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INTERSECTION OF TWO INVARIANT SUBSPACES 

BY 

TAKAHIKO NAKAZI 

ABSTRACT. It is shown that, if F and G are inner functions, 
(H2 Q FH2)/(H2 0 FH2) D GH2 is «-dimensional if and only if G is a 
Blaschke product of degree n. This is an extension of the well known result 
for the case (H2 Q FH2) D GH2 = {0}. 

1. Introduction. Let L2 denote the space of square-integrable functions on the unit 
circle dU with Lebesgue measure </6/2TT. Let H2 denote the usual Hardy class for dU, 
that is, the space of functions in L2 whose Fourier coefficients with negative indices 
vanish. H2 coincides with the space of functions in L2 whose Poisson extensions into 
the unit disc U are analytic. 

For each/E L2, putM-/ = zf. We call a closed nonzero subspace inL2Mz-invariant 
when it is invariant under an operation of M~. A Mr-invariant subspace in H2 is called 
^-invariant where S = MZ\H2. A/:-invariant subspaces are described completely (cf. [7, 
Lecture II j). The nonreducing M ..-invariant subspaces of L2 are precisely the subspaces 
of the form \\fH2 for some unimodular function i|/ on dU. This is called Beurling's 
theorem. So every ^-invariant subspace of//2 has the form GH2 for some inner function 
G and hence every S*-invariant subspace has the form H2 Q FH2 for some inner 
function F. 

It is easy to prove that if H2 © FH2 = (H2 Q FH2) H GH2 then G is a constant 
inner function. In this paper we will show that if F and G are inner functions, 
H2 © FH2/(H2 0 FH2) D GH2 is an n dimensional subspace if and only if G is a 
Blaschke product of degree n. When (H2 Q FH2) H GH2 = {0}, the result is well 
known [2, pi89]. 

S*-invariant subspaces were investigated by many people. For example, [1] and [3]. 
Our result will give information about the structure of them. 

Let z\ , z 2 , " - be distinct points in the open disk and F the Blaschke product with 
zeros {zk}. IF denotes the linear operator on H2 defined by 

iF(f) = {(\ - iz,i2)'/2/(z,)}r.,. 

Then IF is a bounded linear operator from H2 to t2. If {zj is uniformly separated then 
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IF(H2) = (2 and so $F, the restriction of IF to H2 Q FH2, is a one-one bounded linear 
operator from H2 © FH2 onto I2. This was shown by Shapiro and Shields (cf. [4, 
Theorem 9.1]). Suppose F and G are Blaschke products with zeros {zk} and {sk}, 
respectively. When {z J is uniformly separated, IGIF is a bounded linear operator from 

e to e. 
Ic$-F\t2) = IG(H2QFH2) 

= [{(1 - \sk\
2)]/2f(sk)}:fEH2QFH2] 

and {/G //2 0 F/ / 2 : / c / = 0} - (H2 Q FH2) H G//2. Thus our result shows that IG3~F
] 

is of finite rank if and only if G is a finite Blaschke product because F is not a finite 
Blaschke product. 

2. M*-invariant subspace. We will consider only non-reducing invariant sub-
spaces under M:. Otherwise problems are easy to solve. The following proposition 
describes the intersection of a M f -invariant subspace and a M--invariant subspace. 

PROPOSITION 1. Let § and v|i be unimodular functions. Then §H2 C\ \\sH2 is the 
L2-closure of 

iKL2 H g(H2 0 zqH2)} 

where q is an inner function and g is a function whose square is a strong outer function 
in H\ and (j)i|j = qg/g. 

Let H e a nonzero function in H '. Then h is an outer function if and only if k is 
constant a.e. whenever kh E H] and kE L* with k > 0 a.e.. We say h is a strong outer 
function if it has the following property: \f kh E H] for some Lebesgue measurable k 
with k > 0 a.e. then k is constant a.e. [9]. For u E L°TM denotes a Toeplitz operator 
(cf. [2, Chapter 7]). It is easy to see that vJikerF^ = (J)//2 H v|;//2. Hayashi [6] described 
completely the kernels of Toeplitz operators, and the formula of the proposition is his 
result. The author [9] described the finite dimensional kernels of Toeplitz operators 
independently of [6]. In [9], the author shows that if §H2 D \\*H2 is an 
n dimensional subspace and n ^ 0 then $4* = zng/g for some strong outer function 
g2 and c)>//2 fl i|i//2 = {p\\fg:p ranges over all analytic polynomials with degree 
< n - 1}. 

PROPOSITION 2. Let c|) and \\f he unimodular functions. lf$H2 Pi i|///2 =£ {0} r/ze/i r/zere 
ex/sto a unimodular function \\t\ that satisfies the following: 

(1) i|jvjjfi is a simple Blaschke factor 

(2) dim{$H2 H i|i,//7<|>//2 H i|>//2} - 1 

PROOF. Let N = c)>//2 H i)///2, and AT be the orthogonal complement of Af in <\>H2, then 
N * {0} and K ï {0}. Since N C I|J#2, there exists/ E N with z/ £ N. Then z/ -
ifc + g, k E A', k ï 0 and g E N. H e n c e / - zik - zg E I(J//2 and so zk E v|i//2. This 
implies that \\sH2 + [k] is a M--invariant subspace where [fc] is the linear span of k. 
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Hence 
v);//2 + [k] = i|/,//2 

and i|i - —i|i, with | a | < 1. Then $H2 D V)J,//2 = §H2 H (i);//2 © [it]) = 
_ 1 — az 

(<t>/72 n i[<//2) © [*]. 

