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ON THE ROLE OF MECHANICAL ENERGY IN MAINTAINING SUBGLACIAL
WATER CONDUITS AT ATMOSPHERIC PRESSURE

By Rocer LEB. Hooke*

(Naturgeografiska Institutionen, Stockholms Universitet, Stockholm, Sweden)

AmstrACT. Recent theoretical studies of glacier hydrology have assumed
that subglacial conduits are completely filled with water under steady-state
conditions. This, however, is not necessarily the case. Where discharges are
larger than a few tens of liters per second and the down-glacier slope of the
bed is more than a few degrees, the potential energy released by water
descending this slope may be capable of melting the walls of a subglacial
conduit many times faster than the conduit can close by plastic flow of the
ice. As a result, the pressure in such tunnels may normally be atmospheric,
or possibly even at the triple-point pressure if there is no open connection
to the glacier surface. Simple calculations suggest that such pressures in
subglacial conduits may be more common than heretofore anticipated.

The positions of such “open™ conduits may be unstable to small per-
turbations in discharge or ice velocity. This is because the mechanical
energy available in excess of that needed to balance closure can instead
offset the general flow of the ice. Conduits can thus trend diagonally across
the direction of ice flow. If an increase in the angle which such a conduit
makes with the ice flow direction also results in an increase in slope of the
conduit, more mechanical energy will become available, resulting in a
positive feedback process.

Subglacial channels at atmospheric pressure may influence the origin and
morphology of certain glacial landforms, such as eskers and “plastically-
molded” features.

RESUME. Sur le rile de I'énergie newtonnienne dans le maintien du réseau aquifére
sous-glactaire a la pression atmosphérique. De rtécentes études théoriques
d’hydrologie glaciaire ont supposé que le réseau sous glaciaire était com-
plétement rempli d’cau en condition d’équilibre stable. Ceci, néanmoins,
n’est pas nécessairement le cas. Lorsque les débits sont supérieurs a quelques
dizaines de litres par seconde et que la pente du lit du glacier est supérieure
a quelques degrés, I'énergie potentielle mise en oeuvre par I'eau descendant
cette pente peut étre capable de fondre les parois d'un chenal sous-glaciaire
beaucoup plus vite que le chenal ne peut se refermer par le fluage plastique
de la glace. Il en résulte que la pression dans de tels chenaux peut nor-
malement étre atmosphérique ou, peut étre méme a la pression du point
triple s'il n'y a pas de connection ouverte vers la surface du glacier. Des
calculs simples montrent que de telles pressions dans les chenaux sous-
glaciaires peuvent étre plus fréquentes qu'il n’était admis jusqu’ici.

Les positions de tels chenaux “ouverts” peuvent étre instables aux petites
variations dans le débit ou la vitesse de la glace. Ceci provient de ce que

INTRODUCTION

Theoretical studies during the past 15 years have
contributed significantly to our understanding of the

internal and subglacial parts of a temperate glacier's

drainage system. Nye (1953) analyzed the closure of
circular passages by plastic deformation and Haefeli
(1970, p. 207) seems to have been among the first to
mention the role of flowing water in enlarging such
passages by melting. Rothlisberger (1972, p. 178) and
Shreve (1972, p. 206) assumed a balance between these
two processes in the steady state, and used this to
develop theoretical models for water flow in such
tunnels. Their models are valid only for situations

in which the tunnels are completely filled with water.

The pressure in the water is then just slightly less
than that in the ice, the latter being proportional
to the ice thickness.

Shreve (1972, p. 209-10) mentions briefly the
possibility of unfilled passages, and RGthlisberger
(1972, p. 186, p. 193) encountered a few situations
in which his solutions predicted the existence of
such conduits. Neither author pursued this result to
investigate the range of conditions under which such
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I'énergie newtonnienne disponible en excés par rapport aux besoins du strict
bilan peut remplacer I'écoulement général de la glace. Les chenaux peuvent
alors tendre 4 prendre une position diagonale par rapport a la direction de
I'écoulement de la glace. Si un accroissement de 'angle qu’un tel chenal fait
avec la direction de I'écoulement de la glace provoque une augmentation
de la pente du dit chenal, plus d'énergie newtonnienne devient disponible
ce qui entraine un processus de rétroaction positive.

Des chenaux sous-glaciaire a la pression atmosphérique peuvent
influencer 'origine et la morphologie de certaines formes glaciaires tels que
les eskers et les formations du type “moulage plastique”.

ZusaMMENFASSUNG. Ulber die Rolle der Newton'schen Energie bei der Auf-
rechterhaltung subglazialer Wasserfihrungen unter Luftdruck. Neuere theoretische
Untersuchungen der Gletscher-Hydrologie nehmen an, dass subglaziale
Gange unter stationaren Bedingungen ganz mit Wasser gefullt sind. Dies
muss jedoch nicht unbedingt der Fall sein. Wo der Abfluss grésser als einige
zehn Liter pro Sekunde ist und die Neigung des Bettes gletscherabwiirts
mehr als einige Grad betragt, kann die potentielle Energie des Wassers, das
uber dieses Bett abfliesst, die Winde einer subglazialen Fuhrung vielmal
schneller aufschmelzen, als sich die Fiihrung durch plastisches Fliessen des
Eises schliesst. Als Folge durfte der Druck in solchen Tunnels gewohnlich
dem Luftdruck gleich sein oder moglicherweise sogar dem Druck am Drei-
fachpunkt, wenn keine offene Verbindung zur Gletscheroberfliche besteht.
Einfache Rechnungen lassen darauf schliessen, dass solche Druckverhalt-
nisse in subglazialen Fihrungen haufiger als bisher angenommen vor-
kommen.

