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ANALYTIC STRUCTURES FOR H® OF CERTAIN
DOMAINS IN C»

ERIC P. KRONSTADT

Let @ C C* be a bounded domain; let H”(2) be the uniform algebra of
bounded analytic functions on @; and let £(Q) be the maximal ideal space of
H>*(2). In the weak- topology of (H”(2))*, Z(Q) is a compact Hausdorf space
in which @ is embedded in a natural fashion, so that to every g € H®(Q) there
corresponds the Gelfand transform g € C(2(Q)); 2|Q = g. Let &4 =_#(Q)
be the weak-x closure of @ in Z(Q). We want to know when .#\Q contains
analytic structures of dimension #. More precisely, if % is a domain in C¥,
an analytic map from % to =(Q) is a function, f: % — 2(Q), with the
property that for every g in H*(Q), ¢ o f is holomorphic on %. An analytic
structure of dimension k is the range of a one-to-one analytic map from a do-
main in CF into 2(Q). We shall prove the following theorem. (A sequence
{zx}o1 C Q is an 1nterpolating sequence if the map T : H*(Q) — I” given by
Tf = {f(zx)}%=1 is surjective.)

TureoreM 1. If @ C C* is a bounded homogeneous domain, {z.}51 C Q 1s an
interpolating sequence, and m € M\Q is in the weak-x closure of {z,}%-1, then m
s contained in an analytic structure of dimension n.

In the case # = 1 and Qis the unit disk, D, K. Hoffman [7] showed that being
in the closure of an interpolating sequence is necessary and sufficient for con-
tainment in a one dimensional analytic structure. That result is just part of
the material in [7], where Hoffman gives a rather complete description of # (D).
Although interpolating sequences play a central role in Hoffman’s paper, the
interpolation property appears to be incidental. Rather, certain characteristics
of Blaschke products which vanish at the points of an interpolating sequence
are crucial to the story. Similarly, in this paper, another property, that of
strong separation, which is possessed by interpolating sequences, plays the
central role. We will find that the notion of strong separation yields a neces-
sary and sufficient condition for the embedding of certain types of #-dimensional
analytic structures in.#.

1. Notation and preliminary material. Let ¥ be the group of auto-
morphisms (biholomorphic maps) of @ onto itself. It is possible that & may
be trivial. On the other hand, if & is transitive, .. if for every pair of points,
pand ¢ in Q, there is an element in % which carries one into the other, the
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domain Q is said to be homogeneous. Throughout the remainder of this paper,
Q will be a bounded homogeneous domain containing the origin. Examples of
such domains include simply connected domains in G, polydisks, balls, and
Cartesian products of bounded homogeneous domains. The reader is referred
to [3; 8; or 9] for descriptions of more complicated bounded homogeneous
domains.

Let.oZ be the set of analytic maps (not necessarily one-to-one or onto) of
into itself. For 2 € Q, let. o7, = {f €./ : f(0) = z}, and let F,= G N A,
the set of automorphisms of @ which carry 0 into z.

If f= (fi,...,fu isa holomorphic C*-valued map defined on a neighbor-
hood of z € C*, we will let Df(z) denote the Jacobian matrix,
_ 9
DFE) s = 3 ).

The determinant of Df(z) will be denoted by Jf(z). The following elementary
facts are doubtlessly well known.

ProrositioN 1. Let Q be a bounded homogeneous domain in C".
DIfz€Qundg€ G, then9,=g30% and o/, = go .o,
i) Iff € o0, then |Jf(0)] £ 1.
iii) The function g — |Jg(0)| is constant on G ,. If J,
then |Jf(0)| < J, for every f in ./ ,.
iv) The functionz — J,1is continuous on Q.

[7g(0)| for g € F .,

Proof. Statement (i) is evident. If f € .o/ and [Jf(0)| = R > 1, let f, be
the composition of f with itself # times, then f, € .27, and |[Jf,(0)| = R".
Since Q is bounded, a subsequence of the f,’s converges uniformly on compact
sets to an element in.2/, with an infinite Jacobian determinant. Since this is
impossible, (ii) is proved. From (ii) it follows that if g € %, then |J,(0)| =
[Jo-1(0)|7* = 1, and |Jf(0)] £ 1 = J,, for every f in .o/, This gives (iii) in
the case where z = 0. The general case follows from this and statement (i).
To prove (iv), fix zp and ¢ > 0. Suppose that for every integer N, one can find
zy € @ such that |zy — 20| < 1/N and |/, — J,| > e Let gv € 9 ,;
there are subsequences of {gy} and {gy~!'} which simultaneously converge
uniformly on compact sets to maps ¢ and £, respectively. Clearly & = g1,
and g(0) = 2,0 g € ¥,,. But then

then

0 = ||Jg<0)| - JZO| = |LiInN IJgN(O)I - Jzo| = LiInN IJZN - -/zo| > e

This contradiction proves (iv).

