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Abstract. The Hermitian function fieldH = K(x, y) is defined by the equationyq + y = xq+1

(q being a power of the characteristic ofK). OverK = Fq2 it is a maximal function field;i.e. the

numberN(H) of Fq2-rational places attains the Hasse–Weil upper boundN(H) = q2+1+2g(H)·q.

All subfieldsK $ E ⊆ H are also maximal. In this paper we construct a large number of nonrational
subfieldsE ⊆ H , by considering the fixed fieldsHG under certain groupsG of automorphisms of
H/K . Thus we obtain many integersg > 0 that occur as the genus of some maximal function field
overFq2.

Mathematics Subject Classifications (1991):11Gxx, 14Gxx
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1. Introduction

LetK be a finite field,F/K an algebraic function field overK of genusg(F ). By
the Hasse–Weil theorem, the numberN(F) of rational places ofF/K is bounded
by N(F) 6 #K + 1+ 2g(F ) · √#K. The function field is said to bemaximalif
N(F) attains this upper bound. We are interested in the following question: Which
integersg > 0 happen to be the genus of some maximal function field overK?

Suppose that the cardinality ofK is not a square and thatF/K is maximal.
From the equalityN(F) = #K + 1+ 2g(F ) · √#K follows thatg(F ) = 0, hence
F is the rational function field overK. Therefore we will always assume that #K
is a square. We fix some notation.
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p is a prime number.
q = pn is some power ofp (with n > 1).
K = Fq2 is the finite field withq2 elements.
K× = K \ {0} is the multiplicative group ofK.
F is a function field overK, andK is algebraically closed inF .
g(F ) is the genus ofF/K.
N(F) is the number of rational places (places of degree one) ofF/K.
P(F ) is the set of all places ofF/K.

By definition,F/K is maximal if and only if

N(F) = q2+ 1+ 2g(F ) · q. (1.1)

Our main problem can be stated as follows: Describe the set

0(q2) = {g > 0 | there exists a maximal function fieldF/K

of genusg(F ) = g}. (1.2)

A well-known example of a maximal function field overK = Fq2 is theHermitian
function fieldH ; it is defined by

H = K(x, y) with yq + y = xq+1. (1.3)

The genus ofH is g(H) = q(q − 1)/2, the number of rational places isN(H) =
q3+1= q2+1+2g(H) ·q, cf. [St 1, VI.4.4]. One can show that any function field
overK of genusg > q(q − 1)/2 is not maximal, and that the Hermitian function
field is the only maximal function field of genusg = q(q − 1)/2. In particular,
0(q2) is a finite set. More precisely, one knows that

0(q2) ⊆ [0, (q − 1)2/4] ∪ {q(q − 1)/2}, (1.4)

see [R–St], [X–St], [F–T].
Any subfieldE ⊆ F of a maximal function fieldF/K (with K $ E) is

maximal [La], so all subfields of the Hermitian function fieldH provide examples
of maximal function fields overK. In this paper we will construct systematically
a large variety of subfieldsE ⊆ H which can be obtained as fixed fields of some
subgroups of the automorpism groupAut(H). We will determine the genera of
these subfieldsE (thus finding many numbersg ∈ 0(q2)), and in some cases we
will describeE explicitly by generators and equations.

2. Places and Automorphisms ofH

We recall some known facts about the Hermitian function fieldH (as defined in
(1.3)) that we will use in subsequent sections, cf. [St 1, VI.4.4].

https://doi.org/10.1023/A:1001736016924 Published online by Cambridge University Press

https://doi.org/10.1023/A:1001736016924
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The extensionH/K(x) is Galois of degree[H : K(x)] = q. The pole ofx in
K(x) is totally ramified inH , and we denote byP∞ ∈ P(H) the unique pole ofx
in H ; i.e. x has pole divisor(x)∞ = qP∞. All other rational places ofK(x) split
completely inH/K(x), thus we haveN(H) = 1+ q3 rational places inH/K.

We will also need the number of places ofH/K of degree 2 and 3.

LEMMA 2.1. For all r > 1 let Br = #{P ∈ P(H) | degP = r}. Then

B1 = N(H) = q3 + 1; B2 = 0; B3 = 1
3q

3(q + 1)(q2 − 1).

Proof. It is clear thatB1 = N(H) = q3 + 1. From the maximality ofH/K
follows that the numeratorLH(t) of the Zeta function ofH is

LH(t) =
2g(H)∏
i=1

(1− ωit),

with ωi = −q for i = 1, . . . ,2g(H). Setting

Sr :=
2g(H)∑
i=1

ωri = (−1)r(q − 1)qr+1,

we obtain [St 1, V.2.9] forr > 2:

Br = 1

r

∑
d |r
µ
( r
d

)
(q2d − Sd).

(µ denotes the Möbius function.) In particular,

B2 = 1
2(−(q2 − S1)+ (q4− S2))

= 1
2(−q2 − (q − 1)q2 + q4 − (q − 1)q3) = 0,

and

B3 = 1
3(−(q2− S1)+ (q6 − S3))

= 1
3(−q2− (q − 1)q2 + q6+ (q − 1)q4) = 1

3q
3(q + 1)(q2 − 1). 2

The automorphism group of the Hermitian function field,

A := Aut(H) = {σ : H → H | σ is an automorphism ofH/K}
is extremely large [St 3], [Le]. It is isomorphic to the projective unitary group
PGU(3, q2) and has order

ordA = q3(q2 − 1)(q3 + 1). (2.1)
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We describeA in some detail: The subgroup

A(P∞) = {σ ∈ A | σP∞ = P∞} ⊆ A

consists of all automorphismsσ with

σ (x) = ax + b, σ (y) = aq+1y + abqx + c,
a ∈ K×, b ∈ K, cq + c = bq+1.

(2.2)

It has order

ordA(P∞) = q3(q2 − 1). (2.3)

Let

A1(P∞) = {σ ∈ A(P∞) | σx = x + b for someb ∈ K}.
Then A1(P∞) is the uniquep-Sylow subgroup ofA(P∞), it contains all auto-
morphisms with

σx = x + b, σy = y + bqx + c,
b ∈ K, cq + c = bq+1,

(2.4)

and its order is

ordA1(P∞) = q3. (2.5)

The factor groupA(P∞)/A1(P∞) is cyclic of orderq2 − 1; it is generated by the
automorphismε ∈ A(P∞) with

ε(x) = ax, ε(y) = aq+1y, (2.6)

wherea ∈ K is a primitive(q2 − 1)th root of unity.
Another automorphismω ∈ A is given by

ω(x) = x

y
, ω(y) = 1

y
. (2.7)

This elementω is an involution (i.e. ord(ω) = 2), andA is generated byA(P∞)
andω; i.e.

A = 〈A(P∞), ω〉 . (2.8)

Let G ⊆ A be a subgroup ofA; we denote byH G its fixed field,

H G = {z ∈ H | σz = z for all σ ∈ G}.

https://doi.org/10.1023/A:1001736016924 Published online by Cambridge University Press

https://doi.org/10.1023/A:1001736016924


ON SUBFIELDS OF THE HERMITIAN FUNCTION FIELD 141

ThenH/H G is a Galois extension of degree[H : H G] = ord(G), andG is the Galois
group ofH/H G. Since 2g(H) = q(q − 1), the Hurwitz genus formula gives

q2 − q − 2= ord(G) · (2g(H G)− 2)+ deg Diff(H/H G), (2.9)

where Diff(H/H G) is the different ofH/H G. For a placeP ∈ P(H) let Q =
P ∩H G be the restriction ofP toH G, and we denote by

e(Q) := e(P |Q) (resp.d(Q) := d(P |Q))

the ramification index (resp. the different exponent) ofP |Q. Thus

deg Diff(H/H G) = ord(G) ·
∑

Q∈P(HG)

d(Q)

e(Q)
· degQ,

and we obtain from (2.9) that

q2 − q − 2= ord(G) ·
2g(H G)− 2+

∑
Q∈P(HG)

d(Q)

e(Q)
· degQ

 . (2.10)

PROPOSITION 2.2.The fixed fieldHA is rational, and exactly two places ofHA

are ramified inH . One of the ramified places is the placeQ∞ := P∞ ∩ HA; this
place is wildly ramified inH/HA with ramification index

e(Q∞) = e(P∞ |Q∞) = q3(q2 − 1)

and different exponent

d(Q∞) = d(P∞ |Q∞) = q5+ q2 − q − 2.

The conjugates ofP∞ underA are exactly all rational places ofH .
The other ramified place is the placẽQ := P̃ ∩ HA, whereP̃ ∈ P(H) is any

place of degree three. This placẽQ is a rational place ofHA, and it is tamely
ramified inH/HA with e(Q̃) = e(P̃ |Q̃) = q2−q+1. The conjugates of̃P under
A are exactly all places ofH of degree three.

