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IMMERSIONS WITH SEMI-DEFINITE
SECOND FUNDAMENTAL FORMS

LEO B. JONKER

1. Introduction. Let M be a complete connected Riemannian manifold of
dimension # and let £: M — R"™* be an isometric immersion into the Euclidean
space R***. Let V be the connection on M" and let ¥ be the Euclidean connec-
tion on R™"+*. Also let

B:T,(M) X Tp(M) — N, (M)

denote the second fundamental form B(X, ¥) = (Vx Y)L. Here T,(M) denotes
the tangent space at p, N,(M) the normal space and (. . .)+ the normal com-
ponent. To each normal vector ¢ we associate a (real valued) second funda-
mental form

By (X, Y) = (VxY,¢),

where (.., ..) is the Euclidean inner product in R"**. The Gauss curvature
equation gives the sectional curvature K, (x,y) of the section ¢(X, Y) defined by
a pair of orthonormal vectors X, ¥V € T,(M):

K. x.vy = (BX,X),B(Y,YV)) — (BX,Y),BX, Y)).
We wish to study immersions ¢£: M™ — R™* with the following hypothesis:

(H) Ateveryp € M and for every ¢ € N,(M) the second fundamental form By
is semi-definite.

These immersions with semi-definite second fundamental forms were studied by
M. do Carmo and E. Lima [2] in the case where M is compact. Their method
involves Morse theory and is not suited for non-compact manifolds. In this
paper we present an approach that works even when M is non-compact. In
particular we obtain the following:

THEOREM. Let M be a complete Riemannian manifold. If £: M™ — R™* is an
isometric immersion with semi-definite second fundamental forms then one of the
following two possibilities holds:

(a) There is a linear subvariety R™ of R™* such that &£: M"® — R* C R+
and §(M™) s the boundary of an open convex set in R™+1,

(b) The tmmersion &: M™ — R** is (n — 1)-cylindrical.

Received November 29, 1973. This research was supported by NRC grant A8137.
610

https://doi.org/10.4153/CJM-1975-071-9 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-1975-071-9

SEMI-DEFINITE FORMS 611

An immersion £:M" — R™* is called (» — 1)-cylindrical if M and
¢ are expressible as Riemannian products, M = Q X R, £ = v X id,
R™* = R¥1 X R™, v is a curve in R*! and id the identity on R*.,

Since case (b) is clearly exluded for compact manifolds, the theorem of
do Carmo and Lima [2] is a corollary of ours.

It is clear that conversely all immersions of type (a) and (b) satisfy hypo-
thesis (H).

It is easy to see that (H) is equivalent to the following hypothesis:

(H') Ateachpointp € MthereisarayS, C N,(M)emanating from0 € N,(M)
such that B(X, X) € S, for all X € T,(M).

Both (H) and (H’) imply that all sectional curvatures of M are non-negative.

The proof of our theorem may be outlined as follows:

(i) If M™ contains a submanifold W which is flatly embedded onto an affine
space R*1 C R"** by ¢, then according to a theorem of Toponogov [8], M is
isometric to J X R™! for some 1l-manifold J. If follows that all sectional
curvatures vanish.

(ii) If all sectional curvatures on M vanish, it is not hard to see that under the
assumptions of the theorem the relative nullity of ¢is 2z — 1. Then the paper
of Hartman [3] shows that £ is (n — 1)-cylindrical.

(iii) Let M, be the subset of M of all points at which the second fundamental
form vanishes. Then every connected component of M is mapped isometrically
onto a convex subset of R***. This will be proved in § 4 by a proposition bor-
rowed from Sacksteder [6, Lemma 7]. It will follow in § 5 that if M, separates
M, M contains a submanifold W with the properties described in (i), and
consequently ¢ will be (# — 1)-cylindrical. The remaining case, where M, does
not separate M is dealt with as follows:

(iv) Let M1 D M, be the set of points of M at which all sectional curvatures
vanish. A direct calculation will prove that each component of M\ M, is im-
mersed in an (#n + 1)-dimensional linear subvariety of R** This will be the
subject matter of § 2.

(v) On M,\M, the relative nullity is precisely » — 1. By studying the in-
tegral manifolds of the distribution of the (# — 1)-dimensional spaces of
relative nullity on the interior of M;\M, we will find that each component of
M\M, is immersed in an (# + 1)-dimensional linear subvariety of R***. This
material will be dealt with in § 3.