Since.# is a compact Hausdorf space, it follows that the Cartesian product
AM* (the set of all functions from Q into.# with the topology of pointwise
convergence) is also compact. Let & C .#* be the set of analytic maps from
Q to#. The set # is a closed, hence compact, subset of #2. Considering & as
a subset of A2, its closure in.#%, which we denote by.%, is compact.

https://doi.org/10.4153/CJM-1978-075-4 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-1978-075-4

ANALYTIC STRUCTURES 865

2. Strongly separated sets and strong analytic structures. We will
use the symbol H,”(Q) to represent the space of bounded, C*-valued holo-
morphic functions on Q. If F € H,”(Q), F is the continuous C"-valued function

on Z(Q) whose components are the Gelfand transforms of the components
of F.

Definition. Let m € M. A strong analytic structure of dimension n, containing
m is the image of a map ¢ € &/ with the property that ¢(0) = m, and
|7(G o ¢)(0)| > 0, for some G € H,”(Q).

Clearly if |J(G 0 ¢)(0)| > 0, then G o ¢ is invertible in a neighborhood of 0,
and ¢ is a one-to-one biholomorphic map of a neighborhood of 0 into.#.

Definition. A set S C Q is strongly separated if there is a constant r > 0, and
a map G € H,”(Q), such that for every s € S, G(s) = 0, and |[JG(s)|J, = r.

It is clear that a strongly separated set is discrete, hence countable. One can
show directly that if © is the unit disk in G, then a set is strongly separated if
and only if it is an interpolating sequence. This fact will also follow from
Theorems 3 and 4.

Our central result is the following generalization of Theorem 3.4 of [7], and
extension of Theorem V of [4].

THEOREM 2. If Q 1s a bounded homogeneous domain in C*, and m is @ maximal
ideal in M\, then m is contained in a strong n-dimensional analytic structure if
and only if m 1s in the closure of a strongly separated set.

Proof. Suppose first, that m is in the closure of a strongly separated set S.
Then there is a map G € H,”(?), and a constant » > 0, such that for every
s €S,G(s) = 0,and |[JG(s)|J, > r. For each s in S, choose g, € ¥ . Since m
is in the closure of S, there is a net {s.}aca C .S which converges to m. The
corresponding net {g, Ja«ca has a converging subnet, {g;,},cy, in the compact
set &/ C.M* Leto = Lim, g,,. Then $(0) = Lim, g,,(0) = Lim, s, = m, and
G o g,, converges uniformly on compact subsets of @ to Go¢ € H,”(Q).
Hence J(G o g;,) (z) converges uniformly on compact subsets of @ to J(G o ¢)
(z). Since

IJ(GOgS,,)(O” = IJG(SV)|J3,, >,

it follows that |J(G o ¢)(0)] = r, and m is contained in a strong analytic
structure of dimension #.

Before proving the converse we need to state the following lemma from
advanced calculus (c.f. [5, Lemma 3.2]). Let D"(r) be the polydisk of radius r
in C, let || - || represent the operator norm on n X n matrices, and let I be
the # X % identity matrix.

LeMMA 1. For every € > 0 there s a 6 > 0, such that whenever F : D"(e) —
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C" satisfies |F(0)| < 8 and ||DF(z) — I|| < 6, for all 2 in D*(e), 1t follows that
F() = 0, for a unique point b € D"(e).

Now suppose m is contained in a strong #-dimensional analytic structure.
Then there are maps G € H,”(Q) and ¢ € &/ for which ¢(0) = m, and
[J(G o)) =R > 0. We can assume G(m) = 0. Since ¢ € .o, there is a
net {¢a}aca C &, such that ¢ = Lim, ¢,. If t, = ¢.(0), thent, € Q, and m =
Lim, ¢,. By the inverse function theorem, there is a compact polydisk of radius
r > 0, D"(r), contained in 2, on which G o ¢ isinvertible and |7(G o ¢)| = R/2.
Since D" (r) C 9, it follows from (iv) of Proposition 1 that

(1) ¢co=min {J,:2 € D*(r)} > 0.