Proof. As the extensionH/K(x) is Galois,HA is contained inK(x), and hence
HA is also rational. In order to determine the ramification index and the different
exponent ofP∞ | Q∞ we use Hilbert’s ramification theory, cf. [St 1, Ch.III.8]. By
definition, the groupA(P∞) = {σ ∈ A | σP∞ = P∞} is the decomposition group
of P∞ |Q∞, so

e(P∞ |Q∞) = ordA(P∞) = q3(q2− 1)
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by (2.3) (note thatA(P∞) is also the inertia group since degP∞ = 1).
The different exponentd(P∞ | Q∞) can be calculated as follows: LetvP∞ be

the discrete valuation ofH associated toP∞, and choose aP∞-prime elementt ,
i.e.vP∞(t) = 1. For 1 6= σ ∈ A(P∞) set

i(σ ) = vP∞(σ (t)− t); (2.11)

then

d(P∞ |Q∞) =
∑

16=σ∈A(P∞)
i(σ )

by [St 1, Prop. III.5.12 and Thm. III.8.8]. In our situation we have (2.2)

σ (x) = ax + b, σ (y) = aq+1y + abqx + c,

with a ∈ K \ {0} andb ∈ K, and we can choose the prime elementt = x/y. So

i(σ ) = vP∞

(
ax + b

aq+1y + abqx + c −
x

y

)
= vP∞((ax + b)y − x(aq+1y + abqx + c))− 2vP∞(y)

= vP∞((a − aq+1)xy − abqx2 + by − cx)+ 2(q + 1)

=


1, if a 6= 1,

2, if a = 1 andb 6= 0,

q + 2, if a = 1 andb = 0 (andc 6= 0). (2.12)

Hence

d(P∞|Q∞) = (q2 − 2) · q3 + (q2 − 1) · q · 2+ (q − 1)(q + 2)

= q5 + q2 − q − 2.

As the number of conjugates ofP∞ underA is equal to the index(A : A(P∞)) =
q3 + 1 = N(H), all rational places ofH areA-conjugate. Now all assertions of
Proposition 2.2 concerningP∞ are settled.

We substitutee(Q∞) andd(Q∞) into formula (2.10) and find after some com-
putation that

∑
Q 6=Q∞

d(Q)

e(Q)
· degQ = q2 − q

q2 − q + 1
. (2.13)
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This implies that exactly one placẽQ ∈ P(HA) with Q̃ 6= Q∞ ramifies inH/HA,
that degQ̃ = 1 and thatQ̃ is tamely ramified (otherwise the left-hand side of
(2.13) would be> 1). Moreover it follows thate(Q̃) = q2− q + 1 (sinced(Q̃) =
e(Q̃)− 1).

In order to show that any placẽP ∈ P(H) lying aboveQ̃ has degree three, we
consider the groupB := inertia group ofP̃ in H/HA. The groupB is cyclic of
order ord(B) = q2 − q + 1. Let R̃ = P̃ ∩ HB be the restriction ofP̃ to the fixed
fieldHB of B. As all places ofH/K of degree one lie aboveQ∞, and as there are
no places of degree two (by Lemma 2.1), we conclude that

degR̃ = degP̃ > 3. (2.14)

The Hurwitz genus formula (2.10), applied to the extensionH/HB, yields

q2 − q − 2= (q2− q + 1)

2g(HB)− 2+
∑

R∈P(HB)

e(R)− 1

e(R)
degR

 .
From this equation and (2.14) we conclude easily thatg(HB) = 0, thatR̃ is the
only ramified place inH/HB, and that degR̃ = degP̃ = 3.

The number of places ofH lying above the placẽQ = P̃ ∩HA is equal to

ord(A) · degQ̃

e(P̃ |Q̃) · degP̃
= q3(q2 − 1)(q3 + 1)

(q2 − q + 1) · 3 = 1
3q

3(q + 1)(q2 − 1),

and this is exactly the number of places ofH of degree three, by Lemma 2.1.
Hence all places ofH of degree three are conjugate underA, and Proposition 2.2
is completely proved. 2
In the proof of Proposition 2.2 we have also established:

COROLLARY 2.3. Let P̃ ∈ P(H) be a place of degree three andB ⊆ A be the
inertia group ofP̃ with respect to the extensionH/HA. Then the fixed fieldHB is
rational, the extensionH/HB is cyclic of degree[H : HB] = q2 − q + 1, andP̃
is totally ramified inH/HB. All other places ofHB are unramified inH/HB.

There is another useful description of the Hermitian function fieldH = K(x, y)
as follows: Choose elementsa, b ∈ K such thataq + a = bq+1 = −1, and set

u = y + a
x

, v = b(y + a + 1)

x
.

ThenH = K(u, v), and one checks easily that

uq+1+ vq+1+ 1= 0. (2.15)
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3. The Fixed Fields ofp-SubgroupsU ⊆A

We maintain all notations from Section 2. LetU ⊆ A be ap-subgroup ofA. We
consider the fixed fieldHU ofH underU and want to determine its genusg(HU).

SinceA1(P∞) is ap-Sylow subgroup ofA and any twop-Sylow subgroups are
conjugate, we will assume w.l.o.g. thatU ⊆ A1(P∞). We identify an automorph-
ismσ ∈ A1(P∞) with the pairσ = [b, c] ∈ K ×K where

σx = x + b, σy = y + bqx + c and cq + c = bq+1, (3.1)

see (2.4). The group operation on such pairs is then given by

[b1, c1] · [b2, c2] = [b1 + b2, b1b
q

2 + c1+ c2]. (3.2)

The identity is the pair[0,0], the inverse of[b, c] is [b, c]−1 = [−b, bq+1−c]. The
mapϕ: U→ K given by

ϕ([b, c]) = b (3.3)

is a homomorphism into the additive group ofK and we set

VU = Im(ϕ), WU = {c ∈ K | [0, c] ∈ U}. (3.4)

These are additive subgroups ofK, andWU ' Ker(ϕ). Hence

ordU = pv+w, wherepv = ordVU and pw = ordWU. (3.5)

Now we determine the genusg(HU). It is easily seen thatP∞ is the only place
of H which is ramified in the extensionH/HU, the Hurwitz genus formula (2.10)
then yields

q2 − q − 2= ordU · (2g(HU)− 2
)+ d(P∞), (3.6)

whered(P∞) denotes the different exponent ofP∞ in the extensionH/HU. We
have (withi(σ ) as in (2.11))

d(P∞) =
∑

16=σ∈U
i(σ )

= 2(ord U− ordWU)+ (q + 2)(ord WU − 1)

= 2(pv+w − pw)+ (q + 2)(pw − 1) (3.7)

by (2.12). Substituting this into (3.6), we obtain

g(HU) = 1
2p

n−v(pn−w − 1). (3.8)

In particular,HU is a rational function field if and only if one of the following
(pairwise equivalent) conditions holds

(i) ord(WU) = q.
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(ii) U ⊇ {[0, c] | cq + c = 0}.
(iii) HU ⊆ K(x).

PROPOSITION 3.1.Letq = pn andU be ap-subgroup ofA such that the fixed
fieldHU is not rational. Theng(HU) = 1

2p
n−v(pn−w − 1), with 0 6 w 6 n − 1

and06 v 6 n.
Proof. Sinceg(HU) is an integer, all assertions follow immediately from

(3.8). 2
We show now that the above numerical conditions onv andw are also sufficient
for the existence of such a subfield ofH , if the characteristic ofK is odd.

THEOREM 3.2. Let q = pn with p 6= 2, and letg > 1 be an integer. Then the
following assertions are equivalent.

(i) There exists ap-subgroupU ⊆ A such thatg = g(HU).
(ii) There are integersv,w such that06 w 6 n− 1, 06 v 6 n and

g = 1
2p

n−v(pn−w − 1).

Proof. It remains to show that (ii) implies (i). One checks immediately that the
setC = {[b, c] ∈ A1(P∞) | b ∈ Fq} is an Abelian subgroup ofA1(P∞) of order
ordC = q2. Forj > 1 and[b, c] ∈ A1(P∞) holds

[b, c]j =
[
jb, jc + j (j − 1)

2
bq+1

]
. (3.9)

Since the characteristicp of K is odd, we conclude that all nontrivial automorph-
ismsσ ∈ A1(P∞) have orderp. It follows thatC is aFp-vector space of dimension
2n. The space

Z = {[0, c] ∈ A1(P∞) | cq + c = 0}
is ann-dimensional subspace ofC (in fact,Z is the center ofA1(P∞)). We choose
Fp-subspacesV,W ⊆ C with

W ⊆ Z, dimFp W = w, V ∩Z = 0 and dimFp V = v.
ThenU = V · W is a subgroup ofA1(P∞) such thatWU ' W andVU ' V
(notation as in (3.4)). Hence, the genus ofHU is g(HU) = 1

2p
n−v(pn−w − 1) by

Proposition 3.1. 2
In the case char(K) = 2, the situation is slightly different.

