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AN INTEGRAL REPRESENTATION OF A 104>9 AND 
CONTINUOUS BI-ORTHOGONAL 10<f>9 RATIONAL 

FUNCTIONS 

MIZAN RAHMAN 

1. Introduction. One of the most remarkable ^-extensions of the 
classical beta integral was recently introduced by Askey and Wilson [1] 

( 1 }) J _ f C^2; 4)ooO~~2; 4)oo 
9*777 JC (n7~ 2m JC (az; q)J,al z\ q)<J\)z\ q)JJ)/z\ q^icz; q)0 

dz 
X 

(c/z\ q^idz; q^id/z; q)^ z 

= 2{abcd\ g)^  

(qi q)oo(<*b> ^)oo(^; ^)ooM; ^ W ^ ; #)oo 

X == 2h0, say, 
oo 

where \q\ < 1 and the pairwise products of {a, b, c, d} as a multiset do not 
belong to the set {qJ, y = 0, — 1, — 2, . . .} . The contour C is the unit circle 
described in the positive direction, but with suitable deformations to 
separate the sequences of poles converging to zero from the sequences of 
poles diverging to infinity. The symbol (A; ^r)00 is an infinite product 
defined by 

oo 

(1.2) (A; q)^ = U (1 - Aqk) 
k = 0 

whenever it converges. 
Under the stronger condition 

max( \a\, \b\, |c|, \d\ ) < 1 

(1.1) reduces to a real integral 

(1 3) JL f] h(x> 1)/z(x; - W ^ Vq)h(x', -Vq) dx 
lir J ] h(x; a)h(x; b)h(x; c)h(x; d) y ^ _ x^ 
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606 MIZAN RAHMAN 

where 

(1.4) h(x\ a) = H (1 - 2axqk + a2q2k) 
k = 0 

= (aëe\ q^iae'10- q)^, x = cos 0. 

If we set a = - d = -fq,b = qaJrV\ c = -q^Vl in (1.3) and take the 
limit q -» 1 — then it is easy to see it reduces to the beta integral 

(1.5) f , (I - x f l l + * ) » * - y ^ i t ' + ' W + D 
v 7 ^ - i v r (o + j8 + 2) 

once we have made use of Jackson's g-gamma function 

(1.6) Tq(x)=j^^-(\ -q)x~* 

and the property that 

T(x) = lim r (x). 

Askey and Wilson [1] also showed that the polynomials 

(z+z~l \ 
0 ' 7 ) Pn{ " ; Û, b, C, dj = 4<t>3 

q n, abcdqn , az, alz 

ab, ac, ad ; q, q 

arc orthogonal with respect to the complex weight function defined in 
(1.1), i.e., 

I I I Z ~T Z 

(1.8) 
1 

1m 
jcPny-^—,a,b,c,d) 

x Pm\ * ; a, b, c, djf{z)dz = 28mnhn> 

where 

(1.9) K = hQ 

\ q Jn 

{q\ q)n{\ - abcd/q)(cd; q)n 

v (ab\ q)n(ac\ q)„(ad\ q)n -ln 

(bd\ q)„(bc; q)n 

and 
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INTEGRAL REPRESENTATION 607 

(1.10) /(Z) = z~V\q)c 

(az; q)œ(a/z; q)Jbz; q)0 

X 
(z~l; q)0 

{blz; q)Jcz; q)Jclz\ q)Jdz; q)Jd/z; q)c 

with 

(1.11) (A; q\ = (A; q)J{Aq\ q)^ 

The basic hypergeometric function on the right hand side of (1.7) is 
defined by the general formula 

(1-12) r+i4>r 
ax,a2,...,qr+x 

bx,...,br 

; q,z = 2 (al;q)„...(ar+l;q)„ 

«=0 (q; q)n(bx\ q\ . . . (br\ q)„ 

whenever the series converges. 
In [4] Nassrallah and Rahman found the integral representation 

(1.13) / _1 w(x\ A, JU, p, p)-—•—dx 
- l h(x\ o) 