THEOREM 3. If § and i|i are unimodular functions, §H2/$H2 D ij///2 w arc infinite 
dimensional space. 

PROOF. If §H2/$H2 Pi \\sH2 is a finite dimensional subspace, then by Proposition 2 
we can show that §H2 = $H2 D ty\H2 for some inner function i|/,. Then (f>//2 C \\f\H2 

and this contradiction implies the theorem. 

3. S*-invariant subspace. Let F and G be inner functions. The intersection of an 
S*-invariant subspace H2 © FH2 and an S-invariant subspace GH2 has the form 
(H2 © F//2) H GH2 = z(F/72 H zG//2). Hence Proposition 1 describes the inter­
section. Theorem 3 shows that GH2/(H2 © FH2) D GH2 is an infinite dimensional 
subspace. We will study H2 © FH2/(H2 © FH2) D GH2. 

LEMMA 1. If(H2 © FH2) Pi GH2 + {0} then there exists a Blaschke product B, of 
degree 1 such that 

dim{(H2 © FH2) D GB,H2/{H2 © FH2) H G//2} = 1. 

The lemma is immediate from Proposition 2. 

LEMMA 2. IfH2Q FH2 C i|///2 am/ i|/ is a unimodular function then iji is an inner 
function. 

PROOF. I f /G //2 © F//2 then/and (/ - f(0))z are in i|i//2, and hence/(0) belongs 
to i|i//2. Since there exists / G H2 © F//2 with/(0) * 0, vj/ G //2. 

/ - /(<*) 
LEMMA 3. / / / G / / 2 © F/ / 2 J/HTI G H2 © F//2 /or a/iy a WIY/I | a | < 1. 

z — a 
PROOF. Let g G F//2 and 

f/Ve) -/(«) 
*(a) - g(e»)dQ, \a\ < 1. 

J e'e - a 
Then & is an analytic function of a and a simple computation yields 

k{n)(0) = f e-iln+™{f{ei9) - ltfj){0)eij*)g(ei9)dQ. 
J o 

Hence *(w)(0) = 0 for any n > 0 and A; = 0 (cf. [4]). 

PROPOSITION 4. Le? F be an inner function and G an inner function with nontrivial 
Blaschke part. If (H2 © FH2) D GH2 =£ {0} then there exists a Blaschke product Bx 

of degree I such that GB { G H2 and 
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dim{(//2 0 F H2) H GB{H
2/(H2 © FH2) H GH2} = 1. 

PROOF. Let N = (H2 Q FH2) H G//2, and K be the orthogonal complement of N 
in H2 © FH2, then N -h {0}. If K = {0} then H2 © FH2 C GH2. By Lemma 2 G is 
constant and this contradicts the hypothesis of G. Hence K =£ {0}. Let a G U with 
G (a) = 0. There exists/G /V with//(z - a) £ N. Otherwise (z - a)_1N C N. Hence 

/ z - a y 
TV C G( — ) //2 for any positive integer €. This contradicts N ^ {0}. 

V — QLZ' 

Let/ G TV with//(z - a ) g i V , then//(z - a) E H2 Q FH2 by Lemma 3 because 
/ ( a ) = 0. Hence/ = (z - a)*; + (z - a)g, it G A', A; ^ 0 and g G TV. Hence 

/ z — a z — a 
= * + g 

1 — az 1 — az 1 — az 
z — a 

and so k belongs to GH2. This implies that GH2 + [k] is a Mz-invariant 
1 — âz 

subspace and so 
GH2 + [k] = GXH2 

z - P 
where G = —G\ with B E [ / . Then 

1 - Pz 
(//2 © FH2) H G,//2 = [k] © (//2 © F//2) H GH2. 

THEOREM 5. Let nbe a nonnegative integer. Let F and G be inner functions. Suppose 
(H2 © FH2) Pi GH2 ± {0}, then the dimension of H2 © FH2/(H2 © FH2) H GH2 

is n if and only if G is a Blaschke product of degree n. 

PROOF. Suppose dim{//2 © FH2/(H2 © FH2) H GH2} = n. By Lemma 1, there 
exists a Blaschke product B of degree n such that 

tf2 © FH2 = (#2 © F//2) H G5/ / 2 . 

Lemma 2 implies that GB G //2 and so G is a Blaschke product of degree < n. 
Conversely suppose G is a Blaschke product of degree n. Proposition 4 implies that 

dim{//2 © FH2/(H2 © F//2) H G//2} = AI. 
The author thanks the referee and Professor J. Inoue for their helpful comments. 
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