INTERPOLATION BY POLYNOMIALS IN z AND :-!
IN THE ROOTS OF UNITY

A. SHARMA

1. Introduction. Given a function f(z), continuous on C: |z| = 1 in the
complex plane, there is a close analogy between approximation in the sense of
least squares by polynomials on the unit circle and interpolation by poly-
nomials in the nth roots of unity to the same function. For detailed discussion
of the problem and its generalization for a suitable Jordan curve one can refer
to Walsh (3) or to a recent paper by Curtiss (2). More recently, Curtiss (1)
has considered the problem of interpolation by polynomials in non-equally
spaced points on the unit circle and has pointed out the limitations inherent
in the problem. He has shown that if f(z) is analytic in |2 < 1, continuous in
lz2] <1, and sufficiently smooth in the neighbourhood of ¢ (where |¢] =
and £ is not a root of unity), then the polynomial L,(f;2) which interpolates
to f(z) in the (n — 1)th roots of unity and ¢ has the property that
1) lim L,(f; 2) = f(2) for |z] < 1.

If f(2) is only R-integrable on C, then he has shown that without the hypothesis
of analyticity for |z| < 1, but with the assumption that the divided difference
d(f|z, £) defined in (4) is R-integrable on C, (1) becomes

2) lim L,(f;2) = L f<t) — 1 f d(fl¢, £)dt, for |2| < 1.

nom 2 /L

Curtiss has has also shown that a similar situation prevails when more
“mavericks’ are included with the roots of unity. The object of this note is to
study a similar situation for interpolatory polynomials P,,,(z, 27') of degree
m in z and # in z71. It will be shown that if we set

3) Prn(z 271) = ¢a™(2) + r,™ (g71)

where ¢, (2) is the polynomial component and 7, (s71) is zero at infinity,
then under the smoothness conditions required by Curtiss, ¢,™ (z) has the
same property as L, (f; z) above, except that the extra term on the right in (2)
does not appear. A similar result is true for r,™ (z71) for |z| > 1.

The polynomial component ¢,,™ (z) is not an interpolatory polynomial in
general, but it has the property that it preserves polynomials of degree <m.
We do not want to emphasize this property of ¢,™ (2) as a linear operator, but
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we shall illustrate its efficacy by stating an analogue of a result of Walsh
@3, p. 153).

2. Interpolation in certain strong equidistributions. Consider a set
of points S,1,+1” formed of (m 4+ #n — » + 1)th roots of unity and the » points
S, (Sy: &1, &g, . .., &) which are not roots of unity, » being a fixed non-negative
integer with |§,] = 1; 4 =1,2,...,». These points, m + # + 1 in number,
are strongly equidistributed in the classical sense (3, p. 166). Let

d(f|zy El)y d(flzy Ely 22)1
be the divided differences of order 1, 2, . . . given by

dvbs>_f@i_£@o,
4)
d(flzr Elr £2) d(flz El; : ;lz(flél» 52)

We shall prove the following theorem.

THEOREM 1. If P, (2,27 Sptut1’) = Pumn(2, 271) is the polynomial of
form (3) in z and 271, of degree m in z and of degree n in z=! interpolating to f(z)
in the points Syin+1”, Where f(z) together with

d(f“)fhf?y---vfk) (k=1,2,...,l))

is R-integrable on C, then

lim g™ (2) = oy f RON dt |z] < 1,n > vand fixed,

® 1 f@)
: (m) _ ;
}L:rgrn ()_271'1 fgt—zdt lz2| > 1, m > v and fixed.

If f(z) is amalytic for |3| < p > 1, but has a singularity on |z| = p, then
gn™ (2) converges maximally to f(z) on C.

Moreover if s, (2;S,) s the polynomial of degree m whose difference from f(z)
has a zero of order (m — v) at the origin and vanishes in the point set S,, then
6) lim [sn(2; S,) — gu @)] = 0

m—co

for |z| < p?*e, uniformly for |z| < Z < p**= where

lm (n/m) = a.