Let Fbe an inverse to G o ¢ in a neighborhood of D*(r), so that F € H,”(D,(p))
for some p > 0, and Fo G o ¢(z) = z for all zin D,(r). In particular, F(0) =
0, and F o G o ¢u(z) — z uniformly on D*(r). Finally, since J(G o ¢.) con-
verges to J(G o ¢) on D"(r) we can assume that

2) |J(Go¢s)(z)| = R/4, forall zin D*(r) and all « € A.
Now a weak-* neighborhood of m is a set of the form
U=1{ez: [, <1 wheref, € H*(@),},(m) = 0,j = 1,2,..., k.

Given such a %, we have f,0¢ € H*(Q), and J, 0 $(0) = 0. Consequently,
there is a constant, e > 0, such that foreachj =1, 2,..., &, ]f, ol =1/2
on the poly-disk D"*(e) C Q. Let ¢ < Min (e, 7). Since fjo ¢(z) = Lim,
f; 0 ¢a(2), and convergence is uniform on D" (e), there is a net index a; with the
property that for every a = a1, |f;0¢s] < 1 0on D*(e), forj =1,2,...,k
Consequently, ¢, (D"(e0)) C %, whenever a = «;. Apply Lemma 1 in the case
where ¢ = ¢ to obtain § > 0. There is a net index @y = a; for which @ = ay
implies |F o G o ¢,(0)] <38, and ||[D(Fo Go¢,)(z) — I||< 3, for all z in
D"(eo). Hence, for all @ = a3, there is a unique point ¢, € D"(ey) for which
FoGod¢.ta) =0, and, since F is univalent, G 0 ¢,({,) = 0. For all & = a;,
let sy = ¢u(fa). Then s, € ¢o(D™(e0)) C X, and G(s,) = 0. If g, € g;ﬂ, let
ho = ¢a 0 go € . Since ¢, € D"(eo) C D*(r), it follows from Proposition 1
and inequalities (1) and (2) that

VG (sa)l Ty 2 (G0 ha)(0)] = |J(G 0 ¢a) §a)l s, Z coR/4.

Let Sy = {s«:a = as}, and let S = U {S, : % is a weak-* neighborhood
of m}. By construction, S is strongly separated, and m is in the closure of .S.

3. Interpolating sequences and simultaneous interpolation. In this
section we will show that every interpolating sequence in a bounded homo-
genous domain is strongly separated. Theorem 1 will then be an immediate

corollary to Theorem 2. We require the following very useful result of A.
Bernard [1].
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LemMa 2 [1, Theorem 2]. If {z;}5-1 @5 an interpolating sequence in a domain,
9D C C", then there is a sequence {f ;151 C H*(Z), and a constant M, such that
fie) = 04f j # &, fi(z) = 1, and 2521 [f;(2)| = M, forallz € D.

THEOREM 3. In a bounded homogeneous domain, every interpolating sequence
1s strongly separated.

Proof. Let {3,;}5.1 C @ be an interpolating sequence. Let M, fi, f2, ... be
the constant and functions given by Bernard’s Theorem. For each j, choose

g, € 9, andlet G(z) = Y51 ¢7(2) (f;(2))% Then

G| = Z 7@ 1@ <K i @ = K,

where the constant K reflects the fact that Q is bounded. Thus G € H,”(Q).
Clearly G(z;) = 0, for every z;. Also,

DG() = i ©,()4,) + () D(g ™) @),

where the 7kth entry in the matrix 4;(z) is df;/dz:(z) multiplied by the ith
component of g;71(z). In particular, for each %,

(3) DG(z) = D(g™) (21).

Therefore D(G o g;)(0) is the identity matrix. Hence [JG(z)|J,, = 1, for
every .

Theorem 3 has applications in balls and polydisks to simultaneous inter-
polation of the values of a function and its derivatives. Let B(R) be the
(Euclidean) ball of radius R in C", and let @ = B = B(1) be the unit ball.
In this case ¥ is the unitary group, and it follows from proposition 1, that
foranyr > 0andz € B, theset V,(r) = ((D,(0))~')TB(r) is independent of
the choice of g € ¥ ,. If f € H*(Q), then it follows from the Cauchy integral
formula in one variable that the gradient of f at 0, Df(0), is in B(||f||) 7, the
set of row vectors of norm || f||. Consequently, for any z € B,and any g € 9 ,,
Df(z)D,(0) € B(||fID7, so that (Df(z))T € V.(||fl]). On the other hand, we
have the following.

