Bull. Aust. Math. Soc. 84 (2011), 1-9
doi:10.1017/S0004972709000537

ON SUM OF PRODUCTS AND THE ERDOS DISTANCE
PROBLEM OVER FINITE FIELDS

LE ANH VINH

(Received 25 February 2009)

Abstract

For a prime power ¢, let F; be the finite field of g elements. We show that Fy < d A? for almost every

subset A C [F; of cardinality | A| > ¢'/¢. Furthermore, if ¢ = p is a prime, and A C F p of cardinality
|A] > p'/2(log p)!/¢, then d A% contains both large and small residues. We also obtain some results of
this type for the Erdds distance problem over finite fields.
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1. Introduction

The sum-product phenomenon asserts, roughly speaking, that given a finite nonempty
set A in a ring R, then either the sum set 24 = {a + a’ | a, a’ € A} or the product set
A’ ={a-d'|a,d e A} will be significantly larger than A, unless A is somehow very
close to being a subring of R, or if A is highly degenerate (for instance, containing
a lot of zero divisors). For instance, in the case of the set of integers R = Z, which
has no nontrivial finite subrings, a long-standing conjecture of Erdds and Szemerédi
asserts that [2A4] + |A?| > |.A|>~¢ for every finite nonempty A C Z and every & > 0.
(The current best result on this problem is a recent result of Solymosi [14], who
showed that the conjecture holds for any ¢ greater than %.) A related question, posed
in a finite field F, with g elements, is how large A C IF, needs to be to assure that
dA? =A%+ ...+ A2 = [F,. It is known (see, for example, [5, 6]) that, for any & > 0,
there exists d = d(¢) such that if |A| 3> q!/>"¢ then dA> =F,. In particular, Hart
and Iosevich [6] have obtained a good lower bound on the size of A that guarantees
dA’> =T 4> with the possible exception of 0. They also showed that the lower bound
on A may be relaxed if one settles for a positive proportion of IF,.

THEOREM 1.1. [6] Let A CF,, where F, is an arbitrary finite field with q elements,
such that |A| > ¢(/P+072D Thep

2
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Suppose that
|A| = C1/dg1/2+1/20d=1)

for some constant C > 0. Then

C2—1/d

2 —_—

Motivated by Theorem 1.1, it is plausible to conjecture that if |.A] > ¢!/2%¢ then
2.A% covers [F4 or at least a positive proportion of F,. When ¢ = p is a prime, the
prime field IF, can be naturally identified with Z, = {0, 1, ..., p — 1}. Garaev and
Garcia [4, Theorem 3] showed that the conjecture holds if A is an interval of length
|Al > pl/ 2(log )74, In the general case, the best known result is still Theorem 1.1.
The main purpose of this paper is to present some results in favor of this conjecture.
We show that for any d > 2, for almost every subset A C IF, of cardinality | A| > ¢ l/d,
then IF; C dA?. More precisely, our first result is the following.

THEOREM 1.2. For a positive integer d > 2 and for any o > 0, there exist an integer
qo =q(d, a) and a number Cq o > 0 with the following property. If one chooses a
random subset A C F, where |A| =t > Ca.0q"?, then the probability of ¢ dA?is
at most qo, provided that g > qy.

Furthermore, if ¢ = p is a prime, for a sufficiently large subset A C Z,, we show
that d.A? contains both large and small residues.

THEOREM 1.3. For ACZ, ={0, ..., p— 1} where
L — 00 asp— o0,
p'/2(log p)1/d
then
max x = (1 +o(1))p,
xedA?
and

min x = o(p).
xed A?

