= [ flg1"9)T,Ldg.

PrOOF.
Tgxn = Tgx ff(g)Tyédg

- f f@T, T,edg,
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by [4] §6 Section 19 Formula 3. Hence

T = [ 1T, ,tdg

= j flg{ 1g)’I},édg, by the invariance property.
CoROLLARY. T, (Span %) < Span% (g € ¥) where Span & is the linear hull
of &.
Proor. By Lemma 2.

4. The infinitesimal operators
For ne 5 we define
.1
Asn = lim —(T(0,0, )y — 1)
oo h
where T'(0,0, h) is the representation image of the movement g = (0,0, h).
Similarly we define

An

I

lim L(T(k,0,0) — )
Im 3

Ayn

lim h(T(O h, 0 —1n).
h=0

It may happen that for particular 5 these limits do not exist. However, this is not
so for ne 4, as follows from

THEOREM 1. If ne B, n = [ f(g)T,Edg then

d

A = f deg
o

Ay = J a—iT,édg

a = [(vE-5EL-D)rzan.

6x dy
Proor. Put A, = (1/h) (T(0,0,h) — I). By Lemma 3 and some calculation
we show
1 -
©) an = [ U@ e - s@Ined

where n = [ f(g)T,¢dg, feQ, (o and g, = (0,0,h). Writing g = (x, y,6)
we see that
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1'g = (0,0, - h)(x,y,0)
= (xcosh + ysinh,ycosh — xsinh, 0 — h).
For fixed x, y, 8 we define
E(k) = f(xcosk + ysink,ycosk — xsink, 8 — k).
Then (1/R)[f(g1 *9) — f(9)] = (1/M[E(h) — E(0)] which implies

lim £ [/67'9) ~f(@)] = EQ).
h—=0
However,

of

E'(k) = 3 ( —xsink+ycosk)+g£(—xcosk—— ysink)—af

—6_0"

so that
, 5f 6f of .
EO=yz =5 ">
thus
IR of_ of _of
11'121) Tz[f @i 'D-f@l =y x 5; 20 pointwise.

Now feQ, so this equality holds in I!(%); and this implies
_ of _ of _of
since the integral is a continuous linear functional on I}(%). The other formulae

are proved similarly. Q.E.D.

COROLLARY. Span# is invariant under A;, j =1,2,3; and if neSpan %
then Ajn, j = 1,2,3 exist for all n and belong to Span 4.

Proor. This is immediate from Lemma 1.

Using the forms of the operators A; calculated above, calculation shows the
following:

THEOREM 2.

[43,4,]n = 4n
[4;, 4371 = Ain (neSpan%)
where [A, B] = AB — BA for operators A, B.
THEOREM 3. # contains an eigenvector of A,.

ProoF. We consider g = (r,a, 0) where re® = x + iy. In this case the left
Haar integral becomes [Z* (3" (& - rdrdad. Using Theorem 1 it is easy to
show
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an = [ (2 + D)rea

Ay

If feQ, f(g) = e™e™h(r), where m,n are integers and h(r) is an arbitrary
function of r, we have:

Asn = —i(n + mn.

It remains only to show that there exists such an feQ with [ f(g)T,¢dg # O.

We put h(r) = Fexp(—r* = (1/r®), for k = 0,4+ 1, + 2---, and it is possible

to show e™®e™h,(r) € Q. Assume [ e™%e™h(r)T,Edg = 0, for all m, n, and k.
Then

f einaeimarke—r e—l/r (T'gé, !,b)dg —_ 0,

for all y € 5# and for all integers m, n, k. We put

2n 2n " N

M=ffe%%ﬂwmmwmm

o Jo

then I(r) € [*(0, o0) and we have
f rke 12 l(Fyrdr = 0.
o

r2

However the set {rfe ™"/2; k a positive integer} forms a basis for L%, o)
(see [8], Chapter 1) so we must have I(r) = 0. We have shown:

2n 2%
f f e"eimer 2 1P (T £, y)dfda = 0.
(o} 0

As above the set {e™; n an integer} forms a basis for I*(0,2r), and we may argue
as before. The final result is

(TLY) =0 (WeH),

which is impossible unless £ = 0. Q.E.D.
The operators A;; j = 1,2, 3 have the following property. If #,,1, € Span %,
then
(Amng) =, —Ajma); J=1,2,3.
Indeed,

L1001 = Dnyynz) = (ne(T©,0, — b — D),
(i )= (e

since the operators T,, g € ¢, are unitary; taking limits, we have the relation. We
now define
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iAd; =H;; j =123,
and the above relation may be written

(Hﬂh,nz) = (’11,Hj'12); Jj=123.

