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Abstract

In this paper three models are considered. They are the infinitely-many-neutral-alleles
model of Ethier and Kurtz (1981), the two-parameter infinitely-many-alleles diffusion
model of Petrov (2009), and the infinitely-many-alleles model with symmetric dominance
Ethier and Kurtz (1998). New representations of the transition densities are obtained for
the first two models and the ergodic inequalities are provided for all three models.
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1. Introduction

The Fleming—Viot process is a very important model in population genetics. It can include
various evolutionary forces in a single model, such as mutations and selections. Let E be the
type space, and & (E) be the set of probability measures on E. The Fleming—Viot process Z;
is a # (E)-valued diffusion process with generator,

AFpy =Y (@ fu" ™) = (f, ™) + (B™ f 1)

I<i<j<m

+26 Y (K™ fo ") = (f ™) + G f. ™),
i=1

where Fr(n) = (f, u™), u € P(E), and f € B(E™). Let dbg.") be the sampling operator,
which replaces the jth variable of f by the ith variable. Let B be the mutation operator,

generating a Feller semigroup {7;,¢ > 0} defined by a family of transition probabilities
P(t,x,dy)(t > 0, x € E), and B™ is the generator of the semigroup

Tm(t)f=/E~--/Ef(yl,--.,ym)P(t,m,dyl)--~P(t,xm,dym)-

Let K™ be the selection operator and

0 +o(Xi, Xpy1) — 0 Xpmt1, Xms2)
20

K™ f= FX1y ey Xm)-
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Let o (x, y) be a symmetric function called the relative fitness of genotype {x, y}. Define ¢ to
be sup, , - lo(x,y) —o(y,z)|. Fora more comprehensive introduction to the Fleming—Viot
process; see [5].

If the mutation operator B of Fleming—Viot process Z; is of the form

0
Bf) =2 fE FO) = FEI@dn), 0 >0, € P(E),

then, for all ¢+ > 0, Z; is almost surely of purely atomic measure. Denote the totality of purely
atomic measures by &#,. For u € £, if we consider the decreasing arrangement of the atomic
mass of u, then we will end up with (xy, x2, .. .), which consists of a set

oo
leXZZ"'ZO,ZXiSI}-
i=1

ﬁoo = {(xl,)Cz,...)

We can define an atomic mapping p: #(E) — Voo by mapping u to its decreasingly ordered
atomic vector (xi, x2,...). Therefore, p(Z;) is a Vo-valued process. The Fleming—Viot
process is usually called a labeled model and its atomic process p(Z;) is called an unlabeled
model.

If there are only random sampling and mutations involved, then p (Z;) is the infinitely-many-
neutral-alleles model [4], denoted by X;. The generator of X; is

1 & 32 RN _
G=§Z xl’((gi’j—x]')m—zle'a—x[, X € Vo
i,j=1 . i=1

If we include selection as well, then the unlabeled model is usually non-Markovian. But if
we consider selection of symmetric dominance introduced in [13], then the unlabeled model is
a Markov process. We denote this unlabeled model by X7 and call it infinitely-many-alleles
diffusion with symmetric dominance; see [6]. The generator of X7 is

= d _
GJ=G+GZM(X[~—</)2(X))E, X € Veo,
L

i=1

where ¢p(x) = Y 2, xl.z, and is called homozygosity in population genetics.

Both X; and X7 are reversible diffusions and have unique stationary distributions.
The stationary distribution of X; is the Poisson—Dirichlet distribution PD(0), and the stationary
distribution of X7 is

75 (dx) = CoExp{o @2 (x)}PD(6)(dx),

where C, is a normalized constant.

Moreover, there is a two-parameter generalization of the PD(6). We call it a two-parameter
Poisson—Dirichlet distribution (see [7]) PD(0,®), 6 + @ > 0,0 < « < 1. Correspond-
ingly, there is a two-parameter generalization [8], [11] of X;, denoted by X?’“ and called a
two-parameter infinitely-many-alleles diffusion model. The two-parameter Poisson—Dirichlet
distribution PD(0, «) is the associated stationary distribution. The generator of X f’a is

IS v 7
- = Xi +a)—, X € .
oxjox; 2 = ! ox; >

1 o0
GM =2 D X —x))
i,j=l

However, X?’a has no biological interpretation at all. Whether its labeled model exists is
still open.
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In [3], the transition probability of the neutral Fleming—Viot process Z; is obtained. In [2],
the transition density function of the unlabeled neutral process X; is also obtained. Therefore,
its explicit transition probability is available as well. We can actually obtain the transition
probabilities of X/ through the transition probabilities of Z;; see [7]. In [9], the transition
density functlon of X % is obtained as well. In this paper we reorganize the transition densny
functions of X and obtain a new representation of the transition density functions of X
Interestingly, the associated transition probabilities resemble the structure of the trans1t10n
probabilities for the neutral Fleming—Viot process. This can actually shed some light on the
construction of the labeled model of X f’a

Furthermore, the ergodic inequalities of Z; and X; are both available, but similar ergodic
1nequa11t1es of X “and X7 are still rnlssmg In this paper we will obtain the ergodic inequalities
of X “ and X7. It turns out that X * and X, share the same ergodic inequality. Lastly, the
ergodlc mequallty of X7 is stronger than the ergodic theorem stated in [6].