Also
(7 11m ™ (D =0

for |z > (1/p)Y« and uniformly for lz| > Z > (1/p)e.
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Remark. A sequence of polynomials p,(z) is said to converge to f(z) on C
maximally or with the greatest geometric degree of convergence, if

If(2) — pul2)] < M/R",  zonC,
for every R < p, when M depends on R but not on # or 2. Equivalently

lim sup p'* = l, un = max {|f(z) — p.(2)|, z on C}.

N0 1Y
For the sake of simplicity, we shall prove the theorem for » = 2. Then
2"P,.. (2, 271) is the polynomial of degree m + 7 interpolating to zf(z) in the
points Sy4.+1% Hence

" oy T E T =D — &) — E)w
Prna® ) = 2 W) G L T 6 — W w — ) = 8
nen Eor = D =) ey T D@ = b
+ glf(gl) (Erln+n—-l _ 1)(?’:1 _ 52) + £2f(£2) (Egn—kn——l _ 1)(52 _ El) ’

where wis a (m + n — 1)th root of unity with w™t*—1 = 1.
A simple calculation shows that for n > »,

m+n—1 nk. k k m+1 (m+1)k
N _ w" f(w)w [z —w
D P g 7y o | R
mo mk m—1 _ (m—1)k
- (£1+£2)'22_zk_+£1£2'2 z_rlka ]

Ef(E) B — £
E" = 1) (e — &)

(" — L")
TE T D) — &)

Since

(371 — wH0%) — (5 + £2) (" — ) + B — w0
= 3" 1(z — &) (2 — &) — W™ P (wk — £1) (@* — &)

+

and since
-1
xn 1 m+n 'w"k-wk S 2
=1 = - 3 m 2
mn=l m+n—14& o —x’ ’

X

we can rewrite
gn® @) =1+ I+ I3+ I,
where

_ m+n—1 wnk_f(wk)wk_zm—l(z _ El) (Z _ 22)
L= k2=:1 (m—+n—1)@" — &)@ — &) — v’

m+n—1 wmk+nk . f (wk)

==& ra-De—w)
mAn—1 nk _ koom —1
_ fED)W" - w (2" — £ 2" )
I = ;;:1 (m+n—1)(wk*$1)(51~f2)’
14 _ m+n—1 f(Ez)wnk_wk(zm . El zm—l)

= mtn— D@~ &) - &)
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Using the definition of divided differences (4), we obtain on combining I,

I3, and I4:
m4n—1 wnk+k f(wk)

gm(n)(z) = I, — 2" k;l (m+n— 1)(wk —2

min—1 nk _ k
m—1 wow k
ts ;1 m+n—ld(ﬂw’£1)
m—1 m+4n—1 wnk_wk .
+ (" — 82") kgl m_n—_—id(fl'w  £1, £2).

The last three sums can be looked upon, after multiplying and dividing by 2,
as Riemann sums for the integrals

1 p 1@ 1 .
2m [t[==1 t— Zd 2w |”=lt a(flt, &)t
and

1 n
o7 J ! d(flt, £1, £2)dt,

respectively and since f(t), d(flt, £1), and d(flt, 1, £&2) are by hypothesis
R-integrable, the result follows at once for fixed #n > », since |z < 1. For
n — o, the result again follows by the Riemann-Lebesgue theorem.

The proof for the second part of (5) is similar. We just give the expression
for r," (z71) (m > v):

m 1 et w™ - f(w*) - w*-a(z, w")
mE) = kz=:1 (m—+n— 1)@ — &)@ — &)z — w°)

EfE) (= + 85" | EBfE) (= + £
E™TT = 1) (k0 — £2) E"TTT =) — &)

+ +
where

a(z w) = —27(z — &) (2 — &) + w6 — ) (& — wh).

After rearrangement, one can rewrite

m+n—1 —mk k k
my - _ 1 _-n w ™ f(w) -w
"G = - LT <m+n—1>(z—w’°>
_nm+n——l w—mk
+ R e )

m+n—1 —mk+k |

k
+ @ - X T AU b )

For |z| > 1, the result now follows as in the first case.
If f(2) is analytic in a circle |3| < p, but has a singularity on |z| = p, we can
prove maximal convergence of ¢,™ (z) on C by observing that

n 2N — £) (@ —£) — (t—£)(E— ) _f()
16) = a0 = 5 J A =
where T is the circle [zl = R, 1 < R < p.
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The details of the rest of the proof are omitted.