(If we use the terminology of [4] §5 Section 9 we may call the operators H,
symmetric.)

It is more convenient to work with certain linear combinations of the H;.

We define _

: "H, = H, + iH,

H_ = H, — iH,.

Direct calculation then establishes the following relations

© [H.,Hs} = —H,
O] [H.,Hs] = H_

® [HoH.] =0

©) (Himums) = (1, Hony)

— for n,,n, € Span 4.

THEOREM 4. Let f,€ # be an eigenvector of H; with eigenvalue A. Then if
H,f, # 0 it is an eigenvector of H, with eigenvalue A+ 1. Similarly if
H_f, # 0 then H_f, is an eigenvector of eigenvalue A — 1.

ProoF. H3H.f, = [Hy, H 1fi+H H3fs = H fi+iH, f, = A+ DH.J,
where f, € Z is an eigenvector of eigenvalue A. The dual result is proved similarly.
: Q.E.D.

We shall prove eventually that if T, is irreducible then H.H_f, = Mf,, for
some M € R.

LemMma 4. If g — T, is irreducible then Span % is dense in .

PrOOF. One considers Span#. This is invariant due to the corollary to
Lemma 3.

In general if 4 is an operator on 5, 2(A) (Domain A) dense in 5, then A
is self-adjoint if A = A*. The following three results are from §5 Section9 of [4].

PROPOSITION 1. A* is a closed linear operator.
PROPOSITION 2. If Ais closed and %(A)densein 3, then A*A is self adjoint.

PROPOSITION 3. If the linear operator A with dense domain has the closure
A then
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A¥* =4 > 4.
We shall also need the following.

THEOREM 5. Let g — T, be an irreducible representation of 4. Let A be
an (a priori) unbounded self-adjoint operator such that (T ,A) = 2(AT)) and
for ne AT A), T,An = ATp; then A = MI for some real M.

(See [4] §29 Section 3. The result for rings is established in §17, Section 6,
Proposition II and the result for groups is a consequence of the relationship
established in §29.)

We define H = H**H* and from Proposition 1 and Proposition 2 we have:

PROPOSITION 4. H is self-adjoint.
PrOPOSITION 5. H 2 H . H_ (i.e. H is an extension of H,H_).

PROOF.
HY = (H; +iH,)*

2 HY—iH}
2 Hl -in,

since the operators H, and H, are symmetric. Since H* is closed, H, admits of
a closure, and by our Proposition 3:
HY*= H,.
* * Q.E.D.
PROPOSITION 6. If A is self-adjoint then

9(4) = (ceots [ |3 a] Pde | < 0}

and

A¢ = f ” AdP()E for &eD(A).

o

Note. P(1) is the spectral operator function and this result is the spectral
theorem for unbounded linear operators. See [4], §17.

ProposiTION 7. If (€% then THE = HTE.

ProOF. These expressions are both well defined, (see the Corollary to
Lemma 3 and Proposition 5). To prove the equality we make use of Lemma 3 and
the form of the infinitesimal operators calculated in Theorem 1.

ProrosiTiON 8. P(A)T, = T, P(4).
PrRoOF. We adapt the proof of Proposition VII §17 of [4]. It is straight-

https://doi.org/10.1017/51446788700019145 Published online by Cambridge University Press


https://doi.org/10.1017/S1446788700019145

86 James Symons 9]

forward to show from Proposition 7 that T, commutes with U (as defined in [4])
for vectors in 4. Since # is dense in 5 and both T, and U are unitary operators
this property can be extended to J#. The argument then proceeds as in the reference.

ProrosiTioN 9. 2(T,H) = D(HT), and for {e2(TH),
T.HE = HTY.

ProoF. This is immediate from Propositions 6 and 8.

We can now apply Theorem 5 to obtain:

THEOREM 6. Let g — T, be an irreducible representation of %. Then
H_ .H_n = Mn (n € Span %) for some real M.

