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Semirings of endomorphisms of semigroups form an important class of semi-
rings. All examples which can be found in the literature concern semigroups with
a subcommutative operation. We show that there exists a non-subcommutative
semigroup whose endomorphisms form a semiring (this answers a question raised
by Professor A. H. Clifford). We also give an example of a semigroup whose set
of endomorphisms is not embeddable into a semiring; however it is the disjoint
union of two semirings, but one of these semirings is not embeddable into a semi-
ring with identity.

By a semiring, we understand a set together with two associative operations
+ and - such that x(y+z) = xy+xz and (y+2z)x = yx+xz hold identically. Let
R be a semiring; we denote by (R, +) and (R, -) the additive and multiplicative
semigroups of R. A zero of R is an element 0 of R which is together an additive
identity and a multiplicative zero; an identity of R is an identity of (R,.).

An (additive) semigroup is said to be subcommutative if x+y+z+t =
x+z+y+t holds identically. Semirings arise naturally as sets of endomorphisms
of subcommutative semigroups with the induced addition as addition and the
composition of mappings as multiplication.

In general the set of endomorphisms of any semigroup S is a multiplicative
semigroup, and is a semiring if and only if it is closed under addition (this is
trivially equivalent to f(x)+f(y)+g(x)+g(y) = f(x)+g(x)+f(¥)+g(y) for
all x, y € S, f, g € End(S)). This is in general not satisfied. As an example of an ex-
treme case, if S is the bicyclic semigroup, then no sum f+g¢ is defined in End(S),
except for f = 0 or g = 0 (where 0(x) = O for all x € S).

Necessary and sufficient conditions on a semigroup S under which End (S) is
a semiring are not known; an easy necessary condition is that nx+ny = n(x+y)
holds identically for all n > 1, in which case the semigroup is said to be normal.
This condition simply expresses that, if I is the identity mapping of S, then nlj is
an endomorphism of S for all n > 1. If S is a normal semigroup, then, for any
endomorphism f of S and all n > 1, nfis also an endomorphism of S. Many exam-
ples, in particular the example of section 2, show that the endomorphisms of a
normal semigroup need not form a semiring,
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1. A non-subcommutative semigroup whose endomorphisms form a semiring

Let S be the semigroup generated by a two elements set X = {a, b}, and sub-
ject to the relations a = b+a and 2a+2b = 2a+b. It is easy to check that Sis the
set of all elements having one of the following forms: na, pb, ra+gb (wheren, p, g, r
are positive integers, ¢ = 1if » = 2) with the addition given by the following table,
where p,r,p’,r' 2 1 and n,s,n',s" = 2:

a na b a+rb sa+b
a 2a (n’+1)a a+pb 2a+b (s’+1)a+b
na (n+1)a (n+n’)a na+b (n+1a+b (n+s)a+b
pb a n'a w+p)b a+rb s'‘a+b
a+rb 2a (1+4+n)a a+(r+p)b 2a+b &+1a+b
sa-+b (s+1)a (s+n')a sa+b (s+1)a+b (s-+s)a+b

Since b+b+a+b =a+b # a+b+b = b + a+b+b, we see that S is not a sub-
commutative semigroup. We want to show that End (.S) still forms a semiring. For
any u, v € Ssatisfyingu = u+vand 2u+2v = 2u+v, there exists an endomorphism
S of S such that f(a) = u and f(b) = v. Looking at the multiplication table of S,
we obtain:

PROPOSITION 1. Any endomorphism of S is determined by:

1) f(a) = na+qb; f(b) = pb for some n,p >0, ¢ = 0;
then, for all ia+jbe Swithi = 0, = 0,
) Sflia+jb) = nia+(a(i)q +jp)b,

where ai) =1 if i # 0 and «(i) =0 if i = 0.