THEOREM 3.3. Let q = 2n, and letg > 1 be an integer. Then the following
assertions are equivalent.

(i) There exists a2-subgroupU ⊆ A such thatg = g(HU).

https://doi.org/10.1023/A:1001736016924 Published online by Cambridge University Press

https://doi.org/10.1023/A:1001736016924


146 ARNALDO GARCIA ET AL.

(ii) g = 2n−v−1 · (2n−w − 1) with 0 6 v 6 n − 1 and 0 6 w 6 n − 1, and
there exist additive subgroupsV ⊆ K andW ⊆ Fq of ordersordV = 2v and
ordW = 2w, such thatVq+1 = {bq+1 | b ∈ V} is contained inW .

Proof. (i)⇒ (ii): Let U ⊆ A be a 2-group whose fixed fieldHU is not rational.
We can assume thatU ⊆ A1(P∞). DefineV = VU andW = WU as in formulas
(3.4), and let ordV = 2v,ord W = 2w. By (3.8) the genus ofHU is g(HU) =
2n−v−1(2n−w − 1). Sinceg(HU) is a positive integer, we conclude that 06 v 6
n − 1 and 06 w 6 n − 1. It remains to prove thatW ⊆ Fq andVq+1 ⊆ W .
Let c ∈ W . Then[0, c] ∈ A1(P∞) and, therefore,cq + c = 0 by (3.1). Sinceq is
even, it follows thatc ∈ Fq . Finally, letb ∈ V. Choose an elementd ∈ K such that
[b, d] ∈ U. Then[b, d]2 = [0, bq+1] ∈ U, hencebq+1 ∈W .

(ii) ⇒ (i): We note that the setZ = {[0, c] | c ∈ Fq} = {σ 2 | σ ∈ A1(P∞)}
is the center ofA1(P∞) (this is easily checked). Assume now thatV ⊆ K and
W ⊆ Fq are additive subgroups of orders 2v and 2w such that 0≤ w < n and
Vq+1 ⊆ W . We show by induction onv (for fixed W ) that there is a subgroup
U ⊆ A1(P∞) with VU = V andWU = W .

The casev = 0 is trivial: in this case we setU := {[0, c] | c ∈ W}. Suppose
now thatv > 0. LetV0 ⊆ V be a subgroup of order 2v−1. By induction hypothesis
there is a subgroupU0 ⊆ A1(P∞) with VU0 = V0 andWU0 = W . Choose an
elementb ∈ V \ V0 and an elementc ∈ K with cq + c = bq+1, and letβ = [b, c].
For all elementsγ = [b0, c0] ∈ U0 we have that

(βγ )2 = [b + b0, ∗]2 = [0, (b + b0)
q+1]

lies inU0 (becauseVq+1 ⊆ W ). Now we claim that

β ·U0 = U0 · β. (3.10)

In order to prove this, consider the productβ · γ with someγ ∈ U0. Sinceβ4 =
γ 4 = [0,0] and all squares are in the center ofA1(P∞), we find that

βγ = βγ (βγ 4β3) = (βγ )2γ 3β3

= γ 3 · (βγ )2 · β2 · β ∈ U0 ·U0 ·U0 · β = U0β.

This implies (3.10) and shows thatU := U0 ∪ β ·U0 is a subgroup ofA1(P∞). It
is easily checked thatVU = V andWU = W , as desired. 2
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COROLLARY 3.4. Letq = 2n. Then we have

(i) If there exists a2-subgroupU ⊆ A such that the fixed fieldHU has genus
g(HU) = 2n−v−1 · (2n−w − 1) 6= 0 then there is a2-subgroupU′ ⊆ A with

g(HU′) = 2n−v′−1(2n−w − 1), for all v′ with 06 v′ 6 v.

(ii) For all integersv,w with 0 6 v 6 w < n there is a2-subgroupU ⊆ A
such thatg(HU) = 2n−v−1(2n−w − 1).

(iii) Suppose thatv andw satisfy the following conditions:

w|n, w|v, v|2n, 16 v < n and
2v − 1

2w − 1

∣∣∣∣∣ (2n + 1).

Then there exists a2-subgroupU ⊆ A such that

g(HU) = 2n−v−1(2n−w − 1).

Proof. (i) If g(HU) = 2n−v−1(2n−w − 1) then ordVU = 2v, ord WU = 2w

andVq+1
U ⊆ WU. For all v′ 6 v there is a subgroupV ′ ⊆ VU of order 2v

′
, and

clearly (V ′)q+1 ⊆ WU. By Theorem 3.3 there exists a 2-subgroupU′ ⊆ A with
g(HU′) = 2n−v′−1(2n−w − 1).

(ii) First choose an additive subgroupW ⊆ Fq of order 2w. As bq+1 = b2 for
all b ∈ Fq , the mappingb 7→ bq+1 is an isomorphism of the additive groupFq
onto itself. Hence there is, for allv 6 w, a subgroupV ⊆ Fq of order 2v with
Vq+1 ⊆ W . Now apply Theorem 3.3.

(iii) The conditions onv andw imply thatF2w ⊆ F2v ⊆ F22n = K. The norm
mappingν: F2v → F2w is given byν(b) = b(2

v−1)/(2w−1), and the assumption
(2v − 1)/(2w − 1) | (2n + 1) implies that(F2v )

2n+1 ⊆ F2w . Now we can apply
Theorem 3.3 withV = F2v andW = F2w . 2

Remark3.5. Here we want to indicate how hard it is to find a 2-subgroup
U ⊆ A with v > w. If w = 0, that meansWU = {0}, the conditionVq+1

U ⊆ WU

impliesv = 0.
Now suppose thatw = 1, that meansWU = {0, α} for someα ∈ F∗q . If v > 0

we then fix an elementb ∈ VU\{0}. For another elementb1 ∈ VU\{0, b}, we have

(b + b1)
q+1 = bq+1+ bq+1

1 + b bq1 + bq b1.

Using the conditionVq+1
U ⊆ WU = {0, α}, we must have

α = b bq1 + bq b1. (3.11)

We multiply Equation (3.11) byb and byb1, obtaining

b2 b
q

1 + αb1 = αb and αb + bq b2
1 = αb1.
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Hencebq b2
1 = b2 b

q

1 and
(
b1/b

)q/2 = b1/b. We then conclude thatb1/b ∈ Fq/2 ∩
Fq2 = F2d , with

d = gcd(n− 1,2n) =
{

1, if n even
2, if n odd.

This shows thatv 6 2 andv = 2 occurs only ifn is odd.
We have then shown that there is no 2-subgroupU ⊆ A with genus as below.

g(HU) =
 2s(2n − 1) with 06 s 6 n− 2.

2s(2n−1 − 1) with n even and 06 s 6 n− 3.
2s(2n−1 − 1) with n odd and 06 s 6 n− 4.

4. The Fixed Fields of Subgroups ofA(P∞)

As in Section 2, we denote by

A(P∞) = {σ ∈ A = Aut(H/K) | σP∞ = P∞}
the decomposition group ofP∞ in the Galois extensionH/HA. Any σ ∈ A(P∞)
acts as follows

σ (x) = ax + b, σ (y) = aq+1y + abqx + c,
a ∈ K×, b ∈ K, cq + c = bq+1.

For convenience we will indentifyσ with this triple[a, b, c], so

A(P∞) = {[a, b, c] | a ∈ K×, b ∈ K, cq + c = bq+1}.
The group structure ofA(P∞) is given by

[a1, b1, c1] · [a2, b2, c2] = [a1a2, a2b1+ b2, a
q+1
2 c1+ a2b

q

2b1+ c2]. (4.1)

The identity is the triple[1,0,0], the inverse of[a, b, c] is
[a, b, c]−1 = [a−1,−a−1b, a−(q+1)cq]. (4.2)

The uniquep-Sylow subgroup ofA(P∞) is the group

A1(P∞) = {[1, b, c] | b ∈ K, cq + c = bq+1}.
Our aim is to determine the genus of the fixed fields ofH with respect to subgroups
of A(P∞). Let us fix some notation for the rest of this section.
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G ⊆ A(P∞) is a subgroup ofA(P∞).
UG = G ∩A1(P∞) is the uniquep-Sylow subgroup ofG.
VG = {b ∈ K | there is somec ∈ K such that[1, b, c] ∈ G}. (4.3)
WG = {c ∈ K | [1,0, c] ∈ G}.
ordG = m · pu with (m, p) = 1.
ordVG = pv, ordWG = pw.

As we have consideredp-groups already in Section 3, we will always assume in
this Section thatG is not ap-group, so

ordG = m · pu with (m, p) = 1, m > 1 and u = v + w > 0.