Another classical problem in combinatorics is the Erd6s distance problem. For
EC ]FZ, d > 2, the analog of the classical Erdds distance problem is to determine the
smallest possible cardinality of the set

AE) ={lx —yP =1 —y)*+ -+ (xa —y)? 1 x, y €&},

which is viewed as a subset of F,. Iosevich and Rudnev [8], using Fourier analytic
methods, showed that there are absolute constants ¢y, ¢ > 0 such that for any odd ¢
and any set £ C IFZ of cardinality |€] > c1¢9/?,

|A(E)| = ¢ min{g, g~V |g)). (1.1)
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(In fact one can also obtain (see, for example, [12, 13, 15]) more general results for
the number of pairwise distances between elements of two sets £, F C ]FZ .) In view of
this result, Iosevich and Rudnev [8] conjectured that for any subset £ C I[“g with |€] >
q?/%¢ |A(E)| = cq for some ¢ > 0. This conjecture is false in general. Hart et al. [7]
constructed, for any small ¢ > 0, a subset £ C ]F‘ql of cardinality 1/2¢q(“+1/? such
that A(E) < cq. They, however, showed [7, Theorem 2.11] that, for any ¢ > 0, if £ is
uniformly distributed on the sphere and |£] > ¢, then |A(E)| > c¢q. We will show that
a similar result holds for almost every subset £ C F, of cardinality |£]| > q.

THEOREM 1.4. Forany o > 0, there exist an integer qo = q(«) and a number Cy, > 0
with the following property. When a subset £ C F%, where |E| =1 > Cuq, is chosen
randomly, the probability of F; ¢ A(E) is at most qa', provided that q > qo.

Note that the implied constants in the symbols ‘0’ and >’ may depend on an
integer parameter d. We recall that the notation U > V is equivalent to the assertion
that the inequality U >> c|V| holds for some constant ¢ > 0. The rest of this paper is
organized as follows. In Section 2, we summarize several useful lemmas, which will
be used throughout the paper. The proofs of Theorems 1.2, 1.3 and 1.4 are given in
Sections 3-5, respectively.

2. Preliminaries

2.1. Incidence geometry. One of our main tools is the following geometric
incidence estimate, which was developed and used in [6] (see also [2] for a functional
version).

LEMMA 2.1. [6] Let B(-, -) be a nondegenerate bilinear form in IFfIZ. For any A € F,
and two subsets £, F C Fg, we define

nE F= Y E®FQY),

B(x,y)=A

where E(-) and F(-) are the characteristic functions of £ and F, respectively. For any
L ely,
El|F
(&, F) = % + R(%),

IRM)| = +/q?ENFI.

2.2. Finite Euclidean graphs. Forafixeda € Fg the finite Euclidean graph E; 4(a)
in IFZ is defined as the graph with the vertex set % and the edge set

where

q
{(X,Y)EFZX]FZ:X#)/, |x—y|2:(x1—y1)2+..._|_(xd_yd)2=a}.

In [10], Medrano et al. studied the spectrum of these graphs and showed that they are
asymptotically Ramanujan graphs.
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THEOREM 2.2. [10] The finite Euclidean graph E, 4(a) is a regular graph with q¢
vertices of valency

d=1 L ¥ (=1)@=D2gq)g@=D/2 440, d odd,
=1y ((=1)4/2)qd=2/2 a+0,d even,
-1 a=0,d odd,
g% = x (=) (g — 1)g P2 a=0,d even

k(g,a) =

S

where x is the quadratic character

1 a#0, aissquareinTF,,
x@=3—-1 a#0, aisnonsquareinl,,
0 a=0.

Let ) be any eigenvalues of the graph E4 4(a) with A # valency of the graph. Then
A] <2g"D72, 2.1)

2.3. Eigenvalues and expanders. We call a graph G = (V, E) an (n, d, A)-graph
if G is a d-regular graph on n vertices where the absolute values of each of its
eigenvalues except for the largest one are at most A. It is well known that if A < d,
then an (n, d, A)-graph behaves similarly to a random graph G 4/,. Specifically, we
have the following result.