The remainder of thls paper 1s organized as follows. In Section 2 we will consider the
transmon density functions of X . In Section 3 we will discuss the ergodic inequalities of

“and X7.

2. The transition density functions of X f’“

In [2] and [9], the explicit transition densities of X; and Xf’“ are obtained, respectively,
through eigen expansion. By making use of these known transition densities, we obtain a new
representation.

Theorem 2.1. It holds that X ,9’“ has the following transition density:

o
Pt X, y) = dy ) +d] @) + Y dy (O)py© (x, ),

n=2
where
2m + 6
d@ — 1 m—n -~ —Amt > 1
() = Z—m G) (n)(n+9><m netm n=1,
m=n
2m + 6
d0 — _ m—1 —Amt
b =1 Z—m_ (=" n—nye ",
m=1
—14+6
M:o’)bm:uy m > 2.
2
Moreover,

0,a Py (y)
Pl (x,y) = ’]Z ondPDG. @)’

n=i,...,n) is a partition of n and |n| = Zle ;.
Define a;j(n) =#{j | nj =1, 1 < j <I}. Then p;(x) is the continuous extension of

n!
Z xl.'“ ...xim.
m!.ontai(m! .oan(n)! = ! !
i1,...,i; distinct
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Proof. Due to [9], the transition density of X ,9‘“ is

o0
PRt x ) =1+ ) e Ol (x, y).

m=2
Moreover, for 6 > —a, 0 < o < 1, there exist constants ¢ and d, such that
0, d
0% (x,y) < (em“)™.

Therefore, for #y > 0, and for all ¢ € [#y, 00), we have

> Exp{—amt} Q5% (x, y) < Y Bxp{—Amt}(em®)"

m=2 m=2

_ i cm? "
a (exp (tm +6 — 1)/2>)

)
= \exp(to(m+60—-1)/2))

Since lim,,;,_, 4 cmd/ exp (to(m + 6 — 1)/2) = 0, the exists M > 0 such that, forallm > M,

cm? 1

< —.
exp (tlp(m+6 —1)/2) 2
Because Zm> 1 1/2™ is convergent; then, by Weierstrass’s M-test, pe""(t, X, y) is uniformly
convergent on [#y, +00) X Veo X Voo, and, thus, is continuous. Next, by Fubini’s theorem, we
can rearrange p?%(z, x, y) by switching the order of summation. Then

> 2 2m4+6—1 m
Pl x, y) =1+ Zze‘“"f(z —(—l)m—"(n)m + 0 im0y Py (x, )
m=

IA

!
—2 m!
2m + 6 —
—( D10 + Dn1ymp?*(x, y)
2m+9
2 L g ).

Since p?‘a (x, ), pg‘a (x,y) = 1, we have

o
_ 2m + 0
pg’“(t,x,y)=1+ze Amt ZT( (D ”(n)(nw)(m_l)pi*“(x,y)

m=2 n=2

_ 2m + 6
§Y e (L= L 0@ + D

m=2

2m +0 —
$ L )

o0
=1+Ze’k’" ZM( D" (") 0+ 0) gy P )

n=2

Z —Am tM( H"- l[m(6’—|—1)(m 1) — Om— 1)]

https://doi.org/10.1239/jap/1429282618 Published online by Cambridge University Press


https://doi.org/10.1239/jap/1429282618

242 Y. ZHOU

Whenm =1, m(@ + 1)u—1) — Ogu—1) = 0. Then we have

o0

s 2m+6—1 _
PR y) = 1= ) e e ()" O

m=1

., . 2m+ 06—
+Z b ’—( D" 'm@ + Dim-1)

2m 46
i Zeﬁ»m me—( Hm= ”<n>(n+9)(m—1)l7n(x,)’)

n=2
=dy(t) +d] (1)

> . 2m 46— 1 m
D D I G Dl (n>(n +0) -1y P (x, y).
m=

m!
n=2

Let us switch the order of summation. Then we have

400
PP %, y) = dg(0) +d] (1) + ) dy ()€ (x, ).
n=2

Define v, (x, dy) = py,* (x, y)PD(6, @)(dy), then the transition probability of X" is

P, x, dy) = (df (t) 4+ d¢ (1))PD(8, a)(dy) + Z d? (t)v?%(x, dy). 2.1
n=2

Remark 2.1. The transition probability of X, also has the same structure as (2.1). Moreover,
since X; has an entrance boundary Voo — Vo, i.€. X; immediately moves into V, and never
exits regardless of its starting point. S.N. Ethier informed the author that a similar result can
also be obtained for X%

For both X; and X ¢ the coefficients d9 (t),n > 0, are the same. When 6 > O they are the
distributions of the ancestral process dlscussed by Tavaré [12]. However, for X "%, 9 could be
negative and d,(f () is not a probability distribution anymore. However, if we collapse the states
0 and 1, and relabel it as 1, then d19 (1) + dg (1), d,f (t),n > 2, define a probability distribution.
We can generalize this structure to the case where & > —1. The estimation of the tail probability
obtained in [12] is still true when 6 > —1.

Proposition 2.1. For 6 > —1, we have

o0
el < Zdﬁ (1) < O e Mt

k=n Mt

In particular, when n = 2, we have

Zd}?(;) < we—(ﬂ-l){ (2.2)
k=2
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Proