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Abstract. We use some fundamental work of Bernstein to study parabolic induction in reduc-

tive p-adic groups. In particular, we determine when parabolic induction from a component of
the Bernstein decomposition of a Levi subgroup to the corresponding component of the full
group is an equivalence of categories.
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Let F be a non-Archimedean local field (with finite residue field) and G the group of

F-points of a connected reductive algebraic group defined over F. Let Q be a para-

bolic subgroup of G with Levi factor M. Write i GQ for the normalized parabolic

induction functor fromRðMÞ, the category of smooth complex representations ofM,

to RðGÞ, the corresponding category for G.

In this paper, we study the qualitative behaviour of the functors i GQ . To state our

results, we need to recall the explicit block decomposition of RðGÞ underlying the

theory of the Bernstein centre. We refer to this, following [9], as the Bernstein decom-

position. (See [2], or the summary account in [9], for more details.)

Let s be an irreducible supercuspidal representation of a Levi subgroup L of G

and write XðLÞ for the group of unramified characters of L. Define a full subcategory

RðL;sÞðGÞ of RðGÞ as follows: a smooth representation p of G belongs to RðL;sÞðGÞ if
and only if each irreducible subquotient of p appears as a subquotient of iGPðsnÞ for
some n 2 XðLÞ and some parabolic subgroup P of G with Levi factor L. The sub-

categories RðL;sÞðGÞ, often called components, are indecomposable and split the full

smooth category RðGÞ:

RðGÞ ¼
Y
ðL;sÞ

RðL;sÞðGÞ: ð�Þ

?Research supported by NSF grant DMS-9801131.

Compositio Mathematica 134: 113–133, 2002. 113
# 2002 Kluwer Academic Publishers. Printed in the Netherlands.

https://doi.org/10.1023/A:1020549802818 Published online by Cambridge University Press

https://doi.org/10.1023/A:1020549802818


(Of course, there is considerable redundancy in our indexing of the various sub-

categories. Indeed, let si be irreducible supercuspidal representations of the Levi sub-
groups Li of G, i ¼ 1; 2. Then

RðL1;s1ÞðGÞ ¼ RðL2;s2ÞðGÞ

if and only if there is a g 2 G with gL1g
�1 ¼ L2;

gs1 ffi s2n for some n 2 XðL2Þ, by,

e.g., Theorem 2.9 of [4].)

In concrete terms, ð�Þ says that each object V in RðGÞ contains, for each pair ðL; sÞ
as above, a maximal G-subspace VðL;sÞ in RðL;sÞðGÞ and that V ¼

P
ðL;sÞ VðL;sÞ. The

sum is direct since objects in distinct RðL;sÞðGÞ’s have disjoint sets of irreducible sub-
quotients; for the same reason, G-homomorphisms preserve such sums, and thus one

obtains the categorical decomposition ð�Þ.

We now fix a Levi subgroup L of G and an irreducible supercuspidal represen-

tation s of L. We assume that the Levi factor M of the parabolic subgroup Q of

G contains L. We can thus form the categories RðL;sÞðMÞ and RðL;sÞðGÞ. The

restriction of iGQ to RðL;sÞðMÞ defines a functor from RðL;sÞðMÞ to RðL;sÞðGÞ which
we again denote by i GQ .

Our main result, Theorem 3.1, gives a necessary and sufficient condition for

i GQ : RðL;sÞðMÞ ! RðL;sÞðGÞ ð?Þ

to be an equivalence of categories. To state the condition, let

NðL; sÞ ¼ fn 2 NGðLÞ : n s ffi sn; for some n 2 XðLÞg:

We also put WðL; sÞ ¼ NðL; sÞ=L and write WMðL; sÞ for the corresponding object

for M. Thus WMðL; sÞ ¼ ðNðL; sÞ \MÞ=L. We show that ð?Þ is an equivalence of

categories if and only if WðL; sÞ ¼WMðL; sÞ (equivalently, if and only if NðL; sÞ is
contained in M).

This generalizes Theorem 12.4 of [9] which gives the ‘if ’ direction under the

assumption that the components RðL;sÞðMÞ and RðL;sÞðGÞ admit types satisfying cer-

tain auxiliary conditions. In place of types, we use a construction from [3]. Here

Bernstein constructs an explicit faithfully projective object PG
ðL;sÞ in each of the cate-

gories RðL;sÞðGÞ. For our purposes, the construction has the key property that

PG
ðL;sÞ ffi i

G
Q ðP

M
ðL;sÞÞ: Theorem 3.1 follows easily using some elementary categorical

algebra and the main technical result of [4], Mackey’s theorem for the composition

of Jacquet restriction and parabolic induction. (In fact, at this stage we only need

that the objects PG
ðL;sÞ and PM

ðL;sÞ are faithful.)

Let p be an irreducible object in RðL;sÞðMÞ. As an immediate consequence of

the above, we see that i GQ ðpÞ is irreducible whenever WðL; sÞ ¼WMðL; sÞ. In parti-

cular, if WðL; sÞ ¼ f1g, then iGPs is irreducible. (We also prove this case more

directly in Section 2.) In Section 4, we give an example where WðL; sÞ 6¼ f1g
and i GP ðsnÞ is irreducible for all n 2 XðLÞ. Thus parabolic induction can fail to

be an equivalence of categories but still always take irreducible objects to irredu-

cible objects.
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The example arose from our work on SLN [13, 14]. There we were led to consider

whether the action (induced by conjugation) ofWðL; sÞ on the set IrrðL; sÞ of equiva-
lence classes of irreducible objects in RðL;sÞðLÞ always admits a fixed point. In other

words, given an irreducible supercuspidal representation s of a Levi subgroup L of

SLNðFÞ, can one always find an unramified twist of s that is fixed (up to equivalence)

byWðL; sÞ? P. Kutzko quickly pointed out an example where the answer is negative.

For this example, the argument establishing that the fixed-point set IrrðL; sÞWðL;sÞ is
empty also easily implies that iGPðsnÞ is irreducible for all n 2 XðLÞ.

We also note that if L is a maximal Levi subgroup of a general group G, then the

feature we have emphasized in the example, that IrrðL; sÞWðL;sÞ is empty, in fact char-

acterizes all such examples. That is, we show that if L is maximal in G, then

iGP : RðL;sÞðLÞ ! RðL;sÞðGÞ takes irreducible objects to irreducible objects but is not

an equivalence of categories if and only if IrrðL; sÞWðL;sÞ is empty.

In the final part of the paper, we look at parabolic induction in the context of the

equivalences of categories, due to Bernstein, recalled in Section 1. More precisely, by

a general result in categorical algebra, Theorem 1.3 of [1] or Theorem 1.1 below, the

faithfully projective object PG
ðL;sÞ induces an equivalence of categories

RðL;sÞðGÞ ffi mod� EndGPG
ðL;sÞ;

the category of right modules over the endomorphism ring of PG
ðL;sÞ. Hence

i GQ : RðL;sÞðMÞ ! RðL;sÞðGÞ corresponds to a certain functor t:mod� B! mod�A
where A ¼ EndGPG

ðL;sÞ and B ¼ EndMPM
ðL;sÞ. Now i GQ gives rise to a homomorphism

of rings tQ:B! A (in fact, an embedding of rings, as i GQ is faithful). We show that

t is equivalent to the functor

M 7!M�B A:mod� B! mod�A; ðyÞ

where A is viewed as a left B-module via tQ. This description is of course reminiscent

of, and indeed was motivated by, the treatment of parabolic induction in [9]. In an

earlier version of the paper, we used it, along with the general observation that a

functor of the form ðyÞ is an equivalence of categories if and only if tQ is an iso-

morphism, to give a more roundabout proof of the main result. Here we simply

remark that it yields a transparent proof that parabolic induction takes finitely gen-

erated objects to finitely generated objects, which is proved by other means in [2, 3].

(Remark 1.3 below gives yet another proof.)

1. Some Results of Bernstein

As above, let s be an irreducible supercuspidal representation of a Levi subgroup

L of G. In this section, we recall Bernstein’s construction of an explicit faithfully

projective object in the category RðL;sÞðGÞ. (We review the relevant elementary cate-

gorical algebra in subsection 1.1 below.)

The construction has two stages. The first, when L ¼ G, is straightforward. Let S
denote the resulting faithfully projective object in RðL;sÞðLÞ. The more difficult stage,
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when L 6¼ G, relies crucially on the observation that parabolic induction takes pro-

jective objects to projective objects. This property of induction is a formal conse-

quence of Bernstein’s second adjoint theorem (see Subsection 1.3 below).

It follows easily that
L

P2PðLÞ i
G
P S is then a faithfully projective object in RðL;sÞðGÞ,

where PðLÞ denotes the set of parabolic subgroups of G with Levi component L. In

fact, Bernstein proves that the isomorphism class of iGP S is independent of the choice

of P 2 PðLÞ. Hence, for any P 2 PðLÞ, iGP S is itself faithfully projective in RðL;sÞðGÞ.
This more precise result is central to our applications.

A proof of the second adjoint theorem is outlined in Rumelhart’s notes [3].

Bushnell’s paper [5] contains a different proof. In view of this reference, we simply

state the result here and provide full proofs for the remainder of Bernstein’s con-

struction. We emphasize, therefore, that the proofs in this section are due to

Bernstein and are taken, with a few (minor) changes in detail and exposition, from

the account in [3]. They are included for completeness and for the reader’s conveni-

ence. In addition, we use a part of one proof later in the paper (in the proof of

Proposition 4.3).

1.1. Let A be an Abelian category with direct sums and let Ab denote the category

of Abelian groups. We recall some elementary categorical algebra.

An object P in A is projective if the functor HomðP;�Þ:A! Ab is exact. An

object F in A is faithful, or a generator, if HomðF;�Þ:A! Ab is a faithful functor,

i.e., is injective on morphisms. It is easy to see that an exact functor between Abelian

categories is faithful if and only if it takes nonzero objects to nonzero objects. Thus,

if P is projective in A, then P is faithful if and only if HomðP;XÞ 6¼ 0 for each non-

zero object X in A. An object S in A is small if the functor HomðS;�Þ:A! Ab pre-

serves direct sums, i.e., for any family of objects fAigi2I in A, the natural morphism

M
i2I

HomðS;AiÞ �!Hom S;
M
i2I

Ai

 !

is an isomorphism.

Finally, an object P in A is, by definition, faithfully projective (or a progenerator)

if P is projective, faithful and small. The following is a special case of a theorem of

Gabriel. (Versions are also due independently to Freyd and Mitchell.)

THEOREM. Let A be an Abelian category with direct sums and a faithfully projective

object P. Then the functor

A 7!HomðP;AÞ:A! mod� EndP

is an equivalence of categories.

Here, of course, EndP ¼ HomðP;PÞ and the right EndP-module structure on

HomðP;AÞ is given by composition:

f � g ¼ f � g; f 2 HomðP;AÞ; g 2 EndP:
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1.2. We first recall the construction of a faithfully projective object in RðL;sÞðLÞ.
Let AL denote the maximal split torus in the centre of L. Then ALL

0 has finite

index in L where L0 ¼
T

n2XðLÞKer n. Hence

sjL0 ¼ s1 � � � � � sr

with each si irreducible (and supercuspidal). Let S denote the compactly induced

representation indLL0 s1. (As the representations si are L-conjugate (up to isomorph-

ism), the isomorphism class of S is independent of the choice of irreducible compo-

nent s1 of sjL0.)

We verify that S is faithfully projective in RðL;sÞðLÞ. Let P be an object in

RðL;sÞðLÞ. Then PjL0 is a direct sum of copies of the various si and

HomLðS;PÞ ¼ HomLðind
L
L0 s1;PÞ ffi HomL0 ðs1;PjL0Þ:

It follows that HomLðS;�Þ is exact, i.e., S is projective.

If P 6¼ 0, then P has an irreducible subquotient isomorphic to sn for some

n 2 XðLÞ. Thus there is an L-subspace P1 of P and a surjective L-homomorphism

from P1 ! sn. Since

HomLðS; snÞ ffi HomL0 ðs1; sjL0Þ 6¼ 0;

S also surjects onto sn. By the projectivity of S, HomLðS;P1Þ 6¼ 0 and so, a fortiori,

HomLðS;PÞ 6¼ 0.

Finally, since s1 is irreducible and therefore finitely generated and since compact

induction takes finitely generated objects to finitely generated objects, we see that S
is finitely generated. It follows immediately that S is small in RðLÞ or, equivalently,
in RðL;sÞðLÞ.

Theorem 1.1 now yields the following:

PROPOSITION. With notation as above, the functor

P 7!HomLðS;PÞ: RðL;sÞðLÞ ! mod� EndLS

is an equivalence of categories.

1.3. Next let L be a proper Levi subgroup of G. Let P 2 PðLÞ where, as above,

PðLÞ denotes the set of parabolic subgroups of G with Levi component L.

Write U for the unipotent radical of P and �U for the unipotent radical of the

L-opposite �P of P.

General existence theorems show easily that the parabolic induction functor

i GP : RðLÞ ! RðGÞ admits a right adjoint. However, identifying this adjoint in explicit

representation-theoretic terms is decidedly nontrivial. This is the content of the

following theorem, often called Bernstein’s second adjoint theorem or, simply, the

second adjoint theorem.
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THEOREM. The normalized Jacquet functor r �U: RðGÞ ! RðLÞ is right adjoint to
iGP : RðLÞ ! RðGÞ, i.e., for objects V in RðGÞ and W in RðLÞ, there exist natural
isomorphisms, in V and W,

HomGði
G
P W;VÞ ffi HomLðW; r �U VÞ:

COROLLARY. The functor iGP : RðLÞ ! RðGÞ takes projective objects to projective
objects.