(vi) Once the first part of conclusion (a) has been obtained, the second part,
that £(M) is the boundary of an open convex set, follows from Sacksteder [6].

Unless it is specifically indicated otherwise, M and { will always be assumed
to satisfy the hypothesis of the theorem.

2. The case where the sectional curvature is nowhere identically zero.

In this section we deal with point (iv) of the outline given in the introduction.
Specifically we will prove the following
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PRrOPOSITION 1. (M is not assumed to be complete in this proposition.) If at each

point of M at least one sectional curvature does not vanish, then & immerses M in a
linear subvariety R"+! of R+,

Proof. 1t is clear that under this hypothesis B is non-zero at each point. Let
(.. )tt indicate the component orthogonal to the first osculating space
r,+S,=1,+ B(T,, T,) = K, (say). Then define the third fundamental
form

B(X, Y, 2) = (VxVy2Z)H

It is easy to show that B is a symmetric trilinear vector-valued form on 7°,(M)
satisfying the following property:

T

2 MB(YyZ) = 0= 2, NB(X, Vi, Z) = 0.
Under hypothesis (H) we have dim S,(M) = 1, and so at a fixed point p, B can
be thought of as a positive semi-definite inner product on 7,(M). The hypo-
thesis of this proposition implies that

B(X,X)B(Y, ¥) — B(X, ¥)2 > 0

for at least one pair of distinct vectors X, ¥V € T,(M). Therefore the isotropy
subspace of T,(M) associated with B has dimension at most » — 2. Let us
choose a basis X, ..., X, of T,(M) such that

B(X;, X)) =1, 1=1,...,7,
B(X, X)) =0, t=r+1,...,n,

Therefore 8(X;, X4, X;) = 0if ¢ # jand if 2 = j > 7. On the other hand,
B(XyX) = B(Xy, X)) if2<i<randsoB(XyXyX:) =B8XyX1, X)) =0
if2 =<7 =<7andB(X1, X1, X1) = B8(Xy, X, X)) =0if 2 <7 < 7. This proves
that 8 = 0 at p. From this it is clear that all derivatives Vy, Vy, ... Vy,_, ¥V,
of all orders m with V,; € T,(M),7 = 1, ..., m,lie in the first osculating space
K,(M). Since p is arbitrary, this holds for each point in M.

Now for a sufficiently small open neighbourhood U of p € M we can find a
fixed linear (# + 1)-variety L such that orthogonal projection 7:R*** — L isan
isomorphism when restricted to K, (M), ¢ € U. Let L; be the orthogonal
complement of L and p:R"** — L; the orthogonal projection. Let V1, ..., V41
be a fixed basis for L. Then {pr='(V;)}"¥1 completely describe K,(M). Clearly
{r=1(V)}'H is a basis for K,(M), and varies differentiably with ¢. Since all
derivatives at ¢ lie in K, (M) we have for X € T (M),

vXﬂ'_l(Vi) = Z )\ijTﬁl(Vj) fOr some >\ij 6 R
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But
0= VxVi= Vxrr (V) = #(Vxr (V)

= W(Z )\ijW_I(Vj)) = jz }‘17V.'i'
7
Thus A;; = 0 for all ¢, j. That is, V x7*(V;) = 0. Therefore
Vxpr (V) = pVxr (V) = 0.

This shows that the first osculating space K (M) = K (constant) on U. But
then K,(M) = K for all p € M.

Now let p and ¢ be two points on M and let K, be the linear subvariety
K + £(p) of R+,

Then if y is a C* curve joining p and ¢ in M we see that d¢(y'(¢)) € K for
all t. Therefore £(y) C Ko, and £(q) € K,. Thus §(M) C K, = R

3. Zero curvature points. This section is concerned with the points in
MN\M , as outlined in part (v) of the introduction. Specifically, we will prove the
following proposition:

ProrosiTiON 2. If M satisfies the hypothesis (H) and if U is any connected
component of M\M , then either £1s (n — 1)-cylindrical or else & immerses U as a
hypersurface in an (n + 1)-dimensional linear subvariety of R"*.

Proof. Let V = UM int M,. That is, on U we have B # 0 while on 1 all
sectional curvatures vanish.

On U the first osculating space K,(M), p € U, is always (n 4 1)-dimensional.
We can think of K,(M) as a smooth mapping « of U into G, 1,,4x, the Grassman
variety of (n + 1)-dimensional linear subspaces of R**+*,

k(p) = K,(M).

