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On geometric duality for
state-constrained control problems

T.R. Jefferson and C.H. Scott

For convex optimal control problems without explicit pure state
constraints, the structure of dvual problems is now well known.
However, when these constraints are present and active, the
theory of duality is not highly developed. The major

difficulty is that the dual variables are not absolutely
continuous functions as a result of singularities when the state
trajectory hits a state constraint. In this paper we recognize
this difficulty by formulating the dual probram in the space of
measurable functions. A strong duvality theorem is derived. This
pairs a primal state constrained convex optimal control problem
with a dual convex control problem that is{unconstrained with
respect to state constraints. In this sense, the dual problem is

computationally more attractive than the primal.

1. Introduction

Perhaps the most powerful concept associated with modern optimization
theory is that of duality by which one can replace an optimization problem
by an equivalent, but structurally different problem. This has proved
immensely profitable for mathematical programs both in the computational
and interpretational sense. Currently much of this work is being
generalised from finite dimensional spaces associated with mathematical
programming to various function spaces [Z]. As such a mathematical setting
directly embraces the field of optimal control theory, it is natural that

there is now considerable interest in duality for optimal control problems.
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Previous developments have used both lagrangian [1], [3], and conjugate
function methods [4], [5), [6], [8], [11], to derive duals to control
problems. Generally speaking, conjugate function apgroaches are preferable
to lagrangian methods since they completely separate primal and dual
variables and result in an independent dual program. However, these

methods have not, as yet, handled pure state constraints explicitly.

Here we develop a dual formulation for an optimal control problem with
explicit constraints on the state variables. Specifically we use an
extension of generalised geometric programming [7] to function spaces.
Technical complications arise since explicit state constraints in the
primal induce singularities in the dual (costate) variables. Hence the
dual must be formulated in a very general function space; the space of
measurable functions. We obtain a dual which is unconstrained as far as
explicit constraints are concerned. This is of computational value in the

development of algorithms.

2. The control formulation
We consider an optimal control problem of the form

T

t,
ofl( i

(1) (A) minimize [J 1

(8), 1w (9)ds+2 (a0} zy(D)]

subject to explicit state constraints,

(2) fi(t’ xi(t)) < 0 , almost everywhere on [0, T] , 7 € Il s

explicit control constraints,

(3) f;(t, ui(t)) < 0 , almost everywhere on [0, 7] , 1 € I,

explicit mixed constraints,

(L) fi(t, xi(t), ui(t)] < 0 , almost everywhere on [0, T] , < € I

implicit constraints,

(5) z €C . u €U

and a subspace condition,
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(6) Ty =T, s Uy U almost everywhere on [0, 7] , Z € U Ik ,

—
-
e
ok
~
1]

A(t)xo(t) + uo(t) , almost everywhere on [0, T] .

The minimization is taken over the states &z, : lo, 7] » R*,

absolutely continuous functions for any % and controls u; [0, T] » Rn,

measurable for any 7 . zy is restricted to the set of functions Cl

which is closed and convex; ul is restricted to the closed and convex set

of functions U; . The f%(t, e, *) and fi(t, «) are closed convex

functions. I 1is a closed convex function of the initial and terminal
states.
For program A to be well defined, we require that:
(i) fi(t, ), fk(t, *, *) are normal integrands in the sense
of Rockafellar [9];

(ii) A(t)xo(t) is a normal integrand;

(iii) there exists a finite bounded solution to (A).

The system dynamics (7) may be solved and yield
t
(8) zo(t) = 0(, 0)zy(0) + [ ok, Dug(v)dr
0

where ¢ is the transition matrix and satisfies
(9) 6 = A(t)e(e, 1)
with &(t, 1) =1 .

With the program, as stated, we can commence the development of a
duality theory which is suitable for handling state constraints. In the
following section, we will develop duality in this context. The resulting
conjugacy theory will be applied to program A to develop program B, its

geometric dual, in Section 4.
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3. Conjugacy

In order to handle state constraints, we require the most general
pairing of dual spaces; that is, function spaces with measures. For our
purposes, we will decompose the measure into two parts: absolutely

continuous and singular. Thus the function x(¢) is paired with ya(t)

and ys(dt) so that the inner product is

T T
(10) (o, y) = j 2y (£)dt + j £(t)y, (de)
0 0

It has been shown [10], that y, 1is zero in the absence of state

constraints. However, as we propose to deal with state constraints, it is

necessary to develop conjugacy in full generality.

DEFINITION 1. fThe conjugate transform of a functional

T
J flt, z, u)dt defined on x €C and u €U , [U fdt, ¢ x U:” is
0

[¢, D] and is defined by

T 7
Gly, v) = J g(t, y,» v,)de + J s(t, y (de), v _(dt))
0 0
T .
= sup {(x, y)+u, v) - J fle, =, u)dt} ,
x€C 0
u€l

where g and s are conjugate transforms of the integrand at time
t([f, c(¢) x U(t)]) and are its absolutely continuous and singular parts

respectively. In particular

g(t, Yo va) = (tizg(t) {(x(2), ya(t))+(u(t), va(t))
X
u(t)eu(e)
—f(t9 x(t)9 u(t))} H
s(t, y ldt), v (dp)) = x(t?zg(t) {<(t), y (de)r+u(t), v (dtD} ,
u(t)eu(e)

where (+, +) denotes the usual inner product,
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T
D= {(y, v) | sup {(.r, yrHu, v) - I flt, =, u)dt} < co} .
x el

uey

0

Further g and s are defined on Da(t) and Ds(t) respectively,

where

=]
o+
1]

(t), v () | Cz(t), y (t)Hu(t), v (£))
{(v, o8 o2 { Y, B
u(t)€u(e)

-ty 2(£), ult))} < =},
D (t) = {[ys(dt), vs(dt)) | sup  {{=z(t), y (de) ¥ u(t), vs(dt))} < o},

z(t)ec(et)
u(t)ev(e)

Hence D = x (D (t) xD (t))
t€[0,7] 8

In the case of constraints such as
flt, x, u) = 0 , almost everywhere on [0, T] ,

the conjugate transform of [0, f(t, x(¢), u(t)) = 0] is the positive

homogeneous extension of the conjugate transform

glt, y, (), v (£))dt + (¢, y (dP), v (d¢))

DEFINITION 2. The positive homogeneous extension of
glt, y (2), v (0)) is g'(t, y (8), v (8); A ()] and is given by

7

s Ca(e), y (e)+ult), v (&)
2(£)€0(%) (e Ya “ a(t0}
ult)eu(e)

g (£, 5, (), v (8); A (8) = 4 i A le) =0,

A (8)gle, y ()/A (2), va(t)/xa(t))

if xa(t) >0 .

\

DEFINITION 3. The positive homogeneous extension of
s(¢, ys(dt), vs(dt)) is s+(t, ys(dt), vs(dt); As(dt)) and is given by
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f sup {(x(t), ys(dt) )+(u(t), v (dt) )}
x(t)€Cc(t) ®

u( t) eU(t)

et (¢, y,(dt), v (de); A (de)) = 3 if A (dt) =0,

Ag(de)s (£, y (dE)/A (dE), v (dE)/A (dt))

if xs(dt) >0 .

Here (-, *) represents the usual inner product; ys(dt)/)\s(dt) and
vs(dt)/ks(dt) are the Radon-Nikodym derivatives. Both s and s* are

+ +
well defined from the original definition of s g and s are defined

+ +
on Da(t) and Ds(t) where

s

+
Da(t) = {(ya(t), va(t); Aa(t)) | x(t?gg(t) {¢z(¢), ya(t))
u(t) eu(t)
Hu(t), va(t))} < o for )\a(t) = 0}
u {{y, (), v (2)s A () | {y () (), v (8)/A () €D (2), A (£) > o}
and
Di(¢) = (dt), v_(dt); A_(dt)) | (x(t), y_(dt))
s 12 "s 5(d) x(t?gg(t) e Ys
u(t)eu(t)
+u(t), v (de)} < = for A (dt) = o}

v {(us(dt), v (dt); As(dt)) | (ys(dt)/ks(dt), vs(dt)ﬁ\s(dt)) € D (¢),
)\s(dt) >0} .

Thus the conjugate transform of |0, f(£) <0, ¢ € [0, T]| is
[6*(y, v; A), D*] and is defined by

¢y, v; A) = JT g+(t y (t), v (£); A (t))dt
0 > Ja > “a > "a

T +
. j s*(t, y,(dt), v (de); A (dt))
0

and D = x  (p%(#) x p¥(2)) .
t€lo,r] ¢ 8

As a consequence of the definition of the conjugate transform, we have

the following conjugate inequality. For x € C and u € U ,
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T

T 7
flt, =, w)dt + J g(t, Yy va)dt + J s(t, y (de), vs(dt))
0 0

(11) JO

= (x, y» +{u, v) .

For the particular case of the positive homogeneous extension, the
conjugate inequality takes the form
T

T
(12) J g (¢, Yy (t), v ()5 A (¥))dt + J

+
o , ¢ (6 gglar), v(de); A(at)

>z, y» + Cu, v?,

for z €C, u €U, f(t, x, u) =0, almost everywhere on [0, T] , and
(y, v; \) €D .

We are interested, of course, in the inequality holding at equality
since in this case there is no duality gap. In order to study this, we

require the concept of subvariation.
DEFINITION 4. The subvariation of a functional J flt, =, u)dt 1is

the set 9 J f(t, x, u)dt where

3 Jf(t, z, u)dt = {(y, v) | J flt, z, u)de+ z-, Y+ g-u, )
sj ft, & 2)dt, for all (3, %) € ¢ x u} .

Hence, by construction, (11) holds at equality if and only if
(y, v) €23 J f(t, =, u)dt . For the positive homogeneous extension, we
have two cases to consider. If XA > O , then {12) holds at equality if and
only if (y/A, v/A) € 9 J flt, x, u)dt . This is a consequence of the

conjugate inequality for convex functionals. We now consider the case of
A, (£) = 0 ,which implies that (ya(t), va(t)) = (0, 0) ,and A_(dt) =0 ,

which implies that (y,(dt), v (dt)) = (0, 0) . This is the case when
(x, u) are defined over the whole space,which is the case for constraints
(2), (3), and (L4) in (A). With the convention that )3 I flt, z, u)dt

means that the scalar multiplier Aa multiplies the absolutely continuous
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part of 3 J (¢, x, u)dt and A, multiplies its singular part, (12)

holds at equality if and only if (y, v) € A3 J flt, =, u)dt .

4. Duality

The dual to (A) is the following optimal control problem

T
. . . +
(B) minimize Jo gl(t, Y1g° vla)dt ) J gi(t, Y0 Xia)dt
zEIl

+ +
+ ¥ j g; (8 vys A )de + ¥ J 9, (8> ;00 Vi M)A
LGIZ L€I3

T T
+ mlyy(0), yo(D) + jo ol by la0) + 3 Jo sH(ts y, (de); A, (dt)
1

subject to implicit constraints:

(yo(0),s y(M)) €u,

(yl’ vl) € Dl >

+
(yt, Ai) €D, i €I ,
(vz, Ai] € DZ , 1 € I2 .
(v, v;5 A) € DZ , eI,

and subspace

JT o*(¢, o)[

, }Z y
0 1€{0,1 u11u12u13

T
+ j oA ¢, o)[ yis(dt)) =0,

5
ié(fqul

and
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T
' v (t) = - J o*(t, t)[ ) yia('r)\dr
i€{1}ur, I, v t ie{0,1}0F v 0T, J
JT
- o*(T, t)[ Y. (dr)] .
t ie{gu.rl s

where ¢* denotes the adjoint of ¢ .