Die Lage solcher “offener” Fiihrungen diirfte instabil gegeniiber kleinen
Stirungen im Abfluss oder in der Eisgeschwindigkeit sein. Dies ist der Fall,
weil die Newton’sche Energie, die als Uberschuss gegeniiber jener vor-
handen ist, die der Schliessung das Gleichgewicht hilt, statt dessen den
Gletscherfluss ausgleichen kann. Fiihrungen kénnen so diagonal zur Fliess-
richtung des Eises laufen. Wenn die Zunahme des Winkels, den eine solche
Fithrung mit der Fliessrichtung des Eises einschliesst, mit einer Zunahme
der Neigung der Fihrung verbunden ist, wird noch mehr Newton’sche
Energie frei, was zu einer positiven Riickkopplung fiihrt.

Subglaziale Kanile unter atmospirischem Druck kénnen die Entstehung
und Gestaltung gewisser glazialer Landformen beeinflussen, z.B. von Es-
kern und “platisch-geformten™ Erscheinungen.

conduits might be expected. Lliboutry (1983), however,
has looked at this possibility more closely, and
recognizes that many passages may not be filled with
water much of the time, even under steady-state con-
ditions.

In the present paper this alternative is analyzed
in greater detail. The equations developed apply only
when the potential melting rate on passage walls just
barely exceeds the closure rate. It is shown that
this possibility may be more common than previously
anticipated. This may have significant implications
for glacier behavior and for the development of some
common glacial landforms.

THEORETICAL DEVELOPMENT

From turbulent pipe flow theory we have (Hunsaker
and Rightmire, 1947, equation 8.11)

PZ-P]. L V2
+ap =23 ~f— — =10 (1)
Pyd De g

where P; is the water pressure at location « in a cyl-
indrical conduit of diameter D. and friction co-
efficient £, which is carrying water of density py
moving at velocity V, z; is the elevation of point %,
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Fig. 1. pefinition of symbols wsed in Equation (1).

g is the acceleration due to gravity, and L is the
distance between two cross-sections, ¢ =1, 2
If the melt rate is slightly larger than the closure
rate, the passage will be somewhat larger than neces-
sary to carry the discharge provided. Under these
conditions the pressure at the water surface in the
tunnel will be atmospheric if there is a connection
to the glacier surface. In the absence of such a con-
nection, the pressure will be determined by the vol-
ume of air entrained in the water and in bubbles in
the jce; if there is no trapped air, the pressure
could fall to its triple-point value. In any case

Py = Pp and the first term in Equation (1)

vanishes. We will refer to conduits in which this
occurs as "open" whether or not there is a connection
to the glacier surface.

It should be emphasized that Equation (1) applies
only when the conduit is essentially full. As the air
space in the tunnel increases, f will decrease and
the flow will accelerate, thus further decreasing the
cross-sectional area of the conduit occupied by water.
In the following development we are concerned prin-
cipally with defining the conditions under which the
transition from a full to an open conduit may occur.
No attempt is made to explore in detail the charac-
teristics of flow in the open conduit. 5

From continuity relations we have @ = wWD."/4,
where Q is the water discharge. Geometrically,
(sp-21)/L = sin B, where § is the local bed
slope. In accord with the coordinate system adopted
in Figure 1, B is positive if the glacier bed slopes
downward in the direction of flow. Making these sub-
stitutions and solving Equation (1) for D., we obtain

&sz 118

g-nZS'irI B

: (2)

De =

As we are primarily interested in conduits at the
glacier bed, a circular cross-section is unreasonable.
Rothlisberger (1972, p. 192) and Shreve (1972, p. 213}
use a semicircular cross-section in their examples,
and that form is adopted here. The hydraulic radius
of this semicircular passage should presumably be the
same as that of a circular passage capable of carry-
ing the same discharge, if differences in friction
factor are ignored. Thus D¢ = {(n+2)/x)D¢,
where Dg is the diameter o? the semicircular pass-
age. Assuming this scaling, and taking f = Nn.05 as a
plausible value for the friction coefficient (Hunsaker
and Rightmire, 1947, p. 127), we obtain

pg =¢q @5 sin /% (3)

where the constant factor ¢; has the value 0.55

<2/5n=LfS

The potential energy released per unit time as
the water falls through a vertical distance & will be
pylgh. In a full conduit, part of this energy may
be needed to warm the water as the glacier thins and
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the pressure-melting temperature Iy rises. However

in a conduit in which the water pressure is constant,
the temperature will not vary with ice thickness. On
the other hand, due to the overburden pressure, ice
in the walls of such a conduit will be colder than
the water, so some of the energy in the water will be
lost by conduction to the ice. The remainder is, how-
ever, available for melting ice at a rate /&, thus

whsk dpi dTp

tpimnDgHL = pdgh - K
2 @ dps (4)

where pj is the density of ice, # is the heat of
fusion, R is the distance into the wall of the tunnel,
K is the thermal conductivity of ice, and p; is the
pressure in the ice. If Z(x) is the glacier thickness,
Nye's (1953) relations can be used to show that
dpi/dr = 80 jgZ/9¢ on the tunnel wall. Then, noting
that sin g = h/L, we obtain

