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Existence of Taut Foliations on Seifert
Fibered Homology 3-spheres
Shanti Caillat-Gibert and Daniel Matignon

Abstract. This paper concerns the problem of existence of taut foliations among 3-manifolds. From
the work of David Gabai we know that a closed 3-manifold with non-trivial second homology group
admits a taut foliation. The essential part of this paper focuses on Seifert fibered homology 3-spheres.
The result is quite different if they are integral or rational but non-integral homology 3-spheres. Con-
cerning integral homology 3-spheres, we can see that all but the 3-sphere and the Poincaré 3-sphere
admit a taut foliation. Concerning non-integral homology 3-spheres, we prove there are infinitely
many that admit a taut foliation, and infinitely many without a taut foliation. Moreover, we show
that the geometries do not determine the existence of taut foliations on non-integral Seifert fibered
homology 3-spheres.

1 Introduction

All 3-manifolds are considered compact, connected, and orientable. Taut foliations
provide deep information on 3-manifolds, and their contribution to understand-
ing the topology and geometry of 3-manifolds is still in progress. The first result
came from S. P. Novikov [16] in 1965, who proved that a 3-manifold that admits a
taut foliation has to be irreducible or S2 × S1. Since then we know from [17] that
such manifolds have R3 for universal cover, that their fundamental group is infinite
[16], and Gromov is negatively curved when the manifold is also toroidal [4]. Re-
cently, W. P. Thurston has exhibited an approach with taut foliations towards the
geometrization.

In [9], D. Gabai proved that a closed 3-manifold with a non-trivial second homo-
logy group admits a taut foliation. Many great works then are concerned with the
existence of taut foliations; see for example [1, 2, 5, 12, 13, 19]. The essential part of
this paper focuses on this existence problem for Seifert fibered homology 3-spheres.
The results for integral homology 3-spheres are quite different from those for rational
but non-integral homology 3-spheres.

In this paper, a non-integral homology 3-sphere means a rational homology 3-
sphere, which is not an integral homology 3-sphere. The results are quite different
for integral homology 3-spheres or non-integral homology 3-spheres.

Theorem 1.1 Let M be a Seifert fibered integral homology 3-sphere. Then M admits
a taut analytic foliation if and only if M is neither homeomorphic to the 3-sphere nor to
the Poincaré sphere.
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The final section is devoted to this result. We have to point out here that R. Rusta-
mov has proved in [18] that an integral homology L-space that is the link of an iso-
lated complete intersection surface singularity is either the 3-sphere or the Poincaré
sphere (up to orientation). Since every orientable Seifert fibered integral homology
3-sphere is the link of such a singularity, combining this result with P. Lisca and A. I.
Stipsicz’s result [13, Theorem 1.1], we get Theorem 1.1.

Concerning non-integral homology 3-spheres, the non-existence is not isolated.
Of course, the 3-sphere and lens spaces do not admit a taut foliation, but for any
choice of the number of exceptional fibers, there exist infinitely many that admit a
taut foliation, and infinitely many that do not.

Theorem 1.2 Let n be a positive integer greater than two. Let Sn be the set of Seifert
fibered 3-manifolds with n exceptional fibers, that are non-integral homology 3-spheres.
For each n:

(i) there exist infinitely many Seifert fibered manifolds in Sn that admit a taut analytic
foliation;

(ii) there exist infinitely many Seifert fibered manifolds in Sn that do not admit a taut
C2-foliation;

(iii) there exist infinitely many Seifert fibered manifolds in S3 that do not admit a taut
C0-foliation.

Actually, by considering the normalized Seifert invariant (0; b0, b1/a1, . . . , bn/an)
of a Seifert fibered homology 3-sphere and assuming that b0 is not equal to −1 (nor
to 1− n), then b0 determines whether or not M admits a taut C2-foliation; see Theo-
rem 4.1, which collects the results of [6, 10, 15]. Note that there is a fiber-preserving
homeomorphism of M that switches b0 = 1− n to b0 = −1. Therefore, the problem
remains open only for b0 = −1. We will prove (see Theorem 7.1) that even if the
3-manifolds are all equipped with b0 = −1, Theorem 1.2 is still true.

Finally, we will see that the geometries do not determine the existence of taut
foliations on Seifert fibered rational homology 3-spheres.

Theorem 1.3 Let M be a Seifert fibered rational homology 3-sphere. If M does not
admit the S̃L2(R)-geometry, then M does not admit a taut C2-foliation.

Remark 1.4 There exist infinitely many such manifolds (see Section 7), but the
converse is not true (Theorem 7.1). We can give infinitely many such manifolds,
which admit the S̃L2(R)-geometry (and with b0 = −1) but no taut C2-foliation.

From Proposition 5.5, if M is a Seifert fibered integral homology 3-sphere that
admits the S̃L2(R)-geometry, then M is neither homeomorphic to the 3-sphere nor
the Poincaré sphere. In particular (Theorem 1.1) M admits a taut analytic foliation.

Schedule of the paper We organize the paper as follows. In Section 2 we recall ba-
sic definitions and notations on Seifert fibered 3-manifolds, taut or horizontal fo-
liations and well-known results. Section 3 is devoted to the relationship between
taut C2-foliations and horizontal foliations in Seifert fibered rational homology 3-
spheres. Actually, a Seifert fibered rational homology 3-sphere, say M, admits a taut
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C2-foliation if and only if M admits a horizontal foliation (Corollary 3.1). This fact
has been proved by P. Lisca and A. I. Stipsicz [13, Theorem 1.1] using contact struc-
tures and Ozsvaáth–Szabó invariants. Another way to see this is to note that a taut
C2-foliation of a Seifert fibered homology 3-sphere cannot contain a compact leaf
(see Corollary 3.3). Therefore, it can be isotoped to be horizontal, by applying the
works on foliations of M. Brittenham, D. Eisenbud, U. Hirsch, G. Levitt, S. Mat-
sumoto, W. Neumann, S. P. Novikov, and W. P. Thurston [1, 6, 11, 14, 16, 24].

In Section 4, we give inequalities involving Seifert invariants that will be used for
the remainder of the paper. They come from the characterization of M. Jankins,
R. Naimi, and W. Neumann [10, 15] for horizontal foliations, because a taut C2-
foliation can be isotoped to be horizontal. We can find such a characterization by
combining [12, Theorem 1.3] and [13, Theorem 1.1]. Note that Theorem 1.2(i) and
(ii) also follow from this characterization.

Section 5 concerns the geometries of homology 3-spheres. We will prove the fol-
lowing result.

Proposition 1.5 Let M be a Seifert fibered rational homology 3-sphere with n excep-
tional fibers. If M does not admit the S̃L2(R)-geometry, then the following statements
are all satisfied.

(i) n ≤ 4.
(ii) If n = 4, then M admits the Nil-geometry and is a non-integral homology

3-sphere.
(iii) If M is an integral homology 3-sphere, then M admits the S3-geometry and is either

homeomorphic to the 3-sphere or to the Poincaré sphere.

We may note that if n = 2 then M is a lens space (including S3 and S1 × S2). We
combine Proposition 1.5 with the criteria given by the characterization of Section 4,
to prove Theorem 1.3.

Sections 6, 7, and 8 are devoted to the proofs of Theorem 1.3, Theorem 7.1, which
implies Theorem 1.2, and Theorem 1.1, resepctively.

To prove Theorem 7.1, we first exhibit infinite families of Seifert fibered non-
integral homology spheres, which admit the S̃L2(R)-geometry (and b0 = 1). Then
we prove that they do satisfy (or do not satisfy) the criteria of the characterization
described in Section 4.

To prove Theorem 1.1, we need to study the following criteria in more depth.

Perspectives By F. Waldhausen, [25] we know that an incompressible compact sur-
face in a Seifert fibered 3-manifold (not necessarily a homology 3-sphere) can be
isotoped to be either horizontal or vertical. This is clearly not the same for foliations.

A vertical leaf is homeomorphic to either a 2-cylinder (S1 × R) or a 2-torus
(S1 × S1). Therefore, taut foliations are not necessarily isotopic to vertical ones and
vice-versa, i.e., vertical foliations are not necessarily isotopic to taut foliations, e.g.,
cylinders that wrap around two tori in a turbulant way; for more details, see [3]. But
clearly, horizontal foliations are taut.

By Theorem 3.4, a taut C2-foliation can be isotoped to a horizontal foliation, if
there is no compact leaf.
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One might wonder if a taut C0-foliation, without compact leaf, of a Seifert fibered
3-manifold can be isotoped to be horizontal and so analytic. By [2] there exist man-
ifolds that admit taut C0-foliation but not taut C2-foliation. Therefore, that seems
impossible in general, but the question is still open for homology 3-spheres.

Question 1.6 Let F be a taut C0-foliation, without compact leaf, of a Seifert fibered
homology 3-sphere. Can F be isotoped to be horizontal ?

Brittenham [1] answers the question when the base is S2 with 3 exceptional fibers;
see Remark 3.5 for more details. Gluing Seifert fibered 3-manifolds with boundary
components along some of them (or all) give graph manifolds. We wonder if we can
classify graph manifolds without taut foliations, with their Seifert fibered pieces and
gluing homeomorphims.

Question 1.7 Let M be a graph 3-manifold. What kind of obstructions are there for
M not to admit a taut foliation ?

2 Preliminaries

We may recall here that all 3-manifolds are considered compact, connected, and ori-
entable. This section is devoted to recall basic definitions and notations on Seifert
fibered 3-manifolds, taut or horizontal foliations, and well-known results.

Notations Let M be a 3-manifold. If M is an integral homology sphere (resp. a
rational homology sphere), we say that M is a ZHS(resp. QHS). Clearly, a ZHS is a
QHS. If M is a ZHS(resp. QHS), and a Seifert fibered 3-manifold, we say that M is a
ZHS(resp. QHS), Seifert fibered 3-manifold.

Separating surfaces and non-separating surfaces A properly embedded surface F
in a 3-manifold M is said to be a separating surface if M − F is not connected; other-
wise, F is said to be a non-separating surface in M. If F is a separating surface, we call
the connected components of M−F the sides of F. Note that if M is a QHS manifold,
then M does not contain any non-separating surface.

A 3-manifold is said to be reducible if M contains an essential 2-sphere, i.e., a 2-
sphere that does not bound any 3-ball in M. Then either M is homeomorphic to S1×
S2, or M is a non-trivial connected sum. If M is not a reducible 3-manifold, we say
that M is an irreducible 3-manifold. We may note that all Seifert fibered 3-manifolds
except S1 × S2 and RP3#RP3 are irreducible 3-manifolds.

Seifert fibered 3-manifolds We can find the first definition of Seifert fibered 3-ma-
nifolds, called fibered spaces by H. Seifert, in [23]. We first consider fibered solid tori.
The standard solid torus V is said to be p/q-fibered if V is foliated by circles, such that
the core is a leaf, and all the other leaves are circles isotopic to the (p, q)-torus knot
(i.e., they run p times in the meridional direction and q times in the longitudinal
direction), where q 6= 0. A solid torus W is S1-fibered if W is foliated by circles such
that there exists a leaf-preserving homeomorphism between W and the p/q-fibered
standard solid torus V . We may say that W is a p/q-fibered solid torus.
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A 3-manifold M is said to be a Seifert fibered 3-manifold, or a Seifert fiber space if
M is a disjoint union of simple circles, called the fibers, such that the regular neigh-
borhood of each fiber is a S1-fibered solid torus. Let W be a p/q-fibered solid torus.
If q = 1, we say that its core is a regular fiber; otherwise we say that its core is an
exceptional fiber and q is the multiplicity of the exceptional fiber. By D. B. A. Epstein
[8] this is equivalent to saying that M is an S1-bundle over a 2-orbifold.

Seifert invariants In [22] Seifert developed numerical invariants that give a com-
plete classification of Seifert fibered 3-manifolds. Let M be a closed Seifert manifold
based on an orientable surface of genus g, with n exceptional fibers. Let V1, . . . ,Vn

be the solid tori that are the regular neighborhoods of exceptional fibers. We do not
need to consider non-orientable base surfaces here. If we remove these solid tori, we
obtain a trivial S1-bundle over a genus g compact surface whose boundary is a union
of 2-tori: T1, . . . ,Tn, where Ti = ∂Vi , for i ∈ {1, . . . , n}. Gluing back V1, . . . ,Vn

consists of assigning a slope bi/ai to each of them: we glue Vi along Ti , so that the
slope bi/ai on Vi bounds a meridian disk of Vi . Formally, if f and s represent a
fiber and a section on Ti ,respectively, then the boundary of the meridian disk of Vi is
attached along the slope represented by ai[s] + bi[ f ] in H1(Ti ,Z).

Clearly, ai ≥ 2 is the multiplicity of the core of Vi , and bi depends on the choice of
a section. Removing the regular neighborhood of a regular fiber, we obtain an integer
slope b0. Then the (n + 2)-tuple (g, b0, b1/a1, . . . , bn/an) completely describes M and
is called the Seifert invariant. We denote M by M(g, b0, b1/a1, . . . , bn/an).

Seifert normalized invariant and convention New sections are obtained by Dehn
twistings along the fiber (along annuli or tori); therefore, a new section does not
change bi modulo ai . Thus, we can fix bi so that 0 < bi < ai for i ∈ {1, . . . , n}.
This gives rise to the Seifert normalized invariant M(g; b0, b1/a1, . . . , bn/an); i.e.,
0 < bi < ai for i ∈ {1, . . . , n}.

Seifert [22] showed that M(g; b0, b1/a1, . . . , bn/an) is fiber-preserving homeo-
morphic to −M(g,−n − b0, 1 − b1/a1, . . . , 1 − bn/an) where −M denotes M with
the opposite orientation. In the sequel, we denote this isomorphism by Φ. Therefore,
we may assume that b0 < 0, otherwise we switch for −n − b0. For more details, see
[22] or [2].

Every QHS Seifert fibered 3-manifold M is based on S2. Indeed, every non-
separating curve on the base surface induces a non-separating torus in M, which
cannot be in a QHS. Hence, the base surface of a QHS Seifert fibered 3-manifold is
a 2-sphere.

From now on, we denote for convenience such M by M(−b0, b1/a1, . . . , bn/an),
where b0 > 0 and 0 < bi < ai for i ∈ {1, . . . , n}. We will write

M = M(−b0, b1/a1, . . . , bn/an).

Euler number When M has a unique fibration, we denote the Euler number of its
fibration by e(M):

e(M) = −b0 +
n∑

i=1

bi/ai .

https://doi.org/10.4153/CJM-2013-011-4 Published online by Cambridge University Press

https://doi.org/10.4153/CJM-2013-011-4


146 S. Caillat-Gibert and D. Matignon

Note that, apart from lens spaces, only finitely many closed 3-manifolds have more
than one Seifert fibration up to isomorphism; the only rational homology 3-spheres
having such a property are lens spaces and S3.

Taut foliations Let M be a 3-manifold and F a foliation of M. A simple closed curve
γ (respectively, a properly embedded simple arc, when ∂M 6= ∅) is called a transverse
loop (respectively a transverse arc) if γ is transverse to F, i.e., γ is transverse to every
leaf F ∈ F, such that γ ∩ F 6= ∅. We say that a foliation F is taut, if for every leaf of
F of F, there exists a transverse loop, or a transverse arc if ∂M 6= ∅, γ say, such that
γ ∩ F 6= ∅.

We end this part with the famous theorem of Gabai [9] on the existence of taut
foliations, which is stated here for closed 3-manifolds.

Theorem 2.1 (D. Gabai, [9]) Let M be a closed 3-manifold. If H2(M; Q) is non-
trivial then M admits a taut foliation.

Horizontal and vertical foliations Let M be a Seifert fibered 3-manifold and F a
foliation of M. We say that F is horizontal if each S1-fiber is a transverse loop to F.
We say that F is vertical if each leaf of F is S1-fibered, i.e., a disjoint union of S1-fibers.

Note that only Seifert fibered 3-manifolds are concerned with horizontal or verti-
cal foliations. Horizontal foliations are sometimes just called transverse foliations to
underline the fact that horizontal foliations are transverse to the S1-fibers. Clearly,
horizontal foliations are taut, because any transverse fiber (meeting a leaf) is the re-
quired transverse loop, so we have the following result.

Lemma 2.2 A horizontal foliation is taut.

3 Horizontal and Taut C2-foliations in Seifert Fibered Homology
3-spheres

The goal of this section is mainly to see that a Seifert fibered rational homology
3-sphere M admits a taut C2-foliation if and only if M admits a horizontal foliation.

Lemma 3.1 Let M be a QHS Seifert fibered 3-manifold. Let n be the number of
exceptional fibers of M. If n > 3 (resp. n = 3) then M admits a horizontal foliation if
and only if M admits a taut C2-foliation (resp. a C0-foliation).

This fact has been proved by Lisca and Stipsicz using contact structures and
Ozsvaáth–Szabó invariants [13, Theorem 1.1]. We underline that the considered taut
foliations are actually C2-foliations, because of the use of contact structure (see [7]).
Note that there exists a taut C0-foliation that is not a taut C2-foliation; see [2].

A taut foliation F is said to be transversely oriented if there exists a one-
dimensional oriented foliation G transverse to F. This is equivalent to saying that
the normal vector field to the tangent planes to the leaves of F is continuous (and
nowhere vanishes). As a consequence, each intersection point between a compact
leaf, F say, and a closed transverse loop (or transverse arc) always occurs with the

https://doi.org/10.4153/CJM-2013-011-4 Published online by Cambridge University Press

https://doi.org/10.4153/CJM-2013-011-4


Existence of Taut Foliations on Seifert Fibered Homology 3-spheres 147

same sign. Therefore, F has a nontrivial homological intersection, and so it cannot
be separating. That gives the following fact.

Remark 3.2 A transversely oriented and taut foliation of a closed 3-manifold can-
not contain a compact separating leaf.

Another way to see Lemma 3.1 is to note that a taut C2-foliation of a Seifert fibered
homology 3-sphere cannot contain a compact leaf (see Corollary 3.3). Then it can be
isotoped to be horizontal by using the works on foliations of Brittenham, Eisenbud,
Hirsch, Levitt, Matsumoto, Neumann, Novikov, and Thurston [1, 6, 11, 14, 16, 24].
Horizontal foliations are trivially taut.

Corollary 3.3 is an immediate consequence of Remark 3.2, which concerns all
(compact, oriented, and connected) closed 3-manifolds, and can be generalized with
some boundary conditions to 3-manifolds with non-empty boundary; see [3] for
more details.

Every codimension-1 foliation admits a transverse 1-dimensional foliation (given
a Riemann metric, we can construct an orthogonal and integrable 1-dimensional dis-
tribution). Passing to a 2-fold covering (if necessary), say M̃, we can orient the trans-
verse foliation (which is equivalent to orient the tangent space). So if the foliation
of M is taut, then the foliation on M̃ is taut and transversely oriented. Therefore,
it cannot admit a compact separating leaf; see Remark 3.2. If M is a QHS then a
compact leaf has to be an orientable and separating surface (furthermore M̃ is also a
QHS) Thus we have the following corollary.

Corollary 3.3 A taut foliation of a QHS cannot admit a compact leaf.

Theorem 3.4 ([1, 6, 11, 14, 16, 24]) Let M be a QHS Seifert fibered 3-manifold, with
n exeptional exceptional fibers (where n ≥ 3). We assume that M admits a taut C0-
foliation F. Moreover, if n > 3, we suppose that F is a C2-foliation of M. If F does not
have a compact leaf, then F can be isotoped to be a horizontal foliation.

Remark 3.5 (History of Theorem 3.4) This theorem has been proved for all Seifert
3-manifolds that are not trivial bundles over the 2-torus. This is a collection of results
as follows.

• The case of a circle bundle over an orientable surface that is not a 2-torus is due
to Thurston [24]; it was completed and extended to non-orientable base surfaces
by Levitt [11].

• In [6] Eisenbud, Hirsch, and Neumann generalized it to Seifert fibered spaces
where the base surface is neither S2 nor the 2-torus with trivial circle bundle.

• Later, in [14], S. Matsumoto focused on the case when the base is S2 with stricly
more than 3 exceptional fibers.

• To this point, the condition of Cr-foliation is necessary, and implies a Cr-isotopy,
for each r ≥ 2.

• The last case (the base is S2 with 3 exceptional fibers) was solved by Britten-
ham [1]. The techniques involved are very different, so the author obtained a
C0-isotopy from a C0-foliation.

https://doi.org/10.4153/CJM-2013-011-4 Published online by Cambridge University Press

https://doi.org/10.4153/CJM-2013-011-4


148 S. Caillat-Gibert and D. Matignon

• We may recall that when there are one or two exceptional fibers with base S2, there
is no foliation without compact leaves, as was shown by Novikov in [16].

4 Characterization of Taut C2-foliations in Seifert Fibered Homology
3-spheres

The goal this section is to give inequalities involving Seifert invariants that will be
used for the following. They come from the characterization of M. Jankins, R. Naimi,
and W. Neumann [10, 15] for horizontal foliations, because a taut C2-foliation can
be isotoped to be horizontal. We can find such a characterization combining [12,
Theorem 1.3] and [13, Theorem 1.1].

For this, we define the following Property (∗):

Property (∗)



(i)
b1

a1
<

m− α
m

(ii)
b2

a2
<
α

m

(iii)
bi

ai
<

1

m
for i ∈ {3, . . . , n}.

We say that m and α satisfy Property (∗) for b1/a1, b2/a2, . . . , bn/an, if the following
statements are satisfied:

• m and α are two positive integers such that α < m;
• n ≥ 3 is an integer;
• ai and b j are positive integers for all (i, j) ∈ {1, . . . , n}2, such that

b1/a1 ≥ b2/a2 ≥ · · · ≥ bn/an;

• (i), (ii), and (iii) of Property (∗) all are satisfied.

When there is no confusion for the bi/ai ’s, we say for short that (m, α) satisfies Prop-
erty (∗), or that the integers α and m satisfy Property (∗).

For convenience, in the following, we denote by (i), (ii), and (iii), respectively, the
inequalities (i), (ii), and (iii) of Property (∗).

Let M be a Seifert fibered 3-manifold. In the following, we use the previous nota-
tions (see Section 2) of Seifert normalized invariant

M = M(−b0, b1/a1, . . . , bn/an),

where ai and b j are positive integers for all (i, j) ∈ {1, . . . , n}×{0, . . . , n}, such that
0 < bi < ai . Note that the notations M = M(−b0, b1/a1, . . . , bn/an) suppose that
M contains exactly n exceptional fibers: ai ≥ 2, for all i ∈ {1, 2, . . . , n}.

If b0 6∈ {1, n − 1}, then the existence of a taut C2-foliation depends uniquely on
b0, as implied by the following theorem.
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Theorem 4.1 ([6,10,15]) Let n be an integer and M be a Seifert manifold based on S2.
We assume that n ≥ 3 and that M = M(−b0, b1/a1, . . . , bn/an), where ai and b j are
positive integers for all (i, j) ∈ {1, . . . , n}× {0, . . . , n}. Then the following statements
are satisfied.

(1) If 2 ≤ b0 ≤ n− 2, then M admits a horizontal foliation.
(2) If M admits a horizontal foliation, then 1 ≤ b0 ≤ n− 1.
(3) If M admits a horizontal C0-foliation, then M admits a horizontal analytic foliation.

Corollary 4.2 Let n be an integer and M be a Seifert manifold based on S2. We
assume that n ≥ 3 and that M = M(−b0, b1/a1, . . . , bn/an), where ai and b j are
positive integers for all (i, j) ∈ {1, . . . , n}× {0, . . . , n}, and b0 6∈ {1, n− 1}. Then M
admits an analytic horizontal foliation if and only if 2 ≤ b0 ≤ n− 2.

Therefore, the problem falls on b0 = 1; we recall here from Section 2 that

M(−1, b1/a1, . . . , bn/an) ∼= −M(−(n− 1), 1− b1/a1, . . . , 1− bn/an).

The following theorem is a consequence of Lemma 3.1 and the characterization
of the existence of horizontal foliations in Seifert-fibered spaces based on S2 whose
formulation can be found in [2, Proposition 6] and [12, Theorem 1.3].

Theorem 4.3 Let n > 2 be an integer and M = M(−1, b1/a1, . . . , bn/an) be a
QHS Seifert fibered 3-manifold, where ai and b j are positive integers for all (i, j) ∈
{1, . . . , n}2. Assume that b1/a1 ≥ b2/a2 ≥ · · · ≥ bn/an. If n > 3 (resp. n = 3),
then M admits a taut C2-foliation (resp. a taut C0-foliation) if and only if there exist
two positive integers m and α such that (m, α) satisfies Property (∗).

We may recall that P denotes the Poincaré ZHS, i.e., P = M(−1, 1/2, 1/3, 1/5).
Note that Theorem 4.3 implies that P cannot admit a taut foliation, but this fact was
already known; see Novikov [16] (because π1 is finite in that paper). Note also that if
n ∈ {1, 2}, then M has to be S3 or a Lens space, which cannot admit a taut foliation.

Theorem 4.3 has the following corollaries, which will be useful for the next sec-
tions.

Corollary 4.4 Let n be an integer and M be a QHS Seifert fibered 3-manifold.
We assume that n ≥ 3 and that M = M(−1, b1/a1, . . . , bn/an), where ai and b j are
positive integers for all (i, j) ∈ {1, . . . , n}2. We order the rational coefficients bi/ai such
that b1/a1 ≥ b2/a2 ≥ · · · ≥ bn/an. If bi/ai < 1/2 for all i ∈ {1, . . . , n}, then M
admits a taut C2-foliation.

Proof Using the notation and assumptions of the theorem, if bi/ai < 1/2 for all
i ∈ {1, . . . , n}, then Property (∗) is satisfied by choosing m = 2 and α = 1.

Corollary 4.5 Let n be an integer and M be a QHS Seifert fibered 3-manifold. We
assume that n ≥ 3 and that M = M(−1, b1/a1, . . . , bn/an), where ai and b j are
positive integers for (i, j) ∈ {1, . . . , n}2. We order the rational coefficients bi/ai such
that b1/a1 ≥ b2/a2 ≥ · · · ≥ bn/an. If M admits a taut C2-foliation and b1/a1 ≥ 1/2,
then the following two properties are satisfied.
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(i) bi/ai < 1/2, for all i ≥ 2.
(ii) bn/an < 1/3. In particular, an ≥ 4.

Proof Using the notations and assumptions of Theorem 4.3, if M admits a taut
C2-foliation, then we can find positive integers m, α such that α < m and Prop-
erty (∗) is satisfied.

First, note that if m = 2, then α = 1 and b1/a1 < 1/2, which is a contradiction
to the hypothesis. Thus, m ≥ 3. Now if m−α

m > 1
2 then α

m < 1
2 , hence Property (∗)

implies bi
ai
< 1

2 for i ∈ {2, . . . , n}, which proves (i). Finally, assume that

b1

a1
≥ 1

2
≥ b2

a2
≥ b3

a3
≥ 1

3
.

Then b3/a3 ≥ 1/m for all m ≥ 3, so (iii) of Property (∗) cannot be satisfied.

5 Geometries of Seifert Fibered Homology 3-spheres

The goal of this section is to recall general results on the geometries of Seifert fibered
homology 3-spheres, and prove Proposition 1.5.

Let n be a positive integer and M = M(−b0, b1/a1, . . . , bn/an) be a QHS Seifert
fibered 3-manifold. Recall that e(M) denotes the Euler number of M; see Section 2.
The following lemma is a well-known result; see [20] for more details.

Lemma 5.1 Let M = M(−b0, b1/a1, . . . , bn/an) be a Seifert fibered 3-manifold.
Then

(i) M is a ZHS if and only if a1a2 . . . ane(M) = ε, where ε ∈ {−1,+1};
(ii) M is a QHS if and only if e(M) 6= 0.

Remark 5.2 Note that (i) implies that the ai ’s are pairwise relatively prime integers,
and therefore they are different.

Then we define the rational number χM as follows:

χM = 2−
n∑

i=1

(
1− 1

ai

)
= 2− n +

n∑
i=1

1

ai
.

We have the following well-known result (which can be found in [21], for example).

Proposition 5.3 Let n be a positive integer and M = M(−b0, b1/a1, . . . , bn/an) be a
QHS Seifert fibered 3-manifold. Then the following properties are all satisfied.

(i) χM > 0 if and only if M admits the S3-geometry.
(ii) χM < 0 if and only if M admits the S̃L2(R)-geometry.
(iii) χM = 0 if and only if M admits the Nil-geometry.

Proposition 5.4 Let n be a positive integer and M = M(−b0, b1/a1, . . . , bn/an) be a
QHS Seifert fibered 3-manifold. If M does not admit the S̃L2(R)-geometry, then n ≤ 4.
Furthermore, if n = 4, then M = M(−b0, 1/2, 1/2, 1/2, 1/2) with b0 6= 2, so M
admits the Nil-geometry and is a non-integral QHS.
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Proof Let n be a positive integer and M = M(−b0, b1/a1, . . . , bn/an) be a QHS.
Assume that M does not admit the S̃L2(R)-geometry. Then, by Proposition 5.3,
χM ≥ 0. Therefore, n− 2 ≤

∑n
i=1

1
ai

. Since ai ≥ 2 for all i ∈ {1, . . . , n},

n− 2 ≤
n∑

i=1

1

ai
≤ n/2⇒ n ≤ 4.

Assume first that n = 4. Then
∑4

i=1
1
ai
≥ 2. On the other hand, if ai ≥ 2 for all

i ∈ {1, . . . , 4}, then
∑4

i=1
1
ai
≤ 2, and if one ai > 2, then

∑4
i=1

1
ai
< 2. Therefore,

ai = 2 for all i ∈ {1, . . . , 4}. Thus, χM = 0, which means that M admits the Nil-
geometry. Moreover, Lemma 5.1(ii) implies that b0 6= 2. Note that such M cannot
be a ZHSby Remark 5.2.

Corollary 5.5 Let M be a ZHS Seifert fibered 3-manifold. Then M has the S̃L2(R)-
geometry or the S3-geometry. Furthermore, if M has the S3-geometry, then M is either
homeomorphic to S3 or to the Poincaré sphere P.

Proof Let M be a ZHS Seifert fibered 3-manifold. Assume that M does not have
the S̃L2(R)-geometry. Note that if n ≤ 2, then M has to be homeomorphic to S3.
By Proposition 5.4, we may assume that n = 3 and that a3 > a2 > a1 ≥ 2 (by
Remark 5.2).

Since χM ≥ 0,
∑3

i=1
1
ai
≥ 1. If a1 ≥ 3, then

3∑
i=1

1

ai
≤ 1/3 + 1/4 + 1/5 < 1,

which is a contradiction. Then a1 = 2. If a2 6= 3 then a2 ≥ 5 by Remark 5.2. Hence,

3∑
i=1

1

ai
≤ 1/2 + 1/5 + 1/7 < 1,

which is a contradiction. Therefore, a1 = 2 and a2 = 3. Similarly a3 = 5. Since
n = 3 and (a1, a2, a3) = (2, 3, 5), M has to be homeomorphic to the Poincaré sphere,
which satisfies χM > 0, so P has the S3-geometry.

To end this section, we simply note that Proposition 5.4 together with Corol-
lary 5.5 clearly imply Proposition 1.5.

6 Proof of Theorem 1.3

We keep the previous notation. Let n be a positive integer and M be a QHS Seifert
fibered 3-manifold, with n exceptional fibers: M = M(−b0, b1/a1, . . . , bn/an). As-
sume that M does not admit the S̃L2(R)-geometry. We argue by contradiction. Sup-
pose that M admits a taut C2-foliation. We may recall that if n ∈ {1, 2}, then M has
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a finite π1, hence M cannot admit a taut C2-foliation. Therefore, by Proposition 5.4,
we have n ∈ {3, 4}.

Assume that n = 4. By Theorem 4.1 and Lemma 3.1, since M admits a taut
C2-foliation, b0 ∈ {1, 2, 3}. Moreover the cases b0 = 1 and b0 = 3 are equivalent
(see the fiber-preserving homeomorphism Φ in Section 2).

On the other hand, Proposition 5.4 implies that M = M(−b0, 1/2, 1/2, 1/2, 1/2)
with b0 6= 2 and Corollary 4.5(i) implies that b0 6= 1.

Therefore, we may assume that n = 3. Similarly b0 ∈ {1, 2} and b0 = 1 and
b0 = 2 are equivalent cases, by considering the fiber-preserving homeomorphism Φ.

So, we may assume that b0 = 1. Let M = M(−1, b1/a1, b2/a2, b3/a3).
Since M is a QHS Seifert fibered 3-manifold that does not admit the S̃L2(R)-

geometry, Proposition 5.3 and Lemma 5.1(ii) give respectively:

3∑
i=1

1

ai
≥ 1,(6.1)

3∑
i=1

bi

ai
6= 1.(6.2)

Without loss of generality, we may assume that b1/a1 ≥ b2/a2 ≥ b3/a3. Let ai0 =
min(a1, a2, a3). By (6.1), ai0 ∈ {2, 3}. First, we prove that ai0 cannot be 3. We
argue by contradiction. Assume that ai0 = 3, then (6.1) implies that ai = 3 for all
i ∈ {1, 2, 3}. Now, for all i ∈ {1, 2, 3}, bi < ai , so bi ≤ 2. If there exists i ∈ {1, 2, 3}
such that bi = 2, then bi/ai = 2/3 > 1/2. But for j 6= i, b j/a j ≥ 1/3, which is a
contradiction to Corollary 4.5(ii). Therefore, bi/ai = 1/3, for all i ∈ {1, 2, 3}, which
contradicts (6.2).

Hence, we may assume that ai0 = 2. Then bi0/ai0 = 1/2. By Corollary 4.5(i),
bi0/ai0 = b1/a1. Then Corollary 4.5(i) and (ii) imply respectively that a3 ≥ 4 and
a2 ≥ 3. Now (6.1) implies that {a1, a2, a3} is one of the following sets:

{2, 3, 4}, {2, 3, 5}, {2, 3, 6}, or {2, 4, 4}.

We distinguish the cases a2 = 3 and a2 = 4.

Case 1: a2 = 3.
Then Corollary 4.5(i) implies that b2/a2 = 1/3. Now, by Theorem 4.3, there exist

positive integers α and m that satisfy Property (∗). Now Corollary 4.5(ii) implies that
b3
a3
∈
{

1
4 ,

1
5 ,

1
6

}
. Hence, m ≤ 5 by (∗)(iii). Since b1/a1 = 1/2, m > 2. If m = 3, then

α ∈ {1, 2}, but in both cases (∗)(i) or (∗)(ii) cannot be satisfied. Similarly, if m = 4,
then α ∈ {1, 2, 3}, but in all cases (∗)(i) or (∗)(ii) cannot be satisfied. If m = 5, then
a3 = 6 and b3 = 1; otherwise (∗) (iii) cannot be satisfied.

Thus, b1/a1 + b2/a2 + b3/a3 = 1/2 + 1/3 + 1/6 = 1, which is in contradiction
to (6.2), i.e., M cannot be a QHS.

Case 2: a2 = 4.
Then a2 = a3 = 4. Therefore Corollary 4.5(i) implies that b2

a2
= b3

a3
= 1

4 . Therefore
(6.2) is not satisfied, which is the final contradiction.

This ends the proof of Theorem 1.3.
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7 Proof of Theorem 1.2

Let n be a positive integer greater than two. We keep the previous conventions and
notations and denote any QHS Seifert fibered 3-manifolds M with its normalized
Seifert invariant by M = M(−b0, b1/a1, b2/a2, . . . , bn/an).

Let SF1 be the set of all Seifert fibered 3-manifolds for which b0 = 1 and that
admit the S̃L2(R)-geometry.

Let Qn = Sn ∩ SF1. Then Qn is the set of non-integral QHS Seifert fibered 3-
manifolds M with n exceptional fibers, which admit the S̃L2(R)-geometry and

M = M(−1, b1/a1, b2/a2, . . . , bn/an).

This section is devoted to prove the following result, which clearly implies Theo-
rem 1.2.

Theorem 7.1 Let n be a positive integer greater than two.

(i) There exist infinitely many Seifert fibered manifolds in Qn that admit a taut ana-
lytic foliation.

(ii) There exist infinitely many Seifert fibered manifolds in Qn that do not admit a taut
C2-foliation.

(iii) There exist infinitely many Seifert fibered manifolds in Q3 that do not admit a taut
C0-foliation.

Proof The proof of Theorem 7.1 is an immediate consequence of the two following
lemmata. Let n be a positive integer greater than two. Let M(n) be the family of
Seifert fibered 3-manifolds M with n exceptional fibers such that

M = M
(
−1,

1

2
,

b2

a2
,

b3

a3
, . . . ,

bn

an

)
,

and the exceptional slopes are ordered in the following way: 1
2 >

b2
a2
≥ b3

a3
≥ · · · ≥ bn

an
.

Lemma 7.2 Let n be a positive integer greater than two. We consider the following
families of infinite Seifert fibered 3-manifolds:

M1(n) =
{

M ∈M(n), with
b2

a2
=

2

5
,

b3

a3
>

1

5
, n > 3

}
,

M2 =
{

M ∈M(3), with
b2

a2
=

2

5
,

b3

a3
>

1

5
, and a3 ≥ 4

}
.

If M ∈M1(n), then M ∈ Qn. In particular, M is a non-integral homology 3-sphere that
admits the S̃L2(R)-geometry, and M does not admit a taut C2-foliation. Furthermore, if
M ∈M2, then M ∈ Q3, and M does not admit a taut C0-folitation.

Proof First, considering Lemma 5.1, we may easily check that when M ∈M1(n), M
is a QHS but not a ZHS. Indeed if M ∈M1(n), then e(M) > −1 + 1/2 + 2/5 + 1/5.
So, e(M) > 1/10, so e(M) 6= 0; hence, M is a QHS.
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On the other hand, if e(M) = ε
a1a2...an

(where ε = ±1) then e(M) < 1
10a3

; which
is a contradiction. Then M is not a ZHS. Now, we check that they all have the
S̃L2(R)-geometry. If n ≥ 4, then it is a direct consequence of Proposition 5.4. If
n = 3, that follows from

∑3
i=1

1
ai
< 1 (here, we need that a3 ≥ 4). In conclusion,

M1(n) ⊂ Qn (for n ≥ 3). Finally, we check that they do not admit a taut C2-foliation.
If M ∈ M1(n), then b2

a2
and b3

a3
both are greater than 1/5; therefore, Property

(∗)(iii) implies that m ≤ 4. Thus, α ∈ {1, 2, 3}. In all cases, Property (∗)(i) or
Property (∗)(ii) cannot be satisfied. Furthermore, by Lemma 3.1, if M ∈ M2, then
M cannot admit a taut C0-folitation.

Lemma 7.3 Let n be a positive integer greater than two. Let M3 and M4(n) be the
two following families of infinite Seifert fibered 3-manifolds:

M3 =
{

M
(
−1,

1

2
,

2

5
,

k

7k + 1

)
∈M(3), k ∈ Z, k ≥ 1

}
,

M4(n) =
{

M
(
−1,

1

2
,

2

5
,

1

10
,

b4

10b4 + 1
, . . . ,

bn

10bn + 1

)
∈M(n), n > 3

}
.

If M ∈M3 ∪M4(n), then M ∈ Qn and is a non-integral Seifert fibered 3-manifold that
admits the S̃L2(R)-geometry and a taut analytic foliation.

Proof First, considering Lemma 5.1, we can check that if M ∈M3 ∪M4(n), then M
is a QHS but not a ZHS. Indeed, if M ∈ M3, then e(M) > −1 + 1/2 + 2/5 + 1/8,
i.e., e(M) > 1/40, so e(M) 6= 0 and M is a QHS. If e(M) = ε

a1a2a3
(where ε = ±1)

then e(M) < 1/70, which is not possible, so M is not a ZHS. Similarly, if M ∈ M4,
then e(M) > −1 + 1/2 + 2/5 + 1/10 + 1/11, i.e., e(M) > 1/11; so e(M) 6= 0 and M
is a QHS. If e(M) = ε

a1a2...an
, then e(M) < 1/100, which is not possible, so M is not

a ZHS.
Now, we check that they all admit the S̃L2(R)-geometry. If n ≥ 4, then it is a

direct consequence of Proposition 5.4. If n = 3, that follows from
∑n

i=1
1
ai
< 1 and

Proposition 5.3.
Finally, if we choose α = 3 and m = 7, then (m, α) trivially satisfies Prop-

erty (∗), which implies that they all admit a taut analytic foliation (by Lemma 3.1,
Theorems 4.1 and 4.3).

This also concludes the proof of Theorem 7.1.

8 Proof of Theorem 1.1

This section is almost entirely devoted to the proof of Proposition 8.1, which implies
Theorem 1.1, as will be shown below.

We may recall here (see Section 2) that if M is a Seifert fibered 3-manifold, then
M = M(−b0, b1/a1, . . . , bn/an), where b0 is a positive integer and 0 < bi < ai for all
i ∈ {1, . . . , n}. Note that n has to be greater than 2 (otherwise M cannot be a ZHS
unless it is S3).

If M is also a ZHS, then two rational coefficients cannot be the same (see Re-
mark 5.2); therefore we may re-order them so that b1/a1 > b2/a2 > · · · > bn/an.
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Thus, two positive integers m and α satisfy Property (∗) (for these rational coeffi-
cients) if and only if α < m and (i) to (iii) of Property (∗) are satisfied.

Proposition 8.1 Let n be a positive integer and M be a ZHS Seifert fibered 3-manifold,
which is neither homeomorphic to S3 nor to P. We assume that

M = M(−1, b1/a1, . . . , bn/an),

where:

• 0 < bi < ai for all i ∈ {1, . . . , n}, and
• b1/a1 > b2/a2 > · · · > bn/an.

Then there exist two positive integers m and α that satisfy Property (∗).

Proof of Theorem 1.1 First of all, if M is either homeomorphic to S3 or to the Poin-
caré sphere P, then we may recall that M cannot admit a taut foliation.

We assume that M is neither homeomorphic to S3 nor to the Poincaré sphere P.
We want to show that M always admits a taut analytic foliation. Let

M = M(−b0, b1/a1, . . . , bn/an),

where b0 is a positive integer and 0 < bi < ai for all i ∈ {1, . . . , n}.
Then we note that Corollary 4.2 claims that if b0 ∈ {2, . . . , n− 2}, then M admits

a horizontal analytic foliation that is a taut C2-foliation. Then we assume for the
following that b0 6∈ {2, . . . , n− 2}.

On the other hand, since M is a ZHS, Lemma 5.1(i) implies that

b0 =

n∑
i=1

bi

ai
+

ε

a1a2 . . . an
, where ε ∈ {−1,+1}.

Then the property 0 < bi/ai < 1 for all i ∈ {1, . . . , n}, implies that 0 < b0 < n. By
the fiber-preserving homeomorphism Φ (see Section 2) we may assume that b0 = 1.
Hence, Proposition 8.1 implies that there exists a pair of positive integers (m, α) that
satisfy Property (∗). This implies that M admits a horizontal foliation (Theorem 4.3)
then a taut analytic foliation (Lemma 2.2 and Theorem 4.1), which concludes the
proof of Theorem 1.1.

The rest of the paper is devoted to the proof of Proposition 8.1.

Schedule of the proof of Proposition 8.1 The proof of Proposition 8.1 is organized
in four steps.

Step 1: If Proposition 8.1 is true for n = 3, then it is true for all n ≥ 3.
Step 2: Considering n = 3 gives common notations and results for the following.
Step 3: We prove Proposition 8.1 for n = 3 and ε = −1.
Step 4: We prove Proposition 8.1 for n = 3 and ε = 1.

Before starting the proof, we fix some notation and conventions for the remainder
of the paper.
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Notation and Conventions We keep the previous notation. Let

M = M(−1, b1/a1, . . . , bn/an)

be a ZHS Seifert fibered 3-manifold, where 0 < bi < ai for all i ∈ {1, . . . , n}. By
Lemma 5.1, M is a ZHS if and only if

(8.1)
n∑

i=1

bi

ai
= 1 +

ε

a1.a2. . . . .an
, where ε ∈ {−1, 1}.

Let âi (for i ∈ {3, . . . , n}), α1, α2, a ′3, b
′
3 be the following positive rational numbers.

Note that all are positive integers except α1, α2, which are rational numbers:

α1 = 1− b1

a1
, α2 =

b2

a2
,

âi =
a3 . . . an

ai
∀i ∈ {3, . . . , n},

b ′3 =

n∑
i=3

bi âi , a ′3 = a3 . . . an.

Thus,
b ′3
a ′3

=

n∑
i=3

bi

ai
.

Now, we fix the following inequalities by denoting them from (8.2) to (8.7). The first
three are trivially always true. The last three are true when n = 3; see Claim 8.2. They
concern Steps 2 to 4:

b1

a1
>

b2

a2
> · · · > bn

an
,(8.2)

b1

a1
≥ 1

2
,(8.3)

α1 ≤
b1

a1
.(8.4)

When n = 3:

b2

a2
<

1

2
,(8.5)

b3

a3
<

1

4
,(8.6)

α2 > α1 − α2.(8.7)

(Here, (8.2) is up to reordering; (8.3) follows by Corollary 4.4, which implies (8.4);
(8.5), (8.6), and (8.7), follow by Claim 8.2.)

(8.8)
b3

a3
= α1 − α2 +

ε

a1a2a3
, where ε ∈ {−1, 1}.
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Claim 8.2 If n = 3, then b2
a2
< 1

2 , b3
a3
< 1

4 , and α2 > α1 − α2.

Proof Since b1/a1 ≥ 1/2, there exists a non-negative integer r1 such that

2b1 = a1 + r1.

If b2/a2 + b3/a3 < 1/2, then (8.2) implies (8.5) and (8.6). So, we may suppose that
b2/a2 + b3/a3 ≥ 1/2. Hence, there exists a non-negative integer r such that

2(b2a3 + a2b3) = a2a3 + r.

Then (8.8) implies that
r1

2a1
+

r

2a2a3
=

ε

a1a2a3
,

so r1a2a3 + ra1 = 2ε.
Therefore, r1 = 0, r = 1, a1 = 2, and ε = +1. Thus, b1/a1 = 1/2 and (8.2)

implies (8.5) and a3b2 > a2b3. Then 2(b2a3 + a2b3) = a2a3 + r implies 1 + a2a3 >
4a2b3, and so a2a3 ≥ 4a2b3, which is equivalent to 1/4 ≥ b3/a3. Since a1 = 2 and
the ai ’s are pairwise relatively prime, 1/4 > b3/a3 which proves (8.6). By (8.8),

α1 − α2 =
b3

a3
− ε

a1a2a3
.

On the other hand, (8.2) implies: b2a3 ≥ b3a2 + 1 (since they are positive integers).
Therefore,

α2 =
b2

a2
≥ b3

a3
+

1

a2a3
>

b3

a3
− ε

a1a2a3
,

which implies (8.7).

8.1 Step 1: From n = 3 to n > 3

We suppose that Proposition 8.1 is satisfied for n = 3. Now, we assume that n ≥ 4
and M = M(−1, b1/a1, . . . , bn/an) is a ZHS. We want to show that Property (∗) is
satisfied for the rational coefficients of the Seifert invariant of M.

Let M ′ = M(−1, b1/a1, b2/a2, b ′3/a ′3). Note that (8.1) is satisfied because M is a
ZHS; therefore, M ′ is also a ZHS, by the definition of b ′3/a ′3.

We separate the proof according to whether

b ′3
a ′3
<

b2

a2
or

b2

a2
<

b ′3
a ′3
.

Note that b2/a2 6= b ′3/a ′3 because the ai ’s are pairwise relatively prime.

Case 1: b ′3/a ′3 < b2/a2.
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First, we check that M ′ 6∼= P. Indeed, otherwise b ′3/a ′3 = 1/5, so we get
a ′3 = a3 = · · · = an = 5, with n ≥ 4, a contradiction. Then there exist positive inte-
gers m and α such that α < m and:

b1

a1
<

m− α
m

,(i)

b2

a2
<
α

m
, and(ii)

b ′3
a ′3
<

1

m
.(iii)

By definition, bi
ai
<

b ′
3

a ′
3

for i ∈ {3, 4, . . . , n}, then the same positive integers m and α
satisfy Property (∗) for the rational coefficients bi

ai
(for i ∈ {1, . . . , n}).

Case 2: b2/a2 < b ′3/a ′3.

We repeat the same argument. Similarly, M ′ 6∼= P; otherwise b ′
3

a ′
3

= 1
3 , so

a3 = · · · = an = 3, with n ≥ 4, a contradiction. Then there exist positive integers
m and α such that α < m and:

b1

a1
<

m− α
m

,(i)

b ′3
a ′3
<
α

m
, and(ii)

b2

a2
<

1

m
.(iii)

Since b1/a1 > b2/a2 > · · · > bn/an, we obtain that bi
ai
< 1

m for i ∈ {2, 3, . . . , n},
which implies that m and α can be chosen so that they satisfy Property (∗) for the
rational coefficients bi

ai
(for i ∈ {1, . . . , n}).

8.2 Step 2: General results for n = 3

First, note that if m and α are positive integers such that α < m, which satisfy Prop-
erty (∗) then, by definition of α1 and α2, (i) and (ii) of Property (∗) are respectively
equivalent to (I) and (II) below: {

(I) α < mα1

(II) mα2 < α.

Let a = a1a2 and b = a− b1a2 − b2a1; then b
a = α1 − α2.

Let [ · ] denote the integral value, i.e., [x] is the integer k such that k ≤ x < k + 1,
for all real x. Let N = [a/b], hence N =

[
1

α1−α2

]
.
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Lemma 8.3 Recall that α and m are integers. The following two properties are satis-
fied.

(i) N ≥ 4;
(ii) If Nα1 − 1 ≤ α ≤ Nα1 and N − 1 ≤ m, then 0 < α < m.

Proof
Proof of (i) By (8.8) and (8.6), α1 − α2 <

1
4 −

ε
aa3

, i.e., 4b < a− 4ε
a3

. Note that (8.6)
implies that a3 ≥ 5 (b3 ≥ 1). Then (since a and b are positive integers) 4b ≤ a, so
N = [ a

b ] ≥ 4.

Proof of (ii) Let α and m such that Nα1 − 1 ≤ α ≤ Nα1 and N − 1 ≤ m. Now, we
can check that 0 < α < m. The fact that α < m is trivial, because α1 ≤ 1/2. Now
we check that α ≥ 1. First, note that if b = 1, then

Nα1 − 1 = a
(a1 − b1)

a1
− 1 = a2(a1 − b1)− 1 = b2a1 > 1.

Then we assume that b > 1. We proceed by contradiction. Assume that α ≤ 0, then
Nα1 ≤ 1. But Nα1 ≤ 1⇔ α1 ≤ 1

N , which is equal to 1
[a/b] .

Hence, (8.8) implies

b2

a2
+

b3

a3
≤ 1

[a/b]
+

ε

a1a2a3
.

Since b3
a3
< b2

a2
,

b3

a3
≤ 1

2[a/b]
+

ε

2a1a2a3
,

and so 2b3[a/b] ≤ a3 + ε[a/b]
a . Now, b > 1 implies [a/b]

a < 1, hence 2b3[a/b] ≤ a3.

Furthermore [a/b] > a/b − 1 ⇒ a
b − 1 < a3

2b3
and so: ab3 − bb3 < a3b

2 . Then

ab3 − a3b
2 < bb3. Finally, note that (E2) ⇔ ab3 − a3b = ε, i.e., ab3 − a3b

2 = ε + a3b
2 .

Hence

ε +
a3b

2
< bb3 ⇔

b3

a3
>

1

2
+

ε

ba3
.

By (8.6) ε = −1 and 1
4 >

1
2 + −1

ba3
, i.e., 1

ba3
> 1

4 , so ba3 < 4. This is a contradiction,
because (8.6) implies that a3 ≥ 5 and b ≥ 2.

Lemma 8.4 Let r = Nα1 − [Nα1], r ′ = a/b− [a/b] and r ′ ′ = aα1/b− [aα1/b].
If Nα1 ∈ N, let (α,m) = (Nα1 − 1,N − 1). If Nα1 6∈ N and r ′α2 ≤ r ′ ′ < α1r ′,
let (α,m) = ([Nα1],N). Otherwise, let (α,m) = ([Nα1],N − 1). Then m and α are
positive integers that satisfy (I) and (II), and α < m.

The proof of this lemma is the main part of Step 3, but does not depend on ε =
±1. The fact that 0 < α < m is an immediate consequence of Lemma 8.3.
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8.3 Step 3: n = 3 and ε = −1

Let us consider Property (∗∗):

(∗∗)


(I) α < mα1

(II) mα2 < α

(III)
b

a
<

1

m

By (8.8), ε = −1 ⇒ b3
a3
< b

a , so Property (∗∗) trivially implies Property (∗), i.e., if
there exist positive integers m and α such that α < m which satisfy Property (∗∗),
then they satisfy Property (∗).

We will separate the cases where Nα1 ∈ N or Nα1 6∈ N. If Nα1 6∈ N, let

r = Nα1 − [Nα1], r ′ = a/b− [a/b], r ′ ′ = aα1/b− [aα1/b].

Claim 8.5 Nα1 = α1
α1−α2

− α1r ′.

Proof By the definition of r ′, Nα1 = [a/b]α1 = (a/b− r ′)α1. Then

Nα1 =
α1

α1 − α2
− α1r ′.

Claim 8.6 Nα1 =
[

α1
α1−α2

]
+ r ′ ′ − α1r ′.

Proof By Claim 8.5 α1
α1−α2

− α1r ′ = Nα1. Moreover,

α1

α1 − α2
=

aα1

b
=
[ α1

α1 − α2

]
+ r ′ ′

by the definition of r ′ ′.

Claim 8.7 If [Nα1] =
[

α1
α1−α2

]
− 1, then r ′ ′ = r + α1r ′ − 1.

Proof First, we may note that Nα1 = [Nα1] + r, by definition of r. Assume that
[Nα1] =

[
α1

α1−α2

]
− 1. By Claim 8.5,

α1

α1 − α2
− α1r ′ = Nα1 = [Nα1] + r =

[ α1

α1 − α2

]
− 1 + r.

Hence
α1

α1 − α2
=
[ α1

α1 − α2

]
+ α1r ′ + r − 1.

So r ′ ′ = r + α1r ′ − 1, by the definition of r ′ ′.

We want to find positive integers m and α such that α < m, and that satisfy
Property (∗∗). First, we consider separately the case b = 1.

Lemma 8.8 If b = 1, then m = a − 1 and α = a1b2 satisfy property (∗) and
0 < α < m.
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Proof Assume that b = 1 and let m = a− 1 and α = a1b2. First, we can check that
0 < α < m because a1b2 ≤ a1(a2 − 1) < a1a2 − 1. Now, we want to check (I)–(III).

For (I),

mα1 = (a1a2 − 1)
a1 − b1

a1
> a2(a1 − b1)− 1.

Since b = 1, a2(a1 − b1)− 1 = a1b2 < mα1.
For (II),

α2 = (a1a2 − 1)
b2

a2
= a1b2 −

b2

a2
< α.

Since b = 1 and m = a− 1, (III) is direct.

For the rest of this section, we assume that b 6= 1. We distinguish the three follow-
ing cases.

Case A: Nα1 ∈ N. Then (α,m) = (Nα1 − 1,N − 1).
Case B: Nα1 6∈ N and r ′α2 > r ′ ′ or r ′ ′ ≥ α1r ′. Then (α,m) = ([Nα1],N).
Case C: Nα1 6∈ N and r ′α2 ≤ r ′ ′ < α1r ′. Then (α,m) = ([Nα1],N − 1).

First, we prove (III) of Property (∗∗). Then Lemma 8.4 concludes this step. Note
that, for ε = 1, Lemmata 8.8 and 8.4 imply that (I) to (III) are true, but (III) does
not imply (iii).

Furthermore, we may note that b 6= 1 if and only if
[

a
b

]
< a

b , because a and b are
positive coprime integers (since a1 and a2 are so).

Lemma 8.9 We assume that b 6= 1. If the integersα and m are chosen as in Lemma 8.4
(according to Cases A, B, or C), then b

a <
1
m .

Proof Let α and m be integers as in Cases A, B, and C successively. Assume that
Case A or Case C is satisfied. Then m = N − 1. Therefore (III) is trivial, because
m = N − 1 = [a/b]− 1 < a/b, so 1/m > b/a. Assume now that Case B is satisfied.
Then (III)⇔ b/a < 1/N ⇔ N < a/b, which is satisfied because N = [a/b] and
b 6= 1.

Proof of Lemma 8.4 We may recall that the proof does not depend on ε = ±1. We
only have to show that the considered integers in Cases A, B, and C satisfy (I) and
(II). We may recall that 0 < α < m by Lemma 8.3.

Case A: Nα1 ∈ N, (α,m) = (Nα1 − 1,N − 1). We have I⇔ α < mα1. So

(I)⇔ Nα1 − 1 < (N − 1)α1 ⇔ α1 < 1,

which is true because 0 < b1
a1
< 1.

Also, (II)⇔ mα2 < α. So

(II)⇔ (N − 1)α2 < Nα1 − 1⇔ 1− α2 < N(α1 − α2).

Therefore,

(II)⇔ 1

α1 − α2
− N <

α2

α1 − α2
.
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But recall that N =
[

1
α1−α2

]
, hence 1

α1−α2
− N < 1. Thus, (II) follows from (8.7).

Case B: Nα1 6∈ N, r ′ ′ ≥ α1r ′ or r ′ ′ < r ′α2, (α,m) = ([Nα1],N)

(I) is trivially satisfied, as it is equivalent to [Nα1] < Nα1.
Also, (II) ⇔ mα2 < α ⇔ Nα2 < [Nα1] ⇔ Nα2 < Nα1 − r. Then (II)

⇔ r < N(α1 − α2) ⇔ r < (a/b − r ′)(α1 − α2), by the definition of r ′. Recall that
b/a = α1 − α2, so (II)⇔ r < 1− r ′(α1 − α2)⇔ r + r ′(α1 − α2) < 1.

So we want to prove that r + r ′(α1 − α2) < 1. Assume first, that r ′ ′ ≥ α1r ′. Then
Claim 8.6 implies that: [Nα1] =

[
α1

α1−α2

]
. By Claim 8.5, α1

α1−α2
− α1r ′ = [Nα1] + r,

then [Nα1] = α1
α1−α2

− α1r ′ − r. Thus,

α1

α1 − α2
=
[ α1

α1 − α2

]
+ α1r ′ + r,

so r ′ ′ = α1r ′ + r < 1. Now, we can see that r + r ′(α1 − α2) < r + α1r ′ < 1, which
proves (II). Now, we may assume that r ′ ′ < r ′α2. By the previous work, we may
assume that r ′ ′ < α1r ′. Then Claim 8.6 implies that [Nα1] =

[
α1

α1−α2

]
− 1.

Therefore, Claim 8.7 implies that r ′ ′ = r + α1r ′ − 1. Recall that we want to show
that r + r ′(α1 − α2) < 1. Since r ′ ′ < r ′α2, we obtain

r + r ′(α1 − α2) = r + α1r ′ − r ′α2 < r + α1r ′ − r ′ ′.

Here, r + α1r ′ − r ′ ′ = 1, which gives the required inequality.

Case C: Nα1 6∈ N, r ′ ′ < α1r ′ and r ′ ′ ≥ r ′α2, (α,m) = ([Nα1],N − 1)

(I) ⇔ α < mα1. (I) ⇔ [Nα1] < (N − 1)α1 ⇔ α1 < r. Since r ′ ′ < α1r ′, by
Claim 8.6 [Nα1] =

[
α1

α1−α2

]
− 1. Then by Claim 8.7, r ′ ′ = r + α1r ′ − 1. Thus (I)

⇔ α1 < r ′ ′ − α1r ′ + 1 ⇔ α1r ′ − r ′ ′ < 1 − α1. Hence, (I)⇔ α1r ′ − r ′ ′ < b1
a1
,

because 1− α1 = b1
a1

.

On the other hand, α1r ′ − r ′ ′ < α1 − r ′ ′ and α1 − r ′ ′ ≤ α1 ≤ b1
a1

by (8.4).
Therefore (I) is satisfied.

(II)⇔ mα2 < α ⇔ (N − 1)α2 < [Nα1]. By Claim 8.6 and the definition of r ′ ′,
and since r ′ ′ < α1r ′: [Nα1] = [ α1

α1−α2
] − 1 = α1

α1−α2
− r ′ ′ − 1. Moreover, by the

definition of r ′: Nα2 = α2
α1−α2

− α2r ′. Hence,

(II)⇔ Nα2 < [Nα1] + α2 ⇔
α2

α1 − α2
− α2r ′ <

α1

α1 − α2
− r ′ ′ − 1 + α2.

Therefore, (II)⇔ r ′ ′− r ′α2 < α2. On the other hand, α2 > α1−α2 by (8.7) and
r ′α2 ≤ r ′ ′ < α1r ′. Then r ′ ′ − r ′α2 < r ′(α1 − α2) < r ′α2 < α2, which proves that
(II) is satisfied.

In conclusion, Lemma 8.8 solves the case b = 1. If b 6= 1, then for the α and m
chosen as in Lemma 8.3, we get that 0 < α < m and Lemmata 8.4 and 8.9 show
that they satisfy (I), (II), and (III). Therefore, Property (∗) is satisfied for n = 3 and
ε = −1.
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8.4 Step 4: n = 3 and ε = 1

Recall that a = a1a2 and b = a− b1a2− b2a1. We assume that ε = 1 then (8.8) gives:

b3

a3
=

b

a
+

1

a1a2a3
,

so

(8.9) ab3 − ba3 = 1.

Then (Bezout relation) there exists a unique pair of positive coprime integers (u, v)
such that:

(8.10) au− bv = 1, 0 < u ≤ b and 0 < v ≤ a.

Now, (8.9) implies that there exists p ∈ N such that

b3 = u + bp, a3 = v + ap.

Moreover, for all p ∈ N, we have:

(8.11)
u

v
≥ u + bp

v + ap
>

u + b(p + 1)

v + a(p + 1)
>

b

a
.

We want to find positive integers α and m such that α < m and satisfy Property (∗).
We consider separately the three following cases.

Case I: u 6= 1.
Case II: u = 1 and b = 1.
Case III: u = 1 and b 6= 1.

Case I: u 6= 1.
We will choose the integers α and m as in Lemma 8.4, so m ∈ {N − 1,N}. By

(8.11), if u
v <

1
m , then (iii) of Property (∗) is satisfied. Therefore, Lemma 8.4 and the

following lemma conclude Case I.

Lemma 8.10 If N − 1 ≤ m ≤ N and u 6= 1, then u
v <

1
m .

Proof Assume that N − 1 ≤ m ≤ N and u 6= 1. First, note that b 6= 1, because
0 < u ≤ b implies that if b = 1, then u = 1.

We suppose that u
v ≥

1
m , and we look for a contradiction. Note that v = um

cannot happen, because u, v are coprime integers, and u and m are at least 2 by
Lemma 8.3. Thus u

v >
1
m .

Moreover, by Lemma 8.9: b
a <

1
m . Then

b

a
<

1

m
<

u

v
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By (8.10)
a

b
− v

u
=

1

ub
.

We obtain

0 < m− v

u
<

a

b
− v

u
=

1

ub
< 1

which implies that
[

v
u

]
= m− 1. Now, let

r ′ =
a

b
−
[ a

b

]
< 1 and ρ =

v

u
−
[ v

u

]
< 1

We consider separately the cases m = N and m = N − 1.
First, assume that m = N =

[
a
b

]
. Then[ v

u

]
=
[ a

b

]
− 1⇔ a

b
− r ′ − 1 =

v

u
− ρ,

hence 1
ub = 1 + r ′ − ρ⇒ 1 + r ′ − ρ < 1

b because u 6= 1. Thus r ′ < 1
b because ρ < 1.

Nevertheless, r ′ = a
b −
[

a
b

]
, a and b are coprime, and a > b. Hence a = bk + l, where

k ∈ N∗, and 1 ≤ l ≤ b− 1; so r ′ can be written

r ′ = k +
l

b
−
[

k +
l

b

]
=

l

b
⇒ r ′ ≥ 1

b
;

which is a contradiction.
Now, assume that m = N − 1 =

[
a
b

]
− 1. Then[ v

u

]
=
[ a

b

]
− 2⇔ a

b
− r ′ − 2 =

v

u
− ρ,

hence 1
ub = 2 + r ′ − ρ. This implies that 1

ub > 1 because r ′ and ρ lie in [0, 1[. On the
other hand, 1

ub ≤
1
4 , because b ≥ 2 and u ≥ 2. These are in contradiction.

Case II: u = 1 and b = 1. We assume that u = b = 1. Then au − bv = 1 gives
v = a− 1.

We consider separately the cases where b1
a1
> 1

2 or b1
a1

= 1
2 . First, assume that

b1
a1
> 1

2 . Let m = a − 2, and α = a2(a1 − b1) − 1 = a − a2b1 − 1 = b2a1 (because
b = a− a2b1 − a1b2 = 1. Then 0 < α < m. We want to check (I), (II), and (iii).

(I)⇔ α < mα1 ⇔ a2(a1 − b1)− 1 < (a1 − b1)a2 − 2α1 ⇔
1

2
<

b1

a1
,

which is satisfied here.

(II)⇔ mα2 < α⇔ (a− 2)α2 < a2(a1 − b1)− 1⇔ 1− 2α2 < a2(a1 − b1)− aα2,

which is satisfied because

a2(a1 − b1)− aα2 = a2(a1 − b1)− a1b2 = b = 1.
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By (8.11), (iii) is satisfied if u
v <

1
m , which is true because u

v = 1
a−1 and 1

m = 1
a−2 .

Now, assume that b1
a1

= 1
2 .

Then a1 = 2 and b1 = 1. Since 1 = b = a2(a1 − b1)− a1b2, a2 = 1 + 2b2. So

b2

a2
=

b2

1 + 2b2
,

and by (8.8), b3
a3

= 1
2 −

b2
1+2b2

+ 1
2(2b2+1)a3

.
Thus,

b3

a3
=

(2b2 + 1)a3 − 2b2a3 + 1

2(2b2 + 1)a3
, i.e.,

b3

a3
=

a3 + 1

2(2b2 + 1)a3
.

We consider separately the cases b2 = 1 and b2 > 1. Assume first b2 = 1. Then
a2 = 3 so b3

a3
= a3+1

6a3
. Therefore, we can check easily that α = 2 and m = 5 satisfy

Property (∗).

b1

a1
=

1

2
<

m− α
m

, which is
3

5
,(i)

b2

a2
=

1

3
<
α

m
, which is

2

5
,(ii)

b3

a3
=

a3 + 1

6a3
<

1

m
which is

1

5
if and only if a3 > 5.(iii)

By (8.6) a3 ≥ 5, but if a3 = 5, then M ∼= P, so a3 > 5. Now we assume that
b2 ≥ 2. Let α = 2b2 − 1 and m = 4b2 − 1. Since b2 ≥ 2: 0 < α < m. We want to
check (i), (ii), and (iii):

(i) b1
a1

= 1
2 <

m−α
m , which is 2b2

4b2−1 , so (i) is satisfied.

(ii) b2
a2

= b2
2b2+1 < α

m , which is 2b2−1
4b2−1 and b2

2b2+1 < 2b2−1
4b2−1 if and only if 4b2

2 − b2 <

4b2
2 − 1, i.e.,b2 > 1, so (ii) is satisfied.

(iii) b3
a3

= a3+1
2(2b2+1)a3

< 1
m , which is 1

4b2−1 .

Then (iii) is satisfied if and only if: (a3 + 1)(4b2−1) < (4b2 + 2)a3, i.e., 4b2 < 3a3 + 1.
Since b3

a3
= a3+1

2(2b2+1)a3
, b3 = a3+1

2(2b2+1) ≥ 1 (because b3 is a positive integer). So a3 + 1 ≥
4b2 + 2, thus (iii) is satisfied.

Case III: u = 1 and b 6= 1. We assume u = 1 and b ≥ 2. Then a− bv = 1 by (8.10).

Claim 8.11 If b2
a2
< 1

v , then m = v and α = 1 satisfy Property (∗).

Proof Assume that b2
a2
< 1

v . To prove that m = v and α = 1 satisfy Property (∗), it

remains to prove that b1
a1
< v−1

v . Indeed, (II) and (iii) are trivially satisfied, because
b3
a3
< b2

a2
< 1

v . By (8.10),

1 +
1

av
=

b1

a1
+

b2

a2
+

1

v
.
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But b2
a2
> 1

av , otherwise b2 <
1

a1v , which is impossible. Therefore,

b1

a1
= 1 +

1

av
− b2

a2
− 1

v
< 1− 1

v
,

so b1
a1
< v−1

v .

Hence, in the following, we assume that b2
a2
> 1

v (note that equality is impossible
because the integers are coprime). Let α be the integer such that

(v − 1)α1 − 1 ≤ α < (v − 1)α1 and m = min(v − 1,M),

where M is the positive integer such that α
α2
− 1 ≤ M < α

α2
. Then α = (v− 1)α1− r

where 0 < r ≤ 1; M = α
α2
− r ′ where 0 < r ′ ≤ 1; and m = min(M, v − 1).

First, we will check that m > α > 0, then we will show that the integers m and α
satisfy Property (∗).

Claim 8.12 The integers m and α satisfy 1 ≤ α < m

Proof First, we check that α ≥ 1, where α = (v − 1)α1 − r, 0 < r ≤ 1. We show
that (v − 1)α1 > 1, then α > 0. Since α ∈ N, α ≥ 1. By (8.10):

α1 =
b2

a2
+

1

v
− 1

a1a2v
.

Since b2
a2
> 1

v ,

α1 >
2

v
− 1

a1a2v
, i.e., α1 >

2a1a2 − 1

a1a2v
.

Therefore,

v >
2a1a2 − 1

a1a2α1
,

so

(v − 1)α1 >
a1a2(2− α1)− 1

a1a2
.

Finally, recall that 1− α1 = b1
a1

. Thus,

(v − 1)α1 >
a1a2(1 + b1

a1
)− 1

a1a2
, i.e., (v − 1)α1 >

a1a2 + a2b1 − 1

a1a2
.

Since a2 ≥ 3, (v − 1)α1 >
a1a2+2

a1a2
> 1.

Now, we check that m > α. If m = v − 1, this is trivial. So, we may assume
that m = α

α2
− r ′, where 0 < r ′ ≤ 1. Therefore, m = α( 1

α2
− r ′

α ). Since α ≥ 1,
r ′

α ≤ r ′ ≤ 1, so m ≥ α( 1
α2
− 1). Finally, (8.5) implies that α2 <

1
2 and so that

m > α.

To show that α and m satisfy Property (∗), we need the following claim.
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Claim 8.13 α1−α2
α1

+ α1 < 1− 1
a .

Proof We first assume b1
a1

= 1
2 . Then α1 = 1

2 and a = 2a2, so

1− 1

a
=

2a2 − 1

2a2
.

On the other hand,

α1 − α2

α1
+ α1 =

3

2
− 2α2 =

3a2 − 4b2

2a2
.

Then
α1 − α2

α1
+ α1 < 1− 1

a

if and only if a2 − 4b2 < −1. Now, (8.7) implies

α2 >
α1

2
, i.e., 4b2 > a2,

so a2 − 4b2 ≤ −1.
We are going to show that a2 6= 4b2 − 1 by contradiction. First, note that since

b1/a1 = 1/2, a = 2a2 and b = a2 − 2b2 6= 1. On the other hand, since a− bv = 1,

v =
a− 1

b
=

2a2 − 1

a2 − 2b2
.

If a2 = 4b2 − 1, then v = 8b2−3
2b2−1 . Now, v = 4 + 1

2b2−1 ∈ N implies that b2 = 1, v = 5,
and a2 = 3. Then b = 3− 2 = 1, which is a contradiction. Therefore, a2 < 4b2 − 1,
which is the required inequality.

Now, we assume that b1
a1
> 1

2 , so 2b1 − a1 > 0. Then a1 − b1 < a1b2(2b1 − a1), so

(a1 − b1) + a2
1b2 < 2a1b1b2, and (a1 − b1)− 2a1b1b2 + 2a2

1b2 < a2
1b2.

Therefore,

(8.12) (a1 − b1)(1 + 2a1b2) < a2
1b2.

On the other hand, (8.7) implies that 2α2 > α1, i.e., 2a1b2 > a2(a1 − b1). Hence,
2a1b2(a1 − b1) + (a1 − b1) > a2(a1 − b1)2 + (a1 − b1), i.e.,

(2a1b2 + 1)(a1 − b1) > a2(a1 − b1)2 + (a1 − b1).

Therefore, by the inequality (8.12):

a2(a1 − b1)2 + (a1 − b1) < a2
1b2.

So
a1 − b1

a2
1a2

<
a2

1b2 − a2(a1 − b1)2

a2
1a2

; i.e.,
α1

a
< α2 − α2

1.

Thus, we obtain 1
a <

α2
α1
− α1, which gives the required inequality.
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Now, we will show successively that α and m satisfy (iii), (II), and (I) of Property (∗).

• α and m satisfy (iii): b3
a3
< 1

m .

This is trivially satisfied because by (8.11), b3
a3
≤ 1

v , and m ≤ v − 1.

• α and m satisfy (II): mα2 < α.

Since m ≤ M, mα2 ≤ α − r ′α2 < α (because r ′ > 0) then (α,m) trivially satis-
fies (II).

• α and m satisfy (I): α < mα1.

Since r > 0, (v − 1)α1 − r < (v − 1)α1. Hence, α < mα1 if m = v − 1. Thus, we
may assume that m = M ≤ v − 2.

So, we want to show that (v − 1)α1 − r < ( α
α2
− r ′)α1. Now,

(v − 1)α1 − r <
( α

α2
− r ′

)
α1

⇔ v − r

α1
<

(v − 1)α1 − r

α2
− r ′ + 1

⇔ vα1α2 − rα2 < vα2
1 − α2

1 − rα1 − r ′α1α2 + α1α2

⇔ r(α1 − α2) + r ′α1α2 + α1(α1 − α2) < vα1(α1 − α2)

⇔ v(α1 − α2) > α1 − α2 + r
α1 − α2

α1
+ r ′α2

Recall that b
a = α1 − α2 and a− bv = 1, so

v(α1 − α2) =
vb

a
=

a− 1

a
= 1− 1

a
.

Therefore, α and m satisfy (I) if and only if

1− 1

a
> α1 − α2 + r

α1 − α2

α1
+ r ′α2.

Since r and r ′ both lie in ]0, 1]:

α1 − α2 + r
α1 − α2

α1
+ r ′α2 < α1 − α2 +

α1 − α2

α1
+ α2,

i.e.,

α1 − α2 + r
α1 − α2

α1
+ r ′α2 < α1 +

α1 − α2

α1
< 1− 1

a
,

by Claim 8.13.
Hence, α and m satisfy (I), which ends the proof of Proposition 8.1.
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