ProposiTION 2. Suppose {z;}i1 C B is an interpolating sequence, {ar}i—
is a sequence in C, and {vi}5-1 s a sequence of (row) vectors in C™. Suppose,
moreover, that there is a constant M, for which |ay| < M and v,™ € V, (M), for
all k. Then there is a function f € H*(B) such that f(zx) = a, and Df(z;) = v,
for all k.

Proof. Since {z;}:—1 is interpolating, there is a function ko € H*(Q) such that
ho(zx) = ay, for all k. By the argument preceding the statement of the proposi-
tion, if wy = Dho(z;), then w,” € V,, (||ho||). Let ux = v, — wy, and let M, =
M + ||ho||. Then w,™ € V,, (M), so that if we choose g € ¥, there are
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vectors N\, € B(M;) such that
w,” = ((Dgr(0))™) " N\ = (Dgi () 7 Mo

Define G € H,”(B) as in the proof of Theorem 3, and let Gi, G, . .., G, be
the components of G. For each k, let A, = (D, ..., M™). Then { N2 is
a bounded sequence for each j = 1, 2, ..., n, so there are functions hy, . ..,
h, € H*(B) such that %;(z;) = NP, Let & = > 51 k,G;. Then h(z;) = 0, for
all £. Also,

D) = 33 (4EDG,E) + G,EDhE)).

Applying equality (3) we have, for each &,

Dh(zk) = zj: )\k(j)DGj(Zk) = ((DG(ZIL))TAL)T = Uy — Wg.

The desired function is f = ho + h.
A similar, but simpler, argument yields the following result.

ProrositioN 3. Suppose {z:}5e1 = { D, ..., 2:™) sy is an interpolating
sequence in the unit polydisk, D™ C C". Suppose that {a;}i=1, {0:V}5=, - ..,
{0}y are n + 1 sequences in G satisfying |a;| < M, and |0, =
M/ — |zP|2), for j =1, ..., n, and all k, where M 1is some fixed constant.
Then there is a function f € H”(D") satisfying f(z) = ar, and 9f/3z;(z;) =
0D, for all k and j.

4. Uniform separation and a partial converse to Theorem 1. A sequence
{z1}5o1 C Q is uniformly separated if there exist functions fi, fo, ... € H”(Q),
and a constant M, such that for every j, ||f;|| £ M, f;(z;) = 1,and f;(z) = 0
when & # j. It is well known [2] that uniform separation is a necessary and
sufficient condition for a sequence in the unit disk of C to be an interpolating
sequence. For balls and polydisks, strong separation implies uniform separation.

THEOREM 4. If Q is the unit ball or unit polydisk in G", then every strongly
separated set is uniformly separated.

LeEMMA 3. If Q is the unit ball or unit polydisk in C*, then every f € H(Q)
which vanishes at O can be written in the form

n

f(z) =f(zlr~~ . yzn) = Z zif‘L'(Z))

i=1

where f, € H*(Q), ||fd| £ M||f|l, and M is an absolute constant. (For the poly-
disk, M = 2.)

Proof. The case of the polydisk is an elementary exercise and is well known.
The case of the unit ball was proved by Z.-Leibenzon (see [6]).
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We note that if f = X1 z.f4 then f;(0) = 9f/3z,(0).

Proof of Theorem 4. (We are indebted to B. A. Taylor for pointing out this
argument.) Suppose S = {z.}%-: is strongly separated. Let G = (Gy, Gs, . . .,
G,) € H,”(2) and r > 0 be as in the definition of strong separation; let ||G|| =
Max;, ||Gi||. For each z; € S,let g, € ¥,,.Fori=1,...,n, G;og € H*(Q),
and G;0g,(0) = 0. So there are functions k;; € H*(Q), ||h:xl| £ M||G]]|,
such that

n

J
Giogk(z) = Zl Zjh”k(Z), and h“k(()) = 52— (Glogk)(O),
7

j=

the 7jth component of the matrix D (G o g;) (0). If m,(z) is the matrix valued
function whose 7jth component is (#,(2)):; = k(g2 (2)), then the vector
valued function G is given by the matrix equation

4) G(2) = mp(2) g (2).