2g pw @ 4 dTm
m =|l— ——sin g- —Kz—| . (5)
DeH pj W 9 dp;

With k = 2.1 J/n s deg and dT,/dp; = 9.8 x 10" 3deg/Pa
for air-saturated water and ice (r-lar'rison, 1972), the
second term within the brackets becomes 9.1 x 10-8z.
Paterson (1971) notes, however, that the thermal con-
ductivity of ice very near the melting point is be-
tween 1% and 10% of the cold-ice value used above. In
addition, the above calculations do not take into con-
sideration the temperature rise across the tunnel wall
that is necessary for a finite rate of heat transfer.
In view of the very low temperature differences in-
volved, this could easily reduce heat loss by a fac-
tor of two. Thus the second term is probably of the
order 5 x 10792 or 5 x 10710z whereas the first is of
the order 10"2Q or higher for appreciable bed slopes.
The second term can thus be neglected when the ice
thickness is less than a_few hundred meters and dis-
charges exceed about 103 m /s. The consequences of
this assumption are explored more fully later.

Neglecting this term and eliminating Dg from
Equations (3) and (5) yields

6/5 (6)

With oo = 916 kg/n’, p,, = 999.8 kg/n> at 0°C, and

B = 330 % 100 Jfke, 8y = 3,73 i 1070 W Rg=els,

The closure rate » of the tunnel is approxi-
mately (Nye, 1953) =

m =Cy Q?’/s sin

I

. P g’

(7)

Dg/2 nB

where B is the viscosity parameter in Glen's flow law
for homogeneous isotropic ice, & = (t/B)".

Here & and T are the effective strain-rate and stress,
respectively. Equation (7) is strictly valid only when
pigs = T, and when there are no frictional

forces resisting sliding over the bed in a direction
normal to the tunnel axis. The first of these con-
ditions is approximately satisfied, as pjgZ will

be a few megapascals for typical glacier thicknesses,
whereas other stresses contributing to T are on the
order of 0.1 MPa. The second condition is also prob-
ably reasonable, except very close to the bed, for
instantaneous deformation of an initially semicircular
tunnel. Eliminating Dg from Equations (3) and (7) and
taking n = 3 in the flow law yields

245
e~/ 3

e
’ . sinl/% ‘ .
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with 8 = 1.6 x 10° Pa al/3 (Hooke, 1981; Lliboutry,

1983), €3 = 5.70 x 10714 71675 -3/5 )
From Equations (6) and (8) the conditionm > »
can then be written as

2 5

e e (9)
Cy sin7/56

where €4 = 6.55 x 108 m12/551/5. When this condition
obtains, the potential melt rate on the tunnel walls
will exceed the closure rate and the tunnel will be
larger than necessary to carry the discharge provided.
[RGthlisberger's (1972) limiting condition for
applicability of his theory (his equation (22)) is
equivalent to Equation (9) above. To show this, dp/dz
(= pygdn/dz) in his Equation (9) is set equal to
Puwg Sin B, in accord with the assumptions
made in the present paper, and the resulting relation
for @ is then used in Equation (2) to obtain the re-

lation k = 45/3(g/8f)1/2/DC1/6 between his roughness
parameter k and the corresponding parameter f in the
present paper. In addition, adjustment must be made
for the conversion between the circular channel cross-
section which he used and the semicircular shape
assumed herein. Weertman's (1972) equation (63) can be
reduced to Rothlisberger's equatijon (22), but for a
small constant factor, and thus it too is essentially
equivalent to Equation (9) of the present paper.]

In Figure 2, 8 has been plotted as a function
of @ for various values of Z and for the case when @
equals the right-hand side of Equation (9). For any
given combination of ice thickness and bed slope, the
minimum value of @ that should lead to an open con-
duit can be read from this graph. For example, for a
typical ice thickness_of 250 m, water discharges in
excess of about 0.1 m“/s on a 5° bed slope should re-
sult in open conduits. As discharges ia proglacial
streams are typically in excess of 1 m?/s it is clear

that most of the larger subglacial conduits in valley
glaciers may be "open" in areas of down-glacier
sloping bed topography. Ll1iboutry (1983) reaches a
similar conclusion but from different reasoning. To
the extent that water draining from the surface is
above the melting point (Shreve, 1972), or that there
is a significant contribution of such "warm" water
from groundwater (Lliboutry, 1983) the area of the
glacier bed over which this condition obtains will be
larger.

To explore further the effect of heat loss to the
tunnel walls, the second term within EBe brackets in
Equation (5) was set equal to 5 x 10-10z, and the
region of Figure 2 in which this term exceeded 10% of
the first term was identified as a region in which
such heat loss "probably" reduces m appreciably.

The region in which 5 x 10792 exceeds 10% of the
first term is likewise identified as a region in
which such heat loss "may" reduce & appreciably.
It is apparent that this heat loss significantly af-
fects the conditions under which open conduits may be
expected only when the discharge is quite small.

