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Abstract

Let Uy, bea U-statistic based on a simple random sample of size n selected without replace-
ment from a finite population of size N. Rates of convergence results in the strong law are
obtained for Uy, , which are similar to those known for classical U-statistics based on samples
of independent and identically distributed (iid) random variables.
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1. Introduction

U-statistics, first introduced by Hoeffding (1948), form a large class of statis-

tics that are widely used in estimation and testing. Nandi and Sen (1963)
studied the weak limit behaviour of U-statistics based on samples drawn
from finite populations, and Sen (1970) considered the strong convergence
behaviour of such statistics.

Rates of convergence in the strong law of large numbers for U-statistics
based on samples of independent and identically distributed (iid) random
variables have been the focus of attention in several recent papers. Baum and
Katz (1965) obtained necessary and sufficient conditions for convergence rate
results for the mean of an iid sample: Lin (1981) obtained the corresponding
sufficient condition for U-statistics, and Kokic (1987) extended these results
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to obtain convergence rates for degenerate U-statistics. The aim of this
paper is to extend these results to U-statistics based not on iid samples but
on samples from finite populations.

Let {xy,,..., Xyy} beavector of N real numbers denoting the elements
of the Nth finite population of interest. Let (Ry,,..., Ryy) be a vector
chosen at random from the set of N! permutations of (1, 2,...N) and let
Xy = XNR,, - A random sample of size #» drawn from the finite population
of size N can be written X, ,..., X,,. An unbiased estimator of the
population mean, X, = N7 Ef;l Xy 18 n's > where S, =37 X,..
This is an example of a U-statistic of order 1. In this paper we will be
mainly interested in U-statistics of order 2 defined as follows. Let A,;: R? -
R be a sequence of functions which are symmetric in their arguments and
let wy,; = hy(xy;, Xy;). I Wy, = hy(Xy;, Xy;) is unbiased for some
unknown population parameter 6, , say, then the corresponding U-statistic
with kernel 4, , (;)_l Uy, » is also unbiased for 6, , where

n i-1
Unn = }: Z WNij'

i=2 j=1
Note that if we take hy(x,;, Xy;) = 5(xy, — Xy;) then we obtain the usual
estimator of the population variance. This paper will study the conditions
under which {(3)™'U,, — 0y} converges strongly to zero and the rate of
such convergence. Strong convergence for such situations was defined by Sen
(1970). An equivalent definition of strong convergence is given below.

DeFINITION. Let {7y, (Xyy, ..., Xy,), 1 Sn <N, N > 1} be a trian-

gular array of statistics and let {6, , N > 1} be a sequence of real numbers.
Then T, — 6, strongly converges (s.c.) to 0, if for every ¢ >0,

lim lim sup P <nr5r}ca_<f‘N|TNk -6y > e) =0.

R0 Nooo

Rosén (1964) established that n'lSN" ~Xy — 0 s.c. if and only if

N

o -1 - -
(1.1) git{follﬁ;pN E |xp; = Xy (1Xy; =Xy > L) =0.
i=1

In Section 2 we will show that the rate at which n'ISNn — X, converges to
zero depends on the values of ¢ for which sup,., N -1 Zf; ) IxNi—ic‘Nl' <.
In Section 3 we establish the corresponding result for Uy, , and improve the
strong convergence result for Uy, established in Theorem 2 of Sen (1970).
Further, we refine the rate of convergence for the case when the arrays {wy,;}
have all row and column sums equal to a fixed constant. These results are
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analogous to the rate results established by Kokic (1987) for degenerate U-
statistics based on samples of iid random variables.

2. Rate results for the sample sum
Suppose

N
2.1 sup N 'S [ < o0,
(2.1) Nzg ;I il

Then (1.1) holds if ¢ > 1. Hence n‘lSNn — Xy — 0s.c.. In fact, we have
the following result.

THEOREM 1. If 0 <t < r, r > 1 and condition (2.1) holds, then for each
>0,

N—oo n<k<n

N
(2.2) limsup }_ n' 2P ( max k™S, | > s) < 0.
n=1

If 1 <r<t<2r, condition (2.1) holds and for all N > 1, X, =0, then for
each ¢ > 0, (2.2) holds.

This result is the analogue of Theorem 3 of Baum and Katz (1965), who
developed a similar result for the sum of iid random variables. The follow-
ing lemma about trangular arrays of real numbers allows us to deduce the
convergence rate result given in Corollary 1 of Theorem 1.

LEMMA 1. Let {ay,,1<n< N, N > 1} be a triangular array of positive
numbers satisfying ay, >ay ,., when N>n>1. If forsome r > 1,

N
. r-2

lim sup E n “ay, <o
N—oo =1

then

—r+l
)

limsupay, = O(n as n — oo.

N—oo
COROLLARY 1. Under the conditions of Theorem 1

liﬁnj;pP (nr<nka<xNk"’/'[SNk| > s> =0(n™™") asn - .

https://doi.org/10.1017/51446788700033024 Published online by Cambridge University Press


https://doi.org/10.1017/S1446788700033024

4 U-statistics from finite populations 471

The large order term in Corollary 1 may be replaced by the corresponding
small order term if we replace (2.1) by the stronger condition

(2.3) Jim limsup N~ Z|xN,|1(|xN,|>L) 0.

L= N—oo i=1

THEOREM 2. Under the conditions of Theorem 1, if (2.3) hold then

lim sup P (nxg&xNk_'/tlSNkl > e) =o(n ™) asn— oo

N—oo

Suppose X, = 0. Condition (1.1) is equivalent to the sequence of random
variables {X,,, N > 1} being uniformly integrable, which is equivalent to
"'S 'wn — 0 s.c. For £>1 condition (2.1) implies the uniform integrability
of {X N1 N > 1}, and futher implies the range of convergence rate results
given in Corollary 1. Condition (2.3) is equivalent to the uniform integrabil-
ity of {|X Nl]’ , N > 1}. It implies condition (2.1) and the slightly stronger
result of Theorem 2.

3. Rate results for U-statistics

Throughout this section it is assumed that

i—-1

N
(3.1) > Wy, =

i=2 j=1

Also, by symmetry, and since the diagonal terms may be defined arbitrarily,
we have

(3.2) Wy, =Wy, and wy,; =0.
Sen (1970) showed that (3) ™' Uy, — 0's.c. if supys, () £, sl wh,

< o0o. In Theorem 3 below the same result is established under a weaker set
of conditions. Let

N
=(N=-2"" Y wy,;
j=1
and

W,y —W,, —w,, ifi#j, and
(3.3) UNU={ONU i~ Oy HIFT

otherwise.
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THEOREM 3. Suppose that

hm limsup N~ lemll |yl > L) =

L—oo Nooo i=1

and
i1

M-
hm lim sup (2) > [Up; il ({vp;1 > L) =

L=o0 N—oo 1=2 j=1
Then (3)'U,, -0 sc
2 Nn o

Corresponding to Theorem 1 we have the convergence rate result given in
Theorem 4 below. The result is essentially the analogue of Theorem
2 of Lin (1981). However, we first give the following moment bound
result which is essential in the proof of Theorems 4 and 5. Let v,, =

( ) 2_2 Ej l|wN1]| ‘

LEMMA 2. Suppose that Uy, is based on an array {w; j} satisfying (3.1),

(3.2) and for all i, E?’:Iwmj = 0. Then for each t > 2 there exists a
constant K,, such that

E|U,.|' < K,(Npg)'vy,.

THEOREM 4. Suppose r > 1 and that for some 2 <t <2r,

3.4 sup v,,, < oo.
(3.4) Nﬁ Nt

Then for each ¢ > 0,

—1-r/t
lim su n max k U,.|> s) < oo
N—»oopz_; n<k<N | Nkl

CoROLLARY 2. Under the conditions of Theorem 4

1iglj°1ipP (ng}&xNk_l_'/tlUNkl > e) =0(n™"™") asn- .