The Hurwitz genus formula (2.9) for the Galois extensionH/H G yields

q2 − q − 2= ordG · (2g(H G)− 2)+
∑

P∈P(H)
dG(P ) · degP, (4.4)

wheredG(P ) is the different exponent ofP with respect toH/H G.
The placeP∞ is totally ramified inH/H G. Using the transitivity of the different

exponent in the extensionH G ⊆ HUG ⊆ H , we obtain from Equation (3.7) that

dG(P∞) = 2(pu − 1)+ q(pw − 1)+ pu(m− 1)

= pu(m+ 1)+ q(pw − 1)− 2

= ordG+ pu + qpw − q − 2.

(4.5)

Let S = {P ∈ P(H) | degP = 1 and P 6= P∞}. It is easily seen that the
only placesP ∈ P(H)\ {P∞} which ramify inH/H G are inS, and they are tamely
ramified. Denoting byeG(P ) the ramification index ofP inH/H G, we obtain from
(4.4) and (4.5)

q(q − pw)− pu = ordG · (2g(H G)− 1)+
∑
P∈S
(eG(P )− 1). (4.6)

For tamely ramified places of degree one, ramification theory [St 1, III] yields

eG(P )− 1= #{σ ∈ G \ {1} | σP = P }.
Hence we obtain that∑

P∈S
(eG(P )− 1) =

∑
16=σ∈G

NS(σ ) (4.7)

with NS(σ ) := #{P ∈ S | σP = P }, for σ ∈ G \ {1}. Before we can determine
NS(σ ), we need some preparation. Fora ∈ K× denote by ord(a) the multiplicative
order ofa.

LEMMA 4.1. Letσ = [a, b, c] ∈ A(P∞) with a 6= 1. Then we have

(i) If ord(a) is not a divisor ofq + 1, thenord(σ ) = ord(a).
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(ii) If ord(a) dividesq + 1, then

ord(σ ) =
 ord(a), if c = abq+1/(a − 1).

p · ord(a), otherwise.

Proof. Let τ := [1, e, f ] with

e := b/(a − 1) and f q + f = eq+1.

Thenτ−1 = [1,−e, f q], and one checks that

τ−1στ = [a,0, c∗] with c∗q + c∗ = 0.

(i) If ord(a) does not divideq + 1, letf ∗ := c∗/(aq+1− 1). Then

f ∗q + f ∗ = c∗q

(aq+1 − 1)q
+ c∗

aq+1 − 1
= 1

aq+1 − 1
(c∗q + c∗) = 0.

Soτ ∗ := [1,0, f ∗] is in A1(P∞), and

τ ∗−1 · [a,0, c∗] · τ ∗ = [a,0, aq+1f ∗q + c∗ + f ∗]
= [a,0,−aq+1f ∗ + f ∗ + c∗] = [a,0,0].

We have thus shown thatσ is conjugate to the automorphism[a,0,0], hence

ord(σ ) = ord([a,0,0]) = ord(a).

(ii) Now we assume thataq+1 = 1. With the same choice ofτ = [1, e, f ] as
above we find thatσ ∗ := τ−1στ = [a,0, c∗] with

c∗ = f q + f + c − abqe − aeq+1 + eqb
= eq+1− aeq+1 − abqe + eqb + c

= bq+1

(a − 1)q+1
(1− a)− abq · b

a − 1
+ b · bq

(a − 1)q
+ c

= −b
q+1

aq − 1
− ab

q+1

a − 1
+ bq+1

aq − 1
+ c

= c − a

a − 1
bq+1.

Hencec∗ = 0 iff c = abq+1/(a − 1). One checks easily that the order ofσ ∗ =
[a,0, c∗] is

ord(σ ∗) =
{

ord(a), if c∗ = 0,
p · ord(a), if c∗ 6= 0.
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Since ord(σ ) = ord(σ ∗), Lemma 4.1 is completely proved. 2
LEMMA 4.2. Letσ = [a, b, c] ∈ A(P∞) with σ 6= 1. Then

NS(σ ) =
 0, if p divides ord(σ ).
q, if ord(σ ) divides q+ 1.
1, otherwise.

Proof. (i) Suppose that ord(σ ) is divisible byp. As all P ∈ S are tame in the
extensionH/HA(P∞), we conclude thatσP 6= P for all P ∈ S, i.e.NS(σ ) = 0.

(ii) Suppose thatσ 6= 1 and ord(σ ) divides q + 1. The proof of Lemma
4.1 (ii) shows thatσ is conjugate inA(P∞) to σ ∗ = [a,0,0] with ord(a) =
ord(σ ) dividing q + 1. ThenNS(σ ) = NS(σ ∗), and 1 6= σ ∗ ∈ Gal(H/K(y)). In
the extensionH/K(y) exactlyq placesP ∈ S are ramified (namely the zeros of
yq + y), and they are totally ramified. ThusNS(σ ∗) = q.

(iii) Now we assume that ord(σ ) = s with s | (q2 − 1) but s does not divide
q+1. By Lemma 4.1(i),σ is conjugate inA(P∞) toσ ∗ = [a,0,0] with ord(a) = s
(in particularaq+1 6= 1). For(α, β) ∈ K×K with βq+β = αq+1 there is a unique
placePα,β ∈ S which is a common zero ofx − α andy − β, and all placesP ∈ S
can be described in this manner. We have

σ ∗(Pα,β) = Pα,β ⇔ Pα,β is a common zero ofσ ∗(x − α) and σ ∗(y − β).
Sinceσ ∗(x −α) = ax −α = a(x−α)+α(a−1) andσ ∗(y−β) = aq+1y− β =
aq+1(y − β)+ β(aq+1 − 1), it follows that

σ ∗(Pα,β) = Pα,β ⇔ α(a − 1) = β(aq+1 − 1) = 0
⇔ α = β = 0.

HenceNS(σ ) = NS(σ ∗) = 1. 2
LEMMA 4.3. Notations as in(4.3). Leta0 ∈ K×, ord(a0) = s > 1 ands|m.

(i) If s - (q + 1), then there are exactlypu elementsσ ∈ G of the formσ =
[a0, ∗, ∗] having orders.

(ii) If s | (q+1) then there are exactlypv elementsσ ∈ G of the formσ = [a0, ∗, ∗]
having orders.

Proof. The mapping

ρ :
{

G → K×
σ = [a, b, c] 7→ a

is a homomorphism, its kernel is thep-Sylow subgroupUG of G of orderpu, its
image is the unique subgroup ofK× of orderm. Since ord(a0) = s is a divisor of
m, there exists an automorphismσ0 = [a0, b0, c0] ∈ G. The cosetσ0 ·UG is then

σ0 ·UG = {[a, b, c] ∈ G | a = a0}.
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(i) Suppose thats is not a divisor ofq +1. It follows that all elementsσ ∈ σ0 ·UG

have orders, by Lemma 4.1(i).
(ii) Now we assume thats dividesq+1. For eachb′ ∈ VG we fix an elementc′ ∈ K
such that[1, b′, c′] ∈ G; then everyσ ∈ σ0 ·UG can be uniquely represented as

σ = [a0, b0, c0] · [1, b′, c′] · [1,0, c] = [a0, b0+ b′, ∗],
with b′ ∈ VG andc ∈ WG. By Lemma 4.1, there is at most one elementσ ∈ G of
orders with σ = [a0, b0 + b′, ∗] if a0 andb := b0 + b′ are given. The proof of
Lemma 4.3(ii) will be finished when we show the following assertion:

CLAIM. Let σ = [a0, b, c
′] ∈ G andord(a0) = s be a divisor ofq + 1. Then

there exists an elementσ̃ ∈ G of orders such thatσ̃ = [a0, b, c̃].
Proof. If ord(σ ) = s we takeσ̃ = σ . Otherwise, ord(σ ) = p · s by Lemma 4.1.

For all j > 1 holds

[a0, b, ∗]j =
[
a
j

0,
a
j

0 − 1

a0− 1
· b, ∗

]
.

Chooset > 1 with p · t ≡ 1 mods. Then

σ̃ := [a0, b, ∗]pt =
[
a0,

a0− 1

a0− 1
b, ∗

]
= [a0, b, ∗]

is an element ofG of orders whose first components area0 andb, as desired. 2
THEOREM 4.4. LetG ⊆ A(P∞) be a subgroup of orderm · pu withm > 1, and
definev,w as in(4.3). Letd := gcd(m, q + 1). Then the fixed fieldH G has genus

g(H G) = pn − pw
2mpu

(pn − (d − 1)pv).

Proof. There are exactlyd − 1 elements 16= a0 ∈ K× with

ord(a0) | m and ord(a0) | (q + 1),

and there are exactlym− d elementsa0 ∈ K× with

ord(a0) | m and a
q+1
0 6= 1.

