
Canad. Math. Bull. Vol. 41 (1), 1998 pp. 118–124

ON PERMANENTAL IDENTITIES
OF SYMMETRIC AND SKEW-SYMMETRIC MATRICES

IN CHARACTERISTIC p

ANGELA VALENTI

ABSTRACT. Let Mn(F) be the algebra of nðn matrices over a field F of characteristic
p Ù 2 and let Ł be an involution on Mn(F). If s1Ò    Ò sr are symmetric variables we
determine the smallest r such that the polynomial

Pr(s1Ò    Ò sr) =
X
õ2Sr

sõ(1) Ð Ð Ð sõ(r)

is a Ł-polynomial identity of Mn(F) under either the symplectic or the transpose invo-
lution. We also prove an analogous result for the polynomial

Cr(k1Ò    Ò krÒ k01Ò    Ò k0r) =
X

õÒú2Sr

kõ(1)k
0
ú(1) Ð Ð Ð kõ(r)k

0
ú(r)

where k1Ò    Ò krÒ k01Ò    Ò k0r are skew variables under the transpose involution.

1. Introduction. Let x1Ò    Ò xm be non commuting indeterminates and Sm the sym-
metric group on 1Ò 2Ò    Òm. The standard polynomial

Sm(x1Ò    Ò xm) =
X
õ2Sm

(sgn õ)xõ(1) Ð Ð Ð xõ(m)

plays an important role in the study of the polynomial identities of Mn(F), the algebra of
nð n matrices over a field F. The Amitsur-Levitzki theorem ([6, Theorem 1.4.1]) states
that S2n(x1Ò    Ò x2n) is a polynomial identity of minimal degree for Mn(F) and also, if f
is a polynomial identity of degree 2n then f = ãS2n for some ã 2 F.

A permanental version of the standard polynomial is given by the polynomial

Pm(x1Ò    Ò xm) =
X
õ2Sm

xõ(1) Ð Ð Ð xõ(m)

Clearly Pm is obtained from the polynomial xm by complete linearization. Hence, if
char F = 0 (or char F = p Ù 0 and p Ù m!) it easily follows that if m ½ 1, Pm(x1Ò    Ò xm)
is not a polynomial identity for Mn(F), for all n ½ 1. Nevertheless in [8] Zalesskii
proved that if char F = p Ù 0 then Pnp(x1Ò    Ò xnp) is a polynomial identity for Mn(F);
moreover Pnp is of minimal degree in the sense that, if for some k ½ 1ÒPk(x1Ò    Ò xk) is
a polynomial identity for Mn(F) then k ½ np.
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Let F be a field, X = fx1Ò x2Ò   g a countable set and FfXÒ Łg the free algebra with
involution Ł over F. We denote by xŁi the image of the variable xi under Ł. If R is an
F-algebra with involution Łwe shall consider only involutions such that (ãa)Ł = ãaŁ for
all a 2 R and ã 2 F. Recall that a non-zero polynomial f (x1Ò xŁ1Ò    Ò xmÒ xŁm) in FfXÒ Łg
is a Ł-polynomial identity (Ł-PI) for R if f (r1Ò rŁ1Ò    Ò rmÒ rŁm) = 0 for all r1Ò    Ò rm 2 R.

Now, if Ł is an involution on Mn(F), it is well known that if F is an infinite field of
characteristic not 2, then only two involutions play a role in the study of the Ł-polynomial
identities of Mn(F): the transpose involution, denoted Ł = t, and the canonical symplectic
involution, denoted Ł = s.

Recall that s is defined only in case n = 2m is even and it is given by the rule: if

A 2 Mn(F), write A =
 

B C
D E

!
where BÒCÒDÒE 2 Mm(F) and set

As =
 

Et �Ct

�Dt Bt

!

where t is the usual transpose.
In what follows we shall write

�
Mn(F)Ò s

�
and

�
Mn(F)Ò t

�
to indicate that Mn(F) is

endowed with an involution of transpose or symplectic type respectively.
If char F 6= 2, for i = 1Ò 2Ò    , we define si = xi + xŁi and ki = xi � xŁi so that

FfXÒ Łg = Ffs1Ò k1Ò s2Ò k2Ò   g and si and ki are symmetric and skew-symmetric variables
respectively.

In a paper relating the Amitsur-Levitzki theorem to the cohomology of the unitary
group [3], Kostant proved that if n is even S2n�2(k1Ò    Ò k2n�2) is a Ł-polynomial identity
for

�
Mn(F)Ò t

�
. This theorem was later extended by Rowen in [5] who showed that

S2n�2(k1Ò    Ò k2n�2) is a Ł-polynomial identity for
�
Mn(F)Ò t

�
for all n. Concerning the

symplectic involution Rowen in [7] proved that S2n�2(s1Ò    Ò s2n�2) is a Ł-polynomial
identity for

�
Mn(F)Ò s

�
. It is not known for generic n if the above polynomials are

Ł-polynomials identities of minimal degree for
�
Mn(F)Ò Ł

�
.

In the present paper, by generalizing Zalesskii’s theorem, we shall prove that if
char F = p Ù 2 then Pmp(s1Ò    Ò smp) is a Ł-polynomial identity for

�
Mn(F)Ò s

�
where

m = nÛ2. Also Pmp(s1Ò    Ò smp) is of minimal degree in the sense that if Pr(s1Ò    Ò sr) is
a Ł-polynomial identity for

�
Mn(F)Ò s

�
, then r ½ mp. In case of transpose involution we

prove that Pr(s1Ò    Ò sr) is a Ł-polynomial identity for
�
Mn(F)Ò t

�
if and only if r ½ np.

Another result we shall prove concerns a permanental version of the Capelli polyno-
mial, i.e., the polynomial

Cr(x1Ò    Ò xrÒ y1Ò    Ò yr) =
X

õÒú2Sr

xõ(1)yú(1) Ð Ð Ð xõ(r)yú(r)

where x1Ò    Ò xrÒ y1Ò    Ò yr are distinct non commuting variables.
In [2] it was proved that Cr(x1Ò    Ò xrÒ y1Ò    Ò yr) is a polynomial identity for Mn(F)

if and only if r ½ np where char F = p Ù 0.
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Let k1Ò k01Ò    Ò krÒ k0r be distinct skew variables. By extending the above result, in [4]
Revesz and Szigeti proved that, if char F = p Ù 2, then Cr(k1Ò    Ò krÒ k01Ò    Ò k

0

r) is a
Ł-polynomial identity for

�
Mn(F)Ò t

�
provided that r ½ [ n+1

2 ]p and p Ù
q

[ n+1
2 ].

We shall improve this theorem by showing that the conclusion still holds if we remove
the hypothesis p Ù

q
[ n+1

2 ]; we shall also prove that, if n is even, this polynomial is of
minimal degree in the sense that if Cr(k1Ò    Ò krÒ k01Ò    Ò k

0

r) is a Ł-polynomial identity
for

�
Mn(F)Ò t

�
then r ½ [ n+1

2 ]p.
One final remark is in order. All the results proved in this note extend to matrix rings

over an arbitrary commutative ring with 1 such that p Ð 1 = 0.
Throughout F will be a field of characteristic p Ù 2.

2. Permanental standard polynomials. Let A be the algebra generated over F by
the countable set fa1Ò a2Ò   g with relations ap

i = 0 and aiaj = ajai for all i, j. If Ł is
an involution on Mn(F), then the algebra Mn(A) ≤ Mn(F) 
F A has a natural induced
involution, that we shall still denote Ł, defined by requiring that (b 
 a)Ł = bŁ 
 a, for
b 2 Mn(F) and a 2 A.

Recall that a Ł-polynomial f (x1Ò xŁ1    Ò xmÒ xŁm) is multilinear if in every monomial of
f , xi or xŁi , i = 1Ò    Òm, appears exactly once. We have the following

LEMMA 1. Let f (x1Ò xŁ1    Ò xmÒ xŁm) be a multilinear Ł-polynomial. Then f is a Ł-
polynomial identity for Mn(F)
F A if and only if f is a Ł-polynomial identity for Mn(F).