We note that singular parts only appear in the costate variables

7 € {1} u I, and are associated with the implicit and explicit primal pure

state constraints. The dual subspace is the orthogonal complimentary sub-

space of the primal subspace (6) and (7); m is the conjugate transform of

1 and is defined on the convex set M . J gldt + J sl(dt) is the
conjugate transform of J fidt . J g;dt + J sZ(dt) , 1€ I, » is the
positive homogeneous extension of the conjugate transform of J fidt s

7 €I . J g;dt , 1 € 12 U I3 » is the absolutely continuous part of the

positive homogeneous extension of the conjugate transform of J ftdt s
7 € I2 §] I3 . The implicit constraints derive from the associated
conjugate transforms.

At the optimality, we have for feasible primal and dual trajectories
that

¥y € al(xo] .
y, €9 I fl(t, ), ul]dt s

Y.

; €20 in(t, z )t , i €I

1 k]
v; € J fi[t, ui)dt , T €I,

(y;» v;) € A9 J Fi(t, z;, w)de , i ¢ I, .
The results given in this section are proved in Theorem 1 which

follows.
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THEOREM 1. Given that Programs A and B are both consistent and the
funetionals have the properties stated in Section 2, then for feasible
solutions (x, u) and (y, v, A) of Programs A and B respectively, we
have that (z, u), {y, v, A) satisfy the optimality conditions if and only
if (x, u) and (y, v, A) are optimal for Programs A and B respectively.

In either case, the primal and dual objective functions sum to zero.

Proof. Assume first that the optimal points for Programs A and B are
(x*, u*) and (y*, v*, A*) respectively. Let (y', v', X') satisfy the

optimality conditions with respect to (x*, u*) ; that is,

y4 € 9t(=y) ,
y; €3 jfl(t, af, u{)dt .
y) €AlD in( . xF)de ier,

] ' * .
v} €112 in[t, ui) , T€I,,

b o) €22 | 7o, mpou) L i e

We condense these results to
(y’a v” A') € BF(Z*, u*) .
Since the functionals are closed and convex, the primal and dual
objective functions sum to (x*, y') +{u*, v') . We define X +to be the

subspace associated with (6), (7) of Program A. If 3F(z*, u*) n X* £0,
choose (y', v', A') to be in this intersection. Then

(xt, y") +Cu*, v") =0 . If (y*, v* A*) is optimal for Program B, it
must belong to OJF(x*, u*) n xL since otherwise it would be either

infeasible or non-optimal.

1
We now prove dF(x*, u*) N X to be non empty by contradiction.
L
Suppose JIF(x*, u*) N X =@ . Let P(x*, u*) be the closed convex cone
of feasible directions at (x*, u*) . Now 3JF(x*, u*) n P(x*, u*) is a

4
compact convex set and ¥ is a subspace.
By the Hahn-Banach Theorem, there exists a function (5, ﬁ) such that

(z, y) +{u, v’ =0 for (y, v, A) € XL ,
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and

(z, y) + (%, v) <0 for (y, v, A) € IF(x*, u*) n P(x*, u*)

This implies that (x*+0%, u*+ou) € x and the objective function of
the primal decreases for some positive value of « . This contradicts the

optimality of (x*, u*) .

Suppose now that {z*, u*) and (y*, v*, A*) satisfy feasibility and
the optimality conditions. The primal and dual objective functions sum to
zero as a direct consequence of feasibility and the conditions for equality
of the conjugate inequality. Optimality is guaranteed by the fact that the
negative of one objective function provides a lower bound on the value of
the other and the fact that they sum to zero. Thus (x*, u*) and

(y*, v*, A*) are optimal.
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