Now we obtain from Lemma 4.2 and Lemma 4.3∑
16=σ∈G

NS(σ ) = (d − 1)pvq + (m− d)pu

= ordG+ d(qpv − pu)− qpv.
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Formulas (4.6) and (4.7) imply that

q(q − pw)− pu = 2g(H G) ·mpu + d(qpv − pu)− qpv.
Substitutingq = pn andu = v + w, the result follows. 2
Not for all choices ofv,w andm with 0 6 w 6 n, 0 6 v 6 2n andm | (q2 − 1)
there exists a subgroupG ⊆ A(P∞) of orderm · pv+w, with ord VG = pv and
ord WG = pw. For example ifd = gcd(m, q + 1) > 1, then there is no such
a subgroup havingv > n andw < n. We will not give necessary and sufficient
conditions onv,w andm in the general case but we restrict ourselves to special
cases. Let

G0 := {[a,0, c] | a ∈ K× and cq + c = 0}. (4.8)

This is a subgroup ofA(P∞) of order q(q2 − 1), its fixed field is the rational
function fieldH G0 = K(z) with z = xq2−1.

COROLLARY 4.5. Let G ⊆ G0 be a subgroup of orderord G = m · pu, with
(m, p) = 1. Then the fixed fieldH G has genus

g(H G) = 1

2m
(pn + 1− d)(pn−u − 1),

whered = gcd(m, q + 1).
Proof. Note thatVG = 0 for G ⊆ G0, henceu = w andv = 0. The result

follows immediately from Theorem 4.4. 2
PROPOSITION 4.6.Let m > 1, d > 1 and 0 6 u 6 n be integers with the
following properties.

(i) m | (q2 − 1) andd = gcd(m, q + 1).
(ii) s := min {r > 1 | pr ≡ 1 mod(m/d)} is a divisor ofu.

Then there exists a subgroupG ⊆ G0 of orderm · pu, and hence there exists a
subfieldE ⊆ H with

g(E) = 1

2m
(pn + 1− d)(pn−u − 1).

Proof. Let a ∈ K× be an element witham = 1, and letα := aq+1. Then

αm/d = 1, with d = gcd(m, q + 1).

It follows thatα ∈ Fps wheres is defined by (ii). Moreover we know that
q ≡ 1 mod (m/d) (sincem | (q2 − 1)), henceFps ⊆ Fq . The setT = {c ∈
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K | cq + c = 0} is a one-dimensionalFq-vector space, hence it is a vector space
overFps of dimensionn/s. Since 06 u/s 6 n/s, we can find anFps -subspace
W ⊆ T of dimensionu/s; thenW is an additive subgroup ofT of orderpu. Let

G := {[a,0, c] | am = 1 and c ∈ W}.
ThenG is a subgroup ofG0: in fact, if [a1,0, c1] and[a2,0, c2] are elements ofG,
then

[a1,0, c1] · [a2,0, c2] = [a1a2,0, a
q+1
2 c1 + c2]

is in G becauseaq+1
2 ∈ Fps andW is anFps -module. The order ofG is obviously

m · pu, as desired. 2
Remark4.7. One can show that all subgroupsG ⊆ G0 satisfy the numerical

conditions of Proposition 4.6.

COROLLARY 4.8. Suppose thatm | (q+1)(p−1). Then for allu with 06 u 6 n
there exists a subgroupG ⊆ G0 such that

g(H G) = 1

2m
(pn + 1− d)(pn−u − 1),

whered = gcd(m, q + 1). In particular, ifm | (q + 1), then

g(H G) = 1

2

(
pn + 1

m
− 1

)
(pn−u − 1).

Proof. The conditionm | (q +1)(p−1) implies thatm/d is a divisor ofp−1,
hences = 1 (with s as in Proposition 4.6(ii)). Now all assertions of Corollary 4.8
follow immediately. 2
The following special case of Proposition 4.6 is often useful.

COROLLARY 4.9. For any divisorm of q2 − 1 there exists a subgroupG ⊆ G0

such that

g(H G) = 1

2m
(pn + 1− d)(pn − 1),

whered = gcd(m, q + 1).
Proof. Setu = 0 in Proposition 4.6. 2

5. The Fixed Fields of Some Tame Subgroups ofA

We call a subgroupG ⊆ A tame if the extensionH/H G is tame; i.e. the ramific-
ation index of any placeP ∈ P(H) in the extensionH/H G is relatively prime to
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the characteristicp of K. In particular, ifp does not divide the order ofG thenG
is tame.

In this section we will determine the genusg(H G) for a large number of tame
subgroupsG ⊆ A. We start with

THEOREM 5.1. Let P̃ ∈ P(H) be a place of degree3, and letB ⊆ A be the
inertia group ofP̃ with respect to the field extensionH/HA. The groupB is cyclic
of orderq2 − q + 1, and for any integerr > 1 dividing q2 − q + 1 there exists a
unique subgroupG ⊆ B of orderordG = r. The genus of the fixed fieldH G is then

g(H G) = s − 1

2
, with s = q2 − q + 1

r
.

Proof. The groupB is cyclic of orderq2 − q + 1, andP̃ is the only place of
H that ramifies in the extensionH/HB, see Corollary 2.3. Letr > 1 be a divisor
of q2 − q + 1 andG ⊆ B denote the unique subgroup ofB of orderr. SinceP̃ is
totally ramified inH/H G, the different ofH/H G is

Diff (H/H G) = (r − 1) · P̃ .

The Hurwitz genus formula forH/H G yields

q2 − q − 2= r(2g(H G)− 2)+ (r − 1) · degP̃ .

As degP̃ = 3, Theorem 5.1 follows immediately. 2
Next we prove a general formula for the genusg(H G), whereG ⊆ A is any tame
subgroup ofA.

PROPOSITION 5.2.LetG ⊆ A be a tame subgroup ofA satisfying the following
hypothesis.

All P ∈ P(H) with deg P>1 are unramif ied in H/H G. (∗)

Then the genus ofH G is

g(H G) = 1+ 1

2 · ordG
·
q2− q − 2−

∑
16=σ∈G

N(σ)

 ,
whereN(σ) is defined as

N(σ) := #{P ∈ P(H) | degP = 1 and σP = P }. (5.1)
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Proof. Denote bye(P ) the ramification index of a placeP ∈ P(H) in the
extensionH/H G. By hypothesis(∗), the degree of the different Diff(H/H G) is

deg Diff(H/H G) =
∑

P∈P(H);degP=1

(e(P )− 1)

=
∑

P∈P(H);degP=1

∑
16=σ∈G;σP=P

1=
∑

16=σ∈G
N(σ).

Hence the Hurwitz genus formula (2.9) implies Proposition 5.2. 2
We will apply Proposition 5.2 to various tame subgroupsG ⊆ A. First we will
consider subgroups of the groupC := 〈ε, ω〉 ⊆ A which is generated by the
automorphimsε andω given by (2.6) and (2.7):

ε(x) = ax, ε(y) = aq+1y and ω(x) = x/y, ω(y) = 1/y.

Herea ∈ K is a primitive(q2− 1)th root of unity. Anyσ ∈ C is of the form

σ (x) = cx, σ (y) = cq+1y with c ∈ K×,
or

σ (x) = c · x/y, σ (y) = cq+1 · 1/y with c ∈ K×.
Hence ord(C) = 2(q2 − 1), andC is tame if char(K) 6= 2.

Moreover, hypothesis(∗) from Proposition 5.2 holds forC (in order to prove
this, consider ramification in the subextensionsHC = K(yq−1 + y−(q−1)) ⊆
K(yq−1) ⊆ K(y) ⊆ H ).

LEMMA 5.3. Assume thatchar(K) 6= 2.

(i) Letσ ∈ C with σ (x) = cx, σ (y) = cq+1y and1 6= c ∈ K×. Then

N(σ) =
{

2, if cq+1 6= 1.

q + 1, if cq+1 = 1.

(ii) Letσ ∈ C with σ (x) = c · x/y, σ (y) = cq+1 · 1/y andc ∈ K×. Then

N(σ) =


q + 1, if c ∈ Fq

0, if c 6∈ Fq and c(q
2−1)/2 = 1.

2, if c 6∈ Fq and c(q
2−1)/2 = −1.

Proof. (i) This is a consequence of Lemma 4.2 (note thatN(σ) = 1+ NS(σ ),
becauseNS(σ ) does not count the placeP∞).
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(ii) Now we determineN(σ) for an automorphismσ ∈ C given byσ (x) =
c · x/y andσ (y) = cq+1 · 1/y, with c ∈ K×. The placesP ∈ P(H) of degree
one areP = P∞ and, for any pair(α, β) ∈ K × K with βq + β = αq+1, the
unique common zeroP = Pα,β of x − α andy − β. Obviouslyσ (P∞) 6= P∞ and
σ (P0,0) 6= P0,0. For the remaining placesPα,β holdsβ 6= 0, and we have for such
a place

σ (Pα,β) = Pα,β ⇔ σ (x)(Pα,β) = α and σ (y)(Pα,β) = β
⇔ c · α/β = α and cq+1/β = β
⇔ α(cβ−1 − 1) = 0 and β2 = cq+1.