PROOF. Since f is multilinear it is enough to check f on elements of the type b 
 a
with b 2 Mn(F) and a 2 A. Let b1Ò    Ò bm 2 Mn(F) and a1Ò    Ò am 2 A then

f (b1 
 a1Ò b
Ł

1 
 a1Ò    Ò bm 
 amÒ b
Ł

m 
 am) = f (b1Ò b
Ł

1Ò    Ò bmÒ b
Ł

m) 
 a1a2 Ð Ð Ð am

It is now clear that f is a Ł-PI for Mn(F) if and only if f is a Ł-PI for Mn(F) 
F A.

Let C be a commutative ring and suppose that M2m(C) is endowed with the symplectic
involution. Let eij, (iÒ j = 1Ò    Ò n) be the usual matrix units of Mn(C). Let us denote by
Pf (c) the Pfaffian of the matrix c. If b = bŁ 2 M2m(C), it is know [6, Theorem 2.5.10]
that every eigenvalue of b has even multiplicity; also if u =

Pm
i=1(eii+m � ei+mi) and

p(x) = Pf
�
(x � b)u

�
then p(b) = 0 and p(x)2 is the characteristic polynomial of b.

The polynomial Pk satisfies the following obvious relation

REMARK. For every h � k,

Pk(x1Ò    Ò xk) =
X

i1ÒÒih

xi1 Ð Ð Ð xihPk�h(x1Ò    Ò x̂i1 Ð Ð Ð x̂ih    xk)

where x̂j means that the variable xj is omitted.
The following theorem shows that the bound of Zalesskii’s theorem can be consid-

erably lowered if one evaluates the polynomial Pk on symmetric matrices under the
symplectic involution.

THEOREM 2. Pr(s1Ò    Ò sr) is a Ł-polynomial identity for
�
M2m(F)Ò s

�
if and only if

r ½ mp.
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PROOF. Let A be the algebra defined above and consider M2m(A) with canonical
symplectic involution. For b = bŁ 2 M2m(A) let p(x) = Pf

�
(x � b)u

�
, and write

p(x) = xm � ñ1xm�1 +    + (�1)mñm

Since ñi 2 A it follows that ñp
i = 0, for all i = 1Ò    Òm; hence, since p(b) = 0,

0 = p(b)p = bmp � ñ
p
1b(m�1)p    + (�1)mñp

m = bmp

and xmp is a Ł-PI for M2m(A) in one symmetric variable x. By completely linearizing the
polynomial xmp we get that Pmp(s1Ò    Ò smp) is a Ł-polynomial identity for M2m(A) ≤
M2m(F) 
F A; since Pmp is multilinear, by Lemma 1, it follows that Pmp is a Ł-PI for
M2m(F).

By the previous remark, if r ½ mp then Pr(s1Ò    Ò sr) is still a Ł-PI for M2m(F). Also,
in order to finish the proof we only have to show that Pmp�1(s1Ò    Ò smp�1) is not a Ł-PI
for M2m(F). Let us consider the following symmetric elements of M2m(F):

t1 = e12 + em+2m+1Ò t2 = e23 + em+3m+2Ò    Ò tm�1 = em�1m + e2m2m�1Ò

tm = em1 + em+12mÒ v1 = e22 + em+2m+2Ò    Ò vm�1 = emm + e2m2m

Then we get

e11Pmp�1(t1Ò    Ò tmÒ t1Ò    Ò tmÒ    Ò t1Ò    Ò tmÒ v1Ò    Ò vm�1)e11 = (p � 1)!m(p � 1)m�1e11

6= 0

We should remark that (p � 1)m�1 counts the monomials of the form

t1a2t2a3 Ð Ð Ð amtmt1b2t2b3 Ð Ð Ð bmtm Ð Ð Ð t1c2t2c3 Ð Ð Ð cmtmÒ

where, for all i, faiÒ biÒ    Ò cig = fviÒ 1Ò    Ò 1g.
Then Pmp�1(s1Ò    Ò smp�1) is not a Ł-PI for M2m(F).

Unfortunately the analogue of Theorem 2 for transpose involution doesn’t give a
bound smaller than np on the degree of the polynomial Pk.