LEMMA 2.3. [1, Corollary 9.2.5] Let G be an (n, d, A)-graph. For every set of
vertices B and C of G,

d
e(B, C)—;‘BIICIISXVIBIICI, 2.2)

where e(B, C) is the number of edges in the induced bipartite subgraph of G on (B, C)
(that is, the number of ordered pairs (u, v) where u € B, v € C and uv is an edge

of G).

24. A graph theory lemma. Let G(X,Y) be a bipartite graph. We denote the
number of edges going through X and Y by e(X, Y). The average degree d(G) of
G is defined as

- 2¢e(X,Y)
d(G) = ——.
| X|+ Y]
We will need the following bound on the probability of an induced bipartite subgraph

being empty.

LEMMA 2.4. [11, Lemma 2.1] Let {G, = G(Vy, Va)};2 | be a sequence of bipartite
graphs with |V,| — oo as n — o0o. Assume that for any € > 0, there exist an integer
v(e) and a number c(g) > 0 such that e(A, A) > c(s)lAlzci(Gn)/|Vn| for all |V,| >
v(e) and all A C V, satisfying |A| > ¢|V,|. Then for any o > 0, there exist an integer
v(a) and a number C (o) with the following property. If one chooses a random subset S
of Vy, of cardinality s, then the probability of G(S, S) being empty is at most o,
provided that |S| =s > C(a)|Vn|/c7(G) and |V,| = v(a).
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2.5. Character sums for bilinear forms over finite fields. The next lemma is an
estimate of a character sum with bilinear forms over finite fields.

LEMMA 2.5. Let B(-, -) be a nondegenerate bilinear form in the d-dimensional vector
space IFZ, and r be a nontrivial additive character on Fy. For any two sets £, F C IFZ

with |€| = E, |F| = F,
<y a?IEIIF. (2.3)

PROOF. Viewing ), ¢ 7 ¥ (B(u, v)) as a sum in v, applying the Cauchy—Schwarz

> Y(B, v)

ucf,veF

inequality and dominating the sum over v € F by the sum over v € F¢, we see that

2
Yo vB@ )| <IFIY. Y v(Bu—u,v)
ucl,veF vng uu'e€
<IFI Y Y vBu—u,v)
uu'e€ vE]FZ
< qIEIIFI,
since the inner sum over v vanishes unless u = u’. a

2.6. Discrepancy of sequences. For any real number x, set e(x) = e?™'*. The
fraction part {x} of x is defined by {x} = x — [x], where [x] denotes the integral part
of x, that is, the greatest integer less than or equal to x. For any interval Z C [0, 1)
and a sequence {x,},>1, X, € R, let A(Z, N, x,) be the number of x,, 1 <n < N, for
which {x,} € Z, that is,

N
AT, N, x2) =Y xz({xa)), (2.4)
n=1

where x7 is the characteristic function of Z. The discrepancy Dy (x,) of a finite
sequence {x,}1<n<n is defined as follows.

DEFINITION 2.6. Let x1, ..., xy be a finite sequence of real numbers. Then the
number
A(Z, N, xp)

Dy =Dy (xy) = sup N

1<[0,1)

—III‘

is called the discrepancy of the given sequence.
We will need the following variant of the Erd6s—Turdn—Koksma inequality.

LEMMA 2.7. [3, Equation (1.62)] Let x1,...,xny be a finite sequence of real
numbers. For any H > 2,

. (2.5)

1 111 &
Dyw) < ——+ Y. —|= Y elhx,
N(xXn) < _I_I—I-OhHh‘N_e(x)
<h< n=1
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3. Sum of products in random sets

In this section, we mimic the proof of [11, Lemma 2.1] to give a proof of
Theorem 1.2. Let A be an ordered random subset, whose elements are chosen in
order (a; first and a, last). For any A € F*, we compute the probability that A & d.A>.
Forl <s <t,let

Ny ={aeFy:ay +x2y2+ -+ xaya = A,
for some x3, ..., Xq4, Y1, ..., Ya €{ai, ..., as, a}}.