So we have to count all pairs(α, β) ∈ K ×K× satisfying

βq + β = αq+1, β2 = cq+1 and α(cβ−1 − 1) = 0 (5.2)

One checks that (5.2) has precisely the following solutions(α, β) ∈ K ×K×:

Case 1.c ∈ Fq . Thenβ = c andαq+1 = 2c.

Case 2.c 6∈ Fq andc(q
2−1)/2 = 1. There are no solutions of (5.2).

Case 3.c 6∈ Fq andc(q
2−1)/2 = −1. Thenα = 0 andβ = ±c(q+1)/2. 2

THEOREM 5.4. Assume thatchar(K) 6= 2. Letm be a divisor ofq2 − 1 and let
b ∈ K be an element of orderm. Consider the groupG := 〈λ,ω〉 ⊆ C that is
generated by the automorphismsλ andω, where

λ(x) = bx, λ(y) = bq+1y and ω(x) = x/y, ω(y) = 1/y.

Letd := gcd(m, q + 1), d̃ := gcd(m, q − 1) and

δ :=
{

0, if m divides (q2 − 1)/2.

m, otherwise.

Then the fixed fieldH G has genus

g(H G) = 1

4m
((q + 1)(q − 1− d − d̃)+ 2(m+ d)− δ).

Proof. The groupG has order 2m; it consists of the following automorphisms
σc andτc where

σc(x) = cx, σc(y) = cq+1y, cm = 1,
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and

τc(x) = c · x/y, τc(y) = cq+1 · 1/y, cm = 1.

From Lemma 5.3(i) follows

∑
cm=1,c 6=1

N(σc) = (q + 1)(d − 1)+ 2(m− d).

The number of elementsc ∈ Fq with cm = 1 is d̃ = gcd(m, q − 1). Now we
distinguish two cases.

Case 1.m divides(q2 − 1)/2. We see from Lemma 5.3 that in this case

∑
cm=1

N(τc) = d̃(q + 1).

Case 2.m does not divide(q2 − 1)/2. Now there are exactlym/2 elements
c ∈ K with cm = 1 andc(q

2−1)/2 = −1, and all of them are inK \ Fq . Hence
Lemma 5.3 yields in this case

∑
cm=1

N(τc) = 2 ·m/2+ d̃(q + 1) = d̃(q + 1)+m.

In both cases we find that

∑
16=σ∈G

N(σ) = (q + 1)(d + d̃ − 1)+ 2(m− d)+ δ,

with

δ =
{

0, if m divides (q2− 1)/2.

m, otherwise.

Proposition 5.2 yields now the desired formula for the genusg(H G). 2
EXAMPLE 5.5. (char(K) 6= 2).
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(i) For any even divisorm of q − 1, there is a subfieldE ⊆ H of genus

g(E) = 1

4m
(q − 1)(q − 1−m).

(ii) For any odd divisorm of q − 1, there is a subfieldE ⊆ H of genus

g(E) = 1

4m
(q − 1)(q −m).

(iii) For any even divisorm of q + 1, there is a subfieldE ⊆ H of genus

g(E) = 1

4m
(q − 3)(q + 1−m).

(iv) For any odd divisorm of q + 1, there is a subfieldE ⊆ H of genus

g(E) = 1

4m
((q − 3)(q + 1−m)+ q + 1).

Proof. We use notations as in Theorem 5.4.

(i) Let m be an even divisor ofq − 1. Thend = gcd(m, q + 1) = 2, δ = 0 and
d̃ = gcd(m, q − 1) = m. By Theorem 5.4 the genus ofE := H G is

g(E) = 1

4m
((q + 1)(q − 1− 2−m)+ 2(m+ 2)) = 1

4m
(q − 1)(q − 1−m).

(ii) If m is an odd divisor ofq − 1, thend = gcd(m, q + 1) = 1, d̃ = gcd(m, q −
1) = m andδ = 0. The genus ofE := H G is in this case

g(E) = 1

4m
((q + 1)(q − 1− 1−m)+ 2(m+ 1)) = 1

4m
(q − 1)(q −m).

The proofs of (iii) and (iv) are similar. 2
We consider another class of subgroupsG ⊆ C in the following example:

EXAMPLE 5.6. (char(K) 6= 2). Letm be an even divisor (resp. odd divisor) of
q − 1. Then there exists a subfieldE ⊆ H of genus

g(E) =


(q − 1)2

4m

(
resp.

q(q − 1)

4m

)
, if q ≡ 1 mod 4,

(q − 1)2+ 2m

4m

(
resp.

q(q − 1)+ 2m

4m

)
, if q ≡ 3 mod 4.

Proof. Consider the following subgroupG0 ⊆ A:

G0 := {σ ∈ A | σ (x) = ax, σ (y) = aq+1y with am = 1}.
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Choose an elementb ∈ K such thatbq−1 = −1 and define an automorphism
ρ ∈ A by

ρ(x) = b · x/y , ρ(y) = bq+1 · 1/y.
It is easily verified thatG := G0 ∪ ρG0 is a subgroup ofC of order ordG = 2m.
We get from Lemma 5.3(i):∑

16=σ∈G0

N(σ) = (q + 1)+ (m− 2) · 2= q − 3+ 2m, if m is even, (resp.

∑
16=σ∈G0

N(σ) = (m− 1) · 2, if m is odd).

The automorphismsτ ∈ G \ G0 are given byτ = ρ ◦ σ with σ ∈ G0, hence

τ(x) = ab · x/y, τ(y) = (ab)q+1 · 1/y with am = 1.

Sinceab /∈ Fq and

(ab)(q
2−1)/2 = (aq−1)(q+1)/2 · (bq−1)(q+1)/2 = 1 · (−1)(q+1)/2,

it follows from Lemma 5.3(ii) that

N(τ) =
{

0, for q ≡ 3 mod 4.

2, for q ≡ 1 mod 4.

Therefore

∑
16=σ∈G

N(σ) =
{
q − 3+ 2m, (resp. 2m− 2) for q ≡ 3 mod 4.

q − 3+ 4m, (resp. 4m− 2) for q ≡ 1 mod 4.

Now we apply Proposition 5.2 and obtain the desired formula for the genus
g(H G). 2
Many other tame subgroupsG of A can be constructed if we represent the Her-
mitian function field as in (2.15):H = K(u, v) with uq+1 + vq+1 + 1 = 0. All
rational placesP ∈ P(H) can then be described in the following manner.

(i) P = Qα,β with α, β ∈ K,

u(P ) = α, v(P ) = β and αq+1+ βq+1 + 1= 0.

(ii) P = Qα with α ∈ K,

u(P ) = v(P ) = ∞,
(u
v

)
(P ) = α and αq+1+ 1= 0.
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Let ζ ∈ K be a primitive(q + 1)th root of unity and consider the automorphisms
σ1 andσ2 ∈ A with

σ1(u) = ζu, σ1(v) = v, and σ2(u) = u, σ2(v) = ζv.
These maps generate a tame Abelian subgroupD = 〈σ1, σ2〉 ⊆ A,

D = {σ i1σ j2 | i, j ∈ Z/(q + 1)Z}, (5.3)

which is isomorphic toZ/(q + 1)Z × Z/(q + 1)Z. The fixed fieldHD of D
is rational, namelyHD = K(uq+1) = K(vq+1), and it is easily seen that only
rational places ofH are ramified inH/HD (hence hypothesis(∗) from Proposition
5.2 holds for all subgroupsG ⊆ D).

LEMMA 5.7. Let1 6= σ = σ i1σ j2 ∈ D with i, j ∈ Z/(q + 1)Z. Then

N(σ) =
{
q + 1 if i = 0 or j = 0 or i = j,
0 otherwise.

Proof. For i = 0 we haveσ = σ j2 ∈ Gal(H/K(u)). In the extensionH/K(u)
exactly theq + 1 zeros ofv are ramified, henceN(σ j2 ) = q + 1. In a similar
manner one shows thatN(σ j1 ) = N((σ1σ2)

j ) = q + 1 for j 6= 0 (observe that
(σ1σ2)

j ∈ Gal(H/K(u/v))). Now letσ = σ i1σ j2 with i, j 6= 0 andi 6= j . We have
to show that none of the placesP = Qα,β resp.P = Qα is invariant underσ .

Case(i). P = Qα,β . Assume thatσP = P . Thenα = u(P ) = (σu)(P ) = ζ iα,
henceα = 0. Moreoverβ = v(P ) = (σv)(P ) = ζ jβ, henceβ = 0. This conflicts
with the conditionαq+1+ βq+1+ 1= 0.

Case(ii). P = Qα. Assume thatσP = P . Then

α =
(u
v

)
(P ) =

(σu
σv

)
(P ) = ζ i−jα.