[Rathlisberger (1972, p. 188) applied his theory
to vertical conduits, but reached a conclusion differ-
ent from that implied by Figure 2. This is because he
began with the assumption m =%, so the resulting
solution yielded conduit diameters and hence water
velocities, that satisfied the energy balance implicit
inm =r. The resulting velocities —0.5 m/s, for
example, for water descending 17 a vertical conduit
in ice with B = 1.8 x 1 Pa al/3 —are very low, and
imply some form of constriction in the outflow from
the bottom of the conduit.]

Uneertainties

Rothlisberger (1972, p. 182) has pointed out the
substantial uncertainties in such calculations. The
largest sources of error are in the values of the
friction coefficient f and the flow-law viscosity
parameter 8. To illustrate the effect of varying
these parameters within possible, but probably extreme,
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Fig. 2. Critical values of discharge, bed slope, and ice thicknesa. If' the discharge in a conduit
18 greater than the value read on the abscissa for a given bed slope and ice thickness, the

conduit is likely to be open.
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its, calculations were done for 2 = 250 m with

1.2 x 10° Pa al/3 and 2.0 x 105 Pa al/3, and with
0.10 and 0.025. These lines are plotted in Figure
2. It will be noted that the uncertainty in B leads
to a fairly substantial uncertainty in the calcula-
tions, while that in f is much less important, a con-
clusion also reached by Riothlisberger (1972). Softer
fiea (B = 1.2 5 10° Pa a1/3) leads to higher closure
rates, so higher discharges are required to maintain
an open tunnel.

Lliboutry (1983) has suggested another source of
uncertainty. He notes that pressures in the ice are
increased on the up-glacier sides of obstacles on the
bed and decreased on the down-glacier sides of such
obstacles, and that this will affect the rate of tun-
nel closure. Due to the non-linearity of the flow law
the net result is an over%11 increase in the closure
rate of approximately 1/ where E is the fractional
area over which ice is in contact with the bed. For a
very active glacier, E might be as low as 0.5
(L1iboutry, 1983) which would result in a four-fold
increase in closure rate. For comparison the change

a3

11
8
7

in B from 1.2 x 10° to 2.0 x 10% Pa al/3 (Fig. 2) re-
sulted ina 4.6-fold increase in closure rate.

A further source of uncertainty enters when heat
transfer is taken into consideration (RGthlisberger,
1972, p. 197). Because the transfer of heat from the
water to the ice is not instantaneous, melting will
occur somewhat down-channel from the point where the
heat is generated. With steady flow in a uniformly
sloping channel, a steady-state would be reached in
which the temperature of the water was slightly above
the melting point, thus providing the driving force
for transfer of heat to the walls. However in a real
glacier, even with steady flow, changes in bed slope
and glacier thickness would preclude development of
such a steady state. Thus in reality we might expect
conduits to remain full for some distance down-
stream of a position where a slope increase would
otherwise lead to an open passage, and conversely
they would remain open for some distance down-stream
of a corresponding decrease in slope.

R.L. Shreve (written communication in May 1983)
notes in addition that as the flow accelerates over
an increase in slope, some potential energy may
initially be converted to kinetic energy, rather than
heat. This kinetic energy may later be released as
heat, however, if the slope decreases again. Such an
effect would also result in a down-glacier shift in
the position at which a channel might be expected to
become open.

BACK-PRESSURE EFFECTS FROM REGIONS OF LOW SLOPE

Due to backwater effects from areas farther down-
glacier, conduits may be full in a region where the
combination of @, g, andZ (Fig. 2) would other-
wise lead to open channels. For example, referring
to Figure 3, suppose the condition in Equation (9) is
satisfied down-glacier from A and up-glacier from B
but not between A and B. The pressure at B must be
high enough to prevent tunnel closure at a rate
faster thanm (ignoring for the present the
heat transfer effects just discussed) so water will
be "backed up" in the conduit for some distance up-
glacier from B.

To analyze this situation, apply Equation (1)
between points (1) and (2) in Figure 3.pPy =Py = 0
as before, so we can write an analog to Equation (3)
in the form

L /5
S
32 -3]

Equation (1) gives the diameter of a wriform semi-
circular conduit capable of carrying the discharge Q.

(10)
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Fig. 3. Definition of quantities used in caleulation
of back-presswe effects.

The energy loss should be higher in the steeper sec-
tion of the tunnel, but if, due in part to the heat
transfer considerations just discussed, we assume that
the melt rate is essentially uniform between points
(1) and (2), the assumption of a uniform tunnel dia-
meter may not be too unrealistic. Equations (6) and
(7) still apply, so an analog to Equation (9) can be
written

15
22 -31 Z
= 3 3 (11)
L 5'4 0

Equation (11) can be solved for sy given zq, Z, and
@, and given L as a function of zp. The up-glacier
extent of the backwater effect can thus be estimated.
The approximations made in deriving Equation (11)
appear to be reasonable for present purposes, as the
intent is to obtain an order-of-magnitude estimate of
the backwater effect. For more detailed calculations,
one would have to use a particular bed geometry, sur-
face profile, and water discharge, and carry out a
stepwise computation.