Proof. Let W be an object in RðLÞ. By the second adjoint theorem,

HomGði
G
P W;�Þ ffi HomLðW;�Þ � r �U:

Elementary arguments show that the functor r �U is exact. It follows that

HomGði
G
P W;�Þ is exact whenever W is projective in RðLÞ. &

We now show that
L

P2PðLÞ i
G
P S is faithfully projective in RðL;sÞðGÞ. It is immedi-

ate, from the above corollary, that this object is projective. To see that it is faithful,

let P be an object in RðL;sÞðGÞ with irreducible subquotient p. Thus P contains a

G-subspaceP1 such that there is aG-surjectionP1 ! p. There is a parabolic sub-group
P1 of G with Levi factor L1 and an irreducible supercuspidal representation s1 of L1

such that p is a quotient of iGP1
s1. Since p is in RðL;sÞðGÞ, it is also a subquotient of

iGP0 ðsnÞ, for some P0 2 PðLÞ and some n 2 XðLÞ. Theorem 2.9 of [4] then implies that

there is a g 2 G with gL1 ¼ L;
gs1 ffi sn and so p is a quotient of iGPðsnÞ for

some P 2 PðLÞ. The second adjoint theorem then implies that HomLðsn; r �U pÞ 6¼ 0.

Hence, since S surjects onto sn, HomLðS; r �U pÞ 6¼ 0. Applying the second adjoint

theorem once more, we deduce that there is a nonzero, and therefore surjective,

G-homomorphism from iGP S to p. Since iGP S is projective, HomGði
G
P S;P1Þ 6¼ 0 and

so, a fortiori, HomGð
L

P2PðLÞ i
G
P S;PÞ 6¼ 0.

To see that
L

P2PðLÞ i
G
P S is small in RðL;sÞðGÞ (or, equivalently, in RðGÞ), it clearly

suffices to show that i GP S is small for each P 2 PðLÞ. It is immediate that the functor

r �U: RðGÞ ! RðLÞ preserves direct sums. (This is also a formal consequence of the

(elementary) fact that r �U admits a right adjoint.) Hence, for any family of objects

fVigi2I in RðL;sÞðGÞ, there is a natural isomorphism

HomG iGP S;
M
i2I

Vi

 !
ffi HomL S;

M
i2I

r �UVi

 !
:

We therefore obtain the following diagramL
i2I HomGði

G
P S;ViÞ �!HomGði

G
P S;

L
i2I ViÞ

’# #’L
i2I HomLðS; r �U ViÞ �!

’
HomLðS;

L
i2I r �U ViÞ:

where the bottom horizontal arrow is an isomorphism since S is small in RðLÞ.
A routine computation, using naturality of the isomorphism in the second adjoint
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theorem, shows that the diagram commutes. It follows that the top horizontal arrow

must be an isomorphism and, hence, that i GP S is small.

Remark. Alternatively, one could observe, as in [2] or [3], that parabolic induction

takes finitely generated objects to finitely generated objects, whence i GP S is finitely

generated and therefore small.

On the other hand, this property of parabolic induction is itself a consequence of

the above argument showing that iGP S is small. Indeed, the argument clearly shows

that i GP W is small in RðGÞ wheneverW is small in RðLÞ. It is not hard to verify that

an object V in RðGÞ is small if and only if the union of a countable chain of proper

G-subspaces of V is also proper. (For module categories, this is exercise (b) on page

54 of [1].) In particular, a countably generated small object in RðGÞ is in fact finitely

generated. Now let W be a finitely generated object in RðLÞ. Then iGP W is clearly

countably generated. Since W is small, iGP W is also small and so must be finitely

generated.

1.4. We have noted that �P2PðLÞi
G
P S is a faithfully projective object in

RðL;sÞ ðGÞ. For our applications we will need Bernstein’s significantly sharper result:

THEOREM. The isomorphism class of iGP S is independent of the parabolic subgroup
P 2 PðLÞ.
Proof. Let P; P0 2 PðLÞ. Then there is a sequence P1 ¼ P; . . . ;Pn ¼ P

0 in PðLÞ
such that the following holds: for each i ¼ 1; . . . ; n� 1, Pi and Piþ1 are contained in

a parabolic subgroup Q ¼ Qi of G such that Q has a Levi factorM containing L as a

maximal (proper) Levi subgroup. Note thatM \ Pi andM \ Piþ1 are both parabolic

subgroups of M having Levi component L. By transitivity of parabolic induction,

iGPi S ffi i
G
Qði

M
M\Pi

SÞ; iGPiþ1 S ffi i
G
Qði

M
M\Piþ1

SÞ:

Thus, to prove the theorem, we may assume that L is a maximal Levi subgroup of G.

In this case, PðLÞ ¼ fP; �Pg for any fixed element P of PðLÞ.
Let NðL; sÞ be the group of elements n in NGðLÞ such that ns ffi sn for some

n 2 XðLÞ and set WðL; sÞ ¼ NðL; sÞ=L. Since L is maximal, jWðL; sÞj4 2. We

assume first that WðL; sÞ 6¼ f1g. Then wP ¼ �P and wS ffi S where w is the unique

nontrivial element of WðL; sÞ. Hence

i GP S ffi wiGP S ffi iG�P
wS ffi iG�P S:

1.5. Suppose now thatWðL; sÞ ¼ f1g (and L is maximal). This case requires a more

elaborate argument. The key step is contained in the following proposition:

PROPOSITION. If L is a maximal Levi subgroup of G and WðL; sÞ ¼ f1g, then iGPs is
irreducible.
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Proof. Suppose that p is a nonzero subquotient of i GP s. Then, by Corollary 7.2.2 of
[11], rUp 6¼ 0. Hence, the length of i GP s is less than or equal to the length of rUi

G
P s.

Since the composition factors of rUi
G
P s are the various ws for w 2WðLÞ ¼ NGðLÞ=L

(e.g., by 2.12 of [4]), we see that the length of i GP s is at most jWðLÞj.

We may assume therefore thatWðLÞ 6¼ f1g. Hence, as L is maximal,WðLÞ ¼ f1;wg

with w 6¼ 1. Suppose that i GP s is reducible. Then we have a short exact sequence

0! p1 ! i GP s! p2 ! 0 ð1:5:1Þ

with pi irreducible for i ¼ 1; 2. Applying the exact functor rU, we obtain another

short exact sequence

0! rUp1 ! rUi
G
P s! rUp2 ! 0:

Since rUpi 6¼ 0 for i ¼ 1; 2 and rUi
G
P s has composition factors s and ws, we must

have

rUp1 ffi ws and rUp2 ffi s; ð1:5:2Þ

or

rUp1 ffi s and rUp2 ffi ws:

Note that ws is not isomorphic to s as, by assumption, w =2WðL; sÞ. It follows that
the sequence (1.5.1) cannot split. Indeed, if it did split, we would have nonzero

G-homomorphisms pi ! i GP s (i ¼ 1; 2) and thus also nonzero L-homomorphisms

rUpi ! s (i ¼ 1; 2). Then (1.5.2) would imply ws ffi s. We conclude that (1.5.1) does

not split and so, in particular, s cannot be unitary.

Since s is supercuspidal, this simply means that AL, the maximal split torus in the

centre of L, acts by a nonunitary character ws:AL ! C
�. Let AG denote the maximal

split torus in the centre of G. Then the restriction homomorphism

n 7! njAG:XðGÞ ! XðAGÞ ð1:5:3Þ

is surjective. (Indeed, it is easy to verify that the A0
G ¼ AG \ G

0, whence AG=A
0
G

embeds into G=G0. Applying the exact functor HomZð�;C
�
Þ, we obtain surjectivity

of (1.5.3).) In particular, there exists a n 2 XðGÞ such that n ¼ jwsj
�1 on AG. There-

fore, by tensoring the sequence (1.5.1) with n and adjusting s, we may assume that

jwsj ¼ 1 on AG.