Let Fi(z) = det(m;(z)). Since (m,(2)):; € H(Q), and |[(m(2)) ] < M||G],
it follows that F;, € H”(Q), and

[[Fel] = My = nl(M]|G]])".
Now |Fy(z)| = |det(h;#(0))| = |J(G o g)(0)] = r. On the other hand, if

2; €S, 2; # 2z, then the left hand side of (4) vanishes while the vector on the
right hand side, g;~1(z,), is not zero. Hence, the matrix m,(z;) is singular, so its

determinant Fy(z;) = 0. If ¢x(z) = Fi(2)/F:(2), then ¢, € H(Q), ||¢s]| =
Mi/r,¢:(z:) = 1,and ¢, (z;) = 0, for7 % k. Therefore.S is uniformly separated.

If it were known that uniform separation implies interpolation (as is the case
for » = 1) in either the ball or the polydisk, then Theorems 2, 3, and 4 would
give a converse to Theorem 1. Some partial results for the polydisk are possible.

A wedge in the unit disk D is the region inside D lying between two distinct
circles, v; and ., such that 41 M v, is contained in the boundary of D, and
both v; and v, intersect D. A near wedge in the polydisk D" is the Cartesian
product of one copy of D with » — 1 one dimensional wedges.

THEOREM 5. If Q is the unit polydisk, and m € M\ is in the closure of « near
wedge, then m is contained in a strong analytic structure of dimension nif and only
if it is a limat point of an interpolating sequence.

Proof. We have already shown that a limit point of an interpolating sequence
is contained in a strong n-dimensional analytic structure.

Let W be a near wedge in D", and let p(z, w) be the pseudohyperbolic distance
between points z and w in D" (p(z, w) = |||g"*(w)|||, where g € ¥, and
[l| - || is the polydisk norm in C".) It is easy to see that forany »,0 <7 < 1,
the set {z € D" : p(z, w) < r, for some w € W} is contained in another near
wedge, W,. One can show (see, e.g., Lemmas 4.6, 5.10, and 5.11 of [10]) that
there is a constant 7 and an open set & of 2, such that the weak-* closure of W
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is contained in @, and D" N O is contained in the near wedge W,. Now if m
is contained in a strong analytic structure of dimension #, it is in the closure of
a strongly separated, hence, uniformly separated sequence S. If also m is in
the weak-* closure of W, then m € @, som is a limit point of SN & C O N
D" C W, So SN O is a uniformly separated sequence contained in a near
wedge, and hence by Theorem 5.1 of [11],.S M & is an interpolating sequence.

5. Related results and remarks. J. P. Rosay [13] and M. Range [12] have
demonstrated the existence of a particular kind of strong sn-dimensional
analytic structure, which Rosay calls an injective system, in .#(D") and
M (B). More specifically, an injective system is a pair of maps, ¢ ¢ & and
G € %, such thatm o ¢ = ffor every f in H*(Q). Hence ¢ is a homeomor-
phism of all of B or D" onto its image. In both Rosay’s and Range’s examples,
¢ is actually in.27, and every point in the range of ¢ is in the closure of some
interpolating sequence. This type of analytic structure is indeed special, since,
as Hoffman points out [7, p. 109], there are one dimensional analytic structures
in.# (D) which are not homeomorphic images of D.

In [4], using a projection from (#(D")) into (# (D))", W. Cutrer constructs
analytic structures of dimensions 0 through # in.#(D"). The points contained
in n-dimensional analytic structures are all limit points of interpolating se-
quences. The lower dimensional structures are of particular interest. For most
of the examples in [4] of analytic structures of dimension less than #, it remains
to be shown that the given structures are not merely lower dimensional sub-
sets of analytic structures of higher dimension. More specifically, since Z is
a subset of (H”(Q))*, it inherits the norm topology as well as the weak-*
topology. If m € Z, the Gleason part of m, & (m), is the connected component
of m in the norm topology of Z. It is well known that if f is an analytic map
from an open set in C*into 2, then m ¢ Range(f) implies Range(f) C £ (m).
The parts of A (D) are either points or analytic disks [7]. If @ C C*, it is an
open question under what conditions, if any, & (m) is the image of an analytic
map of a domain in C*.
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