It follows from § 2 that dk = 0 on M\ M. By continuity, it follows that d« = 0
on U\V. The relative nullity is equal to » — 1 on V. In [1, Lemma 5.1 and
Theorem 6.2] it is shown that the distribution of (z — 1)-spaces 0, of relative
nullity on V is smooth and integrable, that each leaf is totally geodesic in
R"+* and that the tangent space T,(M) is constant along each leaf. Let p € V
and let X be a tangent vector field, defined on a neighbourhood of p and such
that X, € 0, for all g. Let Y be any other tangent field locally defined. Then,
modulo the osculating space K,(M) we have

vXB( Y, Y) vX(v}’ Y)J' = 7)(?}’1/
VyVxV = Vy(BX, V) =0,

since X, € 0, for all ¢. Thus K,(M) is constant along any leaf of the distribu-
tion of spaces of relative nullity in V.
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If there is a complete leaf in V, then by (i) and (ii) in the introduction we see
that £is (» — 1)-cylindrical. If there is no complete leaf through p, then some
geodesic v, (t) emanating from p in a direction of relative nullity must meet 8 V.
Let X, = v',(0) and extend X, to a neighbourhood of p so that X, € 0, for
each ¢. Let t, be the first positive value of ¢ such that v,(¢) ¢ V. Then by
[1, Theorem 6.2], the relative nullity at y,(¢¢) is# — 1. Thus v,(to) € U\V and
so dx = 0 at v,(¢e). But v,(¢o) varies smoothly with ¢. Thus also K, varies
smoothly with ¢g. Hence dx = 0 at p. Since ¢ is an arbitrary point of V we now
see that the first osculating space K,(M) is constant for p € U. The argument
used at the end of § 2 now shows that ¢ embeds U in an (» + 1)-dimensional
linear subvariety of R™t%,

4. Convexity of components of M. In this section we treat point (iii) of
the introduction. We begin by proving:

LeEmMA 1 (cf. [8, Lemma 6]). Let C be a connected component of My. Then on C
the tangent space T,(M) is a constant n-plane L and §(C) lies in an n-dimensional
linear subvariety parallel to L.

Proof. Let 7: M — G, 41 be the generalized Gauss map, 7(p) = T,(M). [tis
not hard to see that on M, the rank of the map 7 is zero. But then by a theorem
of Sard [7, Theorem 6.1], 7(M,) is a one-dimensional zero set. In particular,
7(M,) is totally disconnected. This proves that 7(C) consists of a single point in
Gponix- Now let ¢ be a fixed vector normal to 7(C) and let f(p) = (&(p), ¢),
p € M. Then the smooth function f is singular on C. Thus, again by Sard’s
theorem f(C) is a single point. That is, £(C) C L, where L is a linear variety
parallel to the fixed n-plane 7(C).

We would like to prove:

ProrositioN 3. Each connected component C of M, is embedded by & homeo-
morphically onto a closed convex subset £(C) of a linear variety L, of n-dimensions.

Let £(C) C Lo, Ly an n-dimensional linear variety. For a point p € C we
choose a neighbourhood U with the following properties: if #:R"+ — L, is the
orthogonal projection then = o ¢ maps U diffeomorphically onto an open ball in
Ly. We need two lemmas for the proof of Proposition 3:

Lemuma 2 (cf. Sacksteder [8, Lemma 7]). Suppose the codimension k = 1. Then
£|C M U is a homeomorphism onto a convex subset of L.

Proof. Let A be a component of U\C. Define another immersion n of U as
follows:

n(x) = £x) ifx € 4,
n(x) = wé(x) ifx g 4.
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Since d4 C C and the second fundamental form vanishes on C this is a C?
immersion.