(Xfivp; q)çjkiiva\ q) 
o 

X 

x ^ 

(<?; q)J^\ <i)J^v\ ^XX^P; tfXxA^; <?)OO 

Q^\ q^hir; q^jpr, q)^  

(/*"; )̂OO(MP; q)oo(w> <I)JJ>P\ q)<Jy<>\ ^ U V ; 4)00 

Xixvrq , g \ /~ , — g^/~, ÀjU, AP, jit̂ , T a - , rp~ 
; P<* 

V~» ~~ V~~> rT> I117' ^T> XfJLPO, XfXPp 

where 

(1.14) w(*; A, jit, y, p) 

_ (1 - x2yVlh(x\ \)h(x\ ~\)h(x; - Vq)h(x; - ^q) 

2ir h(x; X)h(x; p)h(x\ v)h{x\ p) 

(1.15) max( |X|, |/i|, H, |p|, |pa| ) < 1, 

and the open square root is taken to be the positive root over the 
top left hand parameter which, in this case, is \tiprq~l. If we take 
A = - p = V£, M = qa^V\ v = - / + 1 / 2 , T = c V and take the 
limit q -> I— then (1.13) reduces to Euler's integral formula for a 2FX, 
namely, 

[y, a + 1 1 

a + -0 + 2 ' ^J 
(1.16) 2F, 
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T(a + j8 + 2) 

r (« + l)r(j8 + 1) / ^ 
(1 - x / ( l - xo) ydx. 

However, there is another important limiting case of (1.13) that 
the authors failed to point out in [4]. Let us replace À, /x, *>, p, a, r by 
q , gM, qv

9 q
p, qa and qT, respectively, and, more importantly, replace ë in 

the integral by qlx. If we now take the limit q —> 1—, use (1.6) and 
simplify, we obtain 

(1.17) 
1 r. 

X 

dx 
T(\ + ix)T(X - ix)T(n + ix)T(n - ix) 

lm J ~°° T(2ix)T(-2ix) 

T(v + ix)T(v — ix)T(p + ix)T(p — ix)T(a + ix)T(a — ix) 

x T(T + ix)T(T - ix) 

2HA + ju)r(A + v)T(\ + p)T(\ + o)T(n + v)T(n + P) 
T(X + T)T(JI + T)r(p + T)T(X + [i + p + p) 

Hju + a)T(v + p)T(v + o )Y(\ + ii + v + T) 

r(X + n + v + a) 

r X + u + c + T + l 
X + n + v + T- 1, 

P 2 7^6 A + ju + r + T - l 

À + jlt, À + ^, j L t - h ^ , T — a , T — p . 1 

p + T, /x -f T, X + T, A-h/x + ^ + a, A + jLt + ^ + p 

provided Re(A, jii, ,̂ p, a) > 0. Integral representations of 7F6 in terms of 
Mellin-Barnes type integrals are well-known (see, for example [2, p. 44] ), 
but representation as a real integral seems to be a new result. One can see, 
of course, that in the special case T = p or o (1.17) reduces to Wilson's [6] 
result. 

The first objective of this paper is to consider the special case of (1.13) 
when the 8<f>7 becomes a 6<J>5 and exploit the result to obtain an integral 
representation of a very well-poised and balanced 10<J>9. The second 
objective is to generalize (1.7) and (1.8) and find a continuous analogue to 
Wilson's [7] bi-orthogonal ]0<t>9 rational functions in a discrete variable. 

2. An integral representation of a ]0<f>9. In (1.13) let us set r = \\ivpo. 
Then the 8<J>7 series becomes a 6<j>5 which is summable by [5, (IV.7), p. 247]. 
Using this sum and simplifying we obtain 
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INTEGRAL REPRESENTATION 609 

(2.1) J j v(x; X, /i, f, p, a)dx 

( 4 ) o o ( V ) œ ( M o o ( V ) o o ( ^ a W 

= &» say> 

where 

(2.2) v(x; À, ju, v, p, a) 

A(x; X/u>pa) 
= w(x\ X, /i, y, p)—— —-

h(x\ a) 
_ (1 - x2yVl h(x\ \)h(x; -l)h(x; Vg)h(x; - Vg)h(x; Xfxvpo) 

2m h(x; X)h(x; ti)h(x; v)h(x\ p)h(x; a) 

Note that in (2.1) we have used (a)^ to mean (a; q)^ for the sake of 
printing economy. Since we shall be using the same basic q all through we 
shall continue to use this shorthand notation throughout the rest of the 
paper. A sufficient condition for the existence of the integral in (2.1) is 

(2.3) max( |X|, |/i|, H, |p|, |a| ) < 1. 

