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1. In t roduc t ion . The pu rpose of th i s p a p e r i s two-fold. 
Sec t ions 2 and 3 a r e mot iva ted by an obse rva t i on that c e r t a i n t h e o r e m s 
c o n c e r n i n g "d imin i sh ing o r b i t a l d i a m e t e r s " ( in t roduced in [ l ] ) a r e 
t r u e under w e a k e r a s s u m p t i o n s . Speci f ica l ly , we inves t iga te the 
r e l a t i o n s h i p be tween that concept and a l t e r n a t e condi t ions such as 
" a s y m p t o t i c r e g u l a r i t y " , and in the p r o c e s s we s h a r p e n s o m e m e t r i c 
space r e s u l t s e s t a b l i s h e d in [1 ;5] . Mention i s m a d e in these sec t ions 
of e x a m p l e s which show that c e r t a i n addi t ional weaken ings of our 
hypo theses cannot be m a d e , but we include in de t a i l only the one 
which s e e m e d to us m o s t i n t r i c a t e . 

In the four th sec t ion , some new fixed point t h e o r e m s a r e 
obtained in B a n a c h s p a c e s . T h e s e t h e o r e m s a r e for non l inea r 
mapp ings T for which V = I - T i s " convex" (that i s , 

l l v ( ^ ) l l £ l / 2 [ | | V ( x ) | | + | |V(y) | | ] for x , y € d o m T ) . Although 

the a s s u m p t i o n of convexi ty of I - T i s s t r i n g e n t , a s ignif icant 
f ea tu re of th is sec t ion is the inc lus ion of e x a m p l e s showing that even 
in the p r e s e n c e of this a s s u m p t i o n , o ther weaken ings of our hypo theses 
a r e not p o s s i b l e . 

2 . D imin i sh ing o rb i t a l d i a m e t e r s . Let f be a mapping of a 
m e t r i c space M into i tself . F o r x € M, let 

O(x) = { x , f(x), f2(x), 
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and for A c M, let the d i a m e t e r of A b e : 

6A = s u p { d ( x , y ) : x, y 6 A} 

Defini t ion [1] . If for e a c h x € M it i s the c a s e that 

I im 60(f (x)) < 60(x) -whenever 60(x) > 0 , t hen f i s sa id to have 
n 

d imin i sh ing o r b i t a l d i a m e t e r s on M . 

A n u m b e r of r e s u l t s have b e e n e s t a b l i s h e d for m a p p i n g s of th is 
t y p e , p e r h a p s the p r i n c i p a l one be ing tha t e v e r y n o n - e x p a n s i v e 
mapp ing (i . e . , a mapp ing f for which d(f(x), f(y)) < d ( x , y ) , 
x , y € dom f) wi th d imin i sh ing o r b i t a l d i a m e t e r s which m a p s a weak ly 
c o m p a c t subse t of a B a n a c h s p a c e into i t se l f a lways has a fixed point 
( see [1 ;6 ] ; a l s o see [7] for app l i ca t i ons of th i s t h e o r e m ) . 

One of the f i r s t o b s e r v a t i o n s m a d e c o n c e r n i n g mapp ings of th is 
type was tha t the condi t ion of d imin i sh ing o r b i t a l d i a m e t e r s has 
s t r o n g i m p l i c a t i o n s in c o m p a c t s e t t i n g s . 

T H E O R E M 2 . 1 . Le t f:M -> M be nonexpans ive and have 
d imin i sh ing o r b i t a l d i a m e t e r s . Suppose for s o m e x € M, 

I im i (x) = z . Then l i m i (x) = z and z = f(z) . 