As L is maximal, the split torus AL=AG is one-dimensional. Since the action of w

on this torus (induced by conjugation) is nontrivial of order two, we have

waw�1 � a�1 ðmodAGÞ; a 2 AL:

Hence jwwsj ¼ jwsj
�1. Let AþL denote the semigroup of strictly positive (with respect

to P) elements in AL. (Thus a 2 A
þ
L if and only if anKa�n & f1g as n!1 for some,

or equivalently for all, compact open subgroups K of U.) Since ws is nonunitary

and AL=AG is one-dimensional, we see that jwsj > 1 or jwsj < 1 on AþL . Applying

Casselman’s square-integrability criterion [11] and (1.5.2), it follows that one of

the representations pi (i ¼ 1; 2), and only one, is square-integrable-mod-centre.

Let p denote this representation. Of course, p is, in particular, unitary.
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Let Xrð�Þ ¼ Homð�;R>0Þ where R>0 denotes the (divisible) multiplicative group

of nonzero positive real numbers. Then, as in (1.5.3), the restriction homomorphism

Z 7! ZjAL:XrðLÞ ! XrðALÞ

is surjective. In fact, since XrðALÞ is torsion-free and ALL
0 has finite index in L, this

map is an isomorphism.

We may therefore write s ¼ s0Z where s0 is unitary and Z is the unique element of

XrðLÞ whose restriction to AL equals jwsj. Since p is a subquotient of i GP ðs0ZÞ, the
contragredient p_ of p is a subquotient of i GP ðs

_
0 Z
�1Þ. Similarly, �p, the complex con-

jugate of p, is a subquotient of i GP ð �s0ZÞ. As p and s0 are unitary, p_ ffi �p; s_0 ffi �s0.
Therefore, p_ is a subquotient both of i GP ðs

_
0 Z
�1Þ and i GP ðs

_
0 ZÞ, whence

s_0 Z
�1 ffi s_0 Z or wðs_0 Z

�1Þ ffi s_0 Z:

Taking contragredients and rearranging, s0 ffi s0Z2 or ws0 ffi s0z where z ¼
Z�1ðwZÞ�1 2 XrðLÞ. On examining central characters, the first possibility implies that

Z ¼ 1 (since XrðALÞ ffi XrðLÞ is torsion-free). This in turn implies that s is unitary.

However, we have already noted that s must be nonunitary. Therefore this possibi-

lity cannot occur. The second possibility also cannot occur since, by assumption,

w =2WðL; sÞ.
This contradiction shows that our original assumption that i GP s is reducible is false

and thus completes the proof of the proposition. &

Write pðL;sÞ:RðLÞ ! RðL;sÞðLÞ for the projection functor (implied by the Bernstein

decomposition of L) and set r
ðL;sÞ
U ¼ pðL;sÞ � rU.

COROLLARY. With the same hypotheses as above, the functor

r
ðL;sÞ
U : RðL;sÞðGÞ ! RðL;sÞðLÞ

takes nonzero objects to nonzero objects.

Proof. Let p be an irreducible object in RðL;sÞðGÞ. It suffices to show that

r
ðL;sÞ
U p 6¼ 0. However, from the proposition, p ffi i GP ðsnÞ for some n 2 XðLÞ. Therefore,
r
ðL;sÞ
U p ffi sn 6¼ 0. &

1.6. We show now that the functor r
ðL;sÞ
U : RðL;sÞðGÞ ! RðL;sÞðLÞ is an equivalence

of categories (keeping the hypotheses of Proposition 1.5). This will suffice to com-

plete the proof of the theorem. Indeed, it is clear that the representation S is

quasi-cuspidal. Further the hypothesis WðL; sÞ ¼ f1g implies that wS =2RðL;sÞðLÞ.
Combining these two observations with 5.2 of [4], we see that

r
ðL;sÞ
U iGP S ffi S; r

ðL;sÞ
U iG�P S ffi S:

Therefore, if r
ðL;sÞ
U is an equivalence of categories, then i GP S ffi iG�P S, as required.
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Let V be an object in RðL;sÞðGÞ and W an object in RðL;sÞðLÞ. The adjoint relation

HomGðV; i
G
P WÞ �!

’
HomLðr

ðL;sÞ
U V;WÞ ð1:6:1Þ

maps a 2 HomGðV; i
G
P WÞ to e � r

ðL;sÞ
U ðaÞ where e: rðL;sÞU iGP W!W is induced by the

natural L-homomorphism

f 7! fð1Þ: i GP W!W� d1=2P :

In particular, the identity map of i GPW corresponds to the natural L-homomorphism

e: r
ðL;sÞ
U iGP W!W. The hypothesisWðL; sÞ ¼ f1g and 5.2 of [4] imply that this map is

an isomorphism. Hence r
ðL;sÞ
U � i GP ffi id; the identity functor of RðL;sÞðLÞ.

Let aV:V! i GP r
ðL;sÞ
U V be the natural G-homomorphism corresponding, under

(1.6.1), to id: r
ðL;sÞ
U V! r

ðL;sÞ
U V, the identity map of r

ðL;sÞ
U V. Thus e � r

ðL;sÞ
U ðaVÞ ¼ id

where

e: r
ðL;sÞ
U iGP ðr

ðL;sÞ
U V Þ ! r

ðL;sÞ
U V:

By the previous paragraph, e is an isomorphism, whence r
ðL;sÞ
U ðaVÞ is also an iso-

morphism. We now apply the exact functor r
ðL;sÞ
U to the exact sequence

0�!Ker aV�!V �!
aV

iGP r
ðL;sÞ
U V�!Coker aV�! 0:

Since r
ðL;sÞ
U ðaVÞ is an isomorphism, the extreme terms

r
ðL;sÞ
U ðKer aVÞ and r

ðL;sÞ
U ðCoker aVÞ

must both be zero. Using Corollary 1.5, we deduce that

Ker aV ¼ 0 and Coker aV ¼ 0:

Thus aV:V! i GP r
ðL;sÞ
U V is an isomorphism and i GP � r

ðL;sÞ
U ffi id, the identity functor of

RðL;sÞðGÞ. Therefore r
ðL;sÞ
U is indeed an equivalence of categories and we have comple-

ted the proof of the theorem. &

COROLLARY. For any P 2 PðLÞ, the representation iGP S is faithfully projective in
RðL;sÞðGÞ. In particular, the functor

V 7!HomGði
G
P S;VÞ: RðL;sÞðGÞ ! mod� EndGði

G
P SÞ

is an equivalence of categories.

2. An Estimate on Length

Again let s be an irreducible supercuspidal representation of a Levi subgroup L of G.

Let P be a parabolic subgroup of G with Levi component L and write U for the uni-

potent radical of P. Let WðLÞ ¼ NðLÞ=L and set

NðL; sÞ ¼ fn 2 NGðLÞ: ns ffi sn; for some n 2 XðLÞg;

WðL; sÞ ¼ NðL; sÞ=L:
ð2:0:2Þ
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We now use Corollary 1.6 to show that the length of the induced representation i GP s
is at most jWðL; sÞj. This slightly sharpens the bound jWðLÞj of 7.2.3 of [11].