However, if one or more of the parameters exceed 1 in numerical value but 
the pairwise products of {X, JU, v, p, T} as a multiset do not belong to the set 
{qJi j = 0> 1> 2, . . .}, then (2.1) must be replaced by the complex 
integral 

(2.4) 
1 f (^)oo(Z 2 ) o o O W < ^ ) c 
n JC 2mi J c (XZ)0 0(X/Z)0 0( /AZ)0 0(^/Z)0 0(^Z)0 0 

(Xfivpa/z)^ dz 
X 

(v/z)oo(PZ)oo(P/z)oo(°z)oo(a/z)oo Z 

= 2#0> 

where C is essentially the same contour used in (1.1). 
One can easily see that if any one of the parameters is equated to zero, 

(2.1) reduces to (1.3) while (2.4) goes to (1.1). 
Since (2.4) is more general than (2.1) we shall henceforth be working 

with (2.4) and will indicate, whenever necessary, special results corre
sponding to (2.1). 

Let a —> oq\ r = 0, 1, 2, . . . . Since 

(2.4) gives 
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(2.5) — J g(z) dz 
2mi JL (Xixvpoz)r(Xixvpo/z)r 

(Xlxpo)r(Kiipo)r(\vpo)r(^po)r 

where 

Z ~ ] ( z 2 )oo( Z ~ 2)oo( V ^ P ^ )o 
(2.6) g(z) 

X 

Q^z ) o o ( ^ / z ) o o ( ^ )oo(M / z ) O O ( ^ )O 

(kiivpo/z)^ 

(^ /^)oo(P Z )oo (P / z )oo ( a Z )oo ( a / z )oo 

Let us multiply (2.5) by 

(Xyvpc^q~\(\ - \l,vpo1qlr-l)(A)r(B)r(C\ 

(q)r(l - Xiivpo2q~l)(Xixvpo2/A)r(Xfivpo2/B)r(Xixppo2/C)r 

\x\ < 1, 

and sum over r to get 

(2.7) ^ Jc dzg(z)^7 
Xiivpo2q \ q\T, ~q\T, oz> 

2 £o 10^9 

\T, - yf, Xfivpo/Z, 

o/z, A, B, C 

Xfivpoz, Xjivpo Xfivpo Xfivpo 
; q, x 

A B C 

X[xvpo q~ , q\T-> ^q^Ti ^a> M '̂ m> 

V""' — V~~? ji^pa, Xvpo, Xfipo, 

po, A, B, C 

X[ivo, Xfivpo Xfivpo Xfivpo ; q, x 

A ' B ' C 

where ^4, i?, C are arbitrary parameters, real or complex. This, in itself, is 
of not much interest unless the series on both sides are balanced. 
Accordingly we set 

x = q and C = (Xfivpo) /ABq. 

We may now write down a second such formula by rearranging the 
parameters in such a way that the two 8<J>7 series can be connected by 
the non-terminating form of Jackson's theorem [5, (IV. 15), p. 248]: 
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a, q^fa, -q\fa, b, c9 d, e, f 
; q,q 

+ 

\[a, — \fa~, aqlb, aq/c, aq/d, aq/e, aq/f 

(bq/c)^{bq/d)J})q/e)^(bq/f)Jjiq)Js)oo 
{b2ql a)J,bcl a)JJ)dl a)JJ)el a)Jj)fl a)^ 

W ) o o ( ^ ) o o ( / ) o o ( * / û ) oo 

(<*q/ c )OQ(aql d^aq/e ^(aq/ftjji/b )00 

b la, qbl \fa~, —qbl \[a~, b, bel a, bdl a, 

bl \fa, —bl ^[â, bql a, bqlc, bqld, 

bêla, bfla 

bqle, bqlf 

8<J>' 