If in addition to (3.4) we assume that

(3.5) Jim limsup N™ Z;wN,|1(|wM|>L) 0,

Lmoo N—oo i=1

then the large order term in Corollary 2 may be replaced by the corresponding
small order term.
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THEOREM 5. If the conditions Theorem 4 are satisfied and (3.5) holds, then
foreach ¢ >0

lim sup P (ng}czchk—l_'/ﬂUNU > a) =o(n™"

N—oo

as n—oo.

If U,, is based on an array {w,;, j} with the property that the row and
column sums of {wy, j} all equal the same constant, then we call Uy, a
degenerate U-statistic. Condition (3.1) forces a degenerate U-statistic to
satisfy

N N
(3.6) wa = Zw,,,,.j =0.
i=1 j=1

The reason we have defined {vy; 1.} as at (3.3) is that it satisfies (3.6) in
addition to (3.1) and (3.2). As shown in Lemma 2, it is possible to obtain
high order moment bounds for degenerate U-statistics, which are crucial
in obtaining convergence rate results for U-statistics. The following strong
convergence rate result for degenerate U-statistics is the analogue of Theorem
1 of Kokic (1987).

THEOREM 6. Suppose {U,,} are degenerate U-statistics satisfying (3.1)
and (3.2). Let r be a positive constant and suppose that for some t > 2,
condition (3.4) is satisfied. Then for any 6 > 1 and any ¢ >0,

N
limsupZn'_dP ( max k_l_'/tlUNk| > s) < 00,
N—oo n=2 n<
and
limsup P | max k~'""""|U, | >¢) =0(n™).
msup P ( max k™'~ |Uy (n™")
We see, on comparing this result with Theorem 4 and Corollary 2, that
the rate at which (g)_l Uy, converges to zero (s.c.) is faster for degenerate
than nondegenerate U-statistics.

4. Proofs

Throughout let ¢, , c,, ... denote positive constants which do not depend
on n or N. The proof of Theorem 1 is reduced to checking that three sums
converge. The following technicial lemma is required to bound the third
of these sums. The y parameter introduced in the lemma will be used to
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determine truncation values in the proof of the theorem. This truncation
technique can also be used to correct the proof of the claim in Baum and
Katz (1965), page 109, that given E|X|' < oo for some 0 < ¢t < 1 then
n'"VEXI(X| < n'")) - 0 as n - co. To see this note that for any
y€(0,1),

n'TEX I(X| < n'h)|
< n'THEIXI(X] < 2" + EIXI(n < 1X) <0}
< nIE x|+ E(X'I(R < | X))
— 0 asn—oo.

LEMMA 3. Suppose that r > 1 and 2r >t > 0. Let y be any number
satisfying 1 >y > max{r"1 ,t/(2r)}. Let yy,, ..., Yyy be real numbers
such that for some ¢, and i=1,..., N, |yyl < clny'/', where 1 <n<N,

N —1 N
k=1 Yy =0 and supy N LYy Wl <o Let Yy, = Ynw,, and let
Jj be the smallest integer greater than or equal to t. For each integer M,
independent of n and satisfying

(4.1) 2Mjyrft—yr+1>Mj
there exists a c, such that
n M
E E YNk < czn(Zijr/t—wH)_
k=1

ProoF. The key to establishing this lemma is the useful inequality found
in Theorem 4 of Hoeffding (1963), which states

n M n
Z Yy Z Zyk
k=1

<E
k=1
where Z,,,..., Z,, are iid random variables uniformly distributed on
Yn1s---» Yyn - The result now follows from (4.2) by the same argument as
used by Katz (1963) to bound his expression (7).

IMj
(4.2) E

b

ProOF OF THEOREM 1. Without loss of generality assume that N > 2
and ¢ = 2. For convenience of notation we will drop the N subscript in the
double subscripts throughout all proofs, except where extra clarity is required.
Choose a 7 and an integer M so that (4.1) is satisfied and

(4.3) (Mt - 1)/(M?) > y > max{(r + 1)/(2r), t/(2r)}.
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For 1<m< N let
m k-1

m
1 2)
AD = J1xd > m™y, 4R = U U Xl 1%, | >m"}
k=1 ky=2 k=1
and
(3) “ e
4= "X, | >m" Y,
k=1

where X, = X, if |X,| <m”/* and X,, =0 otherwise. If we argue as
in (1) of Katz (1963), to prove the theorem it suffices to show that

N N
(4.4) lim supZn'—zP (U AE,I,)) <oo forl=1,2and3.
N-oo n=1

m=n

We begin by proving (4.4) for / = 1. Note that

(4.5) U AV = U{le| >n"}u U (X, >k},

m=n k=n+1

so YN n"2P(UY_, 4)) can be expressed as the sum of two terms each of

which can be bounded by
N
(4.6) Y on"P(x | > ") < o EIX, |
n=1
Thus, by condition (2.1), (4.4) follows in the case / =1.
Now for [ =2
n k-1 k,—1
2 t t
U A = U SICAR AR o U UICAR ARy !
m=n k=2 k=1 ky=n+1k,=1

and so by similar techniques to those used in the case / =1,

N N N
S on'’p (U Afj)) < ¢, S KP(X,|, 1X,) > k).
n=1

m=n k=1

Note X, and X, are not independent but

P(X,1, 1Xy| > K = [NV = 117" 30 I(Ix | > K771 (1x, | > K77)
k £k,

2
N
< N/(N=1) {N"‘ 3 (1%, | > k”/’)}

k=1
< 2ELX, |1
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Thus
Yo N @ 12 o= ;72
r— r—4ayr
(4.7) don P(U Am)scs(E[Xll) Y KT
n=1 m=n k=1

By (4.3), r(1 — 2y) < —1, so the series at (4.7) converges. Thus by (2.1),
(4.4) follows in the case [/ =2

It remains to prove (4.4) inthecase / =3. Let Y, = X, —EX, ;then
m
(4.8) 4% ¢ { 3 Y| >m™(1-m'" ’/‘1EX,m1)}
k=1

We now show for sufficiently large m that m'~"//|EX,, | is small.
When 1 <r<t, EX, =0, and so

m' "M EX,,| < m TEQX 10X, 1m 7Y T (X)) 2 M)
< Elel m(l yr)—r(l— 7/’,
and when O<t<rand r>1,
ml_’/tlEle| < m(l—y)(l-r/t)Elelt/r'

Now (4.3) ensures that (1-yr)—r(1-y)/t <0 and (1-y)(1-r/t) <0, and
so condition (2.1) ensures for all sufficiently large m that m'~"/'|EX il < 3-
By (4.8), to complete the proof it suffices to show that

N m
(4.9) hmsupZn (U { Y Yl > %m’”}) < 0.

n=1 m=n \ lk=1
The sum on the left-hand side of (4.9) is bounded by a constant multiple of
N ) m
> mP ( > %m’/t)
m=1 k=1

N m
—1__—2Mjr/t
5c6§ m " im M g E Y
k=1

km

2Mj

(4.10) <c, i m@MIr/D=D=rr=1)
m=1
by Lemma 3. Now (4.1) and (4.3) ensure that the series at (4.10) converges,
and hence (4.9) and Theorem 1 follow.
Lemma 1 may be proved with standard analytic techniques. The details
are therefore omitted from this paper.
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ProoF oF THEOREM 2. With the notation of the proof of Theorem 1 it is
sufficient to show that
N
lim limsupn”~'P (U Aff,)) =0 for/=1,2and3.
P00 N—soo m=n
The argument proceeds almost exactly as in Theorem 1, where we use (2.3)
to bound the / = 1 terms, that is, to bound n"~'P(U;_,{X, > n"*}) and
PN X > K7D by ELX (X > 0.
Essential to the proof of Theorems 3, 4 and 5 is the following decomposi-
ton. Note that

n\ ! “1a n\~!
(4.11) <2) Uy,=2n Sy, + (2) Vins
where

= Z ZvNRN,RN} and Sy, = ZwNRN,

1=2 j=1
PROOF OF THEOREM 3. Assume without loss of generahty that ¥ > 3. By
(4.11),

k - -1 a 1
) P (nrsr}canN <2> U | > a) <P (nrsr}castZk 1S, | > 58)

k)™ |
+ P (ng}canN (2) Vel > 78) .

lim lim sup P ( max 2k—1|§k| > 8) =0.
n<k<N

R—=00 N—oo
To bound the second term we note that by Lemma 2.1 of Sen (1970),
{(;)_l Vyns» 2 < n < N} is a reverse martingale. Thus,

P max ( _1|V|>la <27 (" _1E|V|
n<k<N \2 kl—2%) = 2 nl*

To bound E|V,| welet v;; =a;; +b,;, where

By Theorem 5.2 of Rosén (1964),

bij = vijl(lvijl >L)-(N- 2)—1 Z”iji(lvijl >1L)
j=1
N
—(N=2)" Z vl > L)

N N
+(N=DT'N=2' 3 S w (v | > L), ifi#S

i=1 j=1
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and
b,.j=0, ifi =j.
Thus Z; 184 Z, 1 b;; =0, and for some ¢,
2y 172
1
EOED>) SEINER P ob ol
i=2 j=1 j=2 j=1
. 1/2
~1 N i-1 -1 N i-1
n\ (N 2
<) EEm{0)0) £} -
i=2 j=1 i=2 j=1

since (3)7' £, ©i2 '~la;; is bounded by a constant,

2
K\~
. . 1 —
,,IHEO ll}tv!‘l_.solipP (nxsr}canN <2> Wkl > 78) =0.
This completes of the proof of Theorem 3.

Proor oF Lemma 2. Since {(YJ*3)Uy_,.,, 2 < n < N} isa martingale,
we have via the theorem in Dharmadhikari et al. (1968) that

AN t/2 N\ i+n\7! t
(4.13) E|(2) U, < co(N )" max El() Uj—( 5 ) Uil

where ¢, = max{8(¢ — 1) max(1, 2"3)} . After some algebra, it may be
shown that

n+1\"! n\ !
( 2 ) Un+1_(2) Un
_1(n -1 n n
=(n-1)(n+1)" () E e, — (A1) (2) Z*ZW,J
i#)
Hence by Hélder’s inequahty,

-1 -1 t
n n+1l
(2) Un - ( 2 ) Un+l
-t n
(4.14) <2 (Z) {E

t

Z Wn+1 o J +E
Jj=1

Conditional on R, = m, E” ! W is the sum of a simple random sample

of size n —1 selected wnhout replacement from

P ={w

E

t
-1
W, }

n
j=1

ml?**tc wm,m—l ’ wm,m+1 L me}'
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Since U, is degenerate the elements of % sum to zero. Thus by Theorem
4 of Hoeffding (1963), and the theorem in Dharmadhikari et al. (1968),

12,

E|Z | <cpon—1"p,,.

Since
n—1 N P N-n
(4.15) W=- Z W,=- Wy-nt1,5
j=1 Jj=n+1 Jj=1
we have
n—1 ! 02
(4.16) E|Y W,| ScoN=-m"v,,
j=1
and so by (4.13), (4.14) and (4.16),
(4.17) E|U,| < 2 (N = n)'vy,.

By similar reasoning to that used at (4.15), we have U, Zyu N_n - The lemma
follows from this fact and expression (4.17).

ProoF oF THEOREM 4. Using (4.12), we have
<k<N

-1
(4.18) +P ( max kl"/'|(§) A >s) .

n<k<N

P(maxk /'|Uk|>s)<P(maxk /'|S|>§a>
n<k<N

From Theorem 1,

hmsupZn (max k™ /IS | > 58) <00,

N—oo n=2 <k<
-1
(lzc) Ve >£) < oo.

Since {(2) Vk , 2 < k < N} is a reverse martingale, we have

K\ n\~* t —t t—r
<2) Ve >e)5(2) E\V,le n

and the result follows if we use the bound in Lemma 2 and argue as in Lin
(1981), Theorem 2.1

so the result will follow if

lim sup Z n ( max k'~

N—-oo n<k<N

(4.19) P ( max k'~
n<k<N
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Theorem 5 now follows almost immediately if we use Theorem 2 to deal
with the first term in the bound (4.18), and (4.19) to bound the second term.

Theorem 6 is established by our using similar arguments to those used in
Theorem 1 of Kokic (1987) and so the details are not included here.
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