As i 6= j it follows thatα = 0 which is a contradiction toαq+1+ 1= 0. 2
THEOREM 5.8. LetG be a subgroup ofD (as defined in(5.3)).Then

g(H G) = 1+ (q + 1)(q + 1− r1− r2 − r3)
2r

,

with r = ord(G), r1 = ord(G ∩〈σ1〉), r2 = ord(G ∩〈σ2〉) andr3 = ord(G ∩〈σ1σ2〉).
Proof. Since〈σ1〉 ∩ 〈σ2〉 = 〈σ1〉 ∩ 〈σ1σ2〉 = 〈σ2〉 ∩ 〈σ1σ2〉 = {1}, we obtain

from Lemma 5.7 that∑
16=σ∈G

N(σ) = ((r1− 1)+ (r2− 1)+ (r3− 1)) · (q + 1).
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The result follows now from Proposition 5.2. 2
EXAMPLE 5.9. Leta, b be integers. Define

d := gcd(q + 1, a, b), d1 := gcd(q + 1, a),

d2 := gcd(q + 1, b) and d3 := gcd(q + 1, a − b).
Then there exists a subgroupG ⊆ D such that

g(H G) = 1+ 1
2(d(q + 1)− d1 − d2− d3).

Proof. We consider the cyclic groupG ⊆ D which is generated by the auto-
morphismσ := σ a1 σ b2 . Then

ord(G) = (q + 1)/d, ord(G ∩ 〈σ1〉) = d2/d,

ord(G ∩ 〈σ2〉) = d1/d and ord(G ∩ 〈σ1σ2〉) = d3/d.

The result now follows from Theorem 5.8. 2
EXAMPLE 5.10. Letc > 1 be an odd divisor (resp. even divisor) of(q+1). Then
there exists a subfieldH0 ⊆ H such thatH/H0 is cyclic of degree[H : H0] = c
and

g(H0) = 1+ (q − 2)(q + 1)

2c

(
resp.g(H0) = 1+ (q − 3)(q + 1)

2c

)
.

Moreover the extensionH/H0 is unramified ifc is odd.
Proof. Let q + 1= a · c andb := 2a. With notations as in Example 5.9 (i.e.,G

is the cyclic group generated byσ a1 σ
2a
2 ), we have

d = d1 = d2 = d3 = a, if c is odd,
d = d1 = d3 = a; d2 = 2a, if c is even.

The formula for the genusg(H0) now follows from Example 5.9. Ifc is an odd
divisor of (q + 1) thenH/H0 is unramified becaused = d1 = d2 = d3 = a in this
case and hence

G ∩ 〈σ1〉 = G ∩ 〈σ2〉 = G ∩ 〈σ1σ2〉 = {1}. 2
EXAMPLE 5.11. Leta, b > 1 be divisors ofq + 1, and letd := gcd(a, b). Then
there exists a subgroupG ⊆ D such thatg(H G) = 1+ 1

2(ab − a − b − d).
Proof. In this case we choose the subgroupG ⊆ D that is generated byσ a1 and

σ b2 . Then

ord(G) = (q + 1)2/ab, ord(G ∩ 〈σ1〉) = (q + 1)/a,
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ord(G ∩ 〈σ2〉) = (q + 1)/b and ord(G ∩ 〈σ1σ2〉) = (q + 1)/lcm(a, b).

The result follows from Theorem 5.8. 2
We give yet another example of a tame subgroupE ⊆ A. Let H = K(u, v) be
generated as above, i.e.uq+1 + vq+1 + 1 = 0. Consider the automorphismsτ and
ρ ∈ A given by

τ(u) = v, τ(v) = u, and ρ(u) = v

u
, ρ(v) = 1

u
.

Thenτ 2 = ρ3 = 1 andτ−1ρτ = ρ2, hence

E := 〈τ, ρ〉 (5.4)

is a group of order 6 isomorphic to the symmetric groupS3. Forp 6= 2,3 this is a
tame subgroup ofA.

EXAMPLE 5.12. The genus of the fixed field ofE is

g(H E) =
{

1
12(q

2− 4q + 3) for q ≡ 1 mod 6,
1
12(q

2− 4q + 7) for q ≡ 5 mod 6.

Proof. The automorphismτ fixes exactly the placesP = Qα,α with 2αq+1+1=
0, henceN(τ) = q + 1. One checks easily that

N(ρ) =
{

2 if q ≡ 1 mod 6,

0 if q ≡ 5 mod 6.

As all elements of order 2 inE are conjugate toτ , we obtain∑
16=σ∈E

N(σ) = 3 · N(τ)+N(ρ)+N(ρ2)

= 3(q + 1)+ 2N(ρ)

=
{

3q + 7 if q ≡ 1 mod 6,

3q + 3 if q ≡ 5 mod 6.

The claim follows now from Proposition 5.2. 2
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6. Supplementary Remarks

In Section 1 we defined the set0(q2) = {g > 0 | there is a maximal function field
overFq2 of genusg}, and we remarked that

g ∈ 0(q2)⇒ g 6 (q − 1)2

4
or g = q(q − 1)

2
. (6.1)

The genera of subfields of the Hermitian function fieldH/Fq2 are in0(q2). Com-
bining (6.1) with the results of this paper, we obtain.

Remark6.1. Forq 6 16 holds

0(22) = {0,1}, 0(32) = {0,1,3};
0(42) = {0,1,2,6}; 0(52) = {0,1,2,3,4,10};
{0,1,2,3,5,7,9,21} ⊆ 0(72) ⊆ [0,9] ∪ {21};
{0,1,2,3,4,6,7,9,10,12,28} ⊆ 0(82) ⊆ [0,12] ∪ {28};
{0,1,2,3,4,6,8,9,12,16,36} ⊆ 0(92) ⊆ [0,16] ∪ {36};
{0,1,2,3,4,5,7,9,10,11,13,15, 18,19,25,55} ⊆ 0(112)

⊆ [0,25] ∪ {55};

{0,2,3,6,9,12,15,18,26, 36,78} ⊆ 0(132) ⊆ [0,36] ∪ {78};
{0,1,2,4,6,8,12,24,28,40,56,120} ⊆ 0(162) ⊆ [0,56] ∪ {120}.

Proof. We give the details only forq = 5 andq = 8; the other cases are similar.

q = 5: 0(52) ⊆ {0,1,2,3,4,10} follows from (6.1). By Corollary 4.9 the
Hermitian function fieldH/F25 contains subfields of genus 0,1,2,4 and 10, and
Theorem 5.1 provides a subfield of genus 3.

q = 8: 0(82) ⊆ [0,12]∪{28} follows from (6.1). By Corollary 4.9 the Hermitian
function field overF64 contains subfields of genus 0,1,4,7 and 28. Corollary 3.4
gives subfields ofH of genusg = 22−v(23−w−1) for (v,w) = (0,0), (0,1), (0,2),
(1,1), (1,2), (2,2) and (2,1), so 1,2,3,4,6,12,28 are in0(82). Theorem 5.1
provides a subfield of genus(19− 1)/2= 9, and Theorem 5.8 yields a subfield of
genus 10 (takingr = 3 andr1 = r2 = r3 = 1, with notations as in Theorem 5.8).2
All entries in the tables of Remark 6.1 come from subfields of the Hermitian func-
tion field. We can add the entryg = 1 for q = 13, since 1∈ 0(q2) for all q, see
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[Se]. The results of Remark 6.1 forq = 2,3,4,5 and 9 are known [Se], [X–St],
[G–V 8]. Forq = 8 the fact that 9∈ 0(82) seems to be new [G–V 8].

It is known that{0,1,2} ⊆ 0(q2) for all sufficiently largeq, see [Se]. For an
arbitrary integera > 0 we can prove a weaker result

Remark6.2. Given an integera > 0, there exist infinitely manyq with
a ∈ 0(q2).

Proof. Chooseq such thatq ≡ −1 mod (2a + 1) holds. Thenm := (q2 −
1)/(2a + 1) is a divisor ofq2 − 1 and gcd(m, q + 1) = (q + 1)/(2a + 1). By
Corollary 4.9 there is a subfieldE of H of genus

g = 1

2m

(
q + 1− q + 1

2a + 1

)
(q − 1) = a. 2

In many cases one can easily describe the fixed fieldE = H G (for a groupG of
automorphisms of the Hermitian function fieldH ) in terms of generators ofE.
Here are some examples.

EXAMPLE 6.3 (cf. Corollary 4.9).ConsiderH = Fq2(x, y) with yq + y = xq+1

and the automorphismε ofH/Fq2 given byε(x) = ax, ε(y) = aq+1y, wherea is
a primitive(q2−1)th root of unity. Thenord(ε) = q2−1, and for anym | (q2−1)
there is a unique subgroupG ⊆ 〈ε〉 of orderm. The fixed fieldE = H G can be
generated by two functionsz, t satisfying the irreducible equation

zn = t (t + 1)q−1, with n := (q2 − 1)/m.

Proof. Let t := yq−1; thenH = Fq2(x, y) = Fq2(x, t) with

xq
2−1 = (yq + y)q−1 = yq−1(yq−1 + 1)q−1 = t (t + 1)q−1.