; q, q 

X 

(aq)çjb/a)^aq/de)(jaq/ce)00(aq/cd)0 

(aq/ c)oo(aql d)J^aql e)J^aqlf)JJ)cl a)c 

{agi cftoJjaq/dftjjaqf ef)^ 

(bdla^ibela^ibfla)^ ' 

where a q = bedef. A tedious but straightforward calculation then yields 

(2.9) 
277/ JC Z 

X 

(^2)oo(^ ^çJXpvpoz/'B^iXfxvpo/Bz)Q 

(ABqz/Xixvpo^iABqlXixvpoz)^ 

(P^)cxXP / z )oo(^)oo<V z )c 

= 2So 

(Aqz \ I Aq \ 

/ \ /x^p\ /Xiivpo2\ (ABq\ ( ABq \ 

V B /°°V fl /00V\u,i/o/00V\ai'OCT2/00 \\}xvp ' °°\\iivpo 

(A^p)TO(A^pa2u(-^)TO(-£-I) 

x 10<j>9 

X[ivpo q 

yxiivp/^Xiippo1/00 

q\[~, ~q\T•> ^a> ^ J ^a> Pa ' 
y^~, — \ / ~ , juj>pa, À*>pa, A/xpa, \ju*>a, 

/*, B,X2ti2p2p2o2IABq 

Xfxvpo 1 A, Xfivpo IB, ABqlXfivp ' <7, g 

+ 2g0-
(\a)00(^a)00(m)00(pa)00(^(7/Aa)00(yl<7/^a)0 

( V P a ) o o ( ^ P a ) o o ( ^ P < * ) o o ( ^ < * ) oo 
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X 

X 

(Aq/vo^jAq/ po^jB^Aq/ B)^ 

(J*L) (JH.) (JH.) ( ^ J J t ) 

(X2ii2v2p2o2/ABq)00(BA2q2/X2
li

2v2p2o2)00 

i2„2, 

10*9 

(X\ivpo /Aq^A q /Xpvpo ^ 

Aq Aq Aq Aq 
A, 

qA2/Xixvpo , qyT, ~<lV~> ^ X^a \vpo Xfivo 

^ - _ ^ - Aq Aq Aq Aq Aq2 

Xo vo \xo po X\xvpo 

Xfivp ABq 

B ' Xfivpo 

BA2q2 Aq 

B 

; q,q 

The left hand side is clearly symmetric in X, p., v, p and a, so the right hand 
side must also be. But this is precisely the content of Bailey's [3] four-term 
transformation formula for non-terminating 10^9's. 

If we set B = q~", n = 0, 1 , 2 , . . . (2.9) takes a particularly simple 
form 

(2.10) 
liri 

X 

X 

Jc ? 
0 ) o o 0 )oo(^vPOZ)o 

z (Xz ) o c A / z ) o o O Z ) o o ( M / * ) O O ( ^ Z ) O O ( ^ / Z )C 

(Xfivpo/z)^ 

(pz )oo(p/z)oo(°Z ) o o ( ^ )oo 

(Xfivpoz/A )n(X\ivpo/Az)n 

(Xfivpo /z)n(\pvpoz)n 

(X\xvp/ A)n(Xiivpo2 / A)n 
= 2 # 0 

(V^P* )n(^P)n 

X ]0<f>9 

X(ivpo~q , q \f~, ~~q\T-> ^a> M*7» ^ P a ' 
\/~~, — \/"~, jwpa, X^pa, Ajtipa, Ajiiï>a, 

xVVpV?"-1 

. 1 - " 
Xfivpo /A, , 

XjU*>p 
Xfivpo qn 

& q 
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The left hand side can be reduced to a real integral if 

max(|A|, \n\, \v\, \p\, \a\ ) < 1: 

dx 

2m 
(2-11) ±j\ 

X 

Vl -x2 

h(x\ \)h(x; — \)h(x\ \fq)h(x\ — ^fq)h(x\\\ivpo) 

h(x\ X)h(x; fi)h(x; p)h(x; p)h(x; o) 