To the extent that we can write sin By~ (3p-31)/L,
where By is defined in Figure 3, Figure 2 can be
used to estimate . A rough numerical example
will be used for illustration. Suppose the distance
between A and B in Figure 3 is 1 km, that the bed
slope over this reach is 2°, that the bed slope up-
glacier from B is 10°, that Z = 200 m, and that @ =

1 n/s. Then from Figure 2, B,= 2.5°, and simple
trigonometric relations give zp-z1 = 47 m, or ap-23
=12 m, where z3 is the elevation of point . Thus

i f the steeply sloping section of conduit in Figure

3 falls through a vertical distance of more than 12 m,
the upper part of this conduit should be open.

GRADIENT CONDUITS?

Rothlisberger (1972, p. 189-91) suggested that
conduits may exist near valley sides at a level such
that, although they are full, the piezometric pres-
sure is atmospheric. [Rothlisberger's equation (27)
for this condition is thus equivalent to Equation (9)
of the present paper.] However he notes that, due to
energy considerations, water can move downward from
such a "gradient channel" more easily than it can move
upward. Thus he concludes that both gradient channels
and bottom channels may exist.

Lliboutry (1983) also discussed this problem with
particular consideration for the situation in an over-
deepening in the glacier bed, and concludes that in
this case water should remain in the gradient conduit
because closure rates are lower here.

An important question in this connection, however,
is how the gradient channel became established.
Shreve (1972) pointed out that if ice is permeable,
as argued by Nye and Frank (1973) and supported by
the field observations of Raymond and Harrison (1975),
although disputed by Lliboutry (1971), water should
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move in a direction normal to equipotential surfaces,
where the potential ¢ is defined by
® =@ -+ Pjgag + (Py - Pjilgz. (12)
In this equation, 35 is the elevation of the ice
surface and 2z, as before, is the elevation of a
point in the glacier. This equation is based on the
assumption, noted previously, that the pressure in
the water is essentially equal to the overburden
pressure in the ice., These equipotential surfaces

dip up-glacier at an angle tan~t [91- (clasld.v:)/’(pw o Yl
Thus water in the intergranular vein system should
move down-glacier and downward at an angle

V' Shreve (1972) also showed that larger veins should

be enlarged at the expense of smaller ones due to the
larger flow-volume to surface-area ratio in these
veins, and hence larger melt rates in them. An upward-
branching arborescent network of conduits should thus
be formed. Raymond and Harrison (1975) observed upward-
branching tubular channels with diameters of a few
millimeters in ice from a depth of 20 m in Blue Glacier.
This would be consistent with Shreve's conception. A

3 mm diameter vertical tube would be capable of dis-
charging about 8 x 10-6 m3/s, and thus could poten-
tially remain open to a depth of over 400 m in tre
absence of back-pressure effects (Fig. 2).

One thus develops a mental image of water in a
vein system moving downward at an angle g, until
enough veins join to form a tube which can be enlarged
by melting, due to release of mechanical energy, fas-
ter than it is closed. If the pressure gradient in
the tube is entirely gravitational, this should occur
in tubes 3 to 4 mm in diameter. The trend of such
tubes will then depend more on the gravitational
potential field than on that given by Equation (12),
and the tubes will tend to assume a more vertical
orientation. Ice flow may then actually tilt the tube
so that it trends slightly up-glacier.

In the absence of the back-pressure effects des-
cribed above, these steeply descending tubes or conduits
should remain open to rather considerable depths, even
if they are carrying only very small discharges (Fig.
2) . However, if conditions at the glacier bed are
such that # =m, and back-pressure effects are thus
present, one's expectation might be that the tubes
would descend nearly vertically to a lTevel defined by
Equation (11), and thereafter at an angle 8, defined
by the normal to the equipotential surfaces. Once
the water reached the bed it would flow normal to
equipotential contours defined by the intersections
of the equipotential surfaces with the bed. In short,
it is difficult to visualize how gradient conduits
might become established initially, although there
is no hydraulic reason why they should not persist,
once established.

DIAGONAL CONDUITS

Conduits in which / = should parallel the ice
flow direction. This is clear from the fact that the
energy dissipated in them is: (1) just adequate to
cause enough melting to balance closure, and thus not
adequate to also balance any net flow of the ice; and
(2) presumably dissipated uniformly over the tunnel
walls and not preferentially on the up-glacier side
of a tunnel. Thus any general flow of the ice that is
not parallel to the tunnel axis will tend to deflect
the tunnel toward the direction of ice flow.

In contrast, water flowing in a conduit that is
open will be in the gravitationally lowest part of
the conduit, and will preferentially melt the ice
with which it is in contact. An example that is
probably common is that of a subglacial conduit,
located somewhere between the margin and the center-
line of a valley glacier, and flowing on a bedrock
surface that slopes towards the centerline. If the
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g . = 90° - tan'l(ll tan @) where a is the surface slope.

glacier were not there, this water would, of course,
flow directly down the bedrock slope. At the other
extreme, if the conduit were flowing full, the argi-
ments above suggest that it would parallel the local
glacier flow direction. In the intermediate case of
an open conduit at the ice-rock interface, the con-
duit might be expected to flow diagonally down the
bedrock slope. The angle, ©, which the conduit
would make with the flow direction, measured in the
plane of the bedrock slope, would be related to the
horizontal component of the ice velocity v and the
average melt rate on the up-glacier side of the con-
duit, my,, approximately by

7'°<muﬁ<v
0=sp<90° .

my0 = » + v sin © (13)
where the subscript @ is added to identify values
in a conduit making an angle © with the flow direc-
tion. ’;’ue is difficult to estimate without knowing
more about the conduit geometry, but intuitively it
should be within the approximate