PRrOOF. It is clear on the definition of the addition in S that f(a) = f(b)+f(a)
is equivalent to (1). Also, if f(a) and f(b) are given by (1), we have:

2f(a)+2f(b) = na+qb+na+qb+2pb = na+qb+na+qb+pb = 2f(a)+f(b)
so that the mapping fof S to S defined by
flia+jb) = if(@)+if (b) = i(na+qb)+jpb = nia+(a(i)g+jp)b
is indeed an endomorphism of S.

THEOREM 2. End(S) is a semiring.

PrOOF. To show that End(S) is closed under addition, let £, g € End(S) and
write f(a) = na+gb, f(b) = pb, g(a) = ra+sb, g(b) = tb for some positive in-
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tegers n, p, r, t and non negative integers ¢, s. We then have to prove that, for any
two elements x = ia+jb, y = i'a+j'b of S, the two expressions

A =f(x)+f(»)+g(x)+g(y) and B = f(x)+g(x)+f(¥)+g(y)
are equal.
i) First, if i’ # O, then ri’ # 0 and

A = f(ia+jb)+f(i'a+j'b)+glia+jb)+g(i'a+j'b)
= nia+(x(i)g+jp)b+ni'a+(q+pj’)+ria+(a(i)s+t)b+ri'a+(s+4')b
= (n+r)(i+iYa+(s+4')b;

similarly B = (n+r)(i+i')a+(s+1')bso that 4 = B.
ii) If now i’ = 0, but i # 0, then the above expression of A4 simplifies to:

A = nia+(q+pj)b+pj'b+ria+(s+1)b+1i'b,
B = nia+(q+pj)b+ria+(s+4)b+pji'b+1j’b.

Since ri # 0, we obtain 4 = (n+r)a+(s+tj+14')b and B = (n+r)a+(s+tj+
pi'+1')b. If j' = 0, then trivially 4 = B. If j' # 0, then s+¢#+pj'+4’ = 1 and
s+tj+1’ = 1; also (n+r)i = 2, whence 4 = B.

(iif) Finally, when i =i’ =0, 4 = (j+j')(p+1t)b = B. Thus End (S) is
closed under addition whence is a semiring,.

There exists a bijective correspondance between endomorphisms of S and the
set of triples (n, g, p) such that f(a)-= na+gb, f(b) = pb, which permits us to
represent the semiring R as a semiring of triples. More precisely, if r = 0 and
s20,let B(r) =rif r =0 ors < 1and B,(r) = 1 otherwise; then we have the
following:

CoRrOLLARY 3. The set of all triples (n, g, p)(where n > 0, ¢ = 0, p > 0 are
such that ¢ £ 1 if n > 1) together with the following operations

(n g, p)+(n',q',p") = (n+n',q',p+p’),
(n, 4, p)(,q',p') = (', Bun> (q+P4"), PP')
is a semiring isomorphis to End(S).
Proor. It follows immediately from the definition of the operations in
End(S) that, if f(a) = na+qb, f(b) = pb, g(a) = n'a+q'b and g(b) = p'b for
some f, geEnd(S), then (f+g)(a)= (n+n)a+q'b, (f+9)(b) = (p+p')b;

(f9)(a) = nn'a+(q+pq')b = nn'a+ B, (q+pq’)b, (fg)(b) = pp’'b. Thus the re-
sult holds.
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2. A semigroup whose set of endomorphisms is not embeddable info a semiring

Let S° be the semigroup obtained by adjunction of a formal identity of S.
For any endomorphism f of S°, f(0) = 0 holds, since O is the unique idempotent
of S°; moreover observe that, if f(a) = 0, then 0 = f(a) = f(a)+f(b) = 0+1(b)
= f(b) implies f(b) = 0; hence the only endomorphism of S® which sends a
upon 0 is the trivial endomorphism 0 defined by: 0(x) = 0 for all x € S°. Therefore
any endomorphism of S° must be of one of the following types:

(A): f(a),f(b) € S, so that f'is the trivial extension to S° of an endomorphism
of S; we shall identify the set of such endomorphisms with End (S) in the obvious
way and therefore consider End(S) as a subset of End (S°).