(Xlivpoel$/A )n(\ixvpoe~l0/A )n 

{Xixvpoe " l0)n(Kiivpaée)n 

(\livp/A)n{\iivpo1/A)n 

(\tivpo\(\tivp)n 

X ]0<t>9 

\\ivpa q , q \ /~ , — q \ /~ , Xo, JUCJ, vo, po, 

\/"~, — y/~, fivpo, Xvpo, Ajupa, \\xvo, 

2 „ 2 2 2 2 « - 1 ,4 , \ > V p V g 

A ' ; 4, 4 
\\Lvpol/A, AqX~nlX\wp, \[ippo2qn 

This, of course, reduces to (2.1) when A = 1 or n = 0. However, if 
we set A = jLwpa, then (2.11) becomes, via Jackson's summation formula 
[5, (IV.8) p. 247] 

1 fl 

1 VT 
(2.12) 

277 / : 
dx 

h(x; \)h(x\ —\)h(x; \fq)h(x\ — ^fq)h(x\ X\ivpoqn) 

h(x; \qn)h(x; n)h(x\ v)h(x; p)h(x; o) 

(Xli)n(Xv)n(Xp)n(Xa)n 

(Xvpo)n(Xtipo)n(Xixvo)n(Xiivp)n 

which is valid provided the numerical values of all the parameters are less 
than 1, and hence, is a special case of (2.5). 

3. Biorthogonal rational functions. Let us define 

(3.1) # „ ( Z + / ', K IL, v, p9 a) 
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614 MIZAN RAHMAN 

10*9 
2 _ , qy/~, -qy/~9\vpo,\wo, 

A fxvpoq , V~, -\T> V> ^ 
Xjivo, Xz, X/z, Xju^pg « - 1 

Xp, Xfivpo/z, Xfivpoz, Xoq n', X \ivpoq 

n 

and 

(3.2) S ^ ; X, /x, p, p, a j 

10*9 
X/a, # \ / ~ , —q\Ti g/jua, g/j'a, g/pa, Xz, 

V~> " V " » V» ^> Xp,q/oz, 

X/z, X\xvpqn~ 

qz/o,q2 n/ixvpo,Xqn + X / o ' ^ ^ 

Note that 

(3.3) lim Rny ; X, /A, V9 p, a j 
a->0 

= lim S 
a-*0 

n{ ; K M, ?, P, a j 

^ — - — ; x, M, ?, p j 

/ z + z _ 1 \ (z + z _ 1 \ 
defined in (1.7). We shall prove that RA I and S A I 

are biorthogonal with respect to the complex weight function g(z), i.e., 

(3-4) ^ X R>(Z V )Sm(Z V ) g ( z ¥ Z = °' lf m * "" 
By Jackson's transformation [2, p . 68] 

(3.5) S w ^ ; X, /i, i>, p, a j 

(M^)JKvpa/q)Jp.p)m(p.v\ 
(M^)m(jivpa/q)m(Xp)JXp)m 

o* 10^9 
jLi/a, g \ /~ , ~QV~, q/Xo, 

^m—\ q/vo,q/po, (iz, /x/z, Xfivpq' , (7 

AP, /xp, q/oz, qz/o, q2~m/\vpo, fiqm + l/o ' 

Let 
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(16) «- - ̂  je ̂ ^ K l ^ ) ^ " 
Using the series in (3.1) and (3.5) we get 

v v ft Vpg/g)*(g V ^ ( - g \ Q * 
*=0 /=o 0?M V^M - V~)k 

k x (^vpa)k(\^pa)k(\iiva)k(\iippq"_\(q_ ") 

(\ti)k(\v)k{\p)k{\oq ' - \ ( A V w " )* 

x k(fi/o)i(<ivrM-<i^r)i 
q {q),(yr),(-\T), 

x (g/Aq) /(g /m) /(g /pa) /(X^Pgm"') /(g~m) / ^ 
(AM) /(M , ) /(W) /(^2-m /A,pa) /(M

m + l /0) / * *'* 

where 

( 3 g . j = J _ f dz_ (z^oojz 2)00(Xfi^pa. 

