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ON PERMANENTAL IDENTITIES
OF SYMMETRIC AND SKEW-SYMMETRIC MATRICES
IN CHARACTERISTIC p

ANGELA VALENTI

ABSTRACT. LetMp(F) bethealgebraof nx nmatricesover afield F of characteristic
p > 2 and let x be an involution on My (F). If q,...,S are symmetric variables we
determine the smallest r such that the polynomial

Pr(st, ... )= DS S0
aESr
isa x-polynomial identity of My(F) under either the symplectic or the transpose invo-
lution. We also prove an analogous result for the polynomial

Cr(k]_ ..... kr k{l ..... |4) = Z kcr(l)k;(j_) e kg(r)k:,(r)

o,7ES

wherekg, .. .. ke ki, .oos ki are skew variables under the transpose involution.

1. Introduction. Letxy,..., Xm be non commuting indeterminates and Sy, the sym-

metric groupon 1,2, . ... m. The standard polynomial

SnlXg, ..., Xm) = ZS (SANO)Xo(1) * - * Xo(m)
[S 1Y
plays an important role in the study of the polynomial identities of M(F), the algebra of
n x n matrices over afield F. The Amitsur-Levitzki theorem ([6, Theorem 1.4.1]) states
that Sn(X1, - . . , Xon) isapolynomial identity of minimal degree for M,(F) and also, if f

isapolynomial identity of degree 2nthenf = oSy, for some o € F.
A permanental version of the standard polynomial is given by the polynomial

0EdM

Clearly Py, is obtained from the polynomial x™ by complete linearization. Hence, if
charF =0 (orcharF =p > 0andp > m!) it easily followsthat if m > 1, Py(xq, . . . , Xm)
is not a polynomial identity for M,(F), for al n > 1. Nevertheless in [8] Zalesskii
proved that if char F = p > 0 then Ppy(X1. . . . , %) iS @ polynomial identity for M, (F);

moreover Py, is of minimal degreein the sensethat, if for somek > 1, P(X1. . .., %) is
apolynomial identity for M,(F) thenk > np.
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Let F beafield, X = {x1.%. ...} acountable set and F{X. } the free algebra with
involution x over F. We denote by x* the image of the variable x; under *. If Ris an
F-algebrawith involution x we shall consider only involutions such that (aa)* = a@* for
al a € Rand o € F. Recall that a non-zero polynomial f(xq, X}, . . . , Xm, X,) in F{X, }

is ax-polynomial identity (x-PI) for Rif f(ry,r3, ..., fm, Iy) =0foralry,..., me€R

Now, if x is an involution on M, (F), it is well known that if F is an infinite field of
characteristic not 2, then only two involutions play arolein the study of the x-polynomial
identities of M(F): thetransposeinvolution, denoted x = t, and the canonical symplectic
involution, denoted x = s.

Recall that s is defined only in case n = 2mis even and it is given by the rule: if

A€ My(F), write A = ( B C) where B. C. D, E € My(F) and set

D E
t t
A= (—EDt BC‘: )
wheret is the usual transpose.

In what follows we shall write (Mq(F).s) and (Mn(F), t) to indicate that Ma(F) is
endowed with an involution of transpose or symplectic type respectively.

If charF # 2, fori = 1,2,..., we defines = x +x" and ki = xi — X" so that
F{X,*x} = F{s1. k1. . ko, . ..} and 5 and k; are symmetric and skew-symmetric variables
respectively.

In a paper relating the Amitsur-Levitzki theorem to the cohomology of the unitary
group [3], Kostant proved that if niseven Syn—a(Ky. . . . , kon—2) isax-polynomial identity
for (Mn(F).t). This theorem was later extended by Rowen in [5] who showed that
Sn—2(Ki, . .., kon—2) is a x-polynomial identity for (Mn(F).t) for al n. Concerning the
symplectic involution Rowen in [7] proved that Syn_»(S1. - - -, Sn—2) IS a x-polynomial
identity for (Mn(F).s). It is not known for generic n if the above polynomials are
x-polynomials identities of minimal degree for (Mn(F). *)