5. Exponential formulae

In this section we will determine the form of the operators T, in terms of
exponentials. The symbol f, will denote a non-zero eigenvector of H; with eigen-
value A where f, e Z. %(f,) will denote the set

{£.} U{H f,; n a positive integer} | {H". f,; n a positive integer}

and Span Z(f,) will denote the set of all finite linear combinations of the vectors

of #(f,).
THEOREM 7. Let g — T, be a continuous unitary representation of 4. If
n € Span &,
n—1 ok 1 (]
T(0,0,0)n = IEO z—!A’gn + m]; 6 —-1)""'T(0,0,7)Andx.

Proor. The reference is [3] Theorem 11.6.3. Assuming the representation
to be continuous is a much stronger condition than (0, 4) summability.

CoroLLARY. If “ A5n “ <K " n " for some K = 0 then we have
K

T0,0,0n = X
(0,0,0)n Zo

and similar results hold for T(x,0,0) and T(0,y,0).

Aln for neSpan%;

PROOF. One shows that || [3(6 — )" 'T(0,0,7)43ndz | >0 as n— co.

We can now proceed to the calculation of the form of an irreducible re-
presentation of ¥. We shall denote X -, (6%/k)A%n by exp(043)n.

THEOREM 8. Let g — T, be irreducible. If M = O then the representation
is 1-dimensional of the form T(x,y,0) = e*® where k is a constant integer.
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ProOOF. Assume M = 0. Let f, be an eigenvector of H; with eigenvalue A.
AeR, since Hj, is self adjoint. Now

(H—fx,H-fx) = (fHH_f) = (i, Mf) = (£,,0) = 0,

so H_f, = 0. Similarly H,f, =0, so in general H%: f, = H” f, = 0 for all
positive integers n, m. Hence A} f, = A%f, = 0 and trivially

| 4550 = 14]

Thus by the corollary to Theorem 7 we have
T(x,0,0)/, = exp(xA)fy = £,
T(0,»,00/ = exp(y4)h = A

Since f, is an eigenvector of A5 we have that A3f, = (— il)"f,, A€ R, and this
gives | 434, | = [A]"|| i |- So by the same corollary,

T(0,0,6)f, = exp(64;)f,

;o J=12

= ot 0Asfy + 5 (04 s + -
= ok (= )+ (= 07, + -

= e - ila_fl.

Since T(x,y,0) = T(x,0,0)T(0, y,00T(0,0,0) we have T,f, = ¢*°f, for some
real k, and since T(0,0,2nr) = I for integer n, we must have k an integer. Clearly
this formula holds in the one-dimensional space

Cf, € .

Hence Cf; is invariant under all operators T,, g€ %, and the irreduciblility con-
dition implies Cf, = 5.

Lemma 5. If g— T, is an irreducible representation and M # 0 then
H' f, # 0 and HZ f, # O for all positive integers m,n.

ProoF. If M # 0, let n be the least positive integer such that
HYf, =0.

Then 0 = H_H"f, = H_H H""'f, = MH!™'f,, which implies that H"'f, = 0,
a contradiction.

In the light of this result we henceforth assume M # 0, H} f, # 0 and
H™f, #0.

THEOREM 9. Let g — T, be irreducible. Then M is positive and if N is

https://doi.org/10.1017/51446788700019145 Published online by Cambridge University Press


https://doi.org/10.1017/S1446788700019145

88 James Symons [11}

the positive square root of M, then H', f, = N"f, ., for integers n = 0, where

(f).:tmfxin) =L

ProoF. We write H, f, = «,f,4+;- Clearly f,,, may be selected so that
(fir1sfoer) = 1 and a, > 0. In general we define

Hyfisn = trrfasntts Brtnrts fisner) = 1,
where a,,; > 0. In the same way we define
H_fi-n = Bus1fizn-1
where B,.; > 0and (f,_,—1,fi_n—1) = 1, for all n. Since f, .,€ % we have
H H_fisn=Mf sn

Now H_fysns1 = H_(Nyy DHy fran = (Uope JH-Hy fi 4 = (M/aty11) f4, and
a similar calculation gives

Hificwor =

M
ﬂn+1fl-n '

Since (H .n,,1;) = (11, H_n,) for n,, 1, € Span 4, it follows that

(Hifismbhint) = @ns1fint 1 fatnt1) = Rusy

Hofiomfirnsd) = O swBfuoned) = (fosm o fina) =

\ On+1

and M

Apty -

Hence (M/o,,,) = o, ,, thatis, M = aZ,, > 0. By considering (H_ f,_p,fan-1)
we obtain the relation
ﬂn2+1 =M.

We put + /M = N and we have

Ba+1 = 0ysy = N,
as required.