Mg < ’;’uo": 2y where n're
range is the average melt rate in the conduit.
mg and » can be estimated from Equations

(5) and (7) respectively, if suitable precautions
are taken in selecting the angle B8 in Equation (5).
(As we are here dealing with an open conduit, Equation
(3) is not applicable so Dg cannot be eliminated
from Equations (5) and (7).) Neglecting the second
term within the brackets in Equation (5), we have
mg = sin pg for a given discharge and conduit size,
where g is the slope of the valley side in the
direction ©. Letting Bn denote the maximum slope
of the valley side, we find geometrically that
sin Bg = sin By sin @. Letting my denote the value
of m when g= gy, we then have

myg = lmy sin 8 (14)
where 1 < k < 2. Equations (13) and (14) are geomet -
rical relations that must be independently satisfied.
However they can be combined to yield an expression

for ’ghe equilibrium value of g under a given set of
conditions, thus

sin @ = (15

Near the glacier margin where the ice is thin, re-
sulting in low closure rates and hence larger conduits,
My should be near its upper limit. As » will be low
here, © might be expected to be large, based on
Equation (13), so we might conclude that the conduit
would trend dirgct]y down-slope to areas of thicker
ice with Tower m,y and higher » and v . Here we might
further expect that ¢ would be lower by Equation
(13) and that the conduit would thus gradually swing
to become more nearly parallel to the direction of
glacier flow. In the limit, m = » and the conduit
should become parallel to this flow direction.

However a curious instability becomes apparent
when the dependence of m on 6 is considered
(Equation (15)). Suppose that Equation (15) is satisfied
at some instant in time with 0 << 0 << 90°. For
relatively rapid changes in discharge the conduit size
will not change and # can thus be taken as constant.
An increase in discharge will increase i« By Equation
(14) this will increase m,, and then by Equation (13)
this should increase @. But an increase in @ will
will increase the rate of energy dissipation and thus
increase m,, further by Equation (14). However from
Equation (lfg) it is clear that the equilibrium value of @
will now be less than the original value. Thus an in-
crease in © cannot lead to a new equilibrium
situation, and © will tend to continue to increase
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to its maximum limiting value of 90°. Conversely a
decrease in @ would lead to a tendency for 0

to decrease towards its minimum limiting value of
0%,

Two conclusions may be drawn from this analysis.
First, the positions of conduits on transversely
sloping sections of glacier bed may be unstable, and
secondly, in the limiting cases of v — 0 near the
glacier surface and v >> g - 7 near the centerline
of a sufficiently thick glacier, © should tend
to 90° and 0° respectively. As much of the melt water
draining from the surface of a relatively small val-
ley glacier may run first to the glacier margins,
either as surface run-off or in lateral crevasses,
this second conclusion may explain why such glaciers
often seem to have two distinct drainage systems, one
on either side of the glacier centerline, rather than
one central drainage system (Stenborg, 1973),.

NON-STEADY STATE

In view of diurnal, intermediate-term, and season-
al fluctuations in melt rate, it is clear that steady-
state models such as that developed above and those
considered by must other authors are, at best, crude
approximations to the real state of affairs in the
subglacial water system. In the context of the pres-
ent discussion, emphasizing conditions leading to
open channels, Lliboutry (1983) has been the most em-
phatic in suggesting that most conduits probably are
not full much of the time. He concludes that they are
enlarged fairly rapidly under high discharges and
close relatively much more slowly during the rest of
the time.

To a certain extent, this conclusion will depend
on location in the glacier. Where the ice is thicker,
closure rates will be higher and conduits will be full
more frequently. However melt and closure rates will
still vary with discharge, making the steady-state
approximation somewhat marginal in its usefulness.

On the other hand, R.L. Hooke, B. Wold, and J.0. Hagen
in a paper in preparation on subglacial hydrology and
sediment transport at Bondhusbreen, south-west Norway,
have shown that in small conduits at significant dis-
tances from water sources, diffusion apparently tends
to even out oscillations in discharge with a period

of one to several days. Thus relatively deep channels
that receive water from the surface indirectly through
capillary veins and comparatively small conduits
should have a more constant discharge than conduits
closer to the surface or those receiving water more
directly from tine surface through moulins. The steady-
state approximation may, therefore, be better for

deep conduits in which high water pressures inhibit
closure.

The failure of the steady-state approximation may
not seriously contravene the conclusions of the pres-
ent analysis, however. As Lliboutry's remarks imply,
the principal consequence of the failure of this
approximation will be to make open channels more wide-
spread than might be suggested by Figure 2.

APPLICATIONS

Gornergletecher

Rothlisberger (1972, p. 192) applied his model to
Gornergletscher in Switzerland, in an attempt to
explain the annual draining of the Gornersee, a lake
dammed by the glacier. [n order to reproduce measure-
ments of subglacial water pressure at a point about
1.4 km from the glacier's terminus with his model,
Rothlisberger used an ice viscosity of B = 105 Pa 61/3,
which seems unreasonably low. Lliboutry suggests that
Rothlisberger needed this low value because his model
does not include enhancement of tunnel closure rates
due to high pressures on the stoss sides of bumps on
the bed. However an alternative possibility is that
Rothlisberger misinterpreted the subglacial water
pressure measurements which, he notes, are somewhat
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ambiguous . Possibly the nearly atmospheric subglacial
pressures medasured in late July and during the winter
should have heen used, rather than the higher pres-
sures measured earlier in the season.