In the present paper, by generalizing Zalesskii’s theorem, we shall prove that if
charF = p > 2 then Ppp(St. - - - , Sp) is @ x-polynomial identity for (Mn(F).s) where

m=n/2. AlSO Pyp(St. . . . . Swp) isOf minimal degreein the sensethat if P, (sy. . . ., s)is

ax-polynomial identity for (Mn(F). s), thenr > mp. In case of transpose involution we

provethat Py(s;, . . .. §) isax-polynomial identity for (Mq(F). t) if and only if r > np.
Another result we shall prove concerns a permanental version of the Capelli polyno-

mial, i.e., the polynomial

CrXae e s X Yo V) = 20 Xo@Yr() %o () Yr(r)

o,TES

wherexy, ..., X, Y1, - - ., Yy @edistinct non commuting variables.

In[2] it was proved that C,(xq, ..., %, Y1.....Y) isapolynomial identity for M,(F)
if and only if r > npwherechar F =p > 0.
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Letki. K, ..., k-, ki be distinct skew variables. By extending the above result, in [4]
Revesz and Szigeti proved that, if charF = p > 2, then Ci(ky, . ...k, ki, ..., K)isa
*-polynomial identity for (Mq(F). t) provided that r > [“]pand p > /[ %]

We shall improvethistheorem by showing that the conclusion still holdsif weremove
the hypothesisp > \/[%1]; we shall also prove that, if n is even, this polynomial is of
minimal degree in the sensethat if C;(ky,....k,kj....,K) isa=-polynomia identity
for (Ma(F). t) thenr > [25]p.

Onefinal remark isin order. All the results proved in this note extend to matrix rings
over an arbitrary commutative ring with 1 suchthat p- 1 = 0.

Throughout F will be afield of characteristicp > 2.

2. Permanental standard polynomials. Let A be the algebra generated over F by
the countable set {ay, ay. ...} with relations & = 0 and aja; = ga; for all i, j. If xis
an involution on M, (F), then the algebra Mn(A) ~ My(F) ®¢ A has a natural induced
involution, that we shall still denote *, defined by requiring that (b ® a)* = b* ® a, for
b e My(F)anda € A

Recall that a x-polynomial f(x1.X; .. .. Xm, X5,) ismultilinear if in every monomial of
fxorx,i=1,..., m, appears exactly once. We have the following

LEMMA 1. Let f(x1, %] ..., X%m. X,) be a multilinear *-polynomial. Then f is a *-
polynomial identity for M,(F) ®¢ Aif and only if f is a x-polynomial identity for M, (F).

PrROOF. Sincef ismultilinear it is enough to check f on elements of thetypeb ® a
withb € My(F) anda € A. Let by, ..., bn € My(F) and ag, . . ., am € Athen

flh®@a,b;@a,.... bm ® am, b, ® am) = f(by, b}, ..., b, b)) @ @y - - - an.
It isnow clear that f isa*-Pl for My(F) if and only if f isa*-Pl for Mn(F) ®F A. "

Let C beacommutative ring and supposethat Mo,(C) is endowed with the symplectic
involution. Let &;, (i,j = 1,...,n) bethe usual matrix units of M,(C). Let us denote by
Pf (c) the Pfaffian of the matrix c. If b = b* € My (C), it is know [6, Theorem 2.5.10]
that every eigenvalue of b has even multiplicity; also if u = 2 (8i+m — €+mi) and
p(x) = Pf((x — b)u) then p(b) = 0 and p(x)? i the characteristic polynomial of b.

The polynomial Py satisfies the following obviousrelation

REMARK. For every h <Kk,

where % means that the variable x; is omitted.

The following theorem shows that the bound of Zalesskii’s theorem can be consid-
erably lowered if one evaluates the polynomia P, on symmetric matrices under the
symplectic involution.