THEOREM 3. Pr(s1Ò    Ò sr) is a Ł-polynomial identity for
�
Mn(F)Ò t

�
if and only if

r ½ np.

PROOF. By Zalesskii’s theorem we know that Pnp(s1Ò    Ò snp) is a Ł-polynomial
identity for

�
Mn(F)Ò t

�
. Therefore it is enough to show that Pnp�1(s1Ò    Ò snp�1) is not a

Ł-PI for Mn(F). Take

t1 = e12 + e21Ò t2 = e23 + e32Ò    Ò tn�1 = en�1n + enn�1Ò tn = e1n + en1

and
v1 = e22Ò    Ò vn�1 = enn
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Then

e11Pnp�1(t1Ò    Ò tnÒ    Òt1Ò    Ò tnÒ v1Ò    Ò vn�1)e11

= 2p�1(p � 1)!n(p � 1)n�1e11 6= 0

where the last inequality holds since char F = p 6= 2 and the only monomials giving a
nonzero contribution are those written as products of terms of the form t1a2t2a3 Ð Ð Ð antn
and tnan Ð Ð Ð t2a2t1, where ai = 1 or vi.

3. Permanental Capelli polynomials. In [4] Revesz and Szigeti proved that, if
r ½ p[ n+1

2 ] and p Ù
q

[ n+1
2 ] then

Cr(kÒ k0) = Cr(k1Ò    Ò krÒ k
0

1Ò    Ò k
0

r) =
X

õÒú2Sr

kõ(1)k
0

ú(1) Ð Ð Ð kõ(r)k
0

ú(r)

is a Ł-polynomial identity for
�
Mn(F)Ò t

�
in the skew variables kis and k0is. In this section

we shall remove the condition p Ù
q

[ n+1
2 ] from this theorem and moreover we shall

prove that, if n = 2mÒCm(kÒ k0) is of minimal degree in the sense that, if for some r ½ 1,
Cr(kÒ k0) is a Ł-polynomial identity for

�
Mn(F)Ò t

�
then r ½ mp.

We also consider the polynomial

Dr(sÒ k) = Dr(s1Ò    Ò s2rÒ k1Ò    Ò kr)

=
X
õ2S2r
ú2Sr

sõ(1)(sõ(2) Ž kú(1))sõ(3)(sõ(4) Ž kú(2)) Ð Ð Ð sõ(2r�1)(sõ(2r) Ž kú(r))

where s1Ò    Ò s2r are symmetric variables and s Ž k = sk + ks. Here we shall improve the
result in [4] concerning Dr(sÒ k) by removing as above the hypothesis on char F.

If f (x1Ò x2Ò    Ò xn) is a homogeneous polynomial then we can apply to f the well known
process of multilinearization [6, p. 126] that will produce a multilinear polynomial. At
each stage of this process we still get a homogeneous polynomial g that we shall call a
proper linearization of f provided g 6= f .

The following lemma is stated only for polynomials in skew variables since this is
the setting in which we shall apply it. Anyway it is obvious that it can be generalized to
polynomials in any number of symmetric and skew variables.

LEMMA 4. Let R be an F-algebra with involution Ł and f (k1Ò k2Ò    Ò kn) 2 FfXÒ Łg a
homogeneous polynomial which is not multilinear. Suppose that all proper linearizations
of f are Ł-polynomial identities for R. If B is a basis for the space of skew elements of R
and f (b1Ò b2Ò    Ò bn) = 0, for all b1Ò    Ò bn 2 B, then f is a Ł-polynomial identity for R.

PROOF. Let a1Ò    Ò an be skew elements of R and write ai =
P
ãijbj where bj 2 B

and ãij 2 F. Notice that f (
P
ã1jbjÒ    Ò

P
ãnjbj) can be written as a linear combination

of valuations of the proper linearizations of f and terms of the type f (bi1 Ò    Ò bin) with
bij 2 B. Then, by applying the hypothesis, we get that f is a Ł-PI for R.

THEOREM 5. Cmp(kÒ k0) is a Ł-polynomial identity for
�
Mn(F)Ò t

�
where m = [ n+1

2 ].