THEOREM 10. If g — T, is irreducible and n € Span %(f,), then
T(x,y,0)n = exp(xA, + yA4,)exp(64;)n.

Proor. Let f,.,€ %(f,). We have A, = (1/2i)(H, + H_). Hence, since H,
and H_ commute:

1 ) - m m— m
I o LR (A LA e (R e i ] T

and calculation shows

ltsl = (3) [ (T)+ =+ () +1] = (3) 2 -
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The dual result for A, is proved similarly; thus
(10) | 47fisa] S N™ i=1,2.
Also, since f, ,, is an eigenvector of 4, we have
| AZhaal = |24 n]"
Hence by the corollary to Theorem 7 we have
T(0,0,0)fi+n = €xp(043)fi+n
(1n T(x,0,0)fy+n = €xp(xAy)fi+n

T0,5,0fien = exp(yA2)fr+n
So
T(X, 0’ 0) T(O, ) O)T(Oa 0, 9)fk+n

= T(x9 O; O)T(O’ Y, 0) exp (0A3)fk+n .
Now T(0,0, 6)f, +,c % (Lemma 3). Moreover H; commutes with 7(0,0,6). So
H3T(0,0,0)f,+n = T(0,0,0)H3 fo4p = (4 + n)T(0,0,0)f, ;.

T(xa ¥, 0)fl+n

I

Thus f,,, = T(0,0,0)f,+, is a non-zero eigenvector of H,. Starting with f; .,
as f, we may reproduce the results of Theorem 9 and in particular obtain formulae
(11). Hence

T(0,y,0)fi+n = exp(PA2) fi+n-

Moreover A;A, = A,A,, so A, exp(yA,) = exp(yA,)4,, and this implies
ATT(O: ¥s O)f).,+n exp (yAZ)ATfl’-f-n

’ 1 m ,
xp (D) (57| (He + H o
A20™H, + H_)"f,., is a linear combination of eigenvectors of H;. Clearly
formulae (11) apply to such vectors and the expression on the right is just:

T0,1,0(%) s+ H s,

The unitariness of T(0, y,0) and a similar calculation to that which derived (10)
give
| ATT©0, 7,00 /4, | < NT

where N, is the N of Theorem 9 for f/,, = f,. Hence by the corollary to Theorem 7
we have

T(x’ 0’ O)T(O, y’ 0)f1f+n = (exp xAl exp yAZ exp 0A3)fl+;l‘
So
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T(x,y,0)fi+n = (expxA;exp yA,exp 04;3) fi+n
— and since A;4, = A,A, it is easy to verify that
expxA;exp yA, = exp(x4, + y4,).
The generalization from %(f,) to Span %(f,) is now immediate. Q.E.D.

THEOREM 11. Let g — T, be an irreducible unitary representation of %.
Then # = Span %(f,).

PROOF. Span #(f,) is invariant under all operators H,, H_, H,. Using the
form of the operators on Span #(f,) calculated in Theorem 9 we have the result.

COROLLARY. Any irreducible representation of ¥ is separable.

Proor. In fact the countable basis of 5 is Z(f,). Q.E.D.

Finally we note that
T(0,0,0)f,+n = exp0A4;fr4n = e—i(H"wan-

Since T(0,0,2mn) = I for integer m it follows that A is an integer. By Theorem 4
we may take A = 0. Thus we have established the following:

THEOREM. Let g — T, be an irreducible continuous unitary representation
of the group of movements in the Space #, dimension # # 1. Then # is
separable (and infinite dimensional) and there exists an orthonormal basis
of #, B(f) = {f,; n an integer} upon which the infinitesimal operators have

the form
i i
Alfn = “’2‘an+1—§an—1
1 1
Aan = —Ean+l +§an—1
A3fn = —in fm

where N > 0. Moreover if n € Span Z(f),
Tn = exp(xA4; + yA,)exp 0A4sn
where g = (x,y,0).

6. Infinite matrices

We have shown that for any irreducible representation, J# is separable.
Thus we may regard 5 as the set of column matrices of the form
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n-y
o«
1= 1 where formerly we wrote n = X 7,f,
~w=n
m
(where Z"_"w=,,|n,,|2 < o0). Moreover on this space any linear operator may be

represented as an infinite matrix: T = (t,,,) where T is the column matrix with

2 o=k tmlx in the mth place. In this notation f, is just the column matrix with 1

in the nth place and zeros elsewhere. It is easily seen that the infinitesimal operators

have the forms

0
10
AN
0 1 0
.
o 0 1 ©
AN
0 0 0 1 0
AN
0 0 0 1
AN
0 0 0
0 0
0
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— that is the mnth entries of H,, H_ and H; are N6, 41, NOp4y,, and mé,,,
respectively.