As in Section 1, we write pðL;sÞ: RðLÞ ! RðL;sÞðLÞ for the projection functor

(implied by the Bernstein decomposition of L) and set r
ðL;sÞ
U ¼ pðL;sÞ � rU.

PROPOSITION. The functor r
ðL;sÞ
U : RðL;sÞðGÞ ! RðL;sÞðLÞ takes nonzero objects to

nonzero objects.

Proof. Let P be a nonzero object in RðL;sÞðGÞ. By Corollary 1.6, HomGði
G
�P
S; PÞ 6¼

0: Hence, by the second adjoint theorem, HomLðS; r
ðL;sÞ
U PÞ 6¼ 0: In particular,

r
ðL;sÞ
U P 6¼ 0. &

COROLLARY. The length of the representation iGP s is at most jWðL; sÞj. In parti-
cular, if WðL; sÞ ¼ f1g, then iGP s is irreducible.
Proof. By the proposition, lt i GP s4 lt r

ðL;sÞ
U iGP s; where lt denotes length. By 2.12 of

[4], r
ðL;sÞ
U iGP s has a filtration by L-subspaces whose associated graded module is

L
w2WðL;sÞ

ws and, hence, lt r
ðL;sÞ
U iGP s ¼ jWðL; sÞj. &

3. Equivalences of Categories

Let L andM be Levi subgroups of G with L contained inM. We fix a parabolic sub-

group P of G with Levi component L and write Q for the unique parabolic subgroup

of G containing P and having Levi component M. Note that M \ P is then a para-

bolic subgroup ofM with Levi component L. We again let s be an irreducible super-

cuspidal representation of L. The parabolic induction functor i GQ : RðMÞ ! RðGÞ
then yields a functor

i GQ : RðL;sÞðMÞ ! RðL;sÞðGÞ:

3.1. We now determine when this is an equivalence of categories. Our criterion is

stated in terms of the group WðL; sÞ of (2.0.2) and the corresponding object for

M which we denote by WMðL; sÞ. Thus WMðL; sÞ ¼ NMðL; sÞ=L where

NMðL; sÞ ¼M \NðL; sÞ.

THEOREM. The functor iGQ: RðL;sÞðMÞ ! RðL;sÞðGÞ is an equivalence of categories if
and only if WðL; sÞ ¼WMðL; sÞ.
Proof. We first prove necessity. Thus suppose

i GQ : RðL;sÞðMÞ ! RðL;sÞðGÞ

is an equivalence of categories. Then there exists a functor

F: RðL;sÞðGÞ ! RðL;sÞðMÞ

such that

F � i GQ ffi id; i GQ � F ffi id;
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where id denotes the identity functors, respectively, of RðL;sÞðMÞ and RðL;sÞðGÞ. It fol-
lows that F furnishes a left (and a right) adjoint to i GQ .

Write N for the unipotent radical of Q and

r
ðL;sÞ
N : RðL;sÞðGÞ ! RðL;sÞðMÞ

for the composition of the projection functor

pðL;sÞ: RðMÞ ! RðL;sÞðMÞ

and the restriction of the Jacquet functor rN: RðGÞ ! RðMÞ to RðL;sÞðGÞ. Then r
ðL;sÞ
N

is also a left adjoint to i GQ , whence, by uniqueness of adjoints, F ffi r
ðL;sÞ
N . In particular,

r
ðL;sÞ
N � i GQ ffi id; the identity functor of RðL;sÞðMÞ.
Evaluating at iMM\Ps, and using transitivity of parabolic induction, we obtain

r
ðL;sÞ
N iGPs ffi i

M
M\Ps: We next apply the functor

r
ðL;sÞ
U\M: RðL;sÞðMÞ ! RðL;sÞðLÞ

(which is left adjoint to iMM\P: RðL;sÞðLÞ ! RðL;sÞðMÞ). Using transitivity of Jacquet

modules, this yields

r
ðL;sÞ
U iGPs ffi r

ðL;sÞ
U\M i

M
M\Ps:

By [4] 2.12, the left side has length jWðL; sÞj and the right side length jWMðL; sÞj. We

conclude that WðL; sÞ ¼WMðL; sÞ.

3.2. We now begin the proof of sufficiency. Let V be an object in RðL;sÞðGÞ and W
an object in RðL;sÞðMÞ. The adjoint relation

HomGðV; i
G
Q WÞ ffi HomMðr

ðL;sÞ
N V;WÞ; ð3:2:1Þ

gives rise to a natural transformation

e: r
ðL;sÞ
N � i GQ ! id; ð3:2:2Þ

the identity functor of RðL;sÞðMÞ. For each object W in RðL;sÞðMÞ,

e ¼ eW: r
ðL;sÞ
N iGQ W!W

corresponds, under (3.2.1), to the identity map of i GQ W: it is induced by the map

f 7! fð1Þ: i GQ W!W� d1=2Q :

In these terms, (3.2.1) is described by

s 7! e � r
ðL;sÞ
N ðsÞ; s 2 HomGðV; i

G
Q WÞ:

Similarly, (3.2.1) gives rise to a natural transformation

a: id! i GQ � r
ðL;sÞ
N ; ð3:2:3Þ

124 ALAN ROCHE

https://doi.org/10.1023/A:1020549802818 Published online by Cambridge University Press

https://doi.org/10.1023/A:1020549802818


where id now denotes the identity functor of RðL;sÞðGÞ. Again, for each object V in

RðL;sÞðGÞ,

a ¼ aV:V! i GQ r
ðL;sÞ
N V

corresponds, under (3.2.1), to the identity map of r
ðL;sÞ
N V and (3.2.1) is described by

t j ! i GQ ðtÞ � a; t 2 HomMðr
ðL;sÞ
N V;WÞ: ð3:2:4Þ

3.3. We will show that (3.2.2) and (3.2.3) are equivalences under the hypothesis

WðL; sÞ ¼WMðL; sÞ. Our proof relies on the following general result:

PROPOSITION. Let A and B be abelian categories with direct sums. Let f; g be right

exact functors from A to B that preserve direct sums. Let t: f! g be a natural

transformation such that, for some faithful object F in A, tF: fF! gF is an iso-

morphism. Then t is a natural equivalence.

This follows from the five-lemma; see, for example, [12] p. 24.

The functors r
ðL;sÞ
N and i GQ are exact. They also preserve direct sums, since, for

example, they admit right adjoints. Therefore the functors r
ðL;sÞ
N � i GQ and i GQ � r

ðL;sÞ
N

are each (right) exact and preserve direct sums.

3.4. We now prove that

e: r
ðL;sÞ
N iGQ ði

M
M\P SÞ ! iMM\P S

is an isomorphism. Since iMM\P S is faithful in RðL;sÞðMÞ, Proposition 3.3 will then

imply that (3.2.2) is an equivalence.