Since A ¢ d A2, a;. 1 & Ny. Let
M1 ={ass1 €Fy\{ar, ..., a5} INsy1 \N;| <eq'/?/2},

where ¢ later will be chosen to be small enough. Suppose that | M;1| > eq for some
1 <s <t. From Lemma 2.1,

|Ms+l|2d

vu ML, M) > — g IR M| 3.1

Since M1 NN =@, it follows that

gl M1
2d i
(3.2)
Putting (3.1) and (3.2) together leads to a contradiction. Therefore, |M;4 1| < eq for
l<s<t. Lett>4q'%/e, and assume that the set A has been chosen such that
A & dA2. Let 11 be the number of as+1 that do not belong to M 1. Then

g=INil= > Nt \ Nkl = eng'/?/2.
541 EMp+1

v ML MDD v ML Fg \ NDD < M1 14(eq/2)? <

This implies that
n<2¢"e <1)2.

Therefore, there are t — #; > t/2 elements a4 that belong to Mj41 where | Mjy1]
< &q. Hence, the number of ordered subsets A C I, such that A ¢ d A? is bounded by

) (Zl)q“ (£)' ™" < (66)*q(g = 1) -+ (g —t + 1.
n<t/2

Choosing & = a2 /6, we complete the proof of the theorem.

4. Largest and smallest residues

We give a proof of Theorem 1.3 in this section. Choose H :=p — 1, N :=|.A|*

and J
> i—1 aibi

{xl,...,xN}:={
p

:al,...,ad,bl,...,bdeA}.
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From Lemma 2.7,

1 1|
DyG) <=+ Y. V] > e(hxy)|. (4.1)
P chzp MARS
Applying Lemma 2.5 for additive character y (x) = e(hx/p) and £ = F = A%,
N
> elhxy)| < p™PIAN, (4.2)
n=1
for 1 <h < p — 1. It follows from (4.1) and (4.2) that
1 pi? 1 1 pilogp
DNG) S —+ g ). S+ 4.3)
p AT = kTP Al
Let Z; = [1 — 2p9/* log p/|A|?), 1); then
p?*log p

‘A(Il, N,x,) 2p%/%logp

1
<D <-4+
N Al ‘_ N(xn)_p

|Ald
Therefore, A(Z1, N, x,) > 0, or equivalently

(1 2p?/% log p
Al

max x >
xed A?

)P =1 +o())p.

Similarly, let Z, = [0, 2p“/? log p/|.A|?]; then A(Z», N, x,) > 0, or

This completes the proof of Theorem 1.3.

5. Distances in random sets

Let G 4(a) be a bipartite graph with the vertex set ]Fg X IF‘qi and the edge set

() €Fd X Fd s x — yP = (1 — y)? + - + (xg — ya)* = a).

Then B
d(Gg4.a(a)) =k(g, a) + do(a),

where dp(a) = 1 if a = 0, and 0 otherwise. From Theorem 2.2 and Lemma 2.3, for any
ACFY,
k(g a)

o4, 4) — =5 |AI?| <2¢ " D/2 1A
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Hence, it is easy to check that, for any ¢ > 0, if |A| > e¢? and ¢ > (2/¢)*/“@~D  then

d(Gg,a(a))

2 1A%

e(A, A) >

Let c(¢) = 1/2 and n(e) = [(2/¢)*/“~V]. Theorem 1.4 now follows immediately
from Lemma 2.4.

6. Remarks

For a prime number p and a sufficiently large subset £ C Zg, similar to Section 4,
we can show that A(€) contains both large and small distances.

THEOREM 6.1. [9] For £ C Z;’, and || = p?/? log p,
max A(E) = (1 +o(1))p,

and
min A(E) = o(p).

Theorem 6.1 and other general results are given in [9]. Theorem 1.3 was inspired
by that paper.
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