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ON THE STRUCTURE OF A REAL CROSSED GROUP ALGEBRA

P.P. PALFY

We prove that the crossed group algebra A of the infinite dihedral group over the
real field defined by the generators a and b, relations b'1 ab = a"1, 62 = —1,
and Aa = aX, Xb = bX for all real A is a principal left ideal ring. This corrects a
result of Buzasi and provides the missing step towards the classification of finitely
generated torsion-free RG-modules for groups G which contain an infinite cyclic
subgroup of finite index.

The aim of this note is to correct Theorem 2.1 from the paper of Buzasi with the
same title [1]. Professor Buzasi had become aware of the error shortly before his sudden
death on August 7, 1988. Fate did not let him find the solution.

We will prove that the crossed group algebra A (defined below) is a principal
left ideal ring. The same methods can be applied to the analogous algebra B over
the complex field. These results can be used to complete the classification of finitely
generated torsion-free RG-modules for groups G which have an infinite cyclic subgroup
of finite index.

This note should be read together with [1]. We will use the same notation and
we will also refer to some results from that paper. We deal with the crossed group
algebra A of the infinite dihedral group over the real field defined by the generators
a and b, relations 6~1a6 = a"1 , b2 = —1, Aa = aA and Xb = bX for all A G R.

n
We recall some notation from [1]. For / = /(a) = £ ^*a* € R(o)(Am ^ 0 ^ An)

k=m

the norm of / is defined by | / | = n — m and the "conjugate" of / by the formula

J=f(a~1)= £ Ajta-*. We have bf = Jb.
k~TKl

THEOREM . A is a principal left ideal ring.
PROOF: Let / be a left ideal in A. Then / = Iy d, where /j is a left ideal generated

by some elements p and 1 + qb, where p, q 6 R(a), (p) = Ii D R(a) and d € R(a) (see
[lj, Theorem 1.1). By Lemma 1.2, p is a symmetric element and 1 + qq = 0 (mod p),
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see (1.5). By definition, p is symmetric if and only if p = fia~mp for some /* £ R,

m G Z. Obviously fi = ± 1 . We claim that the norm \p\ is even and fi = 1. Indeed,

if |p| is odd and fi = 1, then p(a) is divisible by a + 1; if \p\ is odd and fi = —1,

then p(a) is divisible by a — 1; and if |p| is even and /x = —1, then p(a) is divisible

by a2 — 1. However, if we consider the homomorphisms R(a) —» R mapping a to 1 or

— l , t h e n 1 -I- qq is mapped to a nonzero element l + g(l) or l + q(—1) . Hence l+q'q

can be divisible neither by a — 1 nor by a + 1, so the same is true for p(a), hence |p|

is even, say 2n, and /J, = 1. Without loss of generality we may assume that

p(a) = Xna
n + An.xa—1 + . . . + A ^ a " * — 1 ) + \na~n (An ^ 0).

Then p = p.

Let i/ be the natural homomorplusm of the group algebra R(a) onto R(a)/(p).

Further set

W = {ana
n + ... + a0 | a0, . . . , an 6 R}.

Obviously, v is injective on W. Since (p, 5) = 1, it is also injective on qW. Now

dimR u{qW) + dimR i/(TF) = 2(n + 1) > 2re = dimR R(a

.hence there exist nonzero u>i, W2 € VV such that

qwi = w2 (mod p).

We will show that the element

generates the left ideal / 1 . First of all,

u = w1(L + qb) + ((w2 - w1q)/p)bp £ / j .

Since A contains no zero divisors,

N(u) = W]Wi + ui2iu2 — (wi — w2b)u ^ 0.

Obviously N(u) G /1 D R(a), hence 7V(u) = 0 (mod p). On the other hand

hence iV(«) = ^p for some nonzero 8 € R. So we have

p = 5~lN{u) e Au.

https://doi.org/10.1017/S0004972700017895 Published online by Cambridge University Press

https://doi.org/10.1017/S0004972700017895


[3J Real crossed group algebra 115

Write qwi - w2 = tp. Then 1 + qq = 0 (mod p) gives

+ qq) = uijffii + (tp + w2)(tp + w2)

= W]Wi + W2W2 + p{pti + tw2 + tw2)

= p{$ + [pt + W2)t + <w2) = 0 (mod w1p).

After dividing by p we obtain

S + qwit + tw2 = 8 + tw2 = 0 (mod tui).

Since 0 ^ 8 6 R, we can find si, s2 € R(a) such that

SjtUl — 32W2 = 1.

Then
(si -|- S26)w = (aii«i — 321(72) + (S1W2 + s2vJi)b = 1 + qob

for some qg £ R(a). The proof of Lemma 1.5 yields qo = q (mod p). Thus

1 + qb = (sj + s2b)u + ((q - qo)/p)bp £ Au.

So we have proved that I\ = Au, hence I = lid = A(ud) is a principal left ideal. u

Similar results can be proved for the analogous algebras over other fields, in par-
ticular for the algebra B defined in [1].
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