Th i s t h e o r e m w a s p r o v e d in [1] (a s l ight ly m o r e g e n e r a l v e r s i o n 
a p p e a r s in [5]) us ing a r e s u l t of E d e l s t e i n [3] which s t a t e s tha t for 

nonexpans ive f , if I im f (x) = z then z g e n e r a t e s an i s o m e t r i c 
k 

m n m+k n+k 
s e q u e n c e . (This m e a n s tha t d(f (z) , f (z)) = d(f (z) , f (z)) , 
k = 0, 1, 2 , . . . . ) More p e r c e p t i v e app l i ca t ion of E d e l s t e i n ' s 
r e s u l t m a k e s it c l e a r tha t the condi t ion of d imin i sh ing o r b i t a l 
d i a m e t e r s is r e a l l y not the c r u c i a l fac tor in the t h e o r e m , but r a t h e r 
that f be n o n - i s o m e t r i c on O(x) w h e n e v e r ôO(x) > 0 . T h u s , one 
can p r o v e : 

T H E O R E M 2 . 2 . Let f:M -* M be n o n e x p a n s i v e ; for each 
x e M, a s s u m e f i s not an i s o m e t r y on O(x) if ÔO(x) > 0. If 

for some x e M , Iirri f (x) = z , t hen I im i (x) = z and f(z) = z . 
k n 
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Proof . If follows i m m e d i a t e l y f rom E d e l s t e i n 1 s r e s u l t tha t 
ôO((z)) = 0 , and t h u s that f(z) = z . 

Tha t T h e o r e m 2 . 2 . i m p l i e s T h e o r e m 2. 1 is e a s i l y s een . If 
f: M -> M has d imin i sh ing o r b i t a l d i a m e t e r s at x then 

ôO(f (x)) < ôO(x) for some n if ÔO(x) > 0 , and one m a y infer f rom 
th is that f is not an i s o m e t r y on O(x). 

3. Asympto t i ca l l y r e g u l a r m a p p i n g s . In t h i s sec t ion we sha l l be 
i n t e r e s t e d in mak ing some o b s e r v a t i o n s about the r e l a t i o n s h i p be tween 
mapp ings with the " n o n - i s o m e t r i c on o r b i t s " condit ion of T h e o r e m 2 . 2 
and a s y m p t o t i c a l l y r e g u l a r m a p p i n g s . As b e f o r e , M denotes a 
m e t r i c s p a c e . 

Definit ion [2] . A mapp ing f: M -* M i s a s y m p t o t i c a l l y r e g u l a r 

on M if I im d(f (x), f (x)) = 0 for each x € M. 
n 

I n t e r e s t in a s y m p t o t i c a l l y r e g u l a r m a p s s t e m s f rom the fact that 
s t rong conc lus ions m a y be d rawn conce rn ing conve rgence of s e q u e n c e s 
of i t e r a t e s of such mapp ings to fixed p o i n t s ; see B r o w d e r - P e t r y s h y n 
[2] . In c o m p a c t s e t t i n g s , the connect ion wi th concepts s tudied h e r e 
is f i r m . 

REMARK 3. 1. If M is compac t and f: M -*• M nonexpans ive , 
then the following a r e equ iva len t . 

1) f has d imin i sh ing o rb i t a l d i a m e t e r s on M. 

2) f is a sympto t i c a l l y r e g u l a r on M. 

3) f is not an i s o m e t r y on O(x) if ôO(x) > 0 , x e M. 

The equ iva lence of t he se condi t ions follows f rom the fact that 
(2) i m p l i e s (3) t r i v i a l l y , and ex i s t ing fixed point t h e o r e m s imply e v e r y 
sequence of i t e r a t e s c o n v e r g e s to a fixed point of f under e i t h e r 
a s s u m p t i o n (1) or (3). It i s a l so e a s y to see that in any c a s e , if 
f: M -*• M is a s y m p t o t i c a l l y r e g u l a r then f s a t i s f i e s (3). F o r if 
x ^ f(x) and f i s an i s o m e t r y on O(x) we have 

0 4 d(x,f(x)) = d(f(x), f2(x))= • • • = d ( f n (x ) , f n + 1 (x ) ) - 0 

which is a b s u r d . Thus nonexpans ivenes s of f is not needed . 

The following t h e o r e m is p roved in [5] . 
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T H E O R E M 3. 1. Suppose M is c o m p a c t and let f: M - M be 

cont inuous and have d imin i sh ing o r b i t a l d i a m e t e r s on M. Then 

n 
e v e r y sequence { f (x)} con ta ins a subsequence which c o n v e r g e s to 
a fixed point of f . 

A s i m i l a r r e s u l t holds for a s y m p t o t i c a l l y r e g u l a r m a p s . We 
s ta te th i s t h e o r e m without proof s ince it i s a c o n s e q u e n c e of T h e o r e m 
3. 3 and R e m a r k 3. 3. 

T H E O R E M 3. 2 . T h e o r e m 3. 1 r e m a i n s t r u e if the a s s u m p t i o n 
of d imin i sh ing o r b i t a l d i a m e t e r s i s r e p l a c e d by a s y m p t o t i c r e g u l a r i t y . 

In g e n e r a l , a cont inuous mapp ing f m a y be a s y m p t o t i c a l l y 
r e g u l a r and yet not have d imin i sh ing o r b i t a l d i a m e t e r s , even in a 
compac t se t . Thus the hypo the s i s of T h e o r e m 3.2 does not imp ly 
the hypo thes i s of T h e o r e m 3. 1. It is a l s o the c a s e tha t a mapp ing 
m a y have d imin i sh ing o r b i t a l d i a m e t e r s on a s e t , yet not be 
a s y m p t o t i c a l l y r e g u l a r . Howeve r , we note the following: 

REMARK 3 . 2 . If M is c o m p a c t , f: M ~> M cont inuous wi th 
d imin i sh ing o r b i t a l d i a m e t e r s , then for e a c h x € M, if 

l im d(f (x), f (x)) e x i s t s , it m u s t be z e r o , 
n 

Proof . Le t x e M. By T h e o r e m 3. 1 s o m e subsequence of 

{f (x)} c o n v e r g e s to a fixed point of f. Say f (x) -> z = f(z). 
T h u s , 

l im f K (x) = z , 

SO 

I i m d f f k ( x ) , f k (x)) = 0. 
k 

T h e r e f o r e , if the ind ica ted l im i t e x i s t s , it m u s t be z e r o . 

Tha t t h i s l imi t need not a lways ex i s t , h o w e v e r , is s e e n by the 
following e x a m p l e . In th i s e x a m p l e M is c o m p a c t , f: M -*• M i s 
cont inuous and h a s d imin i sh ing o r b i t a l d i a m e t e r s , but f i s not 
a s y m p t o t i c a l l y r e g u l a r . 
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EXAMPLE 3. 1. Consider the following points in the plane , 

a = ( l / n , 0 ) , n = 1, 2, . . . ; 
n 

Xl = (0,1/n) , k = 2 n , n = 0, 1, 2, . . . ; 
k 

and define the remaining points x as indicated in the figure (Fig. 1). 

Then M = U I a , x , (0, 0)} is a compact subset of the plane, 
n n 

Define f: M -> M as follows: 

12 

Figure 1 
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f(x ) = x . n = 0 , 1, 2, . . . 
n n+1 

f(a ) = a , n = 2, 3, . . . ; 
n n - 1 

f(a ) = ( 0 , 0 ) = f ( (0 ,0) ) . 
1 

Then ôOff^x, )) > 1 while I im ôO(fn(x )) = 1. C l e a r l y , 
k n k 

{ d(f (x ), f (x ))} does not c o n v e r g e . 