First, we need some notation. Let A0 denote a maximal split torus in L. Then A0 is

also a maximal split torus in M and in G. Let

WG ¼ NGðA0Þ=CGðA0Þ; WM ¼ NMðA0Þ=CMðA0Þ;

WL ¼ NLðA0Þ=CLðA0Þ:

Note that, since CGðA0Þ is contained in L,

CGðA0Þ ¼ CMðA0Þ ¼ CLðA0Þ;

and, hence, that WG �WM �WL. Let

N0ðL; sÞ ¼ fn 2 NGðA0Þ \NGðLÞ:
ns ffi sn; for some n 2 XðLÞg;

W0ðL; sÞ ¼ N0ðL; sÞ=CLðA0Þ:

The hypothesis WðL; sÞ ¼WMðL; sÞ implies that

W0ðL; sÞ �WM: ð3:4:1Þ

Consider the representation

rN i
G
Q i

M
M\P S ffi rN i

G
P S:
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By Theorem 5.2 of [4], this has a filtration by M-subspaces such that the associated

graded object isM
WMnfw2WG:wL�Mg=WL

iMM\wP ð
wSÞ:

For any w in the index set, iMM\wP ð
wSÞ 2 RðwL;wsÞðMÞ. Thus, if iMM\wP ð

wSÞ 2 RðL;sÞðMÞ,
then there is a w1 2W

M such that w1wL ¼ L, w1ws ffi sn for some n 2 XðLÞ, i.e.,

w1w 2W0ðL;sÞ. By (3.4.1), this forces w 2WM. We conclude that

r
ðL;sÞ
N iGQ ði

M
M\P SÞ ffi i

M
M\P S:

By inspection of [4] 5.5, this isomorphism is e (up to a nonzero scalar).

3.5. It remains to show that (3.2.3) is an equivalence. We could deduce this from

Proposition 2 by means of an argument from Section 1.6. Instead, we show that

a: iGP S! i GQ r
ðL;sÞ
N iGP S is an isomorphism. Using Proposition 3.3 once more, this will

imply that (3.2.3) is an equivalence and so will complete the proof.

By (3.2.4), the adjoint relation (3.2.1) maps e: r
ðL;sÞ
N iGP S! iMM\P S to i GQ ðeÞ � a.

Therefore i GQ ðeÞ � a ¼ id; the identity map of iGPS. Since e is an isomorphism and,

hence, also i GQ ðeÞ, we conclude that b is an isomorphism. &

3.6. As an immediate consequence, we obtain the following generalization of the

second part of Corollary 2.

COROLLARY. Suppose WðL; sÞ ¼WMðL; sÞ. Let p be an irreducible object in

RðL;sÞðMÞ. Then iGQðpÞ is irreducible.

4. An Example and Some Comments

We now show, by an example, that the converse of Corollary 3.6 above is false.

Thus, by Theorem 3.1, parabolic induction can fail to be an equivalence of categories

but still always take irreducible objects to irreducible objects. When L is maximal

in G, Proposition 4.3 below shows that this occurs if and only if the action (induced

by conjugation) of WðL; sÞ on IrrðL; sÞ, the set of equivalence classes of irreducible

objects in RðL;sÞðLÞ, has no fixed points. Of course, the example shows that Proposi-

tion 4.3 is not merely vacuously true; as explained in the introduction, it is, in

essence, due to P. Kutzko.

4.1. To construct the supercuspidal s of the example, we first recall, in the language

of [6], a very special case of a construction of certain supercuspidal representations of

GLNðFÞ due to Carayol [10]. We refer to [6] for unexplained notation or terminology.

Let E=F be a totally ramified field extension of degree N. For any uniformizer $E

in E, the element b ¼ $�1
E is minimal over F (see [6] 1.4.14 or [15]). We identify
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MNðFÞ with EndFðEÞ and thus also GLNðFÞ with AutFðEÞ. Let A be the EndFðEÞ-

stabilizer of the OF-lattice chain fPiE: i 2 Zg of E. Then A is a minimal hereditary

OF-order in EndFðEÞ. Write P for the Jacobson radical of A and set

UnðAÞ ¼ 1þPn for n 2 N. Fixing an additive character cF of F with conductor

PF, we define a (linear) character cb of U1ðAÞ=U2ðAÞ by

cbð1þ xÞ ¼ cFðtr ðbxÞÞ; x 2 P:

Then the G-intertwining set IGðcbÞ equals U
1ðAÞE� (by a very special case of The-

orem 1.5.8 of [6]). Since U1ðAÞ \ E� ¼ 1þ PE, cb extends to the group U1ðAÞE�.
Let L denote any such extension. Then the compactly induced representation

p ¼ indL is irreducible and, hence, supercuspidal.

We write SðpÞ for the set of characters w of F� such that p ffi pw where pw denotes

the representation

g 7!pðgÞwðdet gÞ; g 2 G ¼ GLNðFÞ:

Clearly, w 2 SðpÞ if and only if L and Lw intertwine where Lw has the analagous

meaning. We assume now that the extension E=F is tamely ramified. Then, by the

discussion of projective normalizers in [8], L and Lw intertwine if and only if

L ¼ Lw which occurs if and only if

Ker w � det ðU1ðAÞE�Þ:

Since E=F is tame, NE=Fð1þ PEÞ ¼ 1þ PF and, hence,

det ðU1ðAÞE�Þ ¼ NE=FðE
�Þ:

Therefore SðpÞ ¼ fw : w �NE=F ¼ 1g:

We now fix a uniformizer $F in F and let z denote a primitive ðq� 1Þ-st root of

unity in F where q is the order of the residue field kF. We assume also that 4 divides

q� 1. It follows that there is a unique character Z:F� ! C
� that is trivial on$F and

1þ PF and satisfies ZðzÞ ¼
ffiffiffiffiffiffiffi
�1

p
.

We need two special cases of the above construction. First, let E1 be the splitting

field of the polynomial X2 þ$F. Choose a uniformizer $E1
in E1 such that

$2
E1
¼ �$F and set b1 ¼ $�1

E1
. Let s1 denote a supercuspidal representation of

GL2ðFÞ constructed from b1 as above. Since NE1=FðE
�
1 Þ ¼ ð1þ PFÞ hz2i h$Fi,

Sðs1Þ ¼ f1; Z2g: ð4:1:1Þ

Second, let E2 be the splitting field of the polynomial X4 þ z$F. Fix a uniformizer

$E2
in E2 with $4

E2
¼ �z$F and set b2 ¼ $�1

E2
. Let s2 be a supercuspidal representa-

tion of GL4ðFÞ obtained from b2 as above. Using

NE2=FðE
�
2 Þ ¼ ð1þ PFÞ hz4i h$Fzi;

we deduce that

Sðs2Þ ¼ hw0Zi ð4:1:2Þ

with w0 the unramified character of F� such that w0ð$FÞ ¼ �
ffiffiffiffiffiffiffi
�1

p
.
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Let ~L be the standard Levi subgroup GL2ðFÞ �GL2ðFÞ �GL4ðFÞ of GL8ðFÞ. Then

~s ¼ s1 � s1Z� s2 is an irreducible supercuspidal representation of ~L. We let

L ¼ ~L \ SL8ðFÞ. As above, we put

Sð ~sÞ ¼ fw:F� ! C
�: ~s ffi ~swg;

where ~sw again has the obvious meaning. Since ~s admits a Whittaker model, the

restriction ~sjL is multiplicity-free (see, for example, [16]). (For our particular ~sjL,
this also follows immediately from [8] Corollary 1.6 iv).) Therefore, by, for instance,

Section 1 of [8] (see especially Corollary 1.6 and Remark (ii)), the length of the

restriction ~sjL equals jSð ~sÞj.
Let s ¼ ~sjL. Then Sð ~sÞ ¼ Sðs1Þ \Sðs2Þ which is trivial by (4.1.1) and (4.1.2).