Using these expressions for H,, H_, H; it is possible, though tedious, to
prove the following converse of the theorem of Section 5.

THEOREM. Let 3# be the space of infinite column matrices,

p— —

n-1

- ]
n=| no where X |n,|* < oo and let the matrices

—w=n

"

H,, H_, H, be defined as above. Put f, as the column matrix with 1 in the nth
place. Then Span%(f), the set of column matrices with only finite non-zero
entries, is dense in #. Moreover for n e Span #(f) the matrix

X .
T = expE(H+ + H_)exp —21(H+ — H_ )exp(— i0H3)n

is defined for x, y,0 € R. Writing T, (where g = (x, y,0)) for the unique extension
to A of this operator T we have that g — T, is an irreducible continuous unitary
representation of 9.

7. The matrix elements of an irreducible representation

It has been shown (for a dense subset of 5#) that

T, = expxA,expyA,exp0A,

g

x e
exp —2—i(H+ + H_)exp%(H_ - H+)expi—H3
= exp %HJ, exp—%H_ exp%H- exp(—%HJ,)exp gH3

and the matrices H,, H_, H; have the forms N(6,,,+1), N(Opm+ 1), (n6,,,) 1CS-
pectively. (By (0,,,+1) €tc. we understand the matrix with 6, ,,, in the m, nth
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position.) The powers of H., H_ are easy to calculate. In fact

H, = N%G,_,.)
Hp— = Np(am-i-p,n)
and from this it follows that
LS R V.0
xp 57 Ho = T (= g5( 5] Gare,) and

*H_

eXp -

2 1 /Nx\*
p— i k._ —
kEo( l) k!( 2 ) (6m,n+k)'
By multiplying these two matrices and some calculation it can be shown that the
m, nth entry of exp x4, is
( - i)m—"Jm—n(Nx)

where J,,_,(x) is the Bessel function of order m — n, and a similar approach
shows that the m, nth entry of exp y4, is J,,_(Ny).

Using the fact that H;is a diagonal matrix it is easy to show expfA4; =
(e™™5,,,,),s0 that the final result is that the m, nth entry of T, = exp(xA4; + y4,)
exp 045 is:

co]

(12) L (= )" N (Ny)e™™.

— oo =k

8. Some relations between the Bessel functions
The fundamental relation
(13) T, T, = T4,

satisfied by the operators T} is, in effect, an addition formula for Bessel functions
As a preliminary we put

91 =1(0,0,6), g, = (0,5,0)
so that
9192, = (ycos @, ysin6,0).
Substituting in (13) from (12) we have

Y (=), (Nycos0)J, _(Nysin e "

— 0 =k

= (— i)m_nJIn‘n(Ny)e_imo
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so that

(14 Jon(y) = mm@2) 5 pymky _(ycosO),_(ysin)

—wo=k

— which expresses a Bessel function in terms of its ‘“‘components’’. This formula
enables us to simplify the general element of T,.

If g =(x,y,0), put re™ = x + iy. Then x = rcos a, y = rsina, and the
mnth entry of T, is

Y (=), (Nrcosa)J,_ (Nrsina)e™ ™
— e—ino‘lm_n(Nr)e—(m—n)(a+n/2) .
In the light of this result we will consider g as a function of r, « and 8 rather than
x,¥,0. We write g = (r,a, 8). Putting g, = (ry,a,,0)), g, = (v5,%,,0,) we have

94192 = (R’ a, 01 + 92) where

R = (r} +r} +2ryrycos (0, + o, — a,))* and

. ry+r ei(uz-axﬂh) k2
ela — eial [ 1 2 .

rl + rze—i(az—uj+91)

Writing «, — o; + 8; = ¢ and substituting in (13) we have on simplification

—ipy(m—n)/2 © )
J,,,_,,(NR)[rl + rae ' ] e S T (NPT (NPt
ry+re® - =k
Putting N = 1, n = 0 this becomes
ry + rpe 2 © )
BT = B (- Dt
i - =k

ry +rpe
This is an addition formula for Bessel functions: in fact the more familiar Graf
formula may be obtained by substituting ¢ + = for ¢.
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