Settingz := xm we obtainE = H G = Fq2(z, t) andzn = t (t + 1)q−1. 2
EXAMPLE 6.4 (cf. also [La] and [L, p. 40]).Here we give equations for some
other maximal curves. Let the Hermitian function field be represented by its Fermat
equation:

vq+1 = (−1) · (uq+1+ 1
)
. (6.2)

We will consider two cases and in both cases we will have thatuq+1 belongs to the
function field of the maximal curve considered and hence Theorem5.8 applies to
both cases.

Case 1.Let k ∈ N andm|(q + 1). Multiplying Equation (6.2) byukm, we get

zm + tk(t q+1
m + 1

) = 0, (6.3)
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wherez = uk · v q+1
m andt = um.

Equation (6.3) is the equation of a maximal curve overFq2 with genusg given
by (see [St 1, Prop. III.7.3])

2g = q + 1

m
(m− 1)− (δ1+ δ2− 2),

whereδ1 = gcd(m, k) andδ2 = gcd
(
m,

q+1
m
+ k).

The fieldK(z, t) is the fixed field of the groupG insideD (notations as in (5.3))
of orderq + 1 corresponding to pairs(i, j) with

i ≡ 0

(
mod

q + 1

m

)
and

mi

q + 1
· k + j ≡ 0(modm).

Case 2: Let k andb be two natural numbers. Raising Equation (6.2) to thekth
power and then multiplying byub(q+1), we get

zm1 = (−1)k tbm · (tm + 1)k, (6.4)

wherem1 andm are divisors of(q + 1), z = (ub vk) q+1
m1 andt = uq+1

m .
Equation (6.4) is the equation of a maximal curve overFq2 with genusg given

by (see [St 1, Prop. III.7.3]) 2g = m(m1−δ1)−(δ2+δ3−2),whereδ1 = gcd(m1, k),
δ2 = gcd(m1, bm) andδ3 = gcd(m1, (b + k)m).

In this case, the fieldK(z, t) is the fixed field of the groupG of the order
(q + 1)2/mm1 corresponding to pairs(i, j) with

i ≡ 0 (modm) and ib + jk ≡ 0 (modm1). 2
Remark6.5. Defining equations for the fieldsH G, whereG ⊆ A is a nona-

belian tame subgroup ofA as considered in Theorem 5.4, are related to Chebyshev
polynomials; for details we refer to [G–S].

Remark6.6. Subfields of the Hermitian function field cover almost all examples
of maximal function fields that we found in the literature, see [D–H], [D–S–V],
[G–V, 1–8], [I], [La], [M–K], [Se], [St 1], [W 1,2].

Except at the end of Section 5 and in Example 6.4 we have not used the fact that
the Hermitian function fieldH can be given by a Fermat equation.

H = K(u, v) with uq+1+ vq+1+ 1= 0.

There is a natural subgroupF of the automorphism groupA to consider here. It
consists of the elementsσ (u) = au+ bv andσ (v) = cu+ dv satisfying:

aq+1 + cq+1 = 1, bq+1+ dq+1 = 1 and aqb + cqd = 0.
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It can be shown that the order of this subgroupF is equal to(q3 − q) · (q + 1).
It would be interesting to determine the genera of fixed fields of subgroups of this
groupF . At the end of Section 5 we have considered subgroups withb = c = 0.
Here we will consider two further examples:

EXAMPLE 6.7 (charK 6= 2). For two elementsb, c ∈ K with bq+1 = cq+1 = 1,
let σ be the automorphism given by:

σ (u) = bv and σ (v) = cu.
We then have that

σ 2n(u) = (bc)n · u and σ 2n(v) = (bc)n · v;
σ 2n+1(u) = (bc)n · bv and σ 2n+1(v) = (bc)n · cu.

Denoting byM the multiplicative order of the elementbc, we have that the cyclic
subgroup ofF generated byσ has order equal to2M. Since we assumed that
charK 6= 2, the cyclic group〈σ 〉 is tame. Denoting byN(σ1) the number of fixed
points of an automorphismσ1 ∈ 〈σ 〉 , one can check that:

N(σ 2n) = q + 1, for n = 1,2, . . . ,M − 1, and

N(σ 2n+1) =
 2, if (q + 1)/M is odd,
q + 1, if M is odd andn = (M − 1)/2,
0, otherwise.

Now it follows from Proposition 5.2 that the genusg of the fixed field of〈σ 〉 is given
by:

4Mg =
 (q + 1)(q − 1)− (q − 1)M, if (q + 1)/M odd,
(q + 1)(q − 1)− (q − 3)M, if (q + 1)/M even andM even,
(q + 1)(q − 2)− (q − 3)M, if M odd.

If M is odd the genus formula above coincides with the one in Example5.5(iv). If
M is even andM is a proper divisor of(q+1), then the genus formula above does
not coincide with the one given in Example5.5(iii). 2
EXAMPLE 6.8 (charK 6= 2). Let m be a divisor of(q + 1). We havem2

automorphisms ofH of the form below.

σ (u) = bv and σ (v) = cu, with bm = cm = 1. (6.5)

These automorphisms generate a subgroupG of F having2m2 elements; the other
m2 elements being of the form below.

τ(u) = bu and τ(v) = cv, with bm = cm = 1. (6.6)
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Sincechar(K) 6= 2, we have thatG is tame. The number of fixed pointsN(τ)
for automorphismsτ as in(6.6)above is easily seen to satisfy (see Lemma5.7):

N(τ) =


q + 1, if b = 1 andc 6= 1.
q + 1, if c = 1 andb 6= 1.
q + 1, if b = c 6= 1.
0, otherwise.

Hence summing overτ as in(6.6), we get∑
16=τ

N(τ) = 3(m− 1)(q + 1). (6.7)

It remains to determineN(σ) for automorphismsσ as in(6.5)above. For these
automorphisms we have:

N(σ) =

q + 1, if bc = 1.

2, if (bc)
q+1

2 = −1.
0, otherwise.

Hence summing overσ as in(6.5), we get∑
σ

N(σ ) =
{
m(q + 1), if (q + 1)/m is even.
m(q + 1+m), if (q + 1)/m is odd.

(6.8)

It now follows from(6.7), (6.8)and Proposition5.2 that the genusg = g(H G)

is given by:

4m2 g =
{

4m2+ (q + 1)(q + 1− 4m), if (q + 1)/m is even.
3m2+ (q + 1)(q + 1− 4m), if (q + 1)/m is odd.

Particularly interesting is the casem = 2. In this case the groupG is the
dihedral group with 8 elements and we have:

g =
{
(q − 3)2/16, if q ≡ 3 mod 4.
(q − 1)(q − 5)/16, if q ≡ 1 mod 4. 2

The following remark was communicated to us by J.-P. Serre:

Remark6.9. The natural action ofA = Aut(H) on thel-adic Tate module
of the Hermitian curve (wherel is a prime number not dividingq) gives rise to a
representationρ: A → GL2g(Ql). The corresponding characterχ is irreducible
and has values inQ. For a subgroupB ⊆ A, the genusg(HB) is given by

2g(HB) = 1

ordB
·
∑
σ∈B

χ(σ ).
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This formula comes from the orthogonality relations for characters of irreducible
representations, applied to the restrictionχ |B and to the identity idB .

As an example, consider the caseq = 8 and a subgroupB = 〈σ 〉 ⊆ A of
order 3. The values of the characterχ can be found in the Atlas of finite groups
[C, p. 64]. Depending on the type ofσ one hasχ(σ ) = −7 or χ(σ ) = −1 or
χ(σ ) = 2. Hence

g(HB) = 1
6(χ(id)+ χ(σ )+ χ(σ 2)) = 1

6(56+ 2 · χ(σ )),

and thereforeg(HB) = 7 or 9 or 10. The caseg(HB) = 9 corresponds to our
Theorem 5.1; the other cases are special cases of Example 5.11.
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sur les corps finis,C.R. Acad. Sci. Paris305(1987), 729–732.

[Le] Leopoldt, H. W.: Über die Automorphismengruppe des Fermatkörpers,J. Number Theory
56 (1996), 256–282.

[M–K] Miura, S. and Kamiya, N.: Geometric Goppa codes on some maximal curves and their
minimum distance,Proc. IEEE Workshop on Information Theory, Susono-shi, Japan, June
(1993), pp. 85–86.

[N–X] Niederreiter, H. and Xing, C. P.: Drinfeld modules of rank 1 and algebraic curves with
many rational points II,Acta Arith. 81 (1997), 81–100.

[R–St] Rück, H. G. and Stichtenoth, H.: A Characterization of Hermitian Function Fields over
Finite Fields,J. Reine Angew. Math.457(1994), 185–188.

[Se] Serre, J.-P.: Ŕesuḿe des cours de 1983–1984, In:Ann. Collège de France, 1984, pp. 79–83.
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