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Abstract

‘We study the Hodge filtration on the local cohomology sheaves of a smooth complex algebraic variety along a closed
subscheme Z in terms of log resolutions and derive applications regarding the local cohomological dimension, the
Du Bois complex, local vanishing and reflexive differentials associated to Z.
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2 Mircea Mustatd and Mihnea Popa

1. Introduction

In this paper, we prove several results about basic invariants of a closed subscheme Z of a smooth,
irreducible complex n-dimensional algebraic variety X. We give a characterisation of the local coho-
mological dimension lcd(X, Z) in terms of coherent sheaf data associated to a log resolution of (X, Z),
complementing the celebrated topological criterion in [43]. We also obtain local vanishing results for
sheaves of forms with log poles associated to such a resolution, generalising Nakano-type results in [52]
and [36]. We prove a vanishing result for cohomologies of the graded pieces of the Du Bois complex
when Z is a local complete intersection, extending the study of higher Du Bois singularities of hypersur-
faces in [41] and [24]. When Z has isolated singularities, we refine a result in [25] on the coincidence of
h-differentials and reflexive differentials, for forms of low degree. As a byproduct, we also obtain new
proofs of various results in the literature, for instance, an injectivity theorem in [29] or various cases of
results related to local cohomology in [8] and [33].

The common theme leading to the proof of all these results is the study of the Hodge filtration on
local cohomology. The local cohomology sheaves of Ox along Z are important and subtle invariants of
the pair (X, Z); while they are not coherent over Oy, they are well-behaved modules over the sheaf @y
of differential operators. Exploiting this fact has been the key to important developments, especially in
commutative algebra, starting with the foundational paper of Lyubeznik [32]. Our focus in this paper is
the fact that they have an even more refined structure, namely, that of mixed Hodge modules; as such,
they come endowed with a canonical Hodge filtration. We study this filtration on local cohomology and
relate it to various invariants of Z mentioned above.

Local cohomology sheaves as mixed Hodge modules. We consider the local cohomology sheaves
"H% (Ox), where g is a positive integer (for a review of these objects, see §2.2)." It is well understood that
all H%(@X) carry the structure of (regular, holonomic) filtered Zx-modules underlying mixed Hodge
modules on X, with support in Z (see §2.3). In particular, they come endowed with a good filtration
F, quZ (Ox) by coherent subsheaves, with £ > 0, called the Hodge filtration. These data depend only on
the reduced structure of Z.

When Z is a hypersurface, only HIZ (Ox) is nontrivial, and, in fact,

HL (Ox) = Ox (xZ)/0Ox,

where Ox (xZ) is the sheaf of rational functions on X with poles along Z. Hence, the study of the
Hodge filtration on H 'Z( Ox ) reduces to that of the Hodge filtration on Ox (+Z), or equivalently, to that
of the Hodge ideals treated in [36]. As in that paper, for concrete applications, one essential point is to
provide an alternative description of the Hodge filtration in terms of log resolutions. We discuss this next.

Suppose that f: Y — X is a log resolution of the pair (X, Z), assumed to be an isomorphism over
the complement of Z in X. We denote E = f~!(Z);eq, which is a simple normal crossing (SNC) divisor
on Y. We observe in §2.4 that there is a filtered complex of right f~! @x-modules

A 0> f*Dx - Qy(logE) g, f*Dx — -+ — wy(E) &, f*Dx — 0,
such that, restricting the discussion to g > 2 for simplicity, we have an isomorphism
RIT LAY =~ HE (wx) =~ HL(Ox) ® wx.

Moreover, the Hodge filtration F.H%(wx) is obtained as the image of the pushforward of a natural
filtration F,A°®, also described in §2.4. This description parallels the birational definition of Hodge
ideals of hypersurfaces in [36].

Once this birational description has been established, the main engine towards applications is
the strictness property of the Hodge filtration on direct images of Hodge modules via projective

Most of our results are local, hence, while we will usually use the geometric language, they can also be seen as results about
the modules H Iq (A), where A is a regular C-algebra of finite type.
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morphisms. This is a vast generalisation of the Ej-degeneration of the Hodge-to-de Rham spectral
sequence, established by Saito [48], [49]. Its main consequence to local cohomology is described in
Proposition 2.9; here, we start by mentioning the most immediate application, namely, an injectivity
theorem.

Note first that, with the notation above, there is a natural morphism 07 — Rf.Of in D (Coh(X )),
which by duality gives rise to a morphism

a: Rfiwy — 0},

where the notation refers to the respective dualising complexes (for E, we of course have w}, = wg[n—1]).
On the other hand, there is a morphism

B: wy — RIz(wx)[n]

to the total (derived) local cohomology of wyx, arising from the natural morphism RHomx (07, wx) —
RF_Z(a)X). Here, F_Z(—) denotes the sheaf version of the functor of sections with support in Z.

Theorem A. The morphism obtained as the composition
Boa: Rfiwy — RIz(wx)[n]
is injective on cohomology, that is, the induced morphisms on cohomology give for each q an injection
R fiwg — HY (wx).

Since the morphism in the theorem factors through w?, via a, this recovers, in particular, the following
very useful result of Kovécs and Schwede:

Corollary B [29, Theorem 3.3]. For each i, the natural homomorphism
H' (Rf.wy) = H (w))
is injective.
As the authors explain in loc. cit., this can be thought of as a Grauert-Riemenschneider type result.
To be more explicit, it says that for each ¢ > 1, the natural morphism

a'q: Rq_lf*wE - SXIgX (@Z,CUX)

is injective (in particular, if Z is Cohen-Macaulay of pure codimension r, then RY f,wr = O for g # r—1).
We make use of this when studying the local cohomological dimension of Z in terms of depth.

For a hypersurface Z, one of the key tools in the study of the Hodge filtration FyOx (xZ) is its
containment in the pole order filtration PyOx (xZ) = @X((k + 1)Z), as noted in [50]. In arbitrary
codimension, it is still the case that

FiHE (0x) € OkHL(Ox) = {u € HL(Ox) | T5"'u =0}

for all k, where Oy, is an order filtration analogous to Pi. Unless ¢ = codimy (Z), however, work of
Lyubeznik [32] implies that the sheaves Oy ’H% (Ox) are not coherent. A natural replacement seems to
be an Ext filtration defined as

ExHE(0x) = 1Im [Ext] (Ox/T5, 06x) — HL(Ox)], k=0

and satisfying Ex C O. Note that both Ok";'-{,%(@x) and E kH%(@X) depend on the scheme-theoretic
structure of Z (we get the smallest version by taking Z to be reduced). When Z is a local complete
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intersection of pure codimension 7, then the two filtrations on ’H’Z(@x) coincide; we show that, in this
case, they also coincide with the Hodge filtration if and only if Z is smooth (see Corollary 3.26).
In general, Theorem A and the birational interpretation of the Hodge filtration in §2.4 imply that

FoH%(0x) € EgH2 (0x)

for all g. Furthermore, as a combination of our results with a well-known characterisation of Du Bois
singularities (see [59], [55]), we obtain:

Theorem C. Let Z C X be a closed reduced subscheme of codimension r. If Z is Du Bois, then
F()qu(@x) = EOH%(@X) for all q.
If we assume that Z is Cohen-Macaulay, of pure dimension, then FquZ (0x) =0 forall g #r and
Z is DuBois &= FyH,(0x) = EoH},(0x).

It is a very interesting question whether F, C Ej for all k£ > 1, as the difference between the two
should be a subtle measure of the singularities of Z by analogy with the case of hypersurfaces. This does
happen when Z is a local complete intersection, in which case, Theorem F provides a vast generalisation
of the last equivalence in the theorem above. Under this assumption, we also expect that the equality
F) = E implies that Z has rational singularities and an even stronger statement regarding the equality
Fy = E}, for higher k (see Conjectures 3.20 and 3.31).

Local vanishing and local cohomological dimension. Since the ambient space X is smooth, it is well
known that the lowest index g for which ’H% (0x) # 0 is equal to the codimension of Z. On the other
hand, the highest such index is a more mysterious and much studied invariant, the local cohomological
dimension of Z in X:

led(X,Z) = max {q | ’H%(@x) # 0}. (1.1)

Note that lcd(X, Z) is more commonly defined as the minimal integer ¢, such that ’HiZ (#) =0 for all
i > g and all quasi-coherent sheaves & on X, but the two definitions agree (see e.g. [43, Proposition
2.1].) Our study of the Hodge filtration allows us to provide a new perspective on lcd(X, Z), by relating
it to invariants arising from log resolutions.

Note, to begin with, that thanks to the Grauert-Riemenschneider theorem, we have

fiwg = fiwy(E)/wx and RYf.wg ~ Rif.wy(E) for q>1,

hence, we can alternatively think of Theorem A as a result about the higher direct images RY f.wy (E).

For instance, they must vanish when qu+1 (Ox) =0and g > 1. Using the same circle of ideas, based on

the strictness property and the birational description of the Hodge filtration, this can be extended to a
Nakano-type vanishing result for the higher direct images of all bundles of forms with log poles along E.

Theorem D. Let Z C X be a closed subscheme of codimension r, and let ¢ :=lcd(X,Z). If f: Y — X
is a log resolution of (X, Z), which is an isomorphism away from Z, and E = f~'(Z)eq, then

R1f.QY (logE) =0

in either of the following two cases:

l. p+g=n+landqg <r-2;
2. p+g=n+c.

In the case when Z is a hypersurface (so that ¢ = 1), this is a result of Saito [52, Corollary 3] (cf. also
[36, Theorem 32.1]). We remark that the part of the statement saying that vanishing holds whenever
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p+q = n+c can also be obtained as a consequence of Theorem E below. Various bounds on the
local cohomological dimension that are relevant to this theorem can be found in §2.6. At least for local
complete intersections, the range of vanishing in Theorem D could perhaps be further improved by
analogy with [39, Theorem D], though this will rely on connections with the Bernstein-Sato polynomial
of Z not known at the moment (cf. Remark 3.30).

As one of the most important applications of the techniques in this paper, we go in the opposite
direction and obtain a characterisation of the local cohomological dimension lcd(X, Z) in terms of the
vanishing of sheaves of the form R? f*Q{; (log E) associated to a log resolution.

Theorem E. Let Z be a closed subscheme of X and c a positive integer. Then the following are equivalent:

1. led(X,Z) < ¢,
2. For any (some) log resolution f:Y — X of the pair (X, Z), assumed to be an isomorphism over the
complement of Zin X, if E = f~Y(Z)req, we have

R £QU T (logE) =0, forall j>c,i>0.

Over our base field C, this provides an alternative algebraic criterion in terms of finitely many coherent
sheaves, complementing Ogus’ celebrated topological criterion [43, Theorem 2.13], and answering, in
particular, a problem raised there. The equivalence between Ogus’ criterion and ours seems unclear at
the moment and is an intriguing topic of study (see Remark 4.12 for further discussion). In §4.2, we
also give concrete applications of this characterisation; more on this below as well.

Note: While throughout this paper we focus on the case of algebraic varieties, it is worth noting that
the criterion in Theorem E holds in the analytic setting as well, that is, when Z is an analytic subspace
of a complex manifold X. The same holds for Theorem D. This is due to the fact that our constructions
and arguments based on the theory of mixed Hodge modules apply equally well in this setting (see
Remarks 2.11 and 4.14).

The proof of the theorem relies on a simple strategy involving the Hodge filtration, namely, showing,
under the appropriate hypotheses, that:

1. FyHZ(6x) =0and
2. F.’H,qz(@x) is generated at level 0.

The second condition essentially means that the entire Hodge filtration is determined by the initial term
Fg’HqZ (Ox), up to applying differential operators. The key technical tool is, therefore, a local vanishing
criterion for the generation level of the Hodge filtration, in the style of [36, Theorem 17.1] in the case
of hypersurfaces. This is stated as Theorem 4.2 below.

Numerous works have studied bounds on the local cohomological dimension in terms of the depth of
the local rings at points of Z. Theorem E leads to a unified approach to previously known such bounds
(for example, some of the statements in [16], [43], [61], [8]), as well as to new results. Among the latter,
we show in Corollary 4.29 that if Z has quotient singularities and codimension r, then

led(X,Z) = n —depth(Oz) =r.

Due to results of Ogus, this, in turn, implies that subvarieties Z C P" with quotient singularities behave
like local complete intersections in other respects as well, for instance, satisfying a Barth-Lefschetz-
type result (see Corollary 4.30). We refrain from including more material here (for further details and
examples, see §4.2).

The Du Bois complex and differentials on singular spaces. Our results regarding the Hodge filtration
on local cohomology, and perhaps somewhat surprisingly, the characterisation of local cohomological
dimension in Theorem E, can be applied to the study of the Du Bois complex and of various types of
differentials on a reduced closed subscheme Z C X.
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Recall that the Du Bois complex Q°, is an object in the derived category of filtered complexes on Z.
The shifted graded pieces QZ = Grg Q% [p] are objects in the derived category of coherent sheaves on
Z, playing a role similar to that of the bundles of holomorphic forms Qg on a smooth Z. There are, in
fact, canonical morphisms Q’; — 92 that are isomorphisms over the smooth locus of Z. By definition,
the one for p = 0 is an isomorphism precisely when Z has Du Bois singularities (see Chapter 5 for more
details).

Following the terminology from [24], we say that Z has only higher p-Du Bois singularities if the
canonical morphisms Qé - Qlé are isomorphisms for all 0 < k < p. The first result concerning
varieties with this property was obtained in [41], where is was shown that if Z is a hypersurface whose
minimal exponent is > p + 1, then Z has only higher p-Du Bois singularities; recall that the minimal
exponent of Z, which can be defined via the Bernstein-Sato polynomial of Z, roughly describes how
close the Hodge filtration and pole order filtration are on the localisation Ox (+Z). The converse to this
result was obtained in [24]. The Hodge filtration on local cohomology allows us to extend these results
to all local complete intersections.

Concretely, if Z is reduced and a local complete intersection of pure codimension r, then the
singularity level of the Hodge filtration on H’, Ox is

p(Z) ==suplk | Fx H,Ox = O H,Ox},

with the convention that p(Z) = —1 if there are no such k. We show that this invariant only depends
on Z and not on its embedding in a smooth variety. It is easy to check that p(Z) = oo if and only if Z
is smooth (see Corollary 3.26). In fact, we have the following explicit upper bound for singular Z (see
Theorem 3.39):

p(Z) < % 1.2)
By a result of Saito [53], if Z is a hypersurface in X, then p(Z) = [@(Z)] — 1, where @(Z) is the
minimal exponent of Z. We expect that, in general, p(Z) can be described in terms of the Bernstein-Sato
polynomial of Z studied in [6] (see Conjecture 3.31 for the statement). An interpretation of p(Z) in
terms of the Hodge ideals associated to products of equations defining Z is given by Proposition 3.34,
leading to restriction and semicontinuity results for this invariant (see Theorems 3.36 and 3.37). The
proof of (1.2) makes use of this semicontinuity property of p(Z).
The following is our main result, relating p(Z) to the behavior of the Du Bois complex of Z. The
proof builds on the case of hypersurfaces, which, as already mentioned, is treated in [41] and [24].

Theorem F. If Z is a reduced, local complete intersection closed subscheme of the smooth, irreducible
variety X, then for every nonnegative integer p, we have p(Z) > p if and only if Z has only higher p-Du
Bois singularities.

We also prove arelated result concerning the vanishing of individual cohomology sheaves ! Q2 , with
i > 0, in terms of the size of the locus in Z, where p(Z) < p (see Theorem 5.7 for the precise statement).
A consequence is that if the singular locus of the local complete intersection Z has dimension s, then
for all p > 0 we have

H(QD)=0 for 1<i<dimZ-s-p-1.

In a different direction, the criterion in Theorem E can be rephrased in terms of the Du Bois complex
(see Corollary 5.3), thanks to a result of Steenbrink [59]. This allows us to obtain in §5.4 results on
differentials on the singular variety Z as consequences of bounds on lcd(X, Z). We state here one result
regarding h-differentials; their theory is one of the possible approaches to differential forms on singular
spaces, as explained in [19], where it is also shown that they are isomorphic to ’}-{,092.
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In the ideal situation, A-differentials coincide with the reflexive differentials Q[Zk] = (Q’%)W, and a
recent result of Kebekus-Schnell [25, Corollary 1.12] states that this is indeed the case for all kif Zis a
variety with rational singularities. We show the following improvement for low £ when Z has isolated

singularities, using, in addition, input from mixed Hodge theory:

Theorem G. If Z is a variety with isolated singularities and depth(Oz) > k + 2, then the h-differentials
and reflexive differentials of degree k on Z coincide.

Further applications of results on local cohomological dimension to A-differentials are obtained in
§5.4, including a statement analogous to Theorem G but depending only on the codimension of Z.

There are numerous conjectures and open problems suggested by this work that are scattered through-
out the text and that we believe are important for further developments. Here is an informal sample: the
connection between the Hodge filtration on local cohomology and the Bernstein-Sato polynomial (and
perhaps a version of the V-filtration) for local complete intersections, including applications to rational
singularities; the equivalence between our and Ogus’ characterisation of local cohomological dimension;
further local vanishing with applications to local cohomological dimension and reflexive differentials.

Notation. We collect, here, some notation that appears throughout the paper, with references to where
each item is described. Note that X will always be a smooth, irreducible complex variety of dimension
n and Z a closed subscheme of X.

led(X, Z), the local cohomological dimension of Z in X (see Formula (1.1));
D, the sheaf of differential operators on X;
Qg [n], the trivial pure Hodge module on X (see §2.1);
(M, F)(q), the Tate twist by g of the filtered Zx-module (M, F) (see §2.1);
Grf DRy (M, F), the k' graded piece of the de Rham complex of the filtered 2x-module (M, F)
(see §2.1);
HZL (M), the g™ local cohomology of M with support in Z (see §2.2);
Ox (+Z), the sheaf of rational functions on X with poles along Z, when Z is a hypersurface (see
Example 2.1);
8. FiHL(Ox), the k™ term of the Hodge filtration on HZ (Ox) (see §2.3);
9. 0xHZL(0x), the k™ term of the order filtration on H? (Ox) (see Definition 3.3);
10. EH(0x), the k™ term of the Ext filtration on H%(@X) (see Definition 3.6);
11. p(Z), the singularity level of the Hodge filtration on H, (Ox ), when Z is a local complete intersec-
tion of codimension r (see Definition 3.27);
12. Qg, the sheaf of p-Kihler differentials on Z;

13. Q[Zk] = (Q%)YY, the sheaf of reflexive p-Kihler differentials on Z;
14. 9;, the (shifted) pth truncation of the Du Bois complex (see §5).

AN S R

S

2. Background and study of the Hodge filtration
2.1. D-modules and mixed Hodge modules

Given a smooth, irreducible, n-dimensional complex algebraic variety X, we denote by P the sheaf of
differential operators on X. For basic facts in the theory of @ x-modules, we refer to [18].

We only recall here a couple of things: first, an exhaustive filtration F, on a left @x-module M
(always assumed to be compatible with the filtration F,Zx by the order of differential operators) is
good if F,, M is coherent for all p and there is g, such that

FyuM = FixDx - FgM  forall k > 0.

In this case, we say that the filtration is generated at level q.
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Next, there is an equivalence of categories between left and right @x-modules, such that, if M" is
the right Px-module corresponding to the left Zx-module M, we have an isomorphism of underlying
Ox-modules M" ~ wx ®p, M. We will mostly work with left Px-modules, but it will sometimes be
convenient to work with their right counterparts. We note that if they are endowed with a good filtration
as above, then the left-right rule for the filtration is by convention

FpaM" = wx ®oy FpM forall pelZ. 2.1

For the basic notions and results on mixed Hodge modules, we refer to [48] and [49]. In what follows,
we refer to a mixed Hodge module on X simply as a Hodge module. Recall that such an object consists
of a Px-module on X (always assumed to be holonomic and with regular singularities), endowed with
a good filtration called the Hodge filtration, and with several other pieces of data satisfying an involved
set of conditions that we will not be directly concerned with in this paper. We will say that this filtered
Dx-module underlies the respective Hodge module. An important fact is that every morphism of Hodge
modules is strict with respect to the Hodge filtrations (see also [36, Chapter C] and [37, §1] for further
review).

An important example of (pure) Hodge module is the trivial Hodge module Qg [n]. The underlying
Dx-module is Ox, while the Hodge filtration is defined by the condition Grg (Ox) =0forall p #0.

Given a filtered Dx-module (M, F) and g € Z, the Tate twist (M, F)(q) is the filtered Dx-module
(M, F[q]), where

FlglpM =Fp_qM forall peZ.
For every left @x-module M, the de Rham complex DRy (M) is the complex
0—>M—>Q§(®@XM—>~~—>LUX®@XM—>0,

placed in cohomological degrees —n, . .., 0. If M carries a good filtration F, the de Rham complex has
an induced filtration, such that, for every integer k, the graded piece Gr{ DRy (M, F) is given by

0 — Grf M — Q} ®p, Grf, ,M — -+ — wx ®p, Gri, M — 0,

where Grf M = F,M]F;i_i1M for all i € Z. Note that this is a complex of coherent Ox-modules.
The filtered de Rham complex of a filtered right @x-module is the filtered de Rham complex of
the corresponding left Zx-module. When (M, F) underlies a Hodge module M, we sometimes use,
alternatively, the notation DRy (M) and Grz DRy (M).

Since morphisms of Hodge modules are strict with respect to the Hodge filtration, Grf DRy (-) gives
an exact functor from the abelian category of Hodge modules on X to the abelian category of bounded
complexes of coherent sheaves on X. This induces an exact functor, also denoted Grf DRy (-), from
the derived category D (MHM(X)) of Hodge modules on X to the derived category D? (Coh(X)). By
considering the truncation functors associated to the standard t-structure on D? (MHM (X)), one obtains
for every u € D? (MHM(X)) and every k € Z a spectral sequence

EYP" = HPGry DRx (H” (u)) = HP*” Grf DRx (u), 2.2)

Given amorphism f: ¥ — X of smooth complex varieties, we use the notation f; for the pushforward
of Hodge modules. Note that at the level of underlying &-modules, this corresponds to the usual
pushforward f,, defined for right &-modules as

L
fiM =Rfi(M @z, Dy_x),
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where the object on the right is in the derived category of right Zx-modules. Here,
Dy _x := 0Oy ®f—1@x f_lgx

is the associated transfer (Qy, f~!@x)-bimodule, which is isomorphic to f*Pyx as an Oy -module, and
is filtered by f*Fx Px (see [18, §1.5] for more details). In general, f; is different from the pushforward
R f. on quasi-coherent O-modules, but the two definitions agree if f is an open immersion, and, in this
case, we also use the R £, notation.

Moreover, if f is proper and if we denote by FM (D) the category of filtered Z-modules on X, then
there is a functor

f+: D?(EM(2y)) — D? (FM(Zx))

defined in [48], which is compatible with the functor f, above. If (M, F) underlies a Hodge module M
on X, we write f.(M, F) for the object in D? (FM(@y)) underlying f. M.

An important feature of the pushforward of Hodge modules under projective morphisms is the
strictness property of the Hodge filtration (see [49, Theorem 2.14]). This says that if f: Y — X
is projective and (M, F) underlies a Hodge module on Y, then f,(M,F) is strict as an object in
D’ (FM(2x)) (and moreover, each H' (M, F) underlies a Hodge module). Concretely, this means
that the natural mapping

. L . L
R fi(Frx(M ®g, Dy_x)) — R fi(M &z, Dy_x) (2.3)

is injective for every i, k € Z. The filtration on H’ £, (M, F) is obtained by taking Fy H' f; (M, F) to be
the image of this map. Note that this strictness property is a vast generalisation of the degeneration at
E of the Hodge-to-de Rham spectral sequence (cf., e.g. [36, §4]).

2.2. Brief review of local cohomology

Let X be a smooth, irreducible n-dimensional complex algebraic variety and Z a proper closed subscheme
of X defined by the coherent ideal sheaf 7. For a quasi-coherent Ox-module M and j > 0, we denote
by H% (M) the g™ local cohomology sheaf of M, with support in Z. This is the g™ derived functor of
the functor 'z (—) given by the subsheaf of local sections with support in Z. The sheaves ’qu (M) only
depend on the support of Z, so in many situations, it is convenient to assume that Z is reduced. For the
basic facts on local cohomology, see [15].

The sheaf 'H% (M) is a quasi-coherent sheaf, whose local sections are annihilated by suitable powers
of 7. For every affine open subset U C X, if

A=0xU), 1=Iz(U), and M= M(U),
then ’H,% (M)]u is the sheaf associated to the local cohomology module H? (M). This can be computed
as follows: if I = (f1, ..., f;) (or, more generally, if I and (fi, ..., f,) have the same radical) and for a
subset J C {1,...,r}, we put f7 := [1;c; fi, then we have the Cech-type complex

C*: 0-C"5Cl5..-5C >0, (2.4)

with

cr =P Ay,

|7 |=p
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and with the maps given (up to suitable signs) by the localisation homomorphisms. With this notation,
we have functorial isomorphisms

H} (M) ~ HI(C* ®4 M). (2.5)

The two main cases we will be interested in are those when M is either Ox or wy. Note that we have
HY (Ox) = HY (wx) =0.

In general, given X and Z as above, we write U = X \ Z and let j: U < X be the inclusion map. For
every M, we have a functorial exact sequence

0— HL(M) > M = ju(Mly) = Hy(M) =0 (2.6)
and functorial isomorphisms
RYj.(My) = HET (M) forall ¢ = 1. Q.7

Example 2.1. If Z has pure codimension 1 (that is, it is an effective divisor on X), then HIZ(@X) ~
Ox (#Z)/0Ox and H%(@X) =0 for all ¢ # 1. Here, Ox (xZ) denotes the sheaf of rational functions on X
with poles along Z.

Remark 2.2. Since X is smooth, hence, Cohen-Macaulay, the usual description of depth in terms of
local cohomology (see [15, Theorem 3.8]) implies that

codimy (Z) = min{g | H%, (Ox) # 0}.

Moreover, from the description via the Cech complex in (2.5), it follows that if Z is locally cut out set-
theoretically by < N equations, then H%(@X) = 0 for ¢ > N. In particular, we conclude that if Z is a
local complete intersection of pure codimension r, then 7—[% (Ox)=0forall g #r.

If Z' C Z is another closed subset of X, then for every quasi-coherent sheaf M, we have natural maps
q q
H7 (M) — HZ(M).

These are induced by the natural transformation of functors H%,(-) — 7—[% (-).

It is a standard fact that if M is a left Dx-module, then each HqZ (M) has a canonical structure of
left @ x-module. Locally, this can be seen by using the description in (2.5). Indeed, each localisation
M, has an induced Dx (U)-module structure, such that the morphisms in the complex C* ®4 M are
morphisms of P (U)-modules. Therefore, each cohomology module H? (M) has an induced 9x (U)-
module structure and one can easily check that this is independent of the choice of generators for 1.
Hence, these structures glue to a Zx-module structure on 7—[% (M).

Note also that if M is a left @x-module, then the sheaves RY j. (M |y ) are left Dx-modules as well;
they are the cohomology sheaves of the &-module pushforward of M via j. Moreover, in this case, the
exact sequence (2.6) and the isomorphism (2.7) also hold at the level of Zx-modules.

Similar considerations apply for right Zx-modules. It is easy to see, using the local description, that
for every g > 0, we have a canonical isomorphism

HIL (M) = HI(M").
In particular, we have a canonical isomorphism of right Zx-modules

HE (Ox)" = HE (wx).
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2.3. The Hodge filtration on local cohomology

We continue to use the notation introduced in the previous sections. Denoting by i: Z — X the
inclusion, there are objects j*Ql"]' [7] and i*i’Qg [n] in the derived category of Hodge modules and an
exact triangle

+1

ii'Q¥ [n] — Q¥ [n] — j.Qf [n] —, (2.8)

as shown in [49, §4]. The cohomologies of these objects are Hodge modules whose underlying -
modules we have already seen:

H(i.i'Q¥ [n]) = HL(Ox) and H(j.Qf [n]) = RYj.Op.

In particular, these Zx-modules carry canonical Hodge filtrations; note that these only depend on the
reduced subscheme Z.4. Moreover, the long exact sequence of cohomology corresponding to (2.8) gives
the counterparts of (2.6) and (2.7) in this setting: an exact sequence of filtered Dx-modules

0 — Ox — j.Oy — M, (Ox) =0 (2.9
and an isomorphism of filtered Zx-modules
R7j.0y =~ HE (Oy) forall g=>1. (2.10)

For example, when Z = D is a reduced effective divisor, we have a canonical Hodge filtration on
Ox (xD) = j.Oy, which underlies the Hodge module j*Qg [n]; this is analysed in [36]. Up to taking
the quotient by Oy, this is therefore equivalent to the Hodge filtration on the local cohomology sheaf
H b (Ox). It turns out that for arbitrary Z, the Hodge filtration on the local cohomology sheaves ’H% (Ox)
can be defined using the one on sheaves of the form Ox (D). Note first that it is enough to describe the
Hodge filtration in each affine chart U. In this case, if we consider f1, ..., f, € A = Ox (U) that generate
an ideal having the same radical as 7z (U), then each localisation A f, carries a Hodge filtration, such that
the corresponding Cech-type complex (2.4) is a complex of filtered 2-modules. In fact, the maps come
from morphisms of mixed Hodge modules: each component is, up to sign, induced by the canonical map

ju. Qi [n] = jv.QY [n],

where V C U are complements of suitable hypersurfaces and jiy: U — X and jy: V — X are the
inclusion maps. Therefore, the maps in the complex (2.4) are strict and the Hodge filtration on the
cohomology sheaves ’H%(@x) is the induced filtration.

Remark 2.3. We have
FpM%(0x) =0 forall p<0 and g > 0.
Indeed, arguing locally and using the computation of local cohomology via the Cech-type complex (2.4),

we deduce this assertion from the fact that if D is a reduced effective divisor on X, then F,Ox (+D) = 0
for p < 0 (see, for example, [36, §9]).

Remark 2.4. Suppose that Z” C Z is another closed subset. If U’ = X \ Z’, then j factors as
ko,
U—>U —X.
In the derived category of Hodge modules on X, we have an isomorphism

J+Qff [n] = j.(k. Qg [n]).
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The canonical morphism Qg, [n] — k*Qg [n] induces therefore
Qg [n] = j.Qg [nl,
so that after passing to cohomology, we get morphisms of Hodge modules
R1j.Qg.[n] — R}.Qq) [n].
We deduce using (2.9) and (2.10) that the canonical morphisms
(H%,(0x), F) = (H%(0x), F)
are (strict) morphisms of filtered Z'x -modules.

Remark 2.5. It is not hard to compare the Hodge filtrations on the local cohomology sheaves along Z
with respect to two different embeddings in smooth varieties. Indeed, suppose that k: X — X’ is a
closed embedding, with X’ smooth, and dim(X) = n and dim(X") = n + d. In this case, if i: Z — X
and i’: Z < X’ are the two embeddings, we have an isomorphism

" Qx [n+d] = (k.i.i'QY [n]) [-d](~d),

where we recall that (—d) denotes the Tate twist defined in §2.1. By taking cohomology, we see that for
every g, we have an isomorphism of filtered P -modules

(HEH (Ox), F) = (k,HEL(Ox)(~d), F).

Explicitly, if yi,..., yq+q are local coordinates on X', such that X is defined by (yy, ..., yq), then we
have an isomorphism

H o) = (D HLOx) @635,

such that the Hodge filtrations are related by

FoHE (O0x) = D Fpox, o HE(Ox) @030 - 051,

ay,..., a, 20

Remark 2.6. For simplicity, we only considered the local cohomology of Ox. More generally, one can
consider an arbitrary Hodge module M on X, with underlying filtered 2x-module M. In this case,
the local cohomology sheaves 'H% (M) continue to underlie Hodge modules and, thus, carry canonical
Hodge filtrations.

We end this section with two examples: the case of a smooth subvariety and that of subsets defined
by monomial ideals. We note, in addition, that the Hodge filtration on the local cohomology Hodge
modules with support in generic determinantal ideals is studied extensively in [45] and [44].

Example 2.7 (Smooth subvarieties). If Z is a smooth, irreducible subvariety of X of codimension r,
then %, (0x) = 0 for g # r (see Remark 2.2). We claim that

FyHY (0x) = {u € HY(0x) | Z5 u = 0. (2.11)

In order to see this, we may assume that X is affine with A = Ox (X) and we have global algebraic
coordinates xi, . .., x, on X, such that Z is defined by I = (x, . . ., x, ). In this case, as we have previously
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discussed, Hj (A) is filtered isomorphic to the cokernel of the map

r
@ AX]"')?["'X, - Axl"'xr'
i=1

Moreover, since x| - - - x,- defines a SNC divisor on X, the Hodge filtration on Ay, ...x, is given by

1

X1 Xp

FpAy, .., = FpDx -

(see [36, §8]). This is generated over A by the classes of ﬁ with aq,...,a, > 1, such that

ap +---+a, = p+r. The fact that this is equal to the right—ha]md side of (2.11) follows easily from the
fact that x1, ..., x, form a regular sequence in A (for example, by reducing to the case when A is the
polynomial ring C[x1, ..., x,]).

Another way to obtain this description, relying on the formalism of mixed Hodge modules, is the
following. If i: Z < X is the inclusion, then

i'QY [n] = (QF [n = r])[-r](-n).
Applying i, and taking cohomology, we get an isomorphism of filtered Zx-modules
HL(Ox) = i.0z(-r). (2.12)

Explicitly, if xy, ..., x, are local coordinates on X, such that Z is defined by (x,...,x,), then we have
an isomorphism

Hy(0x)= P 0ze02 -0,

ay,..., a, >0

such that the Hodge filtration is given by

FpHrz(@X)z @ @z@ﬁﬁ"--ﬁg’.

ar+--+ar<p

Note that the element 1®1 corresponds to the class of + —; in the Cech description of local cohomology,
hence, we obtain the same description of the Hodge ﬁltratlon as in (2.11). For completeness, we note
that it also follows from (2.12) that H’, (Ox) underlies a pure Hodge module of weight n +r.

Example 2.8 (Monomial ideals). We now consider the case when X = A" and I C A = C[xy,...,x,]
is a monomial ideal. The (C*)"-action on A" induces a (C*)"-action on each qu (A), which translates
into a Z"-grading on H} (A). The action of every element of (C*)" induces an isomorphism of filtered
Dx-modules H{ (A) — H{(A), hence, every F,H; (A) is a graded A-submodule of H (A).

Let us denote by ey, . . ., e, the standard basis of Z". It is easy to see that multiplication by x; induces
an isomorphism

qu (A)M - H;] (A)u+e,~

for every u € Z", unless u; = —1. This follows, for example, by computing the local cohomology via
the Cech-type complex associated to a system of reduced monomial generators of Rad(I) (see [10,
Theorem 1.1]). Similarly, multiplication by 9; induces an isomorphism

HY (A)y = HY (e, (2.13)

for every u € Z'*, unless u; = 0.
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For every u € Z", we write x* for the corresponding Laurent monomial. Given J C {1,...,n},
let uy = ey e and x5 = x*. If for u = (uy,...,u,) € Z", we put neg(u) := {i | u; < 0}, then
Ay, = @neg(u)g ; Cx*. Furthermore, the explicit description of the Hodge filtration on Ay, that we
have seen in Example 2.7 can be rewritten as

FyA,, = @ Cx,
u

where the direct sum is over those u with neg(«) C J and, such that, 3’ eneg(u) (—#i —1) < p. Computing
the local cohomology via the Cech-type complex, thus, gives

FpH{(A) = ) Hi (A,
u
where the sum is over those u € Z", such that };cpeg(,) (—#i — 1) < p. In particular, we see that
FoH{ (4) = (P H} (A,
u

where the sum is over all u € Z", such that u; > —1 for all i.

2.4. Birational description and strictness

For us, it will be important to have a description of the Hodge filtration on ’H% (Ox) via a log resolution
of the pair (X, Z). To this end, it is more convenient to use the corresponding right Hodge modules,
with corresponding 9 -modules ’qu (wx).

Suppose that f: ¥ — X is such a resolution; more precisely, we require f to be a projective morphism
that is an isomorphism over U = X \ Z, such that Y is a smooth variety and the reduced inverse image
f Y (Z)req is a SNC divisor E. If j: V =Y \ E < Y is the inclusion map, then we have a commutative
diagram /

vty
l lf (2.14)

U % X,
in which the left vertical map is an isomorphism. We, thus, have an isomorphism

in the derived category of Hodge modules. As indicated in the paragraph after (2.10), since E is a
divisor, the underlying filtered right @y -module of the Hodge module j;QI‘}' [n] is (wy (xE), F), where
F is the Hodge filtration (see [36, §8] for a more precise description in the present SNC setting). Taking
cohomology in the isomorphism above, we, therefore, obtain isomorphisms of filtered right Zx -modules

'H?l(wx) for g > 1
H9 fowy (+E) ~ R jowy ~ (2.15)
jswu = Hy(wx) = juwy /wx for g =0,

where for the last isomorphism, we use (2.9) and (2.10).
On the other hand, we have a filtered resolution of wy (*E) by induced right Dy -modules, given by
the complex

0— 9y —>Q§,(10gE) ®py Dy — -+ — wy (E) ®p, Dy — 0, (2.16)
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placed in degrees —n,...,0 (see [36, Proposition 3.1]). Using the notation and discussion in §2.1, by
tensoring with Qy_,x over Dy, we, thus, obtain a filtered complex

A 00— f*Dx — QL (logE) ®p, [*Dx — -+ — wy(E) ®g, f*Dx — 0,

L
which is filtered quasi-isomorphic to wy (*E) ®g, Dy_x and, therefore, can be used to compute
frwy (+E). Note that the filtration on A® is, such that, F,,_,A®, for p > 0, is the subcomplex

0— [ FpnDx — Qp(102E) ®py, [ Fpont1Dx — -+ — wy (E) @y [ FpDx — 0.

A detailed exposition of all this can be found in [36, §2 and 3].
Now by (2.15) and the definition of 2-module pushforward, for all ¢ > 0, we have

RYj.wy ~ R? fLA"

as right Px-modules. The filtration on the right-hand side is described at the end of §2.1, and since
these filtered 2-modules underlie Hodge modules, the strictness property of the Hodge filtration in (2.3)
leads to the following key Hodge-theoretic consequence for this birational interpretation:

Proposition 2.9. With the above notation, for every p,q > 0, the inclusion F,_,A* — A* induces an
injective map

RYf.Fy_nA® <> RIf.A* = R juwy,

whose image is F,,_, R4 j.wy. Moreover, via (2.15), this image coincides with Fp_,,?’-[%+1 (wx)forg =1,
while for g = 0, its quotient by Ox gives F,,_,ﬂ-llz (wx).

As a concrete example, we obtain the following description of the lowest term of the filtration (note
that by (2.1) and Remark 2.3, we have FP’HqZ (wx) =0 for all g and all p < —n):

Corollary 2.10. For every q > 2, we have a canonical isomorphism
F_pHY (wx) = R fwy (E).
Moreover, we have a short exact sequence
0 — wx — fiwy(E) = F_,H,(wx) — 0.

Proof. The assertion follows from Proposition 2.9 and the fact that F_,A® = wy (E). O

Remark 2.11 (Analytic setting). The results in this section also apply when Z is an analytic subspace
of a complex manifold X, due to the study of open direct images in the analytic category (see [49,
Proposition 2.11 and Corollary 2.20]) and the fact that the strictness theorem [49, Theorem 2.14] holds
for any projective morphism between analytic spaces, for example, a resolution of singularities (cf. also
[23, §2.1]).

2.5. An injectivity theorem
We continue to use the notation in the previous section. Using the exact sequence
0> wy D wy(E) > wg —0

and the Grauert-Riemenschneider vanishing theorem, Corollary 2.10 tells us that for all ¢ > 1, as a
consequence of strictness for the Hodge filtration, we have an isomorphism

Ya: R frop — F_yHE (wx).
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We also consider the inclusion maps
ig: FoaMi (wx) = HE(wx).

Theorem A in the Introduction follows, therefore, once the following compatibility is established:

Proposition 2.12. For each g, the composition
igoyy: R fiwp — H (wx)
coincides with the morphism on cohomology described in the statement of Theorem A.

Proof. For simplicity, we write down the argument for ¢ > 2, when R?™! f,wg ~ R9™! f.wy (E). The
argument for ¢ = 1 is similar, only this time, by definition, one needs to consider fiwy (E)/wy (as
opposed to f.wy (E)).

Step 1. We consider the commutative diagram (2.14), and we identify U and V via the left vertical
map. Applying R f. to the canonical inclusion wy (E) — jlwy =~ wy (*E) and passing to cohomology,
we obtain morphisms

R fwy (E) — R juwy = HE (wx) (2.17)

for each g, where the last isomorphism is the canonical isomorphism in (2.7). We claim that these
morphisms can be identified with the compositions iy o y,.
To see this, recall that we have identified

L
HY (wx) = HI™ fuwy (<E) 1= RT [ (wy (+E) 85, Dyx).

The transfer module admits a canonical morphism Dy — Dy_,x of left Dy-modules (induced by
Ty — f*Tx), which, in turn, induces a morphism

pq: RI7 fuwy (+E) — HI! fywy (+E).

Now the morphism i, o y,, defined using the resolution (2.16) of wy (xE), is obtained more precisely
by pushing forward the inclusion wy (E) < wy (*E), and then considering the composition

R fuwy (E) — RI™ fuwy (E) 25 HI7! fowy (+E).

But since f o j* = j, p, can also be identified canonically with the isomorphism R jwy —
H97! j,wy appearing above, and we are done.

Step 2. In this step, we discuss the following general situation: assume that W is a closed subscheme
in X, with ideal sheaf 7. If j: V < X is the inclusion map of the complement V = X \ W, we have a
diagram of exact triangles

+1

wx — RHome, (T, wx) ——> RHome, (Ow,wx)[1] —
0y ——— Rjuwy ———— Ry (wx)[1] -5,

where the vertical map on the right is the canonical morphism, and where the middle vertical map can
be described as the canonical morphism

RHOM@X(j, wX) - R]*]*R’HOWL@X (j’ CL)X) = R]*CUV» (2'18)

since Jy = Oy .
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Moreover, in the presence of a proper morphism f: ¥ — X, assumed to be an isomorphism over V,
we can consider the ideal Jy := J - Oy defining f -1 (W), and, similarly, we have a canonical morphism

RHome, (Jy, flox) = Rjl((flox)v) = Rjloy,

where j’ is the inclusion of V in Y. Applying Rf; to this morphism, and Grothendieck duality to the
first term, we obtain a diagram

Rf*RHOm@Y (jy,f!a)x) —) Rf*Rj,:u)V ;) Rf*Rj;a)V

| L

RHom@X (Rf*jY,wX) H RHom@)( (\7, (UX) % R]*(")V’

where we included the natural factorisation of the bottom morphism through the object
RHome, (T, wx), induced by the canonical morphism J — Rf,Jy; this factorisation holds due
to the description of the morphism in (2.18) and the fact that Grothendieck duality is compatible with
restriction to open subsets.

Step 3. In this step, we apply the constructions in Step 2 to give another description of the morphism
(2.17), which will finish the proof. First, (2.17) can be rewritten as the composition

R f.RHome, (Oy (—E),wy) — RT™' f.RHomg, (Zy-1(z) wy) = R j wy,

where the factorisation through the middle term holds since E is the reduced structure on f~!(Z).
Applying Grothendieck duality, this composition can be rewritten as

gxif, | (Rf.Oy (-E).wx) — &g (RAL 2y, wx) = R juwy,

and the map on the right factors further through Exrd! (IZ, w X), as described in the last diagram in
Step 2. Moreover, it is straightforward to see that for g > 2, we have canonical isomorphisms

Extl | (Rf.0y (-E), wx) = Extd (Rf.0p, wx)
and
%xtg: (Iz, (UX) ~ %xtgx (@Z, a)x).
Altogether, the morphism (2.17) can be identified with the natural composition
%xtgx (Rf.OF, wx) — %xtgx (02, wx) = HL (wx),
which is the same as the map on cohomology described in the statement of Theorem A (note that

Grothendieck duality gives Rf.w}, ¥ RHomg, (Rf.OF, wx[n]), while w5, ~ RHome, (07, wx[n])).
[m]

The upshot of Theorem A (and Proposition 2.12) is that for each ¢ > 1, we have a commutative
diagram

RI7™ fiwp —2y Ex19(07, wx)

L |

FoaMioy — Hiwx,
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where the left vertical map is the isomorphism in Corollary 2.10, the bottom horizontal map is the
inclusion, the right vertical map is the natural map to local cohomology, while a, is the morphism on
cohomology induced by

. ° .
a: Rfiwy — wy

in D? (Coh(X)), obtained, in turn, by dualising the natural morphism 0z — Rf.Op (here, 6"1.2 =
wg [n — 1] since E is Gorenstein).

As a consequence, the top horizontal map is injective. In other words, this gives another proof of the
injectivity result of Kovécs and Schwede, Corollary B in the Introduction, applied in [29] to the study
of deformations of Du Bois singularities.

2.6. A local vanishing theorem

We use the constructions in §2.4 to prove a Nakano-type vanishing result for log resolutions of arbitrary
closed subsets. This generalises a result for hypersurfaces due to Saito [52, Corollary 3] (cf. also [36,
Theorem 32.1]).

Proof of Theorem D. We note that by the definition of ¢ and by Remark 2.2, we have
Hl (wx) =0 ifeither j<r or j>ec. (2.19)

The vanishing in the statement holds trivially for p > n, hence, we may assume p < n. Note that, in
this case, the conditions in both 1 and 2 imply g > 1. We first check the case p = n.? This follows in
both cases 1 and 2 from (2.19) and Corollary 2.10.

We next prove the theorem by descending induction on p. Let p < n, and consider the complex

C*:=F_,A%[p —n],

placed in cohomological degrees 0, . ..,n — p, where A® is as in §2.4. Note that since p+¢g > n+1, we
deduce from Proposition 2.9 that

RPYLF_,A® < RPYIT"fLA® ~ 7—[;+q_"+l(a)x) forall g,
hence, using again (2.19), we see that in both cases 1 and 2, we have
RIf.C* =RPTITfF_,A® =0. (2.20)
Consider now the hypercohomology spectral sequence
S P
EY =R f.C'= R™ f.C*.
By definition, we have
C' = QY (logE) ®y f*F;Dx for 0<i<n-p,

hence, we want to show that £ ?’q = 0. First, (2.20) implies that in both cases 1 and 2, we have Eg;q =0.

Now for every k > 1, we clearly have E;k"“k_l = 0, since this is a first-quadrant spectral sequence.
On the other hand, we also have Ef"rkﬂ = 0 by induction. Indeed, this is a subquotient of

By = RTE £.CF = R £.O0 (log E) @0, Fi2x.

2Note that when Z is a hypersurface, in which case r = ¢ = 1, this is the well-known fact that R? f, wy (E) =0 forg > 0, a
special case of the local vanishing theorem for multiplier ideals.

https://doi.org/10.1017/fmp.2022.15 Published online by Cambridge University Press


https://doi.org/10.1017/fmp.2022.15

Forum of Mathematics, Pi 19

and the right-hand side vanishes by induction. We, thus, conclude that E ?’q = Eg;q = 0, completing the
proof. O

Remark 2.13. (1) In the statement of the theorem, we may replace ¢ = lcd(Z, X) by any s, such that Z
is locally cut out by s equations. Indeed, the fact that ¢ < s follows from Remark 2.2.

(2) There exist further useful upper bounds on ¢ that depend only on the codimension r of Z. We only
list a couple here. In complete generality, Faltings [13] showed that

c<n- .
r

Among many other improvements, Huneke and Lyubeznik [21] showed that if Z is normal, then

cu[]
c<n-— -
r+1

n-—1
r+1

Further results along these lines, assuming S, conditions on Z, appear in [8]. We obtain, in particular:

Corollary 2.14. Let Z be a closed subscheme of codimension r in a smooth, irreducible n-dimensional
variety X. If f: Y — X is a log resolution of (X,Z), which is an isomorphism away from Z, and
E = f"Y(Z)eq, then

-1
R1f.QP(logE) =0 for p+q22n—[nr ]

If, moreover, Z is assumed to be normal, then the same holds for

n—1
r+1

n
+ 22—[ ]—
Pra =10

We conclude by noting that in [36, Theorem 32.1], it is shown that when Z is a Cartier divisor, in
order to have local vanishing as in Theorem D, it is enough to assume only that X is smooth away from
Z. It is, therefore, natural to ask:

Question 2.21. Is there an appropriate generalisation of Theorem D that does not assume X to be
smooth?

3. Order and Ext filtrations, and some comparisons
3.1. Order and Ext filtration

We now aim to define analogues of the pole order filtration associated to hypersurfaces and compare
them with the Hodge filtration. We thank C. Raicu, whose answers to our questions have helped shape
the material in this section. We start by recording the following basic property of the Hodge filtration:

Proposition 3.1. For every p,q > 0, we have
Iz - FyHL(Ox) C Fp1HL (0x).
In particular, we have
Ig”FP?—LqZ(@X) =0 forevery p>0.

Proof. The first assertion is a general property of filtered Px-modules underlying Hodge modules
whose support is contained in Z (see [48, Lemma 3.2.6]). The second assertion then follows from the
fact that F_ 1% (Ox) = 0 (see Remark 2.3). O
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Remark 3.2. If Z is a reduced divisor, the second assertion in the above proposition is equivalent with
the fact that F,0x (+Z) € Ox ((p + 1)Z), that is, the Hodge filtration is contained in the pole order
filtration (see [50, Proposition 0.9] and also [36, Lemma 9.2]). Moreover, in terms of Hodge ideals, the
first assertion says that /,,(Z) € 1,,_1(Z) (see [36, Proposition 13.1]).

Definition 3.3. The order filtration on 17 (Ox) is the increasing filtration given by
OxHL(Ox) = {u e HL(Ox) | T4 u =0}, &k >0.

Note that we have a canonical isomorphism

O HL(Ox) = Homep, (Ox | IS, HL (0x)).

If Z is a reduced divisor, then
OrHz(0x) = Ox ((k +1)Z) /Ox,

and the inclusions FxOx (+Z) C Ox ((k + 1)Z) in Remark 3.2 say that

FiHl (0x) € Ok HL (0x) forall k > 0.

This last fact continues to be true, in general:

Proposition 3.4. For arbitrary Z, and for every k and q, we have
Fk’H%(@x) c Ok/H%(@x).

Proof. The statement is equivalent to the second assertion in Proposition 3.1. O

Remark 3.5. The order filtration on H%(@x) is compatible with the filtration on Zx by order of
differential operators:

F;Dx - Ok HL (Ox) € OieHL(Ox) forall k,€ 0.

However, unless g = r = codimy (Z), the sheaves OkH%(@X) are not coherent as long as ”H%(@X) # 0.
This makes the order filtration less suitable for ¢ > r; this is a rather deep result of Lyubeznik [32,
Corollary 3.5].2 For g = r, the situation is better (see Proposition 3.11 below).

We also consider a related filtration. Recall that a well-known characterisation of local cohomology
(see [15, Theorem 2.8]) is

HL (Ox) = lim Extg (0x/ZE, Ox),
k

where the morphisms
&xtg (0x/T},0x) — &xif (0x/T5",0x) (3.1)
between the terms in the direct limit are induced from the short exact sequence
0 — I5/TI5" — Ox JTE — Ox T — 0.
Definition 3.6. The Ext filtration on 'H% (Ox) is the increasing filtration given by

ExM5(0x) :=1m [Ext] (0x /TS, 0x) = HL(Ox)], k=0.

3The same statement was proved by Huneke-Koh [20] in positive characteristic.
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Remark 3.7. It is clear from the definitions of the order and Ext filtrations that they depend on the
scheme-theoretic structure of Z and not just on the underlying set. A natural choice, which gives the
deepest such filtrations, is to take Z to be reduced. However, it can be convenient to have the flexibility of
allowing filtrations associated to nonreduced schemes (for example, in the case of set-theoretic complete
intersections).

Remark 3.8. If ¢ = r = codimy (Z), then
ExHL (0x) = &xtyy (0x /IS, Ox),

that is, the maps in the above definition are injective. Indeed, in this case, the maps in (3.1) are all
injective, since

&xty (T4 /I5, 0x) = 0.
This last fact follows from the following well known (see, e.g. [3, Proposition 1.17]):
Lemma 3.9. If & is a coherent sheaf on a smooth variety, then
&xty, (F,0x) =0, forall i< codim Supp(F).
In terms of comparing these two natural filtrations, we clearly have
ExHL(0x) € OxH2L(0x), forall k> 0. (3.2)

Remark 3.10. This time, we obviously have that E 7—[% (Ox) are coherent sheaves; by Remark 3.5, this
means, in particular, that E; # Oy when g > r and ’H%(@X) # 0. On the other hand, in general, it is
not clear any more whether the Ext filtration is compatible with the filtration on 9.

Let’s try to understand the inclusion (3.2) more canonically. According to the proof of [20, Proposition
3.1(i)], for any ideal sheaf 7 C Oy, such that Supp (Ox/J) = Z, there is a spectral sequence

EY? =&xtp (0x/T, M5 (0x)) = HP* =8xt)'(0x/ T, Ox), (3.3)

\yhich is simply the spectral sequence of the composition of the functors 7—[% (=) and Home, (Ox /T, ),
since

Homoy (Ox /T, HY (M) = Homey (0x /T M),

for every Ox-module M, and ’HOZ (—) takes injective objects to injective objects.

Hence, taking J = Ié”, in general, the picture is this: Ok”H% (Ox) is the E;)’q-term of this spectral
sequence, we have EX;7 < E(z)’q (as there are no nontrivial differentials coming into E>'9), while EX;?
is a quotient of HY = %xtgx (6x /X, Ox), which is identified with ExHZ (Ox).

The drawbacks for both the order and the Ext filtration disappear when ¢ = r = codimy (Z) due to
the following:

Proposition 3.11. We have EiH’,(Ox) = O H’,(Ox) for all k > 0.

Proof. Using the spectral sequence (3.3), since ’Hg(@x) = 0 for g < r, for any ideal sheaf 7 C O,
such that Supp (Ox/J) = Z, we have

’Hom@X (@X/j, Hrz(@x)) >~ %xtgx (@X/j, @X).

The statement follows again by taking 7 = Ié” (see also Remark 3.8). m}
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In particular, for g = r, Proposition 3.4 can be reinterpreted as saying that
FiH,(Ox) € ExH,(Ox) forall k > 0. 34

A natural question, potentially interesting for the study of the singularities of Z, is whether this extends
to higher values of g as well.

Question 3.5. (When) do we have inclusions Fk’}-[qz(@x) - E;{H%(@x) for g > r?

We will answer this question positively for £ = 0 and all ¢ in Proposition 3.15 below. However, we
first note that in the smooth case, we, indeed, have equality between all three filtrations, as expected. If
Z is a smooth, irreducible subvariety of X of codimension r, then 7—[% (Ox) = 0for g # r (just as for any
local complete intersection; see Remark 2.2).

Example 3.12. If Z is a smooth, irreducible subvariety of X of codimension r, then
FiH, (Ox) = Ox'H, (Ox) = ExH,(Ox) forall k > 0.

Indeed, we have seen the first equality in Example 2.7 and the second equality follows from
Proposition 3.11.

Remark 3.13. We will see in Corollary 3.26 below that if Z is a singular local complete intersection in
X, of pure codimension r, then FyH’, (Ox) # O H’,(Ox) for k > 0. However, this can fail beyond the
local complete intersection case, even for nice varieties. For example, C. Raicu pointed out to us that if
X is the variety of m X n matrices, with m > n, and Z is the subset consisting of matrices of rank < p
(so that codimy (Z) = r = (m — p)(n — p), then one can show using [44, Corollary 1.6] that

FiH,(0x) = OcHy(Ox) forall kelZ.
Remark 3.14. Another way of thinking about the isomorphism
FoH, (Ox) = &xty (0z,0x) =~ wz ® a);(l

when Z is smooth is in terms of the description in Corollary 2.10. Indeed, considering the log resolution
of (X, Z) to be the blow up of X along Z, it translates into the isomorphism R1 fiwE = wz, which is
well known.

As promised, in general, we have a positive answer to Question 3.5 for the lowest piece of the Hodge
filtration.

Proposition 3.15. For every g > 0, we have an inclusion FyH2, (0x) € EoH?% (Ox).

Proof. Equivalently, the statement says that there is an inclusion
F_yHY (wx) € EgHE (0x) ®ox wx =Im [Ext] (07, wx) — HE (wx)].

This is an immediate consequence of Theorem A, in which we established the existence of commutative
diagrams

R fiwp —— &xt}, (Oz,wx)

\ l (3.6)

HE (wx),

where the diagonal map is injective, identified with the inclusion F_anZ (wx) — ”qu(w x ) via Corol-
lary 2.10. O
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Remark 3.16 (Normal schemes). If Z is normal of codimension r, then the inclusion
FoHy (0x) € EgHy (0x) = wz ® wy!
has an alternative interpretation: since Z is normal, the dualising sheaf
wz = %xtgx (0z,0x) ® wx

and the canonical sheaf i.wy, wherei: U < Z is the inclusion of the smooth locus of Z, are isomorphic.
Since wz ® a);(l is reflexive, and coincides with FO’HFZ(@X) on U, the conclusion follows.

3.2. The lowest term and Du Bois singularities

When Z is a reduced divisor, it is known that the pair (X, Z) is log canonical if and only if Z has du
Bois singularities (see [28, Corollary 6.6]). On the other hand, the condition of being log canonical
is equivalent to the equality FyOx (xZ) = PyOx (xZ), where P, is the pole order filtration or, in other
words, Ip(Z) = Ox in the language of Hodge ideals (see [36, Corollary 10.3]).

We now show that Theorem A (and the discussion in §2.5), together with a criterion for Du Bois
singularities due to Steenbrink and Schwede, imply that, in general, if Z has Du Bois singularities, then
FoHZ (0x) = EgH?% (Ox) for all ¢; moreover, the converse holds if Z is Cohen-Macaulay.

Proof of Theorem C. Tt follows from work of Steenbrink [59] (see Theorem 5.1 below) that Z has Du
Bois singularities if and only if the canonical morphism 0z — Rf.Of is an isomorphism (see also
Schwede’s [55, Theorem 4.6] for a more general criterion). Via duality, this is equivalent to the map

. . .
a: Rfiwg — wy

in the statement of Theorem A being an isomorphism, hence, to the horizontal map in (3.6) being an
isomorphism for each g. This shows the first assertion.
Under the extra assumption of Z being Cohen-Macaulay of pure codimension r, we have

%xtgx(@z,wx) =0 for g #r,

so by Proposition 3.15, we also have Fo’HqZ (Ox) = 0 for all g # r. Now as explained in Remark 3.8, for
g = r, the vertical map in (3.6) is injective, so F_, H', (wx) = E_,H’, (wx) is equivalent (cf. Proposition
2.12) to the canonical map

Exty, (RA.Op, wx) — Exty (07, wx)

being an isomorphism. Since all the other &xt sheaves are zero, it follows (using Grothendieck duality)
that the morphism « is an isomorphism, which, as noted, is equivalent to Z being Du Bois. m}

Remark 3.17 (Non-Cohen-Macaulay case). L. Ma has pointed out that when Z is not Cohen-Macaulay,
it can happen that Z is not Du Bois, but FquZ (Ox) = EO’H,% (Ox) for all g. For example, this is the case
if Z = Spec(C[s*, 531, s13,1*]) < A*. We leave the argument for Chapter 5, in which we discuss some
basic facts about Du Bois complexes (see Example 5.4).

On a related note, the following corollary of Theorem A recovers [33, Theorem B] in the case when
the ambient space X is smooth (see also Remark 3.19 below for the general case of this result).

Corollary 3.18. If Z C X is a closed subscheme with Du Bois singularities, then the natural maps
Exty (Oz,0x) — M (0x)

are injective for all q.
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Proof. As above, if Z is Du Bois, the natural morphism ©7 — R f, O is an isomorphism, and, therefore,
the canonical maps

%xtgx (Rf*@E, a)x) — %xtgx (@Z, a)x)

are isomorphisms for each g. The result then follows from Theorem A. O

Remark 3.19. The question of when this injectivity holds is asked in [10] (see [33] for further discussion
and applications). In fact, as L. Ma has pointed out, one can deduce from Corollary 3.18 the full statement
of [33, Theorem B] (in which the ambient variety X is only assumed to be Gorenstein). Indeed, we may
assume that X = Spec(R) and Z = Spec(S) are affine, with S = R/I. The assertion in the corollary
implies via [7, Proposition 2.1] that S is i-cohomologically full for every i (equivalently, in the language
of [26], S has liftable local cohomology). This implies that for every maximal ideal m of R and every i
and k, the natural map H: (R/I*) — Hi (R/I) is surjective. If R is Gorenstein, then wg,, ~ Ry, and
local duality implies that the natural map

Exty'(R/I,R) — Exts(R/I*, R)
is injective, where n = dim(Ry;,). By taking the direct limit over k, we obtain the injectivity of
Exts'(R/I,R) — HJ 7 (R).

We conclude this section by noting that a study of the equality F| qu(@x) =F ]’Hg(@x) should
also be very interesting. Recall that in [36, Theorem C], it is shown that for a reduced hypersurface
D, the equality F\0x(xD) = P0x(xD) (or, equivalently, I;(D) = Ox) implies that D has rational
singularities. By analogy we make the following:

Conjecture 3.20. If Z is a local complete intersection of pure codimension r in X and if FiH’, (Ox) =
E\H’, (Ox), then Z has rational singularities.

We will show in Lemma 3.23 below that in the setting of the conjecture, the condition F; = E;
implies that Fp = Ej also holds. We also note that the assertion in the conjecture follows from the
stronger Conjecture 3.31 below. It is an interesting question whether a similar condition on the Hodge
filtration on all local cohomology sheaves ’qu (Ox) would imply the fact that Z has rational singularities
for any reduced Z.

3.3. The case of local complete intersections

All throughout this section, Z is assumed to be a local complete intersection subscheme of X, of pure
codimension r, defined by the ideal Z. In this case, we have qu (Ox) = 0for g # r by Remark 2.2. We
have seen in Propositions 3.4 and 3.11 that

FiH5 (0x) € ExHY, (0Ox) = OrHY, (Ox)

for all k£ > 0.
We start by giving more precise descriptions of the order and Ext filtrations; even though they

coincide, each of the two filtration provides interesting information. We denote by /#z,x the normal
sheaf (Z/72)".

Lemma 3.21. For every k > 0, the quotient
GrE HYy (Ox) = ExHY, (Ox)/Ex-1H% (Ox)

is a locally free Oz-module; in fact, it is isomorphic to Sym* (Nz)x) ®wz ® a);(l.
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Proof. By Remark 3.8, we have ExH, (0Ox) = Extgx(@X/Ig’l,@x), and, moreover, each exact
sequence

0 — IX /T — 0x |TE — 0x /T — 0
induces an exact sequence
0 — Exty, (0Ox /Ty, 0x) — Exty, (Ox /Ty, 0x) — Exty (T4 /T5, 0x) — 0.
We, thus, see that

Gry Hy (Ox) = Exty, (T4 /TS, Ox)
~ Symk(./VZV/X)V ® Extr@X (Oz,wx) ® u);(l ~ Symk(ﬂfz/x) ®wz @ a);(l. O

Furthermore, working locally, we may assume that Z is the closed subscheme of X defined by
fis. oo, fr € Ox(X), with fi, ..., f, forming a regular sequence at every point of Z. Given this, an easy
computation shows that as in the case of smooth subvarieties in Example 2.7, we have:

Lemma 3.22. The sheaf O H',(Ox) is generated over Ox by the classes of fallj where
1 r

ai,...,ar =2 L, withY;a; <k +r.

By analogy with the case of hypersurfaces [36], one of the main questions to understand is when,
given p > 0, we have

FrH, (Ox) = OxH,(0x) for k < p.
We first note that it suffices to check the equality for k = p:
Lemma 3.23. If F,H', (Ox) = O, H',(Ox), then
FiH, (Ox) = OxH, (Ox) forall k < p.

Proof. It suffices to check this for k = p — 1. We use the notation Fy and Oy for simplicity. Note first
that by Propositions 3.1 and 3.4, we have

Iz -0p=1z7-F, CFp 1 COpy.

On the other hand, a brief inspection of the concrete description of Oy given in Lemma 3.22 shows that
Iz - Op = Op_1. We conclude by combining these two facts. |

The next lemma shows that this question regarding the comparison between the Hodge and order
filtration is interesting only if we assume that Z is reduced.

Lemma 3.24. If Z is nonreduced, then FoH',(Ox) # OoH’, (Ox).

Proof. Let O; H,(Ox) be the order filtration on H’,(Ox) corresponding t0 Zq. Since we have the
inclusions

Fot (0x) € OgH,(0x) € Ot (0x),

it is enough to show that OjH’, (Ox) # OoH’, (Ox).

Note that Z is Cohen-Macaulay, being a local complete intersection; since it is not reduced, it is not
generically reduced. After restricting to a suitable open subset, we may, thus, assume that X is affine,
with coordinates xi, . . ., x,, such that the ideal of Z..4 is generated by x1, ..., x,, and if we denote by
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1, .., fr the generators of 7z, and write f; = >."._, a; jx;, then det(a; ;) € (x1,...,x,). The assertion
he g tors of Z, and writ "z1 @i jx;j, then det(a;, Th ti
in the lemma follows from the fact that via the isomorphisms

H(Ox) = O(X)ifp] Y O s 5.y = OX)yxy ] D OK)y 5y,

i=1

given by the Cech- complex description in §2.2, the class of

T Which generates 0’3‘-[r (0x),
corresponds to det(a;, ;) w—— f . On the other hand, OyH’, (Ox) is generated by the class of —— T f , hence,
it is different from O(H’, (@X) m|

Before stating the next result, we note that a stronger bound will be obtained in Theorem 3.39,
however, with much more work; the simple argument here is sufficient for establishing Corollary 3.26.

Proposition 3.25. If Z is not smooth, then
FiH, (Ox) € OxH,(Ox) forevery k=n-—r+1.

Proof. We may assume that X is affine and Z is generated by fi,..., f;-. Since Z is not smooth, it
follows that there is a point Q € Z defined by the ideal Zy, such that, after possibly renumbering and
replacing fi by a linear combination of fi, ..., f,, we have f; € Z2. We now need to appeal to a result
that will be proved later, Theorem 4.2, saying that the Hodge filtration on H’, (Ox) is generated at level
n—r.If k >n—-r+1, we, thus, have

FiH, (Ox) € F1Dx - Fro1H, (0x).

Recall that Oy-1H’,(Ox) is generated by the classes of with ¢; > 1 forall i and }}; a; <

k — 1 +r. Moreover, using the fact that fi, ..., f, forma regular sequence in Ox o, it is easy to see that

these elements form a minimal system of generators of Or_1H,,(Ox) at Q. A similar assertion holds
for OkHrZ (@x).
Since f € Ié, a straightforward calculation shows that

1 1
FiH, (Ox) € F1Dx - Oi_1H, (Ox)CZlp ——— + Ox - ——,
z z Q f1k+1f2 . fr Z a .. frar

al,..., a, 1
where the last sum is over those ay, . . ., a,, such that a; > 1 for all i, with the inequality being strict for
some i > 2, and, such that, 3’; a; = k +r. This shows that FyH’, (Ox) is a proper subset of O H’, (Ox)
at Q. |

In particular, the coincidence of the two filtrations characterises smoothness, similar to [36, Theorem
A] for hypersurfaces (for another approach to the same result, see Theorem 3.39 below).

Corollary 3.26. Z is smooth if and only if FiH',(Ox) = O H',(Ox) for all k.

We formalise the discussion above by introducing a measure of singularities that will figure promi-
nently in the study of the Du Bois complex of Z.

Definition 3.27. The singularity level of the Hodge filtration on H’, Ox is
p(Z) :=sup{ k | FxH;0x = OrH,0x},

with the convention that p(Z) = —1 if equality never holds.

Remark 3.28. The invariant p(Z) only depends on Z and not on the embedding in a smooth, ambient
variety. In order to see this, let us temporarily denote by p(Z < X) the invariant corresponding to a
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closed embedding in a smooth variety X. Given a closed immersion of smooth varieties X < Y, by
Remark 2.5, we have

p(Z—>X)=p(Z— X —>Y).

Suppose next that Z is affine, and consider closed immersionsi: Z < X andi’: Z — X’, with X and X’
smooth and affine. In order to show that p(Z — X) = p(Z < X’), by the identity above, we may assume
that X = A" and X’ = A". There is a morphism f: A™ — A", such that f oi =i’. Since (idam, f) isa
closed immersion with (idam, f) oi = (i,i"): X — A™ X A", it follows from what we have already seen
that p(X — A™) = p(X — A™ x A"), and we similarly see that p(X < A™ X A") = p(X — A").
Noting that given an open cover Z = |JV;, we have p(Z) = min; p(V;), we leave it as an exercise for
the reader to deduce the general case of our assertion.

Remark 3.29. (1) By Lemma 3.23, we have Fy'H’,Ox = O H’,Ox for all k < p(Z).

(2) Corollary 3.26 says that Z is smooth if and only if p(Z) = co, while Lemma 3.24 says that if Z is
not reduced, then p(Z) = —1.

(3) We have seen in Theorem C that p(Z) > 0 if and only if Z has Du Bois singularities. Moreover,
Conjecture 3.20 states that if p(Z) > 1, then Z has rational singularities. Conjecture 3.31 predicts an
explicit formula for p(Z) in terms of the Bernstein-Sato polynomial of Z.

(4) Another interpretation of the singularity level p(Z), in terms of the Hodge ideals associated
to products of equations defining Z, is given by Proposition 3.34 below. Note that an algorithm for
computing Hodge ideals is provided in [2].

Remark 3.30 (Bernstein-Sato polynomial). For a reduced hypersurface D C X, we have

p(D) = [a(D)] - 1,

where @(D) is the minimal exponent of D, that is, the negative of the largest root of the reduced
Bernstein-Sato polynomial by (s)/(s + 1) (see [53, Corollary 1]). This interpretation and its extension
to Q-divisors have proven to be very useful for studying both the Hodge filtration and the minimal
exponent (see [38], [39]).

When Z is a reduced local complete intersection, it would similarly be interesting to translate the
condition FxH’, (Ox) = OxH’,(Ox) for k < p in terms of the Bernstein-Sato polynomial bz (s) (see
[6] for its definition). Note that by [6, Theorem 1], the largest root of b (s) is —Ict(X, Z), the negative
of the log canonical threshold of the pair (X, Z). Since Z is reduced, —r is a root of bz(s), and it is
natural to consider the reduced version bz (s) = bz(s)/(s +r). If we write @(Z) for the negative of the
largest root of bz (s), then we see that Ict(X, Z) = min{r, @(Z)}, and it follows from [6, Theorem 4]
that @(Z) > r if and only if Z has rational singularities.

Conjecture 3.31. [f Z is a reduced local complete intersection of codimension r, then
p(Z) = max{[a(Z)] - r,-1}.

Note that this conjecture implies Conjecture 3.20.

We next give a criterion for the coincidence between the Hodge filtration and the order filtration in
terms of Hodge ideals of hypersurfaces and deduce some applications to the behavior of the singularity
level. We continue to work locally, assuming that X = Spec(A) is affine and Z is defined by equations
fi,..., fr € A, which form a regular sequence at every point of Z. We define the ideal

Te(fiseos )= (f2 - fr 10 < by <k, Zb,-zk(r—l))gA.

We will assume that f := f; - -- f,- defines a reduced divisor D. This is a harmless assumption: we are
interested in understanding p(Z), and in light of Lemma 3.24, this is only interesting when Z is reduced;
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in this case, the assumption on f is always satisfied after possibly replacing fi, ..., f, by general linear
combinations. We use the notation I; (f) for the Hodge ideals Iy (D) of [36].

Example 3.32. When xi,...,x, are part of a system of algebraic coordinates, so that f = x| ---x,
defines a divisor with SNCs, we have

I (f) = Jx(x1,...,x,) forall k>0,

by [36, Proposition 8.2].
Lemma 3.33. Iff defines a reduced divisor, then I (f) € Ji(f1,..., fy) forall k > 0.

Proof. This follows from the restriction theorem for Hodge ideals, applied to the morphism ¢: X — A"
defined by (f1, ..., f;) and the divisor (x; - - - x, = 0) C A", in combination with Example 3.32. We note
that the key case of the restriction theorem is for closed immersions, for which we refer to [35, Corollary
3.4]. The case of an arbitrary morphism between smooth varieties is an immediate consequence (see
[40, Corollary 3.17] for this assertion, in a more general setting). O

The criterion we are after is the following:

Proposition 3.34. If f defines a reduced divisor, then for a nonnegative integer k, we have Fy'H?, (Ox) =
O H%, (Ox) if and only if

Je(fiseo s ) S I(F) + (FFL L £

in a neighbourhood of Z.
Proof. Letl=(f1,...,fr) C A.Recall that we have an exact sequence
r
@ Af,uﬁ...fr — Ay > Hj(A) -0,
i=1

with the maps being strict with respect to the Hodge filtration. We also recall from Lemma 3.22 that

1
OrHj(A) = @ A- W],
at,..., ar 1 r
where the sum is over those ay,...,a,, such that ¢; > 1 for all i and }; a; < r + k, while by the

definition of Hodge ideals, the Hodge filtration on A can be written as

We, thus, have OkH;(A) C FeHj (A) if and only if for every ay, ..., a, as above, we have

1 1 "
ay “.far € fk+1 .Ik(f)+ZAf1"'ﬁmfr'
1 r

Let us first prove the ‘if” part of the assertion. Given ay, . .., a, as above, let b; = k + 1 — a;. Note
that we have b; > 0 for all i and }; b; > k(r — 1). We, thus, have

nfibi € i (fiseoos fr) S I(f) + (FFH L £,
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If we write []; fl.bf =h+)_, fl.k“ul-, with h € I (f) and u; € A, it follows that

1 h .
- S A . Zop.
fla] ...frar fk+1 ; Si i I

For the proof of the ‘only if” part, we simply reverse the above arguments, using the fact that if

ueA- J‘l"”—lfr“‘ liesin }7_, Ag 7. then
. 1
ue Z A- — in a neighbourhood of Z.
: k+1 k+1 k+1
= kel el ]
This follows from the lemma below. O
Lemma 3.35. Let (R, m) be alocal Noetherian C-algebra and f1, . . ., f a regular sequence of elements
inm. Ifp is a positive integer and u € R - W liesin };_, R, 7 o thenu e Yo R fl”f,—’l‘;fr’)
Proof. After replacing fi,..., f; by flp ,..., fF, we may assume that p = 1. By assumption, we can
write
h C 8i
I/t — — —
fro e ;<f1~-ﬁ---fr>N
for some nonnegative integer N and some 4, g1, ..., g, € R. In this case, we have
he (s ) e N,
and the assertion in the lemma follows if we have the inclusion
(s B i YY) € (e ) 3.7
This follows from the fact that fi, ..., f, forms a regular sequence: indeed, this implies that the local

ring homomorphism

@ S:C[xl’---’xr](xl ..... Xxr) — R, QO(Xi):ﬁ

is flat, and, thus, the inclusion (3.7) follows from the corresponding inclusion in S, with the f; replaced
by the x;. O

Due to the fact that the behavior of Hodge ideals under restriction and deformation is quite well
understood, the criterion in Proposition 3.34 leads to similar behavior for the singularity level of the
Hodge filtration on the local cohomology of local complete intersections.

Theorem 3.36 (Restriction theorem for the singularity level). Let X be a smooth, irreducible variety, Z
a local complete intersection subscheme of X of pure codimension r and H a smooth hypersurface in X,
such that Z|g = Z N H is a nonempty subscheme of H, also of pure codimension r. Then:

i) after possibly restricting to a neighbourhood of H, we have p(Z) > p(Z|g);
ii) if H is general (for example, a general element of a base-point free linear system), then we also have
p(Z2) < p(Zln).

Proof. By taking an affine open cover of X, we may assume that X = Spec(A) is affine and let 2 € A be
an equation of H. We begin by proving i). We assume that p(Z|gy) > 0, since, otherwise, the inequality
in i) is trivial. In particular, it follows from Lemma 3.24 that Z|g is reduced, hence, after replacing Z
by a neighbourhood of H, we have that Z is reduced too.

https://doi.org/10.1017/fmp.2022.15 Published online by Cambridge University Press


https://doi.org/10.1017/fmp.2022.15

30 Mircea Mustatd and Mihnea Popa

We choose general generators fi, ..., f, for the ideal of Z in A, such that, if g; = f;|g, and we put as
before f = fi--- f and g = g - - - g, then the divisors defined by f and g in X and H, respectively, are
reduced. In this case, the restriction theorem for Hodge ideals [35, Theorem A] gives

1,(8) € I,(f)-(A/h) forall g >0. (3.8)

Let g = p(Z|y). By Proposition 3.34, we then have

J(](gl""7gr)qu(g)+(glq+l’--"gg+l)' (39)

Since J4(g1,...,8r) = Jq(f1,..., fr) - (A/h), it follows from (3.8) and (3.9) that

Jg(fireo £) S o)+ (FT L £ + (). (3.10)

We claim that in some neighbourhood of Z|y, we have, in fact,

Jo(fts s ) S IO+ DY e (B S+ (F7L D) @

Indeed, if u € J,(fi,..., f+), then it follows from (3.10) that we can write u = v + w + hQ, where

vel,(f).we (ff’“, . f7") and O € A. Since 1,(f) € Jq(fi,. .., fr) by (3.33), we conclude that

hQ e J,(fi,....fr)+ (ff’“, cees rq“). Moreover, 4, fi, . . ., f, form a regular sequence at every point

of Z|g, so we conclude that Q € J,(fi,..., fr) + (fl‘“l, o £71Y in a neighbourhood of Z| (for
example, we could argue as in the proof of Lemma 3.35 to reduce this to the case when fi,..., f;, h are
variables x1, . .., X, X,41 in a polynomial ring).

The inclusion (3.11) gives by Nakayama’s lemma

Je(fisoo s fr) Ch(f) + (fl‘”l,..., *1) " in an open neighbourhood V' of Z|y;.

Proposition 3.34 then implies that if we consider the neighbourhood U = V U (X \ Z) of H, then
p(ZNU) = q. This completes the proof of ).

The proof of ii) is easier: note first that we may assume that Z is reduced, since, otherwise, the
inequality to prove is trivial. Since H is general, it follows that Z|g is reduced too. Using the previous
notation, the inequality, thus, follows from Proposition 3.34 and the fact that if H is general, then
1,(g) =1,(f) - (A/h) (see again [35, Theorem A]). O

Theorem 3.37 (Semicontinuity theorem for the singularity level). Letn: X — T be a smooth morphism
of complex algebraic varieties, and for every t € T, let X; = n~' (). Suppose that fi, ..., fr € Ox(X)
define a closed subscheme Z of X, such that, for every t € T, the restriction Z;, = Z N X; is a closed
subscheme of X; of pure codimensionr. Let s: T — X be a section of t, such that s(T) C V(f1,..., fr).
For every ty € T, there is an open neighbourhood U of ty, such that, for all t € U, we have

p(Z1) =z p(Zy),
where each p(Z;) is considered in a small neighbourhood of s(t).

Proof. Step 1. We show that if T is smooth, then there is a nonempty open subset W of T, such that, for
all r € W, the equalities

Fquzt(@Xz) =0,M'z (Ox,) forall g < p(Zy) (3.12)

hold in a neighbourhood of s(#). Note to begin with, that after applying the first assertion in Theorem
3.36 dim(T')-times, we deduce from the hypothesis that

FoHZ(Ox) = O4H:(Ox) forall g < p(Zy)
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in some open neighbourhood V of s(#p). Using now the second assertion in Theorem 3.36, we can
choose an open subset 7y C T, such that, for every ¢ € Ty, we have p(Z; NV) > p(Z NV). This implies
that if we take W = Ty N s~} (V), then the equalities (3.12) hold on V N A, for all t € W. This completes
the proof of Step 1.

Step 2. We next show that the assertion in Step 1 holds for every (irreducible) variety 7. Given such T,
consider a resolution of singularities 7" — T and the induced family 7’: X’ = X Xy T’ — T’, as well
as the induced section s”: T" — X". If 7 € T” lies over o, applying Step 1, we can find an open subset
W’ C T’, such that, for all ' € W’, the equalities (3.12) hold in a neighbourhood of s’(¢"). We can then
simply take W to be any open subset of 7" contained in the image of W’.

Step 3. We now prove the general statement by induction on dim(7'). If dim(7") = 1, then we are done:
if W is an open subset as in Step 2, then U = W U {r¢} is an open neighbourhood of #( that satisfies
the assertion. Suppose now that dim(7") > 2, and let W C T be an open subset as in Step 2. If ¢ty € W,
then we are done by taking U = W. Suppose now that 79 ¢ W. After possibly removing from 7 the
irreducible components of Z = T \ W that do not contain #y, we may assume that the irreducible
components Zi,...,Z, of Z satisfy to € Z; for all i. Applying the inductive hypothesis for every
morphism 7 (Z;) — Z;, we find open neighbourhoods W; of ¢y in Z;, such that, for every t € W;, the
equalities (3.12) hold in a neighbourhood of s(r). In this case, U = WU (Z \ U, (Z; \ W;)) is an open
neighbourhood of #( that satisfies the assertion in the theorem. O

We next use our results on the behavior of p(Z) to give an upper bound for this invariant when Z is
singular; this can be seen as a generalisation of [36, Theorem A]. We begin with the following:

Definition 3.38. Suppose that Z is a closed subscheme of a smooth variety X, defined by the ideal 7,
and let x € Z. For a nonzero regular function f defined in an open neighbourhood of x, we denote by
mult, (f) the multiplicity at x of the hypersurface defined by f. We denote by B, (Z) the largest mult, ( f),
where f is part of a minimal system of generators of Zz » C Ox . It is straightforward to see that this

only depends on the pair (Z, x) and not on X. Note that Z is smooth at x if and only if 5,(Z) = 1.

Theorem 3.39. If Z is a reduced closed subscheme of X, which is a local complete intersection, and if
x € Z is a singular point with B(Z) = d, then

dim(Z) —d +1

p(Z2) < 7

. . dim(Z)-1
In particular, for every singular Z, we have p(Z) < —5—.

Proof. After possibly replacing X by a suitable neighbourhood of x, we may assume that X is affine and

that we have a system of coordinates xi, . .., x,, centred at x and defined globally on X. We may also
assume that Z is defined by a regular sequence fi, ..., f; € Ox(X) and mult,( f;) = d. After a suitable
change of coordinates, we may assume that fi, x», ..., x, form a regular sequence in a neighbourhood
of x. Let T = A2, with coordinates s, ¢, and let F», ..., F, be the regular functions on X X T given

by F; = sf; +tx;. Let X = X X T and Z the closed subscheme of X’ defined by fi, F»,..., F,. We
consider the open subset Ty C T consisting of those (sg,#p) € T, such that the fibre of Z over (s, fo)
has codimension r in X in a neighbourhood of x. Note that (1,0), (0,1) € Tp. We can find an open
neighbourhood A&y of {x} X Tp in X X T, such that we can apply Theorem 3.37 to the restriction
72 Xy — Ty of the projection and to Zy = Z N Ap. Note that for a general (5o, fo) € To, the fibre Z(, )
is cut out in X by one equation of multiplicity d and r — 1 equations of multiplicity 1.

It follows that in order to prove the first bound in the theorem, we may assume that mult, (f;) = 1 for
every i > 2. In this case, after possibly replacing Z by an open neighbourhood of x, we have a closed
embedding as a hypersurface Z < X’ of multiplicity d at x, where X’ is smooth. In this case, we
have p(Z) = [@(Z)] — 1 (see Remark 3.30), and the first bound in the theorem follows from the upper
bound
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dim(X’) dim(Z) +1
d d

a(Z) <

for the minimal exponent (see [38, Theorem E]). The second bound follows since d > 2. |

We deduce the following lower bound for the dimension of the singular locus of Z in terms of p(Z).
The proof proceeds as in the case of hypersurfaces, which is the content of [41, Lemma 2.1].

Corollary 3.40. If Z is a reduced closed subscheme of X, which is a local complete intersection of pure
dimension and whose singular locus Zgng is nonempty, then

codimz (Zsing) > 2p(Z) + 1.

Proof. We may assume that Z is affine. If dim(Zg,s) = s, then after successively cutting Z with s general
hyperplanes that meet Zg;n, we obtain a smooth subvariety ¥ of X of codimension s, such that ZNY is a
singular reduced local complete intersection. On one hand, the second assertion in Theorem 3.36 gives

p(ZnY) z p(2).

On the other hand, we deduce from Theorem 3.39 that

dim(Z) - s -1
p(ZNY) < M
2
The bound in the statement follows by combining these two inequalities. O

4. Generation level and local cohomological dimension

We now address one of the main applications of this paper, namely, a characterisation of local coho-
mological dimension in terms of resolution of singularities. Before doing this, in the section below, we
establish the key technical tool, namely, a criterion for the generation level of the Hodge filtration on
the highest nontrivial local cohomology.

4.1. The generation level of the Hodge filtration

We fix, as always, a closed subscheme of a smooth, irreducible complex n-dimensional variety X and a
log resolution f: Y — X of (X, Z) as at the beginning of §2.4. We denote by j: U = X \ Z — X the
inclusion.

Recall that a good filtration F, M on a left @x-module M is said to be generated at level ¢ € Z if

FroaM=FDx - FeM forall k > 0.
Equivalently, this means that for every m > ¢, we have
FpiM = F1Dx - Fpy M.
Lemma 4.1. The filtration F, M is generated at level k if and only if
HOGrf DRx(M,F) =0 forall i> k.

Proof. 1t is easy to check that the filtration F,, M is generated at level k if and only if the natural
multiplication map

Tx ®oy Gri | M — Grf M
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is surjective for every i > k. After tensoring by wy, this surjectivity is, in turn, equivalent by definition
to the vanishing of H°Gr? DRx (M, F). O

The result we are after is:

Theorem 4.2. If g > 1 is, such that, H;(@x) = 0forall j > q, then the Hodge filtration on ’H%(@x)
is generated at level k € Z if and only if

R £,Q% (log E) =0 forall i> k.
In particular, it is always generated at level n — q.
A special case, which will lead to the proof of Theorem E in the next section, is the following:
Corollary 4.3. If g > 1 is, such that, H’é(@x) =0forall j > q, then
HL(0x) =0 & RT™ £,Q17"(logE) =0 forall i>0.

Proof. We apply the theorem with k£ = —1. Since, by Remark 2.3 we have F_17-lqz (Ox) = 0, it follows
that HZ (Ox) is generated at level —1 if and only if it is zero. O

A key point in the proof of Theorem 4.2 is a formula for the graded pieces of the de Rham complex
of j.Qf [n].

Lemma 4.4. For every i € Z, we have an isomorphism in D? (Coh(X)):
Grf, DRy (j.QM [n]) ~ R£.Q 7 (log E) [i].
Proof. We use the approach and notation in §2.4. Recall that we have an isomorphism
Qg [n] = f.j.QY [n]. (4.1)
The filtered resolution (2.16) gives an isomorphism
Grf DRy (j/Q¥ [n]) = QF " (log E)[i]

(see also [36, §6]). Using the isomorphism (4.1) and Saito’s strictness-type result on the commutation
of the direct image functor with the graded pieces of the de Rham complex (see, e.g. [48, §2.3.7]), we
deduce that

Gri_,DRx (j.Q{ [n]) = Rf.Gri_, DRy (j/Q{ [n]) = R£.Q} " (log E)[i]. ]

Proof of Theorem 4.2. Recall from §2.3 that the filtered left Zx-modules R9™! j.Op underlie the co-
homologies of j*Qg [n] and that they coincide with the local cohomology modules ’H%(@X) (modulo
Ox when g = 1). In particular, the Hodge filtration on 7—[% (Ox) is generated at level k if and only if the
Hodge filtration on RY~!j,0p is generated at level k. On the other hand, by Lemma 4.1, the latter is
generated at level k if and only if

HGrY DRy (R j.0y) =0 forall i> k.

Therefore, the statement of the theorem follows once we prove the following:
Claim: For g as in the hypothesis, we have

HOGr! DRx (RY7!j,0p) ~ R £,Q! 7 (log E) forall i€ Z.
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To this end, we need to compare the graded quotients of the filtered de Rham complex of j*Q{}' [n]
with those of the filtered de Rham complexes of its cohomology sheaves. We use the spectral sequence

EPP" = HPGiE DRy (R” j.0y) = HP*P'Grl,DRx (j.Q[n]),

given by (2.2). Since the de Rham complex of a @x-module is supported in nonpositive cohomological

degrees, we have Efpl = 0if p > 0. On the other hand, by hypothesis R”' j.0p = 0 for p’ > ¢, hence,

EDP "= 0if p’ > . First, this immediately implies that

0,g-1 _ -0,9-1
Ey = EQT

Ep,q—l—p Ep,q—l—p
o0

Second, we see that for all p # 0, we have = (0, hence,

the terms for which p + p’ = g — 1, we, thus, have

= 0 as well. Looking at all

HOGr!  DRx (R j.0y) ~ HI™'Grl, DRx (j.QH [n]) ~ RT™' £.QI 7 (log E),
where the second isomorphism follows from Lemma 4.4. This proves the claim. O

Remark 4.5. With the notation in Theorem 4.2, we note that each R’ f*Q{,(log E) is independent of
the log resolution f. This follows in the usual way, comparing two log resolutions with a third one that
dominates both of them, using the fact that if E is a reduced SNC divisor on the smooth variety Y and if
g: Y’ — Y isaproper morphism that is an isomorphism over Y \ Supp(E) and, such that, E’ = g*(E)req
is again an SNC divisor, then for all j, we have

g*Q{,,(log E’) = Q{,(log E) and R"g*Q{/,(log EY=0 for i>0

(see [12, Lemmas 1.2 and 1.5] or [36, Theorem 31.1]).

Example 4.6 (Top cohomology). It follows from Theorem 4.2 that the Hodge filtration FoH, (Ox) is
generated at level O for every Z C X.

Example 4.7 (Next to top cohomology). We will see in Corollary 4.20 below that F.’H,%‘l(@X) is
generated at level O for every Z C X.

Example 4.8 (Smooth subvarieties). The explicit description in Example 2.7 implies that if Z is a
smooth, irreducible subvariety of X, of codimension r, then the Hodge filtration on H?, (Ox) is generated
at level 0. We can also deduce this from Theorem 4.2. Indeed, a log resolution of (X, Z) is given by
the blow-up f: Y — X along Z. If E is the exceptional divisor, then the condition in Theorem 4.2 for
having generation at level O is that

R £,O% (logE) =0 for i>0.
This follows from the fact that all the fibres of f have dimension < r — 1.

Here are also some classes of examples where the generation level is known for different reasons.

Example 4.9 (Monomial ideals). If A = C[xy,...,x,] and I € A is a monomial ideal, then the
Hodge filtration on qu (A) is generated at level O for all g. As we have mentioned in Example 2.8, the
multiplication map

Xi
H]q(A)u—ei — H;](A)u
is an isomorphism whenever u; # 0. Moreover, an inverse is given by left multiplication with 6

The assertion follows immediately from this observation and the description of the Hodge ﬁltratlon on
H}(A) in Example 2.8.
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Example 4.10 (Determinantal varieties). Let X =~ C" be the space of n X n matrices, and let Z; C X
be the determinantal subvariety consisting of matrices of rank < k. Perlman [44, Corollary 1.6] shows
that the generation level of "H%k (Ox) is equal to (n> — k — ¢) /2. He also proves a similar result, though
more technical to state, for arbitrary matrices.

4.2. A criterion for local cohomological dimension

We now discuss the characterisation of the local cohomological dimension lcd(X, Z) of a closed
subscheme Z in a smooth complex variety X of dimension # in terms of a log resolution f: Y — X of
the pair (X, Z). We assume that f is an isomorphism over X \ Z; as always, we denote E = £~ (Z)eq.
The criterion is stated as Theorem E in the Introduction. Given what was shown in the previous section,
the proof is now immediate:

Proof of Theorem E. We argue by descending induction on c, the case ¢ > n (when both conditions are
clearly satisfied) being clear. Suppose now that ¢ > 1 and we know the assertion for ¢ + 1. Then the
condition

R £,QF (logE) =0 forall j>c,i>0
is equivalent to
led(Z,X) <c+1 and R £.Q0 " (logE) =0 forall i> 0.

On the other hand, Corollary 4.3 shows that this is, in turn, equivalent to the conditionlcd(Z, X) < c¢. O

Example 4.11. We write down the criterion in the theorem explicitly in the first few cases. Note that
we remove the terms of the form R” f, (—) from the list in Theorem E, since these vanish automatically.

1. led(X,Z) <n-1 & R"'fiwy(E)=0.
R™ £,Q07 1 (log E) = 0
2. led(X,Z) <n—-2 & {R" ! fiwy(E)=0

R fiwy(E) =0

Remark 4.12 (Ogus’ theorem and comparison). A previous full characterisation of local cohomological
dimension was provided by Ogus [43, Theorem 2.13]. His criterion is of a quite different topological
flavor, in terms of Hartshorne’s local algebraic de Rham cohomology (which on complex algebraic
varieties can be identified with singular cohomology). As Ogus observes, it depends crucially on the
behavior of local de Rham cohomology at nonclosed points as well; he notes in loc. cit. (see the remark
before Example 2.17) that it is desirable to have a criterion that works at a single point and does not
depend on generalisations. Theorem E, here, provides such a criterion, expressed in terms of finitely
many coherent algebraic sheaves.

This being said, Ogus’ and our conditions should be equivalent. This seems quite delicate; at the
moment, we do not understand this even in relatively simple cases (cf., for instance, Example 4.23
below). The connection may have to do with properties of the (local) cohomology of Du Bois complexes
yet to be discovered.

Remark 4.13. B. Bhatt and M. Saito independently pointed out to us that one can use the Riemann-
Hilbert correspondence to give the following characterisation of local cohomological dimension in
terms of the perverse cohomology of the constant sheaf Czu:

led(X, Z) = dim(X) —min {j € Z | PH/(Cza) # 0}

(see [4] and [54]). For example, this is used in [4] in order to give another proof of Ogus’ characterisation
of local cohomological dimension.
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Remark 4.14 (Analytic setting). While this paper is written in the language of algebraic varieties for
uniformity, we point out that the characterisation of local cohomological dimension in Theorem E (as
well as Theorem D on local vanishing) holds when Z is an analytic subspace of a complex manifold
X as well. The reason is that all arguments, including Theorem 4.2, are based on the construction and
formal properties discussed in §2.4, which work in this setting (see Remark 2.11).

Before moving on to applications, we recall that much of the focus in the literature is on bounds on
led(X, Z) in terms of depth(®z). We note that in our context, this depth has a clear role related to the
vanishing of the first step of the Hodge filtration:

Lemma 4.15. For every Z, we have
FOHqZ(@X) =0 forall g >n-—depth(Oz)=pd(0z).
Moreover, if Z has du Bois singularities, then
FoHZ(0x) #0 for q=n—depth(Oz) =pd(Oz).

Proof. The equality n — depth(0z) = pd(0z) is given by the Auslander-Buchsbaum formula. Then a
well-known characterisation of pd(0z) gives

n — depth(0z) = max {q | Ext}_(Oz,0x) # 0}.

The first assertion is then an immediate application of Corollaries 2.10 and B. For the converse in the
case of Du Bois singularities, we use in addition Theorem C. O

It is helpful to record that this allows us to bypass Theorem 4.2 if the generation level of the Hodge
filtration is a priori known to be optimal.

Corollary 4.16. If the Hodge filtration on ’H% (Ox) is generated at level O, then
H2(0x) =0 & R fiwp =0.
In particular, if the hypothesis holds for the Hodge filtration on all H%(@X), then
led(X, Z) < n — depth(0z).
Proof. This follows immediately from Lemma 4.15 and the results cited in its proof. O
Remark 4.17. Note that if Z is either Cohen-Macaulay or has Du Bois singularities, then
led(X, Z) = n — depth(0z).

In the Du Bois case, this follows directly from Lemma 4.15. On the other hand, if Z is Cohen-Macaulay,
then n — depth(0z) = n — dim(Z) = codimy (Z) and the inequality follows from Remark 2.2.

In order to state the consequences of Theorem E in the desired level of generality, it is convenient to
also consider the local cohomological dimension at a (possibly nonclosed) point £ € Z. We define

ledg (X, Z) := max led(U,Z N U),
; ceU

where the maximum is taken over the open neighbourhoods U of £. Recall that the support of every
local cohomology sheaf ’qu (Ox) is closed: this follows, for instance, from the fact that qu (Ox) has the
structure of a coherent @x-module, hence, its support is the image of its characteristic variety, which is

“Recall that for g > 2, we have an isomorphism R7~! f, wg ~ R97! f, wy (E).
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a conical subvariety of the cotangent bundle 7" X. Since local cohomology commutes with localisation,
we see that if R = Ox ¢ and a = Z7 - R, then

ledg (X, Z) = max{q | HI(R) # 0}.
In particular, we have Icd¢ (X, Z) < codimy (£). It is clear that we also have

Ied(X,Z) = gnelg leds(X,Z) = min ledy (X, Z),
where & runs over all (possibly nonclosed) points of Z and x runs over all closed points of Z. For instance,
here is Example 4.11 revisited in this more general setting.

Example 4.18. Let ¢ € Z be a point with codimy (¢) = r. Note that for every p and every ¢ > r, we
have R? f*Q}‘Z (log E) = 0 in some neighbourhood of ¢ (in which the fibres of f have dimension < r —1).

1. lede(X,2) <r—-1 & R 'fiwy(E)s =0.
R £.Q8 7 (logE)g =0
2. ledg(X,Z) <7-2 & SR fiwy(E)e =0

R fwy (E)g =0

Moving on to applications, Theorem E leads to previously known results on local cohomological
dimension, as well as to new results, in a unified fashion. We organise this in decreasing order of the
possible values of lcd(X, Z).

Cohomological dimension n — 1. Here, we obtain rather quickly the following special case (i.e. when
X is smooth) of a well-known result (see [16, Theorem 3.1], [43, Corollary 2.10]).

Corollary 4.19 (Hartshorne-Lichtenbaum theorem, smooth case). We have

lcd(X,Z) <n-1 < Z has no isolated points.

More generally, if ¢ € Z is a point with codimy (¢) = r, then ledg (X, Z) < r — 1 if and only lf@ is
not an irreducible component of Z.

Proof. The first assertion is a special case of the second one, by letting & run over the closed points of Z.
We, thus, focus on the second assertion. Consider the local ring R = Ox ¢, with maximal ideal m, and
a =Ty - R.If {£} is an irreducible component of Z, then a is m-primary, hence, H[(R) = H,(R) #0.

Suppose now that W := {£} is not an irreducible component of Z. In particular, we have r > 2. By
Example 4.18(1), in order to show thatIcd¢ (X, Z) < r—1, itis enough to show that R fiwy (E)¢ =0.

After possibly replacing X by a suitable open neighbourhood of &, we may assume that the image of
every irreducible component of E contains W. We write E = E + - - - + E,,, + F, where the E; are the
prime components of E, such that f(E;) = W. Since W is not an irreducible component of Z, it follows
that f(F) = Z. Moreover, since the fibre f~!(&) is connected, it follows that after possibly reordering
the E;, we may assume that for every 7, with 1 < i < m, the intersection E; N (Ej41 + -+ + Ejp + F)
dominates W.

If m > 1, let us write E = E| + E’. The short exact sequence

0> wy(E') - wy(E) - wg,(E'lg,) =0
gives an exact sequence

R fwy(E') - R fiwy (E) - R fuwg, (E'|g,).
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Note that ™! fiwg, (E’|g,)¢ = 0. Indeed, E| ¢ := E; Xw Spec C(£) is a smooth projective variety
over Spec C(¢) of dimension r — 1, and the pullback of E’|g, to Eq ¢ is a nonzero effective Cartier
divisor 7, so that

R fowg, (E'|g,)e = Hr_l(El,.f,wEl,f (7)) = H°(E) ¢, @Elyg(_T))v =0.

We, thus, conclude that it is enough to show that R"~! f.wy (E ")¢ = 0. Iterating the above argument,
we see that it is, therefore, enough to show that R"~! f,wy (F )¢ = 0. The short exact sequence

0> wy D wy(F) > wp —>0

and Grauert-Riemenschneider vanishing (recall that » > 2) finally imply that it suffices to show that
R"™! fwr = 0 in a neighbourhood of £. This follows from the fact that there is such a neighbourhood
over which all fibres of F — W have dimension < r — 2. O

Cohomological dimension n —2. Without any extra work, Theorem 4.2 guarantees that if H’, (Ox) = 0,
the Hodge filtration on 7-[%’1 (Ox) is generated at level 1. It turns out that things are, in fact, always better:

Corollary 4.20. The Hodge filtration on "H%‘l (Ox) is generated at level 0.

Proof. We may assume n > 2, since the assertion is trivial if n = 1. Around an isolated point of Z, we
have H’Z (Ox) =0 for all i < n, hence, the assertion is clear. On the other hand, on the complement of
the isolated points of Z, we have H’, (Ox) = 0 by Corollary 4.19. We can, thus, apply Theorem 4.2, and
the only vanishing that needs to be checked is

R .00 (log E) = 0.

This is a general phenomenon for any Z and any log resolution, the subject of Theorem 4.24, which will
be treated separately at the end of this section. O

This leads us to the following alternative to the characterisation of Hartshorne and Ogus [43, Corollary
2.11] (see also Remark 4.23):

Corollary 4.21. If Z has no isolated points, then
led(X,Z) <n-2 & R"?fwy(E)=0.

More generally, if ¢ € Z is a point with codimy (¢) = r and, such that, @ is not an irreducible
component of Z, then

ledg(X,Z) <7 -2 & R *fiwy(E)g =0.

Proof. The first part follows immediately from Corollaries 4.16 and 4.20.

More generally, for the second assertion, by hypothesis and Corollary 4.19, we already know that
R fiwy (E)¢ = 0. In view of Example 4.18(2), we are done if we have R"™! £,Q%" ! (log E); = 0 as
well. This is, again, part of the general Theorem 4.24 below. O

As an immediate consequence of Corollary 4.21 and of a suitable extension of Lemma 4.15, we
recover Ogus’ result [43, Remark pp. 338-339]:

Corollary 4.22 (Ogus’ theorem). If € € Z is, such that, codimy (£) = r and we have depth(Oz ¢) > 2,
thenlcdg (X, Z) <r -2

This happens, for instance, if Z is normal and ¢ is a point of codimension at least 2.
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Remark 4.23. This case of local cohomological dimension n — 2 provides the first instance of the
intricacy of the comparison with Ogus’ theorem discussed in Remark 4.12. Recall that, in answer to a
conjecture of Hartshorne, Ogus showed in [43, Corollary 2.11] that, say at a closed point x € Z, one has
led (X, Z) < n -2 if and only if the punctured spectrum Spec(0z ) \ {m} is formally geometrically
connected, which, in turn, is equivalent to the vanishing of the local singular cohomology H'(Z, C).
Thus, the equivalence between our criterion in Corollary 4.21 and Ogus’ criterion becomes, with the
notation above:

R fwy(E), =0 & H.(Z,C)=0.

With the currently available methods, at the moment we only know how to prove that our condition
implies that of Ogus, that is, the implication from left to right.

To complete this circle of ideas, we need to establish the missing ingredient in the proof of
Corollary 4.20 and Corollary 4.21. We show that

R"_If*Q{,(logE) =0 forall j<n-1,
for any proper closed subscheme Z of a smooth n-dimensional variety X, and any log resolution of

(X, Z). In fact, we prove the following more general result taking into account nonclosed points; it can
be read completely independently of the rest of the paper.

Theorem 4.24. With the notation above, if € € Z is a point with codimy (£) = r > 2, then
Rr’lf*Q{/(logE)g =0 forall j<r-1.

Moreover, if @ is not an irreducible component of Z, then the same vanishing holds for all j € Z.

Before giving the proof, we need some preparations. We begin with a lemma that allows us to reduce
the proof of statements like the one in Theorem 4.24 to the case when ¢ is a closed point. We consider
the following setup. Suppose that H is a general member of a base-point free linear system on X and
g: Hy — H is the morphism induced by f, where Hy = f*H. Note that by the Kleiman-Bertini theorem,
H and Hy are smooth (though possibly disconnected) and Hy + E is a SNC divisor. Therefore, g is a
log resolution of (H, Z N H), which is an isomorphism over H \ Z, and E |, = g7 (Z N H)yeq.

Lemma 4.25. With the above notation, we have
R £.Q) (logE) - Oy = Rig.(Q] (logE) - Ony) forall i,j.
Moreover, for every i and every gq, if

Rg. Q) (logElm,) =0 forall j<gq, then

R f.Q) (logE) - Oy =0 forall j<gq.

Proof. Let @: H — X and 8: Hy < Y be the inclusion maps. Since Y and H are Tor-independent
over X, the canonical base-change morphism

La*Rf.Q) (log E) — Rg.LB*Q) (log E)
is an isomorphism (see [57, Lemma 36.22.5]). Since H is general, we have
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H' (La"Rf.Q) (log E)) = R Q) (log E) - Oy and
H'(Rg.LB* Q) (1og E)) = R'g.(Q] (log E) - Opy ).

This gives the first assertion in the lemma.
For the second assertion, note that since Hy + E is a SNC divisor, we have an exact sequence of
locally free sheaves on Hy:

0 — Opy, (—Hy) — Qy (IogE) - O, — Q. (log E|, ) — 0.
This implies that for every j, the sheaf Q)]/ (log E) - Og, has a filtration with successive quotients

Ony, (—pHy) @0y, @} (10gElmy) for 0<p <.

The statement then follows by taking the long exact sequences for higher direct images, using the first
assertion and the fact that by the projection formula, we have

R'g.(Ony, (~pHy) @y, ;" (10g Elny)) = On (-pH) 80y R'g.Q, " (10g Elpy ). O

Y

We next give a couple of easy lemmas regarding the pushforward of sheaves of log differentials under
smooth blow ups. Let us fix first some notation. Suppose that W is a smooth, irreducible codimension r
subvariety of the smooth n-dimensional variety X. Let 7: X’ — X be the blow up of X along W, with
exceptional divisor F. Suppose that D is a reduced SNC divisor on X, that also has SNC with W, and let
D'=D+F , where D is the strict transform of D.

Lemma 4.26. With the above notation, if W C Supp(D), then

j .
Rim.@, (log ) = | XU0ED) T 1=0
0, otherwise.

Proof. This is well known, see, for example [ 12, Lemmas 1.2 and 1.5] or [36, Theorem 31.1] for a more
general statement. O

Lemma 4.27. With the above notation, if W ¢ Supp(D) and r > 2, then

Q{((logD), if i=0;
R'm,Q, (log D') = Q) (logDlw), if i=r—1;

0, otherwise.

Proof. This is also well known, but we include an argument for the lack of a good reference. Arguing
locally, we may assume that there is a smooth divisor H containing W, such that G = D + H has SNC,
and also has SNC with W; for example, if we have local algebraic coordinates xy, . . ., x, on X, such that
W is defined by the ideal (x, . .., x,) and D is defined by x,1 - - - x,-+s, then we may take H to be defined
by x;.Let G’ =D’ + H , Where H is the strict transform of H. Note that if r = 2, then the induced map
@: H — Hisan isomorphism and the inverse image of W is F'| 7. On the other hand, if » > 3, then ¢ is
the blow up of H along W, with exceptional divisor F|z and we can apply induction for the divisor D|g .
On X', we have the short exact sequence

0 — Q) (logD’) — Q,(logG") — Qg‘(log D'|5) — 0. 4.2)
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Note that by Lemma 4.26, we have

j o
R'7.Q,(logG') = Py (log G). if - i=0: 4.3)
0, otherwise.

We prove the assertion in the lemma by induction on r > 2. Suppose first that » = 2. Pushing forward
the exact sequence (4.2) and using (4.3), we obtain an exact sequence

0 — 1.2}, (log D) — Q) (log G) = QI (log (D] + W)) — R'7.Q),(log D") — 0.
Note that « is the composition
Q4 (log G) — Q' (log DIn) — Q' (log (Dl +W)),
where the first map is surjective and the second one is injective. We, thus, see that
n*Qg(,(log D') ~ Q;(log D) and Rln*Qg(,(log D') ~ ij;z(logD|W).

Since 7 has fibres of dimension < 1, we deduce that Rin*Qg(, (log D’) = 0 for i > 2, which completes
the proof for r = 2.

Suppose now that r > 3 and that we know the assertion for » — 1. Pushing forward the exact sequence
(4.2) and using (4.3) together with the inductive assumption, we first see that for i > 2, we have

o 4 . Q" (logDly), if i=r-1;
Rlﬂ*Q;{,(long) ~ Rl_IQO*QJ:l (long|ﬁ) — Z g
H .
0, otherwise.

We also get an exact sequence

0 - 7,9 (log D) — Q. (log G) -5 @ (log DIr) — R'm. @, (log D) — 0.
We, thus, conclude that
ﬂ*Qi,(log D’) = ker(B) ~ Qg( (logD) and Rln*Q{(,(log D’) =~ coker(B) = 0.
This completes the proof of the lemma. O

Proof of Theorem 4.24. We may and will assume that X is affine and fix a linear system of divisors on X
obtained by restricting a complete, very ample linear system on a projective completion of X. Suppose
first that » < n and that H is a general element in our linear system, such that H N @ is nonempty. If
we knew the assertions in the theorem for g and for the irreducible components of H N @ (which have
codimension r in H), then we would get using Lemma 4.25 that R”~! f*Q{, (log E) - O vanishes at some
point of HN @ for all j (we assume j < r—1if @ is an irreducible component of Z). By Nakayama’s
lemma, we then deduce that R”~! f*Q{, (log E) vanishes at some point of @ and, thus, its stalk at £ is 0.

After repeating this several times, we reduce to the case when ¢ is a closed point, hence, r = n. Since
the case j = n follows from Corollary 4.19, we only need to prove

R™'£.0Q! (logE) =0 forall j<n. 4.4)
Suppose that we have a sequence of morphisms:

N 82 81
XN —>XN,1 —)~~—)X1%X0=X
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with the following properties:

i) For every i with 0 <i < N — 1, we have a smooth, irreducible subvariety Z; of X; of codimension
> 2, such that g;41 is the blow up of X; along Z;, with exceptional divisor E;,1; in particular,
X1, ..., XN are smooth.

ii) Forevery i with 1 <i < N, if

D; = (g;(Di) + E;)

red

(with the convention D = 0), then D; has SNC, and also has SNC with Z; fori < N — 1.
iii) All Z; lie inside the inverse image of Z.

For every i, let us denote by f; the composition X; — X. In order to prove (4.4), it is enough to show
by induction on N > 0 that under these assumptions

R"_l(fN)*Qﬁ}N(logDN) =0 for 0<j<n-1.

Indeed, we can find a sequence of morphisms as above, such that fx gives a log resolution of (X, Z) as
in the statement of the theorem. Since the sheaf R"~! f*Q{, (log E) is independent of the resolution (see
Remark 4.5), we obtain the desired vanishing.

The case N = 0, when fu is the identity, is trivial, hence, we only need to prove the induction step.
There are two cases to consider. If Zy_; € Supp(Dp-1), then it follows from Lemma 4.26 that

R (fn)e,, (log D) = R™™ (fiy-1).Q%,  (log Dy-1),

hence, we are done by induction.
Suppose now that Zy_; ¢ Supp(Dn-1), and consider the Leray spectral sequence

EP? = RP(fn-1):R?(gn). Q4 (log D) = RP¥(fn). Q% (log D).
It follows from Lemma 4.26 that the only possible nonzero terms E; 4 with p+qg=n-—1,are
Ey"0 = RN (fy-1)Qy, (logDy_1) and

Ey" ' = R (fno1).QL ) (log Dn-ilzy_):
where r = codimy,, ,(Zny-1). We see that E;_I’O = 0 by induction. Since Zy_; € Supp(Dn-1), the
induced morphism Zy_; — fy-1(Zn-1) is birational. If dim(Zy_1) = n — r is positive, then this
morphism has fibres of dimension < n — r — 1, hence, E;_r’r_l = 0. On the other hand, if r = n,
then j — r < 0, hence, again, E;H"_l = 0. We, thus, conclude from the spectral sequence that

R (fn )*Qg(N (log Dy) = 0, completing the proof of the theorem. O

Cohomological dimension n — 3. The pattern of the previous two paragraphs continues for one more
step, by means of the following result of Dao-Takagi [8, Corollary 2.8], conjectured and proved in a
more restrictive setting by Varbaro [61].

Theorem 4.28 (Dao-Takagi-Varbaro theorem). If & € Z is a point with codimy(¢) = r and
depth(Oz ¢) > 3, thenledg (X, Z) <r - 3.

We will point out below how one can use Theorem E in order to give another proof of this theorem at
a closed isolated singular point, as part of studying a more general related question (see Conjecture 5.9
and Theorem 5.11 below) that will also be useful in studying the Du Bois complex of Z.
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Optimal bounds. It is known that the ideal pattern
depth(0z) 2 k = led(X,Z) <n—-k

stops, in fact, at k = 3 with the result above; in characteristic 0, there are examples of determinantal
subschemes Z C A" for which depth(0z) > 4 but lcd(X, Z) < n—3 (see e.g. [8, Example 2.11]). Note
that things are better in positive characteristic, where Peskine and Szpiro [46] showed that, indeed, for
any point ¢ € Z, we have lcd (X, Z) < n — depth(Oz ¢).

As a consequence of Theorem E or the surrounding circle of ideas, we do, however, obtain the ideal
result for two classes of subschemes: those with quotient singularities and those given by monomial
ideals. We state the next result here, as it fits well with the current discussion, but for its proof, it is
useful to first read §5.1.

Corollary 4.29 (Quotient singularities). Let Z be a closed, irreducible subscheme of codimension r,
with quotient singularities, in the smooth, irreducible n-dimensional variety X. Then

led(X, Z) =n —depth(Oz) =r.

Proof. First, since quotient singularities are rational, hence, Cohen-Macaulay, the fact that lcd(X, Z) >
n — depth(0z) = r follows from Remark 4.17. Second, the graded pieces of the Du Bois complex of
quotient singularities have a very simple form. Concretely, by [9, §5], we have quasi-isomorphisms

Q) ~ 0}
for each i > 0, where the right-hand side is the reflexive hull of Q’Z It follows from Corollary 5.3 below
that in order to show that lcd(X, Z) < r, it suffices to show
Ext) Q) wx) =0 forall j2ri20. (4.5)
But for quotient singularities, we have
depth(QlZiJ) =dimZ=n-r,

which, indeed, implies (4.5). In order to see this, arguing étale locally, we may assume that we have
amorphism 7: ¥ — Z =Y /G, where Y is smooth and G is a group acting without quasi-reflections.
In this case, we have

ol ~ (7,01

by [58, Lemma 1.8]. This, in turn, is a direct summand of n*Qg,, since we are in characteristic zero,
and, therefore, has maximal depth n — r. O

Corollary 4.29 says that the only nontrivial local cohomology sheaf is ', (Ox ), even though Z is not
necessarily a local complete intersection. Due to results of Ogus, this, in turn, implies that subvarieties in
P" with quotient singularities share other nice features of local complete intersections (cf. [43, Corollary
4.8]) regarding the global cohomological dimension cd(-) of the complement, or of Barth-Lefschetz-
type.

Corollary 4.30. Let Z C P" be a closed subscheme of codimension r, with quotient singularities. Then

I. cd(P"\Z) <2r-1;
2. the restriction maps H'(P", C) — H'(Z, C) are isomorphisms fori < n —2r.

Proof. This holds more generally for any Z which is Cohen-Macaulay and satisfies lcd(P",Z) = r,
as an immediate consequence of [43, Theorem 4.7]. The second part is stated for algebraic de Rham
cohomology in loc. cit.; over C, this is identified with singular cohomology by [17, Theorem IV.1.1]. O
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Remark 4.31 (Toroidal singularities). If Z has toroidal singularities, it is also the case that Qiz o~ Qg ]

for all i (see [14, Chapter V.4]). However, it is known that the depth of Qg 1'is not always maximal and,
therefore, the argument above does not go through.> It would be interesting to have a complete answer
for the local cohomological dimension of such singularities.

We next consider the case of monomial ideals, for which we recover a result of Lyubeznik (see [31,
Theorem 1(iv)]).

Corollary 4.32 (Monomial ideals). If I C A = C[Xy,..., X, ] is a radical monomial ideal (i.e. A/l is
a Stanley-Reisner ring), then

lcd(A, I) = n — depth(A/I) = pd(A/I).

Proof. According to Example 4.9, the Hodge filtration on each H? (A) is generated at level 0. It suffices
then to apply Corollary 4.16 and Remark 4.17. Note that, in this case, A/ has Du Bois singularities by
[56, Theorem 6.1], as Stanley-Reisner rings have F-injective (even F-pure) type. O

Remark 4.33. Unlike in the case of quotient singularities, Stanley-Reisner rings are not necessarily
Cohen-Macaulay and, therefore, pd(A/I) does not coincide, in general, with codim(7).

5. The Du Bois complex and reflexive differentials

Building on Deligne’s work constructing mixed Hodge structures on the cohomology of algebraic
varieties, Du Bois introduced in [9] a version of the de Rham complex for singular varieties. Given a
(reduced) complex algebraic variety Z, the Du Bois complex of Z is an object Q?, in the derived category
of filtered complexes on Z. Its (shifted) graded pieces QZ = Gr;Q'Z [p] are objects in the derived
category of coherent sheaves on Z. There are canonical morphisms Q; — Q; that are isomorphisms
over the smooth locus of Z. The condition that this is an isomorphism everywhere on Z for p = 0 defines
Du Bois singularities, an important class of singularities (see, e.g. [28] for a survey) that has already
made an appearance in this paper. The complexes Qf( enjoy, in the proper setting, several important
properties of the De Rham complex of smooth varieties. For an introduction to this circle of ideas, see
[47, Chapter 7.3] and [59].

5.1. The Du Bois complex and local cohomological dimension

This is a preliminary section in which we record some basic facts involving the Du Bois complex of Z
and, in particular, reinterpret the vanishing conditions in Theorem E in these terms. A key ingredient is
a description, due to Steenbrink, for the graded pieces of the Du Bois complex of Z via a log resolution
of an ambient variety. Suppose that X is an irreducible complex algebraic variety and Z is a reduced
closed subscheme of X, such that X \ Z is smooth (we will shortly assume that X is smooth, but we want
to state the first result in this slightly more general setting). Let f: ¥ — X be a proper map that is an
isomorphism over X \ Z, with ¥ smooth and, such that, E = £~ (Z)q is an SNC divisor.

Theorem 5.1 [59, Proposition 3.3]. With the above notation, for each p, we have an isomorphism in
D? (Coh(X)):

R () (log E) (~E)) = Q2.
Here, Q’;{g is the (n — p)-th du Bois complex of the pair (X, Z), which sits in an exact triangle

- - — +1
9§’§—>9§p—>92p—>, ;.1

where the other two terms are the usual du Bois complexes.

It is known that the depth is maximal for all i in the case of simplicial toric varieties, but these are exactly the toric varieties
that have quotient singularities.
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From now on, we return to our usual assumption that the ambient variety X is smooth. In this case,
we, of course, have Q)" =~ Q7.
We relate R? f*Q}’i (log E) to the Du Bois complex as follows: by Grothendieck duality

Rf.QY (logE) = Rf,(RHom(Qy " (log E)(-E), wy)) = (5.2)

=~ RHom(Rf.(Qy " (log E)(-E)), wx),
and, therefore, for each ¢, we have
R"f*Qﬂ(log E) =~ %xtgx (Rf: (Q;fp(log E)(—E)), a)x). (5.3)
As a consequence, we have:
Lemma 5.2. For every q > 1, we have
RY£.QF (log E) = &xtZ Q7 wx).
Proof. By (5.3), Theorem 5.1 and (5.1), both sides are isomorphic to the sheaf %xtq (QX 7> wx). 0O

The above lemma leads to a useful equivalent formulation of Theorem E:
Corollary 5.3. For every positive integer c, the following are equivalent:

1. led(X,2) < c.
2. &xt)" QY wx) = 0forall j > candi > 0.

We end this section with the discussion of the example pointed out in Remark 3.17.

Example 5.4. Consider the surjection
R=C[x,...,x4] > S= C[s4,s3t, st3,t4],

with kernel 7 and the corresponding embedding Z = Spec(S) — X = Spec(R). Note that Z is an
integral variety, with a unique singular point 0, defined by the ideal mg. The normalisation morphism
n: Z — Z corresponds to the inclusion § — S = C[s*, 53¢, 542, st3,1*]. Note that Z is a toric variety,
hence, it is Du Bois. The morphism 7 is an isomorphism over Z \ {0} and 7~ (0) consists of one point.
It, thus, follows from [9, Proposition 3.9] that Q7 = H*Q’Zi for all p. In particular, we have Q), ~ 7,05,
hence, Z is not Du Bois.

On the other hand, we have FOH;’(R) = EOH;’ (R) for all ¢. This is clear for g # 2 since, in this case,
H?(R) = 0 (for g = 3, one can use [43, Corollary 2.11]). Using Lemma 5.2 and graded local duality,
we can identify the graded Matlis dual of the morphism

FoHj(R) <= EoHj(R) (5.4)
with the morphism
2
mO(S) - HmO(S).
This is an isomorphism, as can be seen from the long exact sequence of local cohomology associated to

0->5S—8S—C—O0.

Therefore, (5.4) is an isomorphism.
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5.2. Higher Du Bois singularities for local complete intersections

The Hodge filtration on local cohomology allows us to state and prove a generalisation of the vanishing
theorem for cohomologies of the Du Bois complex of a hypersurface [41, Theorem 1.1], and of its
converse [24, Theorem 1], to the case of local complete intersections of arbitrary codimension.

Before proving the main result, Theorem F, we make some preparations. We begin with a description
of the graded pieces of the Du Bois complex in terms of the de Rham complex of the local cohomology
Hodge module (cf. [41, Lemma 2.1] for the case of hypersurfaces). This is all we use here, but a stronger
result, at the level of the Du Bois complex, was proved by Saito in [51, Theorem 0.2].

Proposition 5.5. If X is a smooth, irreducible n-dimensional complex algebraic variety andi: Z — X
is the inclusion map of a closed reduced subscheme Z, then for every integer p, we have an isomorphism
in DP (Coh(X))
91; ~ RHomep, (Grll;lnDin*i!Qg [n], wx)[p].

In particular, if Z is a local complete intersection of pure codimension r, then

QF ~ RHomgy (Grg_nDRx'H%(@X), wx)[p+r].
Proof. Consider a log resolution f: Y — X of (X, Z) as in §2.4. Lemma 4.4 gives an isomorphism

Gry,_,DRx (/.Qg [n]) = R£.Qy™" (log E)[p].
We similarly have an isomorphism
Gry,_,DRx (Q¥ [n]) = Q4" [p].

Applying RHomg, (-, wx) and the isomorphisms (5.2), we obtain the commutative diagram

RHomg, (Grly_,DRx (j.Qf [n]), wx) —> RHomg, (Grh_,DRxQ¥ [n], wx)

l |

Rf.(Qy (log E)(=E))[-p] > QY [-pl.

in which the vertical maps are isomorphisms. On the other hand, the exact triangle (2.8) in the derived
category of Hodge modules induces the exact triangle

+1

Grh_,DRy (i.i'Q¥ [n]) — Grh_,DRx QY [n] — Gr},_, DRx (j.Q( [n]) — .

Applying RHome, (-, wx) and using the above commutative diagram, as well as Theorem 5.1, we
obtain the first assertion in the proposition. The second one is an immediate consequence. O

Assume now that Z is a local complete intersection of pure codimension r. We recall from the
beginning of §3.3 that we have

FkHrZ(@X) Cc EkHE(@X) forall k.

It follows that for every p > 0, if we denote by Grg_nDRXHrZ (Ox) the corresponding graded piece of
the de Rham complex of H?, (Ox) with respect to the filtration E,, we have a morphism of complexes

¢p: Gr_ ,DRxH} (Ox) — Grh_,DRxH}, (0x).
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By definition, if p(Z) > p, then ¢, is an isomorphism. If we only know that p(Z) > p — 1, then ¢,, is
an injective morphism of complexes, whose cokernel is concentrated in cohomological degree 0.
Applying RHome, (-, wx) to ¢, and taking H*P*" (-), we obtain
yl: Extg P (Grh_ , DRx MY (Ox), wx) — Exty P (Grfy_ ,DRxHY (0x), wx) = H'(Q),

where the isomorphism on the right is provided by Proposition 5.5. '
Using the description of Grf M7, (Ox) inLemma 3.21, it is easy to describe the domain of §},. Indeed,

note first that &* := Grg_nDRX”H% (Ox) is the complex
0- Q" ®wz @ wy — Q;'(_p“ ® Nz/x ®wz ®wy — -+ — QF ® SymP (Nz/x) ®wz ®wy! =0
placed in cohomological degrees —p, . .., 0. Recall now that if & is a locally free ©z-module, then
Exty (F.wx)=0 for C#r and Ext) (F,wx)=F' @, wz. (5.5)
Let us consider the hypercohomology spectral sequence
EP = Exth (&% wx) = Extf (8", wy).
Note that by (5.5), we have E{"( =0unless £ =rand 0 < k < p; moreover, if 0 < k < p, then
E{(’r ~ Qg} ®@X Symp_k(./lfz/x)v.
The spectral sequence then implies that for every integer i, we have
gx[i@tf+r(%',wx) = Eéﬂ)’r = Hl(C;), (5.6)
where C;, is the complex
0 — Sym” (Nz;x)" — QY ®y Sym? (M7 x)V — -+ > Qf(_l ®ox /VZV/X — Qf ®y O7 — 0,
placed in cohomological degrees —p,...,0. Inspection of the maps in this complex shows that, if
p < n—r,thenC} is obtained by truncating the generalised Eagon-Northcott complex D,,—,—, associated
to the canonical morphism
g: Txlz = Nz/x,
keeping the first p+ 1 terms (and suitably translating). For basic facts about generalised Eagon-Northcott
complexes, we refer to [5, Chapter 2.C].

The exact sequence

Ny

— Q§(|Z — Q]Z -0
implies that we have a canonical isomorphism
HO(Cy) ~ Qb (5.7)

Via the isomorphisms (5.6) and (5.7), the morphism zﬁg gets identified with the morphism Q’Z’ —
HO ( 95) induced by the canonical morphism Q’é — 95 (this follows from the fact that this holds on the

smooth locus of Z, which is straightforward to check, and the fact that the sheaf ’HO(QQ) is torsion-free,
which follows, for example, from the description in [19, Theorem 7.12]).
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Finally, we recall the fact that generalised Eagon-Northcott complexes exhibit depth sensitivity. This
implies that if depth(/,(g)) > k, for some 1 < k < p, then H'(C*) =0for —p <i < —p + k — 1. Note
that in our case, the ideal I,-(g) defines the singular locus Zg,, of Z, and since Z is Cohen-Macaulay,
the condition is equivalent to codimz (Zy,g) > k. The depth sensitivity of generalised Eagon-Northcott
complexes is a consequence of the behavior in the case of generic matrices (see [5, Theorem 2.16]) and
of general properties of perfect modules (see [30, Proposition 2.11.2]). In fact, the depth sensitivity of
a more general class of complexes is proved in [30, Theorem 8.4].

After this preparation, we can now prove our result relating the singularity level of the Hodge filtration
p(Z) and higher p-Du Bois singularities.

Proof of Theorem F. We follow the approach in [41] and [24], which treat the two implications in the
theorem for hypersurfaces. We may and will assume that Z is singular, since, otherwise, the equivalence
is trivial. In this case, it follows from Theorem 3.39 that p(Z) < %
we may assume that p < dim(Z) =n —r.

Suppose first that p(Z) > p. In this case, the morphism ¢, is an isomorphism, hence, so are the
morphisms w;',. Since the complex C}, is supported in nonpositive cohomological degrees, we have
Hi(C;,) =0 fori > 0. It, thus, follows from (5.6) that

, and it is easy to see that

H(QY) = Extg P (€%, wx) = H'(C}) =0 for i>0.
We also see that 1//(1), induces an isomorphism
Qf ~HO(C) = Exty " (E°, wx) = H(QY).

This implies that the canonical morphism Qg — Q; is an isomorphism. Since the same argument
applies if we replace p by any k, with 0 < k£ < p, we conclude that Z has, at most, higher p-Du Bois
singularities.

Conversely, suppose now that Z has, at most, higher p-Du Bois singularities. Arguing by induction
on p, it follows that we may assume that p(Z) > p — 1. In this case, the morphism ¢,, is injective and
its cokernel is

M = wx ®oy (EpHY(0Ox)/FpHY (0x)),

placed in cohomological degree 0. We need to show that M = 0. Since the functor RHomg,, (-, wx [n])
is a duality, it is enough to show that RHomg, (M, wx) = 0, that is, we have

5xti@X (M,wx)=0 forall ieZ.
Let us put
&* :=Gr,_,DRxH,(Ox) and F*:=Grh ,DRxH}(0Ox).
The exact triangle
RHome, (M, wx) — RHomey, (€°, wx) — RHome, (F°, wx) iR
induces a long exact cohomology sequence
.o Sxti@_xl (F*,wx) > Exti@X (M, wx) — Extgx (8*, wx) — Exti@X (F*wx)—> ...

As we have seen, the fact that the morphism Q7 — QF is an isomorphism translates as saying that
Exty (F*,wx) =0foralli # p +r and the morphism

Sxtg;r(%", wx) — Sxtg;r(g', wx)
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is an isomorphism. It follows from the long exact sequence that €xtg;r (M,wx) =0and
5xti@X (M,wyx) ~ Exti@X (&%, wyx) forall i#p+r.

Therefore, thanks to (5.6), we are done if we show that Hi(C;,) =0 for i # 0. This is trivial if p = 0. On
the other hand, if p > 1, recalling that we are assuming p(Z) > p — 1 by induction, Corollary 3.40 gives

codimyz (Zging) = 2p(Z)+122p -1 2 p.

The depth sensitivity of the generalised Eagon-Northcott complexes, thus, implies that Hi(C;,) = 0 for
i # 0, which completes the proof of the theorem. O

We also note the following corollary of the proof of Theorem F:

Corollary 5.6. Suppose that Z has higher p-du Bois singularities, with p > 1. Then Z is normal and
QY is reflexive, that is, Q) ~ (QL)VV.

Proof. Since codimz (Zng) = 2p + 1 > 3 by Corollary 3.40 and Z is Cohen-Macaulay, it follows that
Z is normal. In order to see that Qiz’ is reflexive, it is enough then to show that depth(J, Qg) > 2, where
J is the ideal defining Zgy,g in Z. Using, again, the fact that codimz (Zsing) >2p+1 > p, it follows that
the complex C;, used in the proof of Theorem F gives a locally free resolution of Q; The well-known

behavior of depth in short exact sequences together with the fact that depth(J, C{;) = depth(J,0z) >
2p + 1 for all j implies

depth(J,Q0) > 2p+1)—p=p+1>2. O

We next give a refinement of the vanishing statement for the higher cohomology of the graded pieces
of the Du Bois complex in Theorem F, in terms of the dimension of the locus where p(Z) is small.

Theorem 5.7. If for some p > 0, we have F,H?,0x = E,H’,Ox away from a closed subset W C Z of
dimension s (with the convention that s = —oco if W is empty), then

HI(QD)=0 forall 0<i<dimZ-p-s-1.
Proof. We keep the setup used in the proof of Theorem F. Note that by assumption, the morphism
¢p: F* =Grh_ DRy}, (0x) > &° = Gri_ DRxH}, (Ox)
is an isomorphism away from W. Recall that by (5.6), we have
Ext) P (&, wx) =0 forall j>0. (5.8)

On the other hand, if €° is a complex on X concentrated in degrees < 0, such that Supp(¥9) C W
for all g, then %xt’@”x (Z°, wx) =0if m < n—s. This can be proved inductively by considering the long
exact sequences of &xt sheaves associated to the short exact sequences of complexes

0 o= (%) — o=/ (*) —» G/ [~]] -0

and the fact that Extg‘x (¢/,wx) =0 form < n— s (see Lemma 3.9). Here, we denote by o=/ (%€*) the
‘stupid’ truncation of &* consisting of the terms placed in cohomological degrees < j.

This applies, in particular, to the complexes ker(y) and coker(y). Since i + p+r+1 < n—s, we
conclude that

Exty P (coker(g), wy) = 0 = Exty P (ker(g), wy). (5.9)
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The exact sequences
Exty, " (8, wx) - Exty P (im(p), wx) — Exty P (coker(), wx) =0
and
Exty P (im(p), wx) > Exty P (F*, wx) > Exty P (ker(g), wx) =0,
together with the vanishing in (5.8) imply
H[ (9;) ~ %X[l@;p+r (9., wx) = O,
where the first isomorphism follows from Proposition 5.5. This completes the proof of the theorem. O

We conclude that there is a range of automatic vanishing in terms of the dimension of the singular
locus of Z; when Z is a hypersurface, this is [41, Corollary 3.5].

Corollary 5.8. If the singular locus of the local complete intersection Z has dimension s, then for all
p = 0, we have

H"(gg)zo for 1<i<dmZ-s—p-1.

Question 5.10. Does this result continue to hold when Z is an arbitrary (or at least Cohen-Macaulay)
closed subscheme whose singular locus has dimension s?

5.3. Depth and local vanishing

We return to the general setting of a reduced closed subscheme Z of a smooth variety X. We have seen
in Theorem 4.24 that if n > 2, then R f, Q{, (log E) = 0 for all j < n, and related this to the condition
led(X, Z) < n - 2. For lower values of lcd(X, Z), it is also important to understand the vanishing of
R"2 f*Q{, (log E)). We make the following conjecture based on the depth of O at its closed points.

Conjecture 5.9. If depth(Oz) > k +2, then R"~* £,.Q% ¥ (log E) = 0.
Remark 5.10. Conjecture 5.9 holds for k = 0, 1. Indeed, by Corollary B, we have an inclusion
R"_Zf*a)y (E) — %xtg;l (@Z, wx),

which gives the assertion for k = 0. For k = 1, it is a consequence of Theorems 4.28 and E.

The main result of this section is a proof of Conjecture 5.9 when Z has isolated singularities.
Reversing the use of Theorem E in the above remark, this gives an alternative proof of Theorem 4.28 at
closed isolated singular points. Further consequences are explained in §5.4.

Theorem 5.11. If depth(O) > k + 2 and Z has isolated singularities, then
R £.Qp % (logE) = 0.

We first need some preparations, starting with a lemma that will also be used in the next section. We
recall that the theory of depth admits an extension to complexes. If (R, m) is the local ring of X at a
closed point x € X and M is an element of the bounded derived category of R-modules, we put

depth(M) := n — max{i | Exty (M, R) # 0} = min {i | H}, (M) # 0}

(with the convention that this is co if M = 0). For a proof of the above equality, as well as for other
properties of the depth of complexes, see [22]. If M is an element of the bounded derived category of
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coherent sheaves on X, we put

depth(M) = min depth(M,),
xeX

where the minimum is over all closed points of X.
Lemma 5.12. If Z is reduced and dim Z > 2, then for any k > 0, we have an equivalence
R"2£.Q0 K (logE) =0 = depth(Q%) > 2,
and either condition implies
depth(H°Q%) > 2.
Proof. Since n must be at least 3, by Lemma 5.2, we have
R"Z2 .07  (log E) = &x1"~1(QF, wx),

and the vanishing of the latter is equivalent to depth(Qé) > 2. For the last statement, we consider the
spectral sequence

By =&xif, (HQ 0x) = &xt,7(Qf, wx).

Note that E;J = 0ifi > norj > 0;in the latter case, this follows from the well-known fact that H‘;Q; =

0 for ¢ < 0. The term E;‘_l’o = %xtg;l(HOQk ,wy) contributes to computing %ng;l(gk ,wyx), and
since the differentials at each level are

n—l-r,r—1 n-1,0 n—l+r,1-r
E, — E} — K]

>

it follows that E;'_l’o = E™10 Therefore,
%xtg;l (H°QX  wx) =0,
which is equivalent to depth(’l—[ogé) > 2. O

‘We now set up some notation under the hypothesis of Theorem 5.1 1. Since Z has isolated singularities
and depth(0z) > 2, it follows that Z is normal. Without loss of generality, we may assume that Z is
irreducible and P € Z is a point, such that Z \ {P} is smooth. Let g: Z—>Zbea projective morphism
that is an isomorphism over Z \ {P}, with Z smooth, and, such that, D := g~' (P)eq is an SNC divisor.

According to the first statement of Lemma 5.12, in order to prove Theorem 5.11, it suffices to show
that under its hypotheses we have

depth(Q%) > 2.

We already know that this depth is > 1, hence, it is enough to show that HTInP (9’2) = 0, where mp is
the maximal ideal defining P. We may further assume that Z is affine. By Remark 5.10, we may assume
that k£ > 1. Using Theorem 5.1 and the exact triangle (5.1), we have an isomorphism

k k
Qy = Rg*QZ(logD)(—D),
hence, in order to prove the theorem, it suffices to show that

H}(Z, Q’fi(log D)(-D)) = 0. (5.11)
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The rest of the section is devoted to proving this statement. The proof is independent from the rest of
the paper, and involves some basic mixed Hodge theory.
The condition on depth(0z) will be used via the following lemma.

Lemma 5.13. If Z is a variety with isolated singularities and depth(Oz) > k + 2, then
Rig.05 =0 for 1<gq<k.

Proof. We follow the approach of [1, Proposition 4.3] but include the proof since in loc. cit., the authors
make the stronger assumption that Z is Cohen-Macaulay.® Since Z has isolated singularities, it is easy
to see that we may assume that Z is projective. In this case, if £ is an ample line bundle on Z, then
Kawamata-Viehweg vanishing gives

H (Z,g"L™) =0 forall i<d=dim(Z), m> 0. (5.12)
For a given m > 0, consider the Leray spectral sequence
EPT=HP(Z,Rig.05; ® L") = HP*(Z,g"L™™). (5.13)

If ¢ > 0, then R9g,(0%) has 0-dimensional support, hence, Ef Y = 0 for p > 0. On the other hand,
since our assumptions imply that Z is normal, we have g.05; = Oz, and since depth(0z) 2> k +2, it
follows that if m > 0, then for all p < k + 1, we have

E}Y = HP(Z,L7") ~ HYP(Z,L" @ w}[-d])" = 0.

Indeed, for the vanishing on the right, note that the depth hypothesis implies that the object A® = w?, [-d]
can have cohomologies only in degrees 0,...,d — k — 2. On the other hand, the hypercohomology
group H4~P (z, " e w?, [-d]) is computed by a spectral sequence whose contributing E>-terms are
H'(Z,L™ @ H/A®), withi + j = d — p. Since m > 0, the only term that could contribute corresponds
to i = 0, but, in this case, H4P? A® = 0 since p<k+l1.

Going back to the spectral sequence in (5.13), we keep the assumption that m > 0. Note thatif r > 2,
thend,: EX4 — EF9"*isQunlessr = g+ 1 > k + 1, while d,: E;"9" ™" — E®? is always 0. We,
thus, conclude that if ¢ < k, then Eg;q = Eo’q, and this vanishes because of (5.12). If we assume, in

2
addition, that ¢ > 1, then we conclude that RY g*@Z = 0, since this sheaf has 0-dimensional support. O

Corollary 5.14. If Z is a variety with isolated singularities and depth(Oz) > k + 2, then
HIY(D,0p)=0 for 1<q<k.

Proof. It is shown in the proof of [42, Lemma 1.2] that, for each g, the vanishing of R?g.0 implies
H4(D, 0p) = 0 (the statement in loc. cit. assumes that Z has rational singularities, but the proof gives,
in fact, this implication for any variety with isolated singularities). O

We can now prove the main result; part of the proof follows an argument in [60].

Proof of (5.11). We write D = Zf\il D; and define

k ._ k
QD(CI) T @ QDilﬂ...ﬂDiq °

i1 <-<ig

We then have an exact complex on Z

Ci: 0-Qb(logD)(-D) » QL - Qf | - Q) — -

SNote that in the Cohen-Macaulay case, an even stronger statement appears in [27].
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(for example, the case k = 1 is treated in [34, Lemma 4.1], but the proof therein extends to arbitrary k).
Let

- Qk

My = ker(Qk D(2>)'

D)
Claim: We have
Hp,(Z,Q5 (log D)(-D)) =0 = H(Z, My) = 0.
In order to prove this, note first that the short exact sequence
0— gzkz(log D)(-D) — Q’?Z — M =0
gives a long exact sequence of local cohomology
0=H)(Z,QY) — H)(Z, My) > H},(Z, Q% (log D)(-D)) — Hp,(Z, Q%) — H},(Z, My).
Of course, M is supported on D, hence,
HY(Z, My) = HY(Z, My).
The claim, thus, follows if we show that the map
H)(Z, Q) - HL(Z, My) (5.14)
is injective. This is essentially shown in the proof of [60, Theorem 1.3], but since it is not stated there
in this form, we recall the main steps in the argument.
First, Steenbrink’s vanishing theorem (see [59, Theorem 2]) gives

R g (QL * (log D)(-D)) =0,

where d = dim(Z) (note that k < d —2). Using the local duality theorem and relative duality, we deduce
from this that

H}, (Z,Q% (log D)) = Hy,,, (Rg.Q% (log D)) = 0. (5.15)
Second, it is shown in [60, p. 99] via an argument using mixed Hodge structures that if
Nic = Q& (log D) Q% (log D) (-D),

then the inclusion My < A induces an isomorphism H°(Z, M) =~ H°(Z, N}). Note that we have
a commutative diagram with exact rows

0 > QL > QL(logD) — Qx —— 0

| | 2

0 > My > N > Ok > 0.
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By considering the connecting homomorphisms in the long exact sequences of cohomology and local
cohomology, we obtain the commutative diagram

HY(Z, Q) —2 HY(Z.Q%)

- I
HO(Z9 Qk) % Hl (Z’ Q%)
b
H(Z, Qi) —— H'(Z, My).
Note that a is an isomorphism since Qy is supported on D and f3 is an isomorphism by (5.15). Since
HO(Z, M) — HO(Z,Nk) is an isomorphism, it follows that p is injective. We, thus, conclude from
the above diagram that the composition ¢ o y is injective and this gets identified with the map (5.14)
since M is supported on D. This completes the proof of the claim.

Our goal is, therefore, to show that H°(Z, M) = 0. If we apply H9(-) to the complex C,, and
ignore the first two terms, we obtain the following complex

~ dlhq . d]’:q
0— HY(Z,Q7 ) RN H(Z,QF ) 2.

With this notation, for every p and ¢, the (p, ¢) component of the pure Hodge structure on the graded

piece Grquerq*i(D, C) is given by

w
Grp

L HPH (D, C)P 4 = ker(dfy!) fim(d])

(with the convention that df 4 =0 fori <0;see[ll,PartIl, 1] for a detailed description of the mixed
Hodge structure on the cohomology of D).
We, thus, see that in order to complete the proof, it is enough to show that

GrYY H*(D,C)*° = 0.
By Hodge symmetry, this is equivalent to

Gry H*(D,C)** = 0. (5.16)
On the other hand, we have

Gt%H*(D,C) ~ H*(D, 0p) = 0,

where the vanishing follows from Corollary 5.14. Since D is compact, we have the identification
WiH*(D,C) = H*(D, C), so that we have a surjective morphism

Gr%.H*(D,C) — G%.Gr}Y H*(D, C) = Gr)Y H*(D, C)**.

We, thus, obtain the vanishing in (5.16), and this completes the proof. O

5.4. h-differentials and reflexive differentials

The characterisation of local cohomological dimension and the local vanishing results in the previous
sections have consequences regarding h-differentials on singular spaces. Recall that a recent result of
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Kebekus-Schnell [25, Corollary 1.12] states that if Z is a variety with rational singularities, then for all

p, the h-differentials Q7|7 of [19] coincide with the reflexive differentials Q[ZP - Qo)vv.

Here we show, using Theorem 5.11, that when Z has isolated singularities, this holds under a weaker
hypothesis, at least for forms of low degree.
Proof of Theorem G. The sheaves of h-differentials Qﬁ |z are identified in [19, Theorem 7.12] with
'HOQE, hence, equivalently, we will show that the natural morphism

0k [k]
HQy — Q)

in an isomorphism under the hypothesis of the theorem. Since the two sheaves are isomorphic on the
smooth locus of Z, it suffices, in turn, to show that the sheaf ”HOQ]% satisfies the S, property. Equivalently,
if 7 is the ideal sheaf of the singular locus of Z, we need to show that

depth(Z, H'QY) > 2. (5.17)

Since Z has isolated singularities, using Theorem 5.11, we deduce that the hypothesis implies
R”‘zf*Qg‘k (log E) = 0. Lemma 5.12 then gives

depth(H°Q%) > 2.

By Auslander-Buchsbaum, it follows that for each x € Z, in some open neighbourhood of x, we can
find a resolution with locally free Ox-modules of finite rank

0—>97n_2—>--~—>970—>7-[095 — 0.
Since the singular locus of Z is 0-dimensional, for each i, we have depth(Z, %;) = n. If we denote
Gi—1 = Coker(# — Fi-1),

then it follows using basic properties of depth that depth(Z, &;_1) > i+ 1 for 0 <i < n— 1. In particular,
we obtain that HOQE = & satisfies (5.17). This completes the proof of the theorem. O

Remark 5.15. It is known that if Z is normal, then the isomorphism Q§|Z ~ Q[Zk] implies that the

k-forms on Z, extend to k-forms on any resolution of singularities 7 : Z — Z. This consequence of
Theorem G is known in greater generality: van Straten and Steenbrink [60, Theorem 1.3] have shown
that if Z is any variety with isolated singularities, then k-forms extend for £k < dim Z — 2.

Remark 5.16. When k = 0, we have, in fact, that if depth(©2) > 2 and Z is Du Bois away from a finite
set of points, then the canonical morphism

07 - H°Q), ~Q) |7

is an isomorphism, or, in other words, Z is weakly normal. Indeed, in this case, we have a short exact
sequence

0— 07 - HQ), - 10,

where 7 is supported in dimension 0, and, hence, has depth O if it is nonzero. On the other hand, if
depth(0z) > 2, then R"2 f,wy (E) = 0 (see Remark 5.10), hence, again by Lemma 5.12, we have
depth('HOQ%) > 2. The only way this can happen is to have 7 = 0.

Another source for the type of vanishing needed in the proof of Theorem G is Corollary 2.14. We
record the special case p = n — k and g = n — 2 needed here:
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Lemma 5.17. Assuming that Z has codimension r, we have

R”_zf*Q’)’,_k(log E)=0 for k< p

~1
n ]—2.

Moreover, if Z is normal, the same holds for

n—1
r+1

In general, this only tells us about the depth of Qfl |z at closed points, which is only a step towards
the stronger S,-property. When Z has isolated singularities, however, the stronger statement is true, as
in Theorem G.

Corollary 5.18. With the notation above, we have the following:

1. If depth(Oz) > 3, then depth(Q} |7) > 2.
2. If Z has codimension r and k < ["T_l] -2, then depth(Q’hc |z) = 2. The same conclusion holds if Z is

in addition normal, and k < [%] + ':T_ll] -2.

3. Under the assumptions of (ii), if Z has isolated singularities, then Ql;l |z ~ Q[Zk].

Proof. This follows from Lemmas 5.12 and 5.17 and Remark 5.10. For 3, we use, in addition, the same
argument as in the proof of Theorem G. O
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