Moreover, if n = 2m and Cr(kÒ k0) is a Ł-polynomial identity for
�
Mn(F)Ò t

�
then r ½ mp.
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PROOF. We may assume that n = 2m is even. Let A be the algebra defined at the
beginning of Section 2. Let KÒK0 be two skew matrices in Mn(A) under the transpose
involution and suppose that K is invertible. Then the map û: D ! KDtK�1 defines an
involution of symplectic type on Mn(A) and under this involution KK0 is a symmetric
element. As in the proof of Theorem 2 it follows that KK0 satisfies a polynomial of
degree m; let

(KK0)m � ñ1(KK0)m�1 + Ð Ð Ð + (�1)mñm = 0

By a Zariski density argument we can remove the assumption that K is invertible and by
taking p-th power, as in the proof of Theorem 2, it follows that (KK0)mp = 0. At this point
it s enough to notice that Cmp(kÒ k0) is the multilinearization of the polynomial (k1k01)mp;
hence we get that Cmp(kÒ k0) is a Ł-PI for

�
Mn(A)Ò t

�
and, so, by Lemma 1, for

�
Mn(F)Ò t

�
.

Suppose now that Cr(kÒ k0) is a Ł-PI for
�
Mn(F)Ò t

�
and r Ú mp. Recall that, since by

Lemma 1, Mn(F) and Mn(A) satisfy the same multilinear Ł-PIs then Cr(kÒ k0) is also a
Ł-PI for Mn(A). Define now the two matrices

K =
 

O B
�Bt O

!
and K0 =

 
O �Dt

D O

!

where B = (bij) 2 Mm(A) is such that bij = 0 if j 6� i+1 (mod m), bii+1 = ai and bm1 = am

and D = (dij) 2 Mm(A) is such that dij = 0 if j 6= i and dii = am+i.
By direct computation we get that

(KK0)m =
 

BD O
O BtDt

!m

= a1a2 Ð Ð Ð amam+1 Ð Ð Ð a2mI

where I is the 2mð 2m identity matrix. From this equality, it follows that, since ap
i = 0,

mp is the smallest exponent such that (KK0)mp = 0. Thus (KK0)r 6= 0.
We claim that all the proper linearizations of the polynomial (k1k01)r are Ł-PIs for�

Mn(A)Ò t
�
. Let f be a proper linearization of (k1k01)r. We use induction on the number of

distinct variables appearing in f . Let f be of degree di ½ 1 in ki and suppose first that
p 6j di. Then let f 0 be the linearization of f which is of degree di � 1 in ki and of degree 1
in one new skew variable z. By inductive hypothesis f 0 is a Ł-PI for Mn(A). If we identify
ki = z in f 0 we obtain that dif and, so, f is a Ł-PI for Mn(A).

On the other hand suppose that p j di and let Mn(A)� be the space of skew elements
of Mn(A). If B is a basis of Mn(A)�, then the elements of B can be written in the form
bi 
 ci where bi = �bŁ

i 2 Mn(F). Thus we compute

f (b1 
 c1Ò    Ò bu 
 cu) = f (b1Ò    Ò bu)
 cd1
1 Ð Ð Ð cdu

u 

Since p j di then cdi
i = 0 and, so, f vanishes on a basis of Mn(A)�. By Lemma 4 then f is

a Ł-PI for Mn(A). This procedure also implies, again by Lemma 4, that (k1k01)r is a Ł-PI
for Mn(A), a contradiction.

We now prove the following result that has been proved in [4] with the additional
hypothesis p Ù

q
[ n+1

2 ].

THEOREM 6. If m = [ n+1
2 ] then Dmp(kÒ s) is a Ł-polynomial identity for

�
Mn(F)Ò t

�
.
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PROOF. Let KÒK0 be two skew matrices in Mn(A) under the transpose involution. As in
the proof of the previous theorem we have that (KK0)mp = 0. Now take K0 = KS+SK where
S is a symmetric elements of

�
Mn(A)Ò t

�
; then

�
K(KS + SK)

�mp
= 0. By multilinearizing

this polynomial we get that Dmp(kÒ s) is a Ł-PI for
�
Mn(A)Ò t

�
and, so, for

�
Mn(F)Ò t

�
.
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