The present model (Fig. 2) suggests that, for
both the summer and winter discharges used by
Rothlisberger in his calculations, conduits beneath
Gornergletscher should be open for a distance of
about 2.4 km from the terminus. This would be consist-
ent with the observed low water pressures. Farther
up-glacier the bed becomes nearly horizontal, and then
has a reverse slope in an overdeepened area; here
back-pressures would keep channels full. In fact, a
rough calculation using Equation (11) suggests that
the back-pressure effect can account for the existence
of the Gornersee. In this latter respect the present
simple model agrees with Rothlisberger's more de-
tailed computations.

Storglacidaren

As a simple application of the present model,
the character of the subglacial drainage of Stor-
glaciaren, northern Sweden, is analyzed. Storglaciaren
may not be ideal for such a study because it is below
the pressure-melting point in the ablation area to a
depth of 40 m or so (Hooke and others, in press). How-
ever, water makes its way to the glacier bed through
moulins and crevasses. In addition, in the summer of
1982 water levels in some bore-holes in the ablation
area were stable at depths of 20 to 30 m, despite
large influxes of water from the surface, indicating
the presence of open englacial passages at these
depths . Furthermore, a good deal is known about the
glacier's bed geometry (Bjornsson, 1981) and drainage
(Nilsson and Sundblad, 1975; Stenborg, 1973).

The average runzoff from the glacier during the
summer is about 2 m’/s (Nilsson and Sundblad, 1975).
Of this, somewhat more than half probably comes from
melting on the glacier surface, and the remainder is
drainage from non-glacierized parts of the drainage
basin. The melt water from the glacier surface tends
to drain toward the margins., Thus to simplify the
mode]l we assume that all water enters the subglacial
drainage system along the 8 km perimeter of the
glacier. As chutes on the valley sides are on the
order of 100 m in width, we further assume that this
is the average spacing of input points around the
perimeter. A total discharge of 2 m3/s from B0 input
points corresponds to a mean input of 0.025 m3/s at
each point. An error of a factor of five in this esti-
mate would have a negligible effect on the conclusions
so these assumptions are not unduly restrictive.

From Fiyure 2 we find that a conduit carrying

0.025 m3/s would be open on slopes greater than about
1° under 100 m of ice, and on slopes greater than
about 2.5° under 150 m of ice. Bed slopes under Stor-
glaciaren are always greater than these amounts under
these ice thicknesses, except in the three over-
deepened areas indicated in Figure 4. Thus with the
exception of these overdeepened areas, where drainage
is controlled by back-pressure effects, it seems that,
in general, subglacial conduits should be open.

To analyze the overdeepened areas, we assume that
the subglacial drainage from them is through two
parallel conduits passing over the lowest points of
their respective Riegels. The discharge in each of
these conduits is taken to be one half the drainage
into the glacier along the perimeter up-glacier from
the Riegel . The resulting discharges are 0.25, 0.75,
and 0.9 m3/s, respectively, for the three over-
deepened areas, starting with that farthest up-glacier.
Equation (11) is then used to estimate (zp-zq)/L
for average ice thicknesses of 175, 150, and 100 m
respectively, and, taking z; to be the elevation of
the Riegel and L as a straight-line distance, points
at elevation zp were identified in different direc-
tions from the Riegel . These points were then con-
nected by lines, which thus enclose the areas within
which conduits are expected to be full. Again, a fac-
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deepened areas should result in filled conduite in the

areas enclosed by the heavy dashed lines. Outside of
those areas open conduits are expected.

tor of five error in the estimate of the discharges
over the Riegele would have a negligible effect on
the locations of these lines.

The analysis suggests that subglacial conduits
should be open under about 75% of Storglacidren.
Filled conduits are probably present primarily in
overdeepened areas where effective bed slopes are
zero or negative. Filled conduits are expected in
these latter locations largely because back-pressure
effects "drown" the bed, and bed slopes in these
areas thus play no role. As discharges scale with
glacier area, and as changes in discharge have a
relatively modest effect on B (Fig. 2), similar
results may be expected frog other valley glaciers.
0f course, » increases as z° so somewhat
more extensive areas of filled conduits might be ex-
pected under thicker valley glaciers.

Egkers

Shreve (1972) was reasonably successful in ex-
plaining many features of eskers formed beneath con-
tinental ice sheets with the use of a filled-conduit,
m = » model. The present analysis suggests, however,
that such a model may not be valid in areas where
ice thicknesses are modest, discharges high, and bed
slopes positive.

In two areas in Norway which I have studied, esk-
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ers formed near the margin of the Scandinavian ice
sheet become anastomosing. At distances of a few kilo-
meters from the margin a single low esker ridge may
split from the main ridge and then rejoin it a few
hundred meters down-stream. The geometry of the junc-
tions is such as to suggest either that both branches
of the esker were active simultaneously, or that the
lower branch was later. Only rarely is there a clear
suggestion that the higher esker overlies the lower
one. Further down-glacier bifurcations become more
common, and eventually the esker complex comes to re-
semble a kettled outwash plain rather than a braided
esker. I call such features esker nets. A reasonable
hypothesis for the origin of such esker nets is that
M > 7 so conduits were open and the water, rather
than remaining on top of the esker, melted its way
down its flank and formed a parallel esker for a
short distance.