A v e r y t r i v i a l example shows tha t T h e o r e m 3.2 i s not t r u e 
wi th " a s y m p t o t i c a l l y r e g u l a r " r e p l a c e d by the condi t ion of T h e o r e m 
2 . 2 , n a m e l y "f is not i s o m e t r i c on O(x) w h e n e v e r ôO(x) > 0" , 
and T h e o r e m 3. 1 and 3 .2 cannot be jo in t ly g e n e r a l i z e d us ing th i s 
condi t ion. We can achieve a unifying of 3. 1 and 3 .2 a s fo l lows: 

T H E O R E M 3. 3. Le t M be c o m p a c t and suppose f: M -> M is 
cont inuous and has the p r o p e r t y tha t for e a c h x € M with ôO(x) > Q 

t h e r e e x i s t s an i n t e g e r n such that 0(f (x)) =[ O(x). Then e v e r y 

sequence { i (x)} con ta ins a s u b s e q u e n c e which c o n v e r g e s to a 
fixed point of f . 

B e c a u s e i t s proof is a rou t ine modi f i ca t ion of the proof of 
T h e o r e m 3. 1 [5 , T h e o r e m II], we only show how T h e o r e m 3. 3 
i m p l i e s T h e o r e m 3. 1 and 3 . 2 . In fact we can take a " m i x e d " 
h y p o t h e s i s . 

REMARK 3. 3 . Let x € M and suppose f: M -> M is 
con t inuous . If e i t h e r f h a s d imin i sh ing o r b i t a l d i a m e t e r s at x or 
if f i s a s y m p t o t i c a l l y r e g u l a r at x, and if 60(x) > 0, then for 

s o m e n, 0(f (x)) j O(x) . 

P roof . Choose x € M with ôO(x) > 0. If f h a s d i m i n i s h i n g 
n 

o r b i t a l d i a m e t e r s at x, then for s o m e n, ôO(f (x)) < ôO(x) ; 

hence 0 ( f (x)) =f O(x) . Suppose , then , tha t f i s a s y m p t o t i c a l l y 
r e g u l a r at x. ôO(x) > 0 i m p l i e s x =f f(x). Suppose x € 0(f(x)) . 

n k n k n 
Then x = I im f (x) for s o m e subsequence {f (x)} of {f (x)} . 

n k + l 
T h e r e f o r e f(x) = Iirn f (x). Hence 

k 
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I im d(fn k(x), f^ (x)) = d(x, f(x)). 
k 

Asympto t i c r e g u l a r i t y of f at x i m p l i e s x = f(x) con t r ad i c t i ng 

ÔO(x) > 0; thus x /É 0(f(x)) so O(x) j 0(f(x)). 

By the c o m m e n t following the example we see that our " m i x e d " 
hypo thes i s in the above r e m a r k cannot contain as an a l t e r n a t i v e the 
" n o n - i s o m e t r y on O(x)" condi t ion. That i s , being n o n - i s o m e t r i c on 

O(x) is not sufficient to imply O(x) ^ 0(fn(x)) for some n . It can be 
shown, h o w e v e r , that the l a t t e r is t r u e if f is nonexpans ive . 

4. Mappings in Banach s p a c e s , Le t K be a convex subse t of 
a B a n a c h space X. A mapping V:K -> X is ca l led convex if 

| | V ( ^ ) | | < l / 2 [ | | V ( x ) | | + | |V(y) | | ] 

for a l l x, y € K. 

THEOREM 4. 1. Let K be a nonempty , weakly c o m p a c t , con-
v e x subse t of a B a n a c h space X . Suppose T:K -*• K i s cont inuous 
and suppose I - T is convex on K . If inf II x - Tx || = 0, then T 

— X€K 
has a fixed point in K . 

Proof . F o r each r > 0, let 

H = { z € K: || z - T z | | < r} . 
r 

B e c a u s e inf | |x - T x | | = 0 , H j 0 if r > 0. Convexity of I - T 
x€K r 

e a s i l y i m p l i e s H is convex and cont inui ty of T imp l i e s H is 
r r 

c l o sed . As c losed convex s u b s e t s of the weakly compac t se t K, the 
se t H a r e a l s o weakly c o m p a c t and it follows tha t 

D H f 0 
^ r 

r>0 
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yielding at least one fixed point for T . 

THEOREM 4 .2 . Let K be as in Theorem 4 . 1 . Suppose 
T: K -*• K is nonexpansive and suppose I - T is convex on K. Then 
T has a fixed point in K . 