3. It is interesting to observe that (5) is independent of the extra term that
occurs in (2). However both results require the existence of integrals involving
divided differences of f(¢) at the points £,. This is not surprising, as is seen by
taking f(z) = 271, and » = 1 in the above theorem. The Lagrange polynomial
of interpolation L, (f; z) is given by

Luie) = 41 - €= D= 0]

(1, p. 873) and so
lim L,(f;2) = 1

for |z| < 1,
Mmoeo 13 21
whereas 2"P,, (2, 271) = 2" ! gives for n > 1, ¢," (2) = 0 for all m. However,
if n=0, ¢, () = L,(f;2) > 1/¢ for |z <1 as m — .

The assumption # > v is necessary in the theorem, since for n < », the extra
terms of the type which occur in (2) begin to appear in formula (5).

4. Analogue of a theorem of Walsh. We shall now give an analogue of
a theorem of Walsh (3, p. 153) which appears to be stronger than the original.
We formulate

TaroREM 2. Let f(z) be analytic for || < p > 1 but have a singularity on the
circle |z| = p (the case p infinite is not excluded). Let P, ,(2,271) be a polynomial of
degreemin zand nin z71 given by (3), which interpolates to f(z) at the (m + n—1)th
roots of unity; then g,™ (z) converges maximally to f(z) on C: |z| = 1.

Moreover, if s,(2) is the polynomial of degree m in z which coincides with f(z)
at the origin up to order m + 1, then

() lim [sn(z) — ¢n™ ()] = 0

m,n—->co

for |2| < p*** uniformly for 2| < Z < p*** where

© Jin e
Also
(10) lim ,"”@E" =0

for |z| > p~V* uniformly for |z| > Z > p~te
Further, if Py (2,271) is a polynomial of degree m in z and of degree n’' in
271, interpolating to f(2) at the (m + n’ 4+ 1)th roots of unity with

(11) Pmm’(zy 2_1) = gm(n,) (Z) + 7™ (Z_l)
where ¢, (2) and 7, (z71) have obvious meanings as above, then
(12) lim  [g," () = gn" (2)] = 0
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for |z] < pB*+2, uniformly for 2| < Z < pft2 where

Iim (n'/m) = B with 8 < a.

n' m-c0

We omit the proof.

Some special cases are of interest. If n = km, (8) holds for |z| < p?t* and
(10) for |z| > p~.. 1f w = k 4+ m, (8) holds for |3] < p®and (10) for |z] > p~L.
For n = k (a fixed positive integer) (8) holds for [z| < p?, which is the case
treated by Walsh (3) for 2 = 0.

Similarly for m = n'k, (8) holds for |z| < p*>1/* and (9) holds for |z| > p~*;
for m = n’ 4+ k, (8) holds for |z| < p?® and (10) for |z| > p~L

Results about the degree of convergence of ¢, ™ (z) to f(2) and of 7, (31)
to zero can be also obtained. Indeed, we have

1/a
(13) lim sup [max{|r,"™ (z™")|, zon C}]"* < (%))
where e
lim (i> = a,
n,m->co m
and
(14) lim sup [max{[/(z) — ¢ @), 5 0n C}]"" = 1.

Looking upon ¢,™ and 7,™ as operators that map every continuous function
f(2) defined on the unit circle into the polynomials of degree m in z and of
degree n in 27! respectively by interpolation, as described earlier, we see that
they are obviously linear operators. This observation enables us to formulate
our result for functions that are analytic in an annulus. We thus have the
following

COROLLARY. Let f(2) be analytic for 1/p < |2| < p > 1, but not for
1/p" < |2| < p'yp' > p. Let Py y(3, 271) be the polynomial of degree m in z and
n in 27! which interpolates to f(z) at the (m + n + 1)th roots of unity and let
3) hold. If f = f1 + fo where f1 is analytic for |z| < p and f» is analytic for
|2| > 1/p, then @, converges maximally to fi(z) and r,"™(z7') converges
maximally to f2(2).