In the two areas in which I have studied such es-
ker nets, northern Atnedalen (lat. 62°03'N., long.
10°01'E.) and Bjgra (lat. 62°23'N., long. 11°06'E.),
Norway (see also Gjessing, 1960, plates 3 and 10),
the eskers slope gently (0.4° and 1.5° respectivsw)
down-glacier. With discharges on the order of 10¢ to

103 m3/s, the conduits in which the eskers formed
might have been open under 100 to 200 m of ice (Fig.
2), which is reasonable for locations within a kilo-
meter or two of the ice margin. The hypothesis that
esker nets form in areas where m># is thus plausible.

Anastomosing esker patterns may well be found
elsewhere in areas of steeper bed slope farther from
the glacier margin. In such cases, Figure 2 may pro-
vide a basis for speculating on the formative dis-
charges and corresponding ice thicknesses.

P-forms

Plastically molded forms, or p-forms as they are
often called, are a glacier-bed landform that has
excited the imagination of glacial geologists for
decades. Although bearing obvious evidence of ice
abrasion in the form of striations, they often closely
resemble fluvially eroded forms. Only recently has
this apparent dichotomy been resolved with the
realization that cavities at the glacier bed can open
during the summer melt season and close during the
winter, so water and ice erosion can alternate sea-
sonally (Sollid, 1975). However the prablem of the
initiation of p-forms remains.

Barnes (1956, p. 503) has suggested that sub-
glacial cavitation erosion may form depressions that
later develop into potholes, and also notes a certain
similarity between some other subglacial erosional
forms and shapes "expected" from cavitation erosion.
An unanswered question in Barnes' hypothesis is
whether pressures in a subglacial water conduit can
locally be reduced to the vapor pressure, a necessary
prerequisite for cavitation erosion. The analysis
presented herein suggests that this may well occur if
the glacier bed slopes downward in the down-glacier
direction. In view of the heat-transfer considera-
tions discussed earlier, the downward-sloping reach
of the glacier bed should be on the scale of hundreds
of meters so that the mechanical energy released will
have time to enlarge the conduit tg the point where
it is no lTonger full. If, in addition, the bed geo-
metry is such that the conduit is full both up- and
down-glacier from the reach in question, and if there
are no open connections to the glacier surface, the
vapor pressure (actually the triple-point pressure)
may be reached in the conduit even without appealing
to the very high velocities normally associated with
cavitation.

Unfortunately, most descriptions of p-forms do
not provide much information on the regional topog-
raphy. In many instances one may infer, however, that
the condition of a positive bed slope is met. For ex-
ample, p-forms are spectacularly developed in the
Portdr area on the south-eastern coast of Norway
(Gjessing, 1965). As the Scandinavian ice sheet was
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flowing seaward in this area, the regional slope is
clearly downward in the down-glacier direction.
Similarly in northern Norway near Narvik, p-forms are
well developed in an area where ice was moving down
into fjords from upland areas (Dahl, 1965). Thus here
too, the regional bed slope was probably positive in
many instances. These observations lend support to
the cavitation-erosion hypothesis for the initiation
of at least some p-forms.

CONCLUSIONS

In areas where glacier beds slope downward in the
direction of ice flow, the mechanical energy dissipa-
ted in water in subglacial conduits descending such
slopes may enlarge the conduits more rapidly than they
are closed by plastic flow of the ice. Under such cir-
cumstances, the pressure in the conduit will be at-
mospheric if there is a connéction to the glacier sur-
face, and in any case will be independent of position
along the conduit.

A relatively simple steady-state analysis of this
problem suggests that such "open" conduits may be more
common than heretofore expected. When the additional
complication of non-steady state flows is included in
the analysis, the probability that many conduits are
open much of the time increases substantially. Gen-
eralizations, however, are difficult as each glacier
presents a unique combination of water discharge, ice
thickness, and bed topography. Furthermore, back-
pressure effects from areas of low or reversed bed
slope will reduce the total area of the bed over which
open conduits are expected.

In a steady-state model, filled conduits are con-
strained to run essentially parallel to the ice flow
direction. However, open conduits may trend diagon-
ally down bedrock slopes at an angle to the direction
of ice flow. This is possible because the energy dis-
sipated in the water in excess of that needed to bhal-
ance closure can instead be used to offset the general
flow of ice toward the conduit from the up-glacier
direction. Because the energy dissipated increases as
the slope of the conduit increases, the orientation
of such diagonal conduits is unstable to small per-
turbations in discharge. Thus such conduits may change
position seasonally, or over shorter time periods, in
response to changes in discharge.

Areas of open conduit may be responsible for
braiding of eskers and for initiation of some p-forms.
Other applications to problems of glacial geomorpho-
logy should be considered.

As noted, this paper explores only the conditions
required for a transition from full to open channels,
not the character of the open channels themselves.
This rather more complex problem needs to be addressed
in the future, preferably with the aid of field data.
R.L. Shreve (written communication in May 1983), for
example, suggests that such channels may have a
flattened shape as melting will be concentrated on
the sides (and bottom if the conduit is englacial),
and that this may increase the closure rate.
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