Proof. By a result of Gbhde [8] we have inf ||x - Tx|| = 0; 
xcK 

hence 4. 2 follows from 4 . 1 . 

THEOREM 4 . 3 . Let K and X be as in Theorem 4 . 1 . Suppose 
T: K -+• K is nonexpansive and suppose I - T is convex on K. ]£_ 

T is asymptotically regular on K , then every sequence {T x} 
contains a subsequence which converges weakly to a fixed point of T, 
and moreover, every such weakly convergent subsequence has a fixed 
point of T as limit. 

Proof. Let x € K. Because K is weakly compact, some 

subsequence {T ~x} of { T x} converge s weakly, say to w. Thus, 

w 6 fl , conv{ T n k x , T k + 1 x , • - • } . 
k=l 

The fact that I - T is convex is readily seen to imply that, for 
each k, 

||w - Tw|| < sup | | T n i x - T(T n i x) | | . 
i > k 

Therefore, using asymptotic regularity of T , 

||w - Tw|| < lim | |T n k x - T(Tn kx) || = 0 

and w is fixed under T. 

EXAMPLE 4. 1. Let B be the unit ball in any infinite 
dimensional Banach space X and let 

B 1 / 2 = {** X:| |x | | < 1 /2} . 
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Let <p be any continuous function mapping B-*B which has no 
1/2 

fixed point. (Because B is not compact, such a mapping will 
1/2 

exist. ) Let [x, <p(x)[ be the half-line emanating from x which 
contains <p(x). Then the length of [x, <p(x)[ f) B is at least 1/2. 
Define Tx to be the point of this ray with distance 1/2 from x. 
Then T:B-*B and ||x - Tx|| = 1/2, x € B. Thus I - T is convex. 
T is continuous because <p i s . Since X may be chosen so that B 
satisfies the hypotheses on K in Theorem 4.1 (e.g. , assume X is 
reflexive), this example shows that inf ||x - Tx|| = 0 cannot be 
removed in Theorem 4. 1, nor can nonexpansiveness of T in Theorem 
4.2 be replaced by continuity of T. 

EXAMPLE 4 .2 . Now consider the space C[0, 1] of continuous 
functions. Let 

K = {f € c[0, l] :f(0) = 0, f(l) = 1, 0 < f(x) < 1} 

Define <p:K -*- K as follows: 

<p(f)(x) = xf(x), f € K. 

As seen in [4], <p is nonexpansive on K and has no fixed point. 
Let f, g e K. 

\^ - , £ * ) II = sup{ \^±^- - x ( ^ £ L ) I « • [0, 1]} 

< sup{y( l - x)f(x):x € [0,1]} 

+ s u p { - ( l - x)g(x):x € [0,1]} 

= l /2{ ||f - 9(f)\\ + | | g - ^ ( g ) | | } 
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Thus I - cp i s convex on K. A l s o , 

|<pn(f> - ? n + V ) | | = s u p { | x n f ( x ) - x n + 1 f ( x ) | : x e [ 0 , 1 ] } 

n n+1 r 

sup{ (x - x )f(x):x € [0 , 1]} 

, n n+1 1 
< sup{ (x - x ):x € [0, 11} < — 
- L

 L JJ _ n + 1 

so ^ is a s y m p t o t i c a l l y r e g u l a r on K. T h e r e f o r e the h y p o t h e s i s 
of w e a k c o m p a c t n e s s is e s s e n t i a l in e a c h of the T h e o r e m s 4. 1 - 4. 3. 

It migh t be noted tha t the p r o c e d u r e of E x a m p l e 4. 1 could be 
used to obtain a cont inuous m a p T:B -* B such that | |x - Tx || = k, 
x e B , for any fixed k , 0 < k < 1. An i n t e r e s t i n g q u e s t i o n a r i s e s 
as to w h e t h e r such T e x i s t s for which II x - Tx II = 1 , x e B . 
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