Therefore s is an irreducible, and supercuspidal, representation of L.

4.2. We have WðLÞ ¼ NðLÞ=L ¼ f1;wg where the non-trivial element w interchan-

ges (up to conjugacy in L) the two 2� 2 blocks of L. Then, using (4.1.1) and (4.1.2),

w ~s ffi s1Z� s1 � s2
ffi ðs1 � s1Z� s2w0ÞZ

ffi ~s~w0Z;

where ~w0 2 Xð ~LÞ is given by

ðg1; g2; g3Þ 7! w0ðdet g3Þ; g1; g2 2 GL2ðFÞ; g3 2 GL4ðFÞ:

Hence, ws ffi sn0, where n0 ¼ ~w0jL 2 XðLÞ, since ZjL ¼ 1. We conclude thatWðL; sÞ ¼
f1;wg. In particular, i GP : RðL;sÞðLÞ ! RðL;sÞðGÞ is not an equivalence of categories for

any parabolic subgroup P of G ¼ SL8ðFÞ with Levi factor L. We now show, however,

that i GP ðsnÞ is irreducible for all n 2 XðLÞ.
Recall that IrrðL; sÞ denotes the set of equivalence classes of irreducible objects

in RðL;sÞðLÞ. Thus each element of IrrðL; sÞ is represented by an unramified twist

of s. The action of NðL; sÞ on L by conjugation induces an action of WðL; sÞ on
IrrðL; sÞ. Suppose now that sn belongs to the fixed-point set IrrðL; sÞWðL;sÞ for some

n 2 XðLÞ, i.e., wðsnÞ ffi sn. Then wð ~s~nÞ and ~s~n share an irreducible component on

restriction to L where ~n is any element of Xð ~LÞ such that ~njL ¼ n. Using (the proof of)

Proposition 1.17 (ii) [7], we see there exists a character w of F� such that wð ~s~nÞ ffi ~s~nw.
Hence, there are unramified characters n1; n01 of GL2ðFÞ and n2 of GL4ðFÞ such

that

s1Zn01 ffi s1n1w; s1n1 ffi s1Zn01w; s2n2 ffi s2n2w:

The final equivalence implies that w 2 hw0 Zi (by (4.1.2)). Tensoring the first equiva-
lence with w and comparing with the second, we obtain s1w2 ffi s1 (i.e., w2 2 Sðs1Þ).
Hence, by (4.1.1), w2 ¼ Z2 or w2 ¼ 1. Using w 2 hw0 Zi, we see that w2 ¼ Z2 is impos-

sible. Therefore we must have w2 ¼ 1, whence w ¼ 1 or w ¼ w20 Z
2. However this is

inconsistent with the first equivalence by (4.1.1). This contradiction proves that

IrrðL; sÞWðL;sÞ is empty.
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SinceWð ~L; ~sÞ ¼ f1g, i ~G~Pð ~s~nÞ is irreducible for all ~n 2 Xð
~LÞ where ~P is any parabolic

subgroup of ~G ¼ GL8ðFÞ with Levi factor ~L. Let w be a character of F� such that

i
~G
~P
ð ~s~nÞ ffi i ~G~Pð ~s~nÞ w for some ~n 2 Xð ~LÞ. Then ~s ffi ~sw or wð ~s~nÞ ffi ~s~nw. We have just seen

that the latter is impossible. Therefore w 2 Sð ~sÞ ¼ f1g and hence Sði
~G
~P
ð ~s~nÞÞ ¼ f1g.

Since, by [16], the restriction i
~G
~P
ð ~s~nÞjG is multiplicity-free, it follows as above that

i
~G
~P
ð ~s~nÞjG is irreducible. Finally, it is easy to verify that i

~G
~P
ð ~s~nÞjG ffi i GP ðsnÞ; where

n ¼ ~njL and P ¼ ~P \ G (or see 9.2 of [8]). We conclude that i GP ðsnÞ is irreducible

for all n 2 XðLÞ.

4.3. Let G again be a general (reductive p-adic) group. Let L be a maximal Levi

subgroup of G. From the example, we know that the functor i GP : RðL;sÞðLÞ !
RðL;sÞðGÞ can fail to be an equivalence of categories but still always take irredu-

cible objects to irreducible objects. (Simply take L and s as in 4.2 and let G be

the intersection of SL8ðFÞ and the standard Levi subgroup GL4ðFÞ �GL4ðFÞ of

GL8ðFÞ.)

We now show that a feature we noted in this example, that the fixed-point set

IrrðL; sÞWðL;sÞ is empty, in fact characterizes such functors.

PROPOSITION. Let L be a maximal Levi subgroup of G. The functor

iGP : RðL;sÞðLÞ ! RðL;sÞðGÞ is not an equivalence of categories but takes irreducible
objects to irreducible objects if and only if IrrðL; sÞWðL;sÞ is empty.
Proof. If WðL; sÞ ¼ f1g, then i GP : RðL;sÞðLÞ ! RðL;sÞðGÞ is an equivalence of

categories and, clearly, IrrðL; sÞWðL;sÞ is nonempty. We assume therefore that

WðL; sÞ ¼ f1;wg with w 6¼ 1.

Suppose first that IrrðL; sÞWðL;sÞ is nonempty. Adjusting s if necessary, we have
ws ffi s. We write s ¼ s0 Z where s0 is unitary and Z 2 XrðLÞ ¼ HomðL;R>0Þ. There-

fore, ws0 ffi s0z where z ¼ Z ðwZÞ�1 2 XrðLÞ. Examining central characters, we see

that z ¼ 1, whence ws0 ffi s0. By results of Harish-Chandra and Silberger (see, for

example, Lemma 2.2 of [18]), it follows that one of two possibilities must occur:

either i GP s0 is itself reducible or i GP ðs0wÞ is reducible for some (nontrivial)

w 2 XrðLÞ. In particular, i GP ðsnÞ is reducible for some n 2 XðLÞ.
Finally, we show that if reducibility occurs then IrrðL; sÞWðL;sÞ is nonempty. We

might as well assume that i GP ðsÞ is itself reducible. Then i GP ðsÞ has length two and

so we have an exact sequence

0! p1 ! i GP ðsÞ ! p2 ! 0

with pi irreducible for i ¼ 1; 2.

If this sequence splits, then a simple Jacquet module calculation, as in the initial

part of the proof of Proposition 1.5, shows that ws ffi s. We assume therefore that

the sequence is nonsplit. In this case, we can use Casselman’s square-integrability cri-

terion exactly as in the remainder of the proof of Proposition 1.5 to show that
ws0 ffi s0 for a certain (unitary) representation in IrrðL; sÞ. Hence, in either case,

IrrðL; sÞWðL;sÞ is nonempty. &
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Remark. The phenomenon described in the proposition is quite rare. In particular,

it is not hard to show that IrrðL; sÞWðL;sÞ is always nonempty when G is semisimple.