Moreover, if s, (2) is the polynomial of degree m in 2z which coincides with f,(z)
at the origin up to order m + 1, then
15) lim [sn(s) — gn’(2)] = 0

for |2l < p*, uniformly for |3| < Z < p*, where a is given by (9).

If t,(z71) s the polynomial of degree n in 2z~ which coincides with f2(2) in the
point at infinity, up to order n + 1, then
(16) lim [4GE") = nE)] =0

m,n->w

https://doi.org/10.4153/CJM-1967-002-6 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-1967-002-6

22 A. SHARMA

for |g| > p~Ve, uniformly for |z| > Z > p1le,
If Py (2, 271) has the form (11) and if

lim (n'/m) = B <e,

then e
(17) lim  [g,""(2) — ¢gu™(2)] = 0
for |a| < pf, uniformly for |3| < Z < pf; a similar relation holds for r,"(z1).
Further

: o Um _ 1/p, a>1,
18) tim sup [maxl[2) — g @), zon O = {10 22D
and

1/a

(19) lim sup [max{|f2(z) — 7o (2)], 2 on C}]'" = {(l/p) a2l

osco 1/p, a< 1L

It is enough to mention the following example. The formal proof of Theorem 2
and its corollary is exactly as in Walsh (4).
Let f(2) = f1(z) + f2(2) where

e A

then

1 L g —1, pi—1 1
p—1/pz—p )" —1 " " —12—-1/p

fi®) — ¢n™ () =

and
- 1 2 =" 1 2 — p"! 1
(m) 1 P L
2)—m (&)= ~wFm n + i ' )
f2(2) &) p—1/p (0 — 1) 2 —p T 2" = 1) 2 — 1/p
Also
1 zm+1 _ om+l 1 '”zm_l 1
) p p
Sm\Z) — qdnm Z) = m m-+n : + mn ’
(2) — gn " (2) p—1/p g (@ ) = p T T 1 — 1))
and
1 2" — p" 1

—1 (m) s _—1
tnz — Tn 2 = m-Fn ° n
( ) ( ) p__l/pp++1___1(z___p)z

Pt — 1 1
+ ann(pm+n+1 . 1) 7 — l/p .

5. If f(z) is only given to be continuous (or R-integrable) on the unit circle,
interpolation by polynomials P, ,,(z, 27!) has the same character as when
m = n (3, p. 180). To be more explicit, we state without proof the following
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THEOREM 3. Let f(2) be R-integrable on C: |z| = 1. Let Py ,(3,271), gn™ (2),

7, (271) have the same meaning as in Theorem 2, and let Py, ,(z, 27) interpolate
to f(2) at the (m + n — 1)th roots of unity. Then

Slim 2" () = 2—% _L—tf—(_—t_l;dt, lz| < 1,

bim ™ () = L f i(Q-dt, lzli> 1,
N300 2w ct—2

the last integral being taken in the clockwise sense. The convergence is uniform for
|2l <7 <1and|z| > 1/r > 1 respectively.

If f(2) is amalytic in the ammulus 1/p < |2| < p > 1 (in particular, for
|2] < 1 or 2| > 1) the equations (20) are valid for |2z| < p and |z| > 1/p respec-
tively, with uniformity for |2l < R < p and |3| > 1/R > 1/p respectively. Also
Ppn(3, 27Y) — f(2) uniformly for 1/R < |z < R < p.

The first part is Theorem 2 in (5). If in (20) we set

f1(2)='—1"‘fcf—(t)“dt=(lo+(l1z+..., IZI<1,

2 t— 3z

one might suspect, in analogy with Theorem 2, that the equation

im [gnm () — (@0t az+ ...+ a,2")]=0
could be established for certain values of 2z in modulus greater than R, at least
if f(2) has no singularity for |z| > R. That this is not so can be verified exactly
as in Walsh (3), by the example of the function

1/(z — p), 0<p<l.

The author is grateful to Professor Walsh and Professor Curtiss for many
helpful suggestions and advice.
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