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Kelvin-Helmholtz instability in MHD flows
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Abstract. The Kelvin-Helmholtz instability (KHI) could be a potential source for some of the
Alfvénic fluctuations observed in the solar wind. The nonlinear evolution of KHI is examined in
2+1 dimensions in the context of magnetohydrodynamics. We derived a nonlinear Schrödinger
equation (NLSE) and we obtained soliton solutions of this 2+1 dimensions NLSE.
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1. Problem Formulation
The KHI occurs in fluids and plasmas when shear in the unperturbed flows is presented

across the interface between two different layers. This instability has been investigated
in detail in various physical situations, such as the magnetospheric boundary layer, as-
trophysical jets, the solar wind,a dynamically evolving, turbulent MHD and laboratory
plasmas (Chandrasekhar, 1961). Andries and Goossens studied the effect of the velocity
shear between the coronal plume and the interplume region on the spectrum of MHD
waves trapped in the plume. This type of instability may be excited at the boundary of
the magnetosphere by the solar winds (Andries et al., 2000, Andries et al., 2001).

In this paper, we consider two-dimensional semi-infinite, incompressible fluids sepa-
rated by the interface z = 0, along the direction of streaming. The fluid of density ρ1

with magnetic permeability µ1 occupies the half-space z < 0, and the fluid of density
ρ2 with magnetic permeability µ2 is in the half-space z > 0. The lower and the upper
fluids are moving along the x-axis with uniform velocities U (1)and U (2). The system is
under the influence of a gravitational force g(0,0,-g). The basic equations governing the
velocity potential φ (v = ∇φ) and the magnetic potential ψ(H = −∇ψ) are

∇2φ(1) = ∇2ψ(1) = 0, −∞ < z < η, ∇2φ(2) = ∇2ψ(2) = 0, η < z < ∞, (1.1)

with
∣∣∇φ(1)

∣∣ → 0,
∣∣∇ψ(1)

∣∣ → 0 as z → −∞, and
∣∣∇φ(2)

∣∣ → 0,
∣∣∇ψ(2)

∣∣ → 0 as
z → ∞. The boundary conditions at the free interface z = η(x, y, t), are given by

∂φ(j)/∂z − ∂η/∂t − (U (j) · ∇)η = ∇φ(j) · ∇η, µH(1)
n = H(2)
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, j = 1, 2, (1.3)
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where µ = µ1
µ2 , Hn and HT represent the normal and tangential components of the mag-

netic field. Both magnetic fluids are assumed to be linearly magnetizable. The nonlinear
stability problem posed by Eqs. (1.1) to (1.3) is examined.

2. Linear and Nonlinear Analysis
The method employed is that of multiple time and space scales [Nayfeh, 1981]. Lin-

earized equations for the system are derived and the dispersion relation is obtained as

D
(
ω, k, l, U (j)

)
=

ρjσ
2
j

ρ1 + ρ2
− k − k3 − kl2 − (k + l)2

(
H2

4πµ2 (ρ1 + ρ2)

)
(1 − µ)2

µ + 1
, (2.1)

where σj = (k + l)U (j) − ω. The neutral point of the instability occurs at

(
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)2

=
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2
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(
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+

(
H2
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)
(1 − µ)2
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)
. (2.2)

It is obvious from (2.1) and (2.2) that the system is unstable for U � Uc and the system
is stable for U < Uc. From The second- and third-order theories, we have derived a NLSE
for the wavenumbers, when the velocity difference between the lower and the upper fluid
is less than the critical velocity Uc as

2i
∂A

∂τ
+

∂2A

∂ξ2
1

+
∂2A

∂η2
1

= Q |A|2 A, (2.3)

where ξ1 = x1

P
1/2
1

, η1 =
(
P3 − P 2

2
P1

)−1/2 (
y1 − P2

P1
x1

)
, τ = t2, and Q ; P1 ; P2 ; P3

are constants. Eq. (2.3) have soliton solutions as (Khater et al. 2001, 2003)

A =
√

2C/Q sec
(√

C (d0τ + d1ξ1 + d2η1) + d
)

exp i (c0τ + c1ξ1 + c2η1) (2.4)
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√
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C/2 (d0τ + d1ξ1 + d2η1) + d
)
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Where C, d0, d1, d2, c0, c1, c2 are real constants. The soliton stability of Eq. (2.3) can be
obtained by deriving the functional relation δL/δA∗=0, from the Lagrangian
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∫ ∫ (
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))
dξ1dη1. (2.6)

3. Conclusion
The nonlinear stage of the two-dimensional KHI is studied by including the effect of

surface tension between the two fluids. By using the multiple scales method linearized
equations for the system are derived and the dispersion relation is obtained. From the
second- and third-order theories, we have derived a NLSE in 2+1 dimensions, when the
velocity difference between the lower and the upper fluid is less than the critical velocity
Uc. We obtained the soliton solutions of 2+1 dimensions NLSE. This allows to discuss
the stability of the soliton solutions.
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