Indeed, supposeWðLÞ ¼ f1;wg with w 6¼ 1. (Of course, the case whereWðLÞ ¼ f1g is

utterly trivial.) It is straightforward to check that w acts nontrivially on XðLÞ (or see

the proof of (6) on page 48 of [17]). Hence, the homomorphism

n 7! n ðwnÞ�1: XðLÞ ! XðLÞ

has nontrivial image. When G is semisimple, the complex torus XðLÞ is one-

dimensional. It follows that, in this case, the above homomorphism is surjective

(and coincides with the map n 7! n2:XðLÞ ! XðLÞ). Therefore, if ws ffi sz for some

z 2 XðLÞ, we may write z ¼ Z ðwZÞ�1 for some Z 2 XðLÞ, whence wðsZÞ ffi sZ. (A var-

iant of this simple argument was pointed out to us by M. Reeder.)

Remark. The proposition is no longer valid, as stated, when the Levi subgroup L

is not maximal.

5. Induction and Restriction

We return to the system of notation of Section 3. Thus L andM are Levi subgroups

of G with L contained inM, P is a parabolic subgroup of G with Levi component L

and Q is the unique parabolic subgroup of G containing P and having Levi compo-

nent M. Of course, M \ P is then a parabolic subgroup of M with Levi component

L. As always, s is an irreducible supercuspidal representation of L.

Let A ¼ EndG ði
G
P SÞ, B ¼ EndM ði

M
M\P SÞ. By Proposition 1.2 and Corollary 1.6,

the functors

W 7!HomMði
M
M\P S;WÞ: RðL;sÞðMÞ ! mod� B;

V 7!HomGði
G
P S;VÞ: RðL;sÞðGÞ ! mod�A ð5:0:1Þ

are equivalences of categories.

Parabolic induction corresponds, under these equivalences, to a functor t:mod�
B! mod�A, i.e., there is a commutative diagram of functors

RðL;sÞðGÞ �!
’

mod�A
iG
Q
" " t

RðL;sÞðMÞ �!
’

mod� B:
ð5:0:2Þ

We describe t below (up to natural equivalence).

5.1. Let b 2 B ¼ EndMði
M
M\P SÞ. Since induction is an additive functor, the process

b 7! iGQðbÞ defines a ring homomorphism from EndMði
M
M\P SÞ to EndGði

G
Q i

M
M\P SÞ.

Explicitly, if we realise (the space of) iGQði
M
M\P SÞ as a space of functions from G to

(the space of) iMM\P S in the usual way, then

ðiGQðbÞFÞðgÞ ¼ bðFðgÞÞ; ð5:1:1Þ

for all b 2 EndMði
M
M\P SÞ, F 2 i

G
Qði

M
M\P SÞ, g 2 G.
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Transitivity of parabolic induction gives a canonical isomorphism

iGQ i
M
M\P S ffi i

G
P S: ð5:1:2Þ

We therefore obtain a ring homomorphism tQ:B! A. The functor iGQ is exact and

clearly takes nonzero objects to nonzero objects. It is therefore faithful. In particular,

the homomorphism tQ is injective. (Of course, injectivity of tQ also follows directly

from (5.1.1).)

We view A as a left B-module via tQ (i.e., b:a ¼ tQðbÞa for b 2 B and a 2 A) and as

a right A-module via multiplication in A. This defines a ðB;AÞ-bimodule structure

on A. We show in 5.3 that t is equivalent to the resulting functor

��B A: mod� B! mod�A:

5.2. We will need the following general observation on adjoint isomorphisms. Let

C and D be additive categories and F:D! C and G:C! D a pair of adjoint func-

tors. It follows easily that F and G are also additive functors (Corollary 7.2 of [1])

and thus, for each object M in D and N in C, there is a natural isomorphism of

Abelian groups

a:HomCðFM;NÞ �!
’

HomDðM;GNÞ: ð5:2:1Þ

The abelian group HomCðFM;NÞ is a right EndC FM-module via composition (i.e.,

x:y ¼ x � y for x 2 HomCðFM;NÞ, y 2 EndC ðFM)). It is therefore also a right

EndDM-module via the ring homomorphism EndDM! EndC FM induced by F.

Similarly, HomDðM;GNÞ is a right EndDM-module via composition.

Since the isomorphism (5.2.1) is natural, we have

að f FgÞ ¼ að f Þ g; f 2 HomCðFM;NÞ; g 2 EndDM;

that is, a is an isomorphism of right EndDM-modules.

5.3. We now apply this observation in the context of the second adjoint theorem

and the equivalences (5.0.1).

Recall that N denotes the unipotent radical of Q. Write �N for the unipotent radical

of theM-opposite �Q of Q. Let r
ðL;sÞ
�N
¼ pðL;sÞ � r �N where r �N: RðL;sÞðGÞ ! RðMÞ is the

normalized Jacquet functor (restricted to RðL;sÞ ðGÞ) and pðL;sÞ: RðMÞ !
RðL;sÞðMÞ projects from RðMÞ to RðL;sÞðMÞ. By the second adjoint theorem and

the Bernstein decomposition of RðMÞ,

r
ðL;sÞ
�N

: RðL;sÞðGÞ ! RðL;sÞðMÞ
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is right adjoint to iGQ: RðL;sÞðMÞ ! RðL;sÞðGÞ. In particular, for each object V in

RðL;sÞðGÞ, there is a natural isomorphism

HomGði
G
Q i

M
M\P S;VÞ �!

’
HomMði

M
M\P S; r

ðL;sÞ
�N
VÞ:

By the discussion in Subsection 5.2, this is an isomorphism of B-modules (viewing

the left-hand side as a B module via the embedding tQ:B! A and the isomorphism

(5.1.2)).

We rephrase this as follows: Write resAB :mod� B! mod�A for the functor

defined by restriction along the embedding tQ. Thus, if N is an object in mod�A,

resAB ðNÞ ¼ N and n:b ¼ ntQðbÞ for n 2 N, b 2 B. Then the following diagram of func-

tors commutes:

RðL;sÞðGÞ �!
’

mod�A
r
ðL;sÞ
�N
# # resAB

RðL;sÞðMÞ �!
’

mod� B:

Using uniqueness of left adjoints, it is now a simple matter to describe the functor t

in (5.0.2) (up to natural equivalence). Indeed, for objects M in mod� B and N in

mod�A, the process

f 7! ðm 7! fðm� 1ÞÞ:HomAðM�B A;NÞ �!
’

HomBðM; resAB NÞ;

defines a natural isomorphism. Thus ð� �B A; resAB Þ is an adjoint pair and hence

t ffi ��B A. We have proved the following:

THEOREM. With notation as above, the following diagrams of functors commute up

to natural equivalence:

RðL;sÞðGÞ �!
’

mod�A
r
ðL;sÞ
�N
# # resAB

RðL;sÞðMÞ �!
’

mod� B;
RðL;sÞðGÞ �!

’
mod�A

i G
Q
" " ��BA

RðL;sÞðMÞ �!
’

mod� B:

Remark. The second diagram yields another proof that parabolic induction takes

finitely generated objects to finitely generated objects (cf. Remark 1.3). It suffices to

show that if W is finitely generated in RðL;sÞðMÞ, then i GQW is finitely generated in

RðL;sÞðGÞ. Now, in an abelian category with direct sums, the notion of finite gen-

eration can be expressed in purely categorical terms and is preserved under equiv-

alences of categories. Therefore, by the second diagram, we have only to prove that

ifM is a finitely generated right B-module, thenM�B A is a finitely generated right

A-module. This is obvious.
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