THEOREM 2. Pi(sy. ... ) is a x-polynomial identity for (Mzm(F). s) if and only if
r > mp.
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PROCF. Let A be the algebra defined above and consider Mon(A) with canonical
symplectic involution. For b = b* € Man(A) let p(x) = Pf ((x — b)u), and write

PO) = X" — X+ L+ (=)
Since yi; € Aitfollowsthat i =0, forali=1,..., m; hence, sincep(b) =0,
0=p(b)P = b™ — pPHM™ P+ (—1)"up = p™

and x™ isax-Pl for Mm(A) in one symmetric variable x. By completely linearizing the
polynomial x™ we get that Pmp(St, . - . . Swp) 1S & *-polynomial identity for Mom(A) =
Mom(F) ®¢ A; since Pnyp is multilinear, by Lemma 1, it follows that Py, is a x-Pl for

Mam(F).
By the previousremark, if r > mp then P,(sg, .. ., 5) isstill ax-Pl for Moy (F). Also,
in order to finish the proof we only have to show that Prp—1(St, . . . , Smp—1) isnot a x-Pl

for Mom(F). Let us consider the following symmetric elements of Mo (F):
t1 = ex +emome1, 2 = €3t Emami2, -+, t1 = Em-1m t €2mom-1,
tm = €m *+ €m12m, Vi =€2 *+emoam2, .-+, Vm-1 = €mm + E2nom.
Then we get

eanp_l(tl ..... | & TP PRV SPI tn, V1. ..., Vm_]_)el]_ = (p — 1)|m(p — 1)m_1ell
0.

We should remark that (p — 1)™* counts the monomials of the form
traptoag - - - amtmtrbotaz - - - Bmtm - - - 11Cot2C3 - - - Cintm,

where, for al i, {a;, bi,....G} ={vi,1,.... 1}.
Then Prp-1(s1. . . -+ Smp—1) isnot a*-Pl for Mam(F). n

Unfortunately the analogue of Theorem 2 for transpose involution doesn’t give a
bound smaller than np on the degree of the polynomial Py.

THEOREM 3. Pi(s1......s) is a *-polynomial identity for (Ma(F).t) if and only if
r > np.

ProOF. By Zalesskii's theorem we know that Ppp(St. .. ., Syp) is a x-polynomial

identity for (Ma(F). t). Thereforeit is enough to show that Py1(sy. . .. - Sp-1) isnot a
*-Pl for Mp(F). Take

th=ep+en, bL=extep,....Lhi1=6 -1in+en1. th=€nten

and
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Then

e]_lpnp_l(tl ..... thy .ot ey th, Vi, ..., Vn_]_)el]_
=2 (p-1)"(p— 1" len #0

where the last inequality holds since char F = p # 2 and the only monomials giving a
nonzero contribution are those written as products of terms of the form tyastoas - - - anty
and tha, - - - thaoty, wherea; = 1 or v;. n

3. Permanental Capelli polynomials. In [4] Revesz and Szigeti proved that, if

r>p[%t andp > /[%] then
Cr(k k’) = Cr(kl, B kr. kg_ ..... k;) = ZS k(r(l)k;(]_) st K7(I’)k—;(r)
o,TEd

is ax-polynomial identity for (Mn(F). t) in the skew variablesk;s and ks. In this section
we shall remove the condition p > [%1] from this theorem and moreover we shall
prove that, if n = 2m, Ci(k, K') is of minimal degreein the sensethat, if for somer > 1,
Ci(k. K') is ax-polynomial identity for (Ma(F).t) thenr > mp.

We also consider the polynomial

Dr(s, k) = De(s1, -+ s S Kes et - s k)

Y SO(S@ 0 k() @) (S@) 0 K@) -+ S-S © ki)

0TEdr
TEd

wheres, ..., Sr are symmetric variables and so k = sk + ks. Here we shall improve the
result in [4] concerning D (s, k) by removing as above the hypothesison char F.

Iff(x1, %2, ..., Xn) isahomogeneous polynomial thenwe can apply to f thewell known
process of multilinearization [6, p. 126] that will produce a multilinear polynomial. At
each stage of this process we still get a homogeneous polynomial g that we shall call a
proper linearization of f provided g # f.

The following lemma is stated only for polynomials in skew variables since thisis
the setting in which we shall apply it. Anyway it is obviousthat it can be generalized to
polynomialsin any number of symmetric and skew variables.

LEMMA 4. Let Rbean F-algebrawith involution x and f (ky, ko, . . ., ky) € F{X.x} a
homogeneous polynomial whichis not multilinear. Supposethat all proper linearizations
of f are x-polynomial identities for R. If B isa basis for the space of skew elements of R

andf(bg, by, ..., b,) =0, for all by, ..., b, € B, then f isa x-polynomial identity for R.

PrOOF. Letay,..., an be skew elements of Rand write & = ¥ ojb; whereb; € B

and oi; € F. Notice that f(3° argjby. ... .3 apyby) can be written as alinear combination
of valuations of the proper linearizations of f and terms of the type f(b;,, . ... Iy ) with
b, € B. Then, by applying the hypothesis, we get that f isa x-PI for R L]

THEOREM 5. Cip(k, K') is a *-polynomial identity for (Mn(F),t) wherem = [%1],
Moreover, if n = 2mand C:(k, k') is a *-polynomial identity for (Mq(F). t) thenr > mp.
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PROOF. We may assume that n = 2mis even. Let A be the algebra defined at the
beginning of Section 2. Let K, K’ be two skew matrices in M,(A) under the transpose
involution and suppose that K is invertible. Then the map ¢: D — KD'K~? defines an
involution of symplectic type on My(A) and under this involution KK’ is a symmetric
element. As in the proof of Theorem 2 it follows that KK’ satisfies a polynomial of
degree m; let

(KK)™ — py (KK)™ ™+ -+ (=1)"um = 0.

By aZariski density argument we can remove the assumption that K isinvertible and by
taking p-th power, asin the proof of Theorem 2, it followsthat (KK’)™ = 0. At this point
it s enough to notice that Cyyp (k. K') is the multilinearization of the polynomial (kik3)™:;
hencewe get that Crp(k, k') isa-Pl for (Mq(A). t) and, so, by Lemmal, for (Ma(F). t).

Suppose now that C;(k, k') is a*-Pl for (Mn(F). t) and r < mp. Recall that, since by
Lemma 1, My(F) and M (A) satisfy the same multilinear x-Pls then C,(k, k') is also a
*-Pl for Mp(A). Define now the two matrices

t
K:(_cé,)t g) and K’:(CD) (I)D)

whereB = (bj;) € Mm(A) issuchthat b = 0if j Zi+1 (mod m), bji+1 = & and by = am
andD = (dij) € Mn(A) is such that dij =0ifj #iand dij = amwi.

By direct computation we get that

BD O \"
(KK/)m:(O BtDt) :alaZ"'ama{ml"'aZml

wherel isthe 2m x 2midentity matrix. From this equality, it follows that, since & = 0,
mp is the smallest exponent such that (KK’)™ = 0. Thus (KK’)" # 0.

We claim that all the proper linearizations of the polynomial (kik;)" are x-PlIs for
(Mn(A). t). Let f beaproper linearization of (k;kj)". We use induction on the number of
distinct variables appearing in f. Let f be of degreed, > 1 in k; and supposefirst that
p [ di. Thenlet f bethelinearization of f whichisof degreed, — 1in k and of degree 1
in one new skew variable z. By inductive hypothesisf’ isa x-Pl for Mn(A). If weidentify
ki = zinf’ we obtain that dif and, so, f isa x-Pl for Mp(A).

On the other hand supposethat p | d; and let M,(A)~ be the space of skew elements
of Mp(A). If B is abasis of M,(A)~, then the elements of B can be written in the form
bi @ ¢ whereb; = —b;' € My(F). Thus we compute

f(by@ca..... by @cy) =f(br.....) @ch... .

Sincep | d; then ¢ = 0 and, so, f vanisheson abasis of M,(A)~. By Lemmad4 thenf is
a=-Pl for My(A). This procedure also implies, again by Lemma 4, that (k1k})" is a *-Pl
for Mp(A), acontradiction. ]

We now prove the following result that has been proved in [4] with the additional
hypothesisp > /[ %L].
THEOREM 6. If m= [232] then Diy(k, 9) is a x-polynomial identity for (Mq(F). t).
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PrOOF. LetK, K’ betwo skew matricesin M(A) under thetransposeinvolution. Asin
the proof of the previoustheoremwehavethat (KK’)™ = 0. Now take K’ = KS+SK where
Sisasymmetric elements of (Ma(A). t); then (K(KS+ SK))mp = 0. By multilinearizing
this polynomial we get that Dy (K. s) is @ #-Pl for (Mq(A). t) and, <o, for (Mn(F).t). =
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