*'' 277/ Je z fcqk)00(\q
k/z)00QLzql)x 

X 

0(\\xvpozq ) 

' )oo(A//^), 

(\tLvpoqk/z)( 

oo 

W^)o 

iyz )cJv/z ^(pz )oo(p/z x^ 

1 
X . 

(^W a / ^)œ(^/ t f ) /0? /<^) / 
Since 

(3.9) (ozq-'^oq-'/z)^ 

= (oz)00(o/z)00(ozq~l),(oq~'/z), 

= (az) 0 0(a/z) 0 0(^/az) /(^z/a)^- / ( / + 1V / , 

we get 

(3.10) IkJ = q-'«
+W 

X — ( dz (z2^oo(z~2)00(^pazqk)00(Xixvpaqk/z)00 

X 

2m Je z Quqk)J)«I
k/z)00(flzq')M'z\ 

1 

(vz)00(y/z)00(pz)00(p/z)00(azq~')00(aq~'/z)00' 
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But the integral on the right is precisely the same as that in (2.4) 
and a replaced by \qk, \xq and oq~ , respectively. Hence 

3 j q~l(l+ ' V • 2(X^pqk + 'UW)oo 
*'' ( ^ ) 0 0 ( A M

A + /)co(A"^)oo(Ap^i)oo(^<:-/)00 

(kixpoqk)00(\j>poqk~')00(nvpo)00 

(m')oo(wq')oo(iM)Jj'P)oÀ™q l)<J,p°q ') 

= j - (^MM^MV)/c+/ 
(Xnva)k(Xnpa)k(Xvpa)k(Xnvp)k+i 

(q/po),(q/vo),(q* k/Xo),' 

Using this in (3.7) we get 

(3 12) | = 2e ( H m O ^ m C V o U ^ P P / g ) » , 

Q^P)m(Xv)m(M^)m{^po/ q)m 

x V Q?l»'P°!q)k('lV~)*( ~ <1 V~)* 

(X^p)k(Xaql-\(X2
Va>paq',)k

q 

X 8^7 
ju/a, g\/~, ~cIV/~> q/Xa, Xp.q , 

ql~k/Xvpa, Xp.vpqm~\ 

Xp.vpqk, q2~m/Xvpa, pqm+i/o 

By Jackson's summation formula, 

, r , (w/p)„,(*Vpgg* ~ ')OT(yp)w(g A 
j{<f>7[ J = 7 T 3 T 

(Xfi)m(\nvpq )m(q K/Xa)m(Xvpa/q)m 

which vanishes unless k = m. A little simplification yields 

(3.13) im.„ = 0 if n < m 

and 
(M»')m(MP)m(^/a)m(^,'Pff/9)m (3.14) | „ M , = 2g0 
(Xj>)m(Xp)m(iiq/o)Jixvpo/q)„ 

(X2ixvpa)2m(Xfivpq"~])m 
l - n - i 

( V P ) 2 „ N ' "), 
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(tiq/o)m(vp)m(q n)n 

(\li)m(\vpo/q)m(\2iivpoqn)n 

X2livpaq2m~\ q^T, ~qyT> Xo,Xiivpqm + n ' \ X A 
^ 1 - / 1 

A [xvpoq 
iî n = m. 

Summing the last 6<J>5 series as a special case of Jackson's formula we 
find that, for n ^ m 

n i o > ~ (M^)m(MP)m(^P)m(A(7/a)m(^"") 
m / \ _\m 

( J - 1 5 ) W = 2^0,. w \ w \ w ,- x /A2 ^T~(Aa) 
{livpo/q)m(A iivpoq ) m 

( V P ) 2 « N 1 _ \ 

which, because of the factor (ql+m~n)n_m, vanishes unless rn = n. Hence 
we have 

(3.16) £„,,„ = 2g0ôm>„/iV„, 

where 

(\\XVpq ' ] )n(q vr)„( - 4 ^DnfatiniWn 

X 

(3.17) 7V„ = 
(q)n(V~)n(- yTXiytintetin^X 

x (Xp)n(nvpa/q)n(X
 l° \ n 

(\q/o)n(\
2ixvpo)n 

Note that (3.6) cannot be reduced to orthogonality on the real line 
because of the factors (ozq~ )OQ(oqq~ /z)^ in the denominator of the 
integrand in (3.10). 
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