(B):f(a) e S°, f(b) = O; observe that for any u = na+pbe S°, 2u+20 =
2u+0 and u = 0+u, whence there exists an endomorphism of type (B), say f,
such that f(a) = u,f(b) = 0. Clearly, if f(a) = na+pb, for all ia+jb e S° (i, j = 0),
3) flia+jb) = if(a) = i(na+pb) = nia+4,(i)pb,
where 6,(0) = 0, d4(i) = iand ,(i) = 1if in # 0. We denote by R the set of such
endomorphisms of S°. Clearly End(S°) = R U End(S), R n End(S) = §.

THEOREM 4. With the induced addition as addition and the composition of map-
pings as multiplication, R is a semiring with zero.

PrROOF. Again we need to show that 4 = f(x)+/f(y)+g(x)+g(y) and B =
S(x)+g(x)+f(»)+9(y) are equal for all £, g € R and x, y € S°. This is trivial in
case whenf = 0 or g = 0, or in case x(y) equals jb (j = 0). Therefore let x = ia+
Jb, y =i'a+j'b where i,i’ > 0, j,j' = 0; let f and g be defined by f(a) = na+pb,
g(a) = ra+tb (n,p,r,t 2 0), f(b) = g(b) = 0, with n and p (r and ¢) not both
Zero.

i) Assume first that r # 0; then 6,(i) = 6,(i’) = 1 whence

A = nia+96,(i)pb+ni’'a+6,(i Ypb+ria+th+ri'at+th = (n+r)(i+i)a+1b;
similarly B = (n+r)(i+i')a+tb; thus 4 = B.

i) If r =0,n # 0, thend, (i) = i, 6,(i") = i’, 6,(i) = 6,(i") = 1; also t # 0
since ra+tb € S. Then

A = nia+pb+ni'a+pb+tib+ti'b = n(i+i)a+ (p+t(i+i'))b;

_ B = nia+pb+tib+ni'a+pb+ti'b = b(i+i')a+(p+1ti')b.

Also n(i+i') 2 2, p+t(i+i’) =2 1, p+#i’ = 1; whence 4 = B.

(iii) Finally, incaser = n = 0, then 4 = (p+t)(i+i')b = B trivially.
As any element of R is determined by its action on a, it is possible to repre-
sent R by means of ordered pairs as follows:
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COROLLARY 5. The semiring R is isomorphic to the semiring consisting of all
pairs (n, p) of non negative integers n, p such that p = 1 whenever n = 2 with the
following operations:

(n,p)+(m,p') = (n+n, Byrw(p(n)p+p"))
(n,p)(n', p') = (nn', B (S4(n")P)),

where § and § are as in Corollary 3 and formula (3) and p(n’) = 0 if n’ # 0,
p()=0if n #0.

ReMARK. Clearly R has no identity and its addition is not subcommutative;
this will also result from the following:

PROPOSITION 6. R is not embeddable into a semiring with identity.

Proor. If R were embeddable into a semiring R’ with identity 1, then, for all
X, ¥, Z2€ R, the relation y+xy+z+xz = y+z+xy+xz would hold in R, since
both members of this relations are equal to (14+x)(y+z) in R'. But, if x = (1, 0)
= yand z = (0, 1), then

y+xy+z+xz = (2,1) # (2,0) = y+z+xy+xz.
Thus R is not embeddable into a semiring with identity.
COROLLARY 7. End(S®) is not embeddable into a semiring.

Proor. If End(S°) were embeddable into a semiring R’, then R would be
embeddable into a semiring with identity: {re R’; rlgo = Isor = r} (where I5
is the identity mapping of S°) which is clearly a subsemiring of R’ containing
End(S°) and has I as identity. This is impossible by propostion 6.
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