7(x) = (r£(x), h(x)), ,
where h(x) is the perpendicular distance from 75(x) to L,. We may
assume that k(x) is then a convex function. Therefore, if qo, g1 € U\4, letting
ge = ()7 ((1 — £)&(go) + t£(q1)) we get that

2

d
Eﬁk(qt) ; 01 h(qo) = h(Ql) = 01

and thus # = 0 on the segment vy = {¢,/0 < ¢t < 1}. Now let v be any vector
along L. Since U is open there is an ¢ > 0 such that ¢, + sv € 7£(U) for all
t € [0,1] and s € [—¢, €]. Since & is a convex function,

g2:(s) = (g, + sv) — (1 — t)h(qo + sv) — th(q1 + sv) < Oforalls € [—e¢, €.
But g,(0) = 0 and thus

2

d d

Is.gt(s) o 0 and ggt(s) . =0
However

d d’

ah(qo + sv) s ‘?h(qo + sv) o =0

since go € U\4, and similar equations hold for ¢;. Consequently,

d
d'—sh(Qt"‘s'U) =0

5=0

for all vectors v, so that L = T',,(M). In the second place,

d2
Egh(q, + sv) <0.

On the other hand,

dZ
Wh(Qt + 57}) =0

because % is convex. Thus
&
d—s-gh(q,+sv) = 0;i.e.q, € M,.

s=0

Since ¢ is arbitrary it follows that v C C.
This shows that §(U\4) is convex for each component 4 of U\C. But UN C
is precisely the intersection of all these sets U\ A4.

LeEMMA 3. For arbitrary codimension k, £{C M U is a homeomorphism onto a
convex subset of L.
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Proof. Let p be the orthogonal projection p:R™* — K, to an (n + 1)-
dimensional linear variety containing Lo. By the choice of U it is clear that
p o £ immerses U in K,. It is also easy to see that the projection p o { satisfies
the hypothesis (H). Let D, be the set of points of U at which the second
fundamental form of p o ¢ vanishes. Clearly C N\ U C D,. Let C, be the
smallest union of connected components of D, that still contains C M U. Then
p&(C,) C Lo. By Lemma 2, p£(C,) is convex. Therefore N, p&(C,) is convex if
the intersection is taken over all orthogonal projections to linear (z + 1)-
varieties containing L. But it is easy to see that N, C, = C M\ U. Let = denote
orthogonal projection onto L. Then

E(Cm U) = 7N Cp =N T‘ECﬁ = mPE(Cp)-

Proof of Proposition 3. It only remains to show that if £(C) is locally convex
in the sense of Lemma 3 then it is convex. But that follows from a theorem of
Tietze for which a simple proof appears in [4, p. 448].

5. Separation of M by convex sets. It is clear that there is no loss of
generality by assuming the manifold M to be simply connected. It is shown in
Wilder [9, Chapter VII, Corollary 9.3], that if M, separates M, then one of its
components C separates M. In this section we will prove:

PRrROPOSITION 4. If a connected component C of M separates M then it contains
a submanifold W that & maps isometrically onto a linear (n — 1)-variety.

Proof. Suppose £(C) is a subset of the linear n-variety L. Let 7 be orthogonal
projection onto Lo. For each p € C choose a neighbourhood U, such that ¢|U,
is a diffeomorphism onto an open ball in L,. Let U = U,c¢ U,. Then clearly
¢|U is a diffeomorphism onto connected open neighbourhood of £(C) C L,.
Note that for homology with coefficients in Z we have

H (M, M\C) = H(U, U\C) = H(Lo, L)\¢(C))
by the excision theorem. Consider the exact homology sequences
H (M, M\C) — Ho(M\C) > H(M)—0
I
Hy(Lo) — Hi(Lo, Lo\§(C)) — Ho(Lo\&(C)) — Ho(Lo) — 0
Since Hy(Lo) = 0and Ho(M) = Ho(R") = Z, we conclude that Hy(M\C) = Z
if and only if Ho(Lo\&(C)) = Z. That is, C separates M if and only if £(C)

separates Lo. But by [5, Proposition (1.2)], if £(C) separates L, it contains a
(n — 1) dimensional linear variety.

6. Proof of the theorem. If 1/, separates M then by Proposition 3, § 5, and
points (i) and (ii) in § 1 it follows that M is (# — 1)-cylindrical. If M, does not
separate M, then by Proposition 2 either M is (# — 1)-cylindrical or else ¢
immerses M\ M, as a hypersurface in an (# 4+ 1) dimensional linear subvariety
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K, of R** But by Lemma 1 each component C of M, is embedded into an
n-dimensional linear variety Ly(C). By continuity of the tangent space 7°,(M)
it follows that Lo(C) C K, for each component C. Thus ¢ immerses M into K.
But then if not all sectional curvatures vanish, £(3/) is the boundary of a

convex body in K, [6]. If all sectional curvatures vanish it is (# — 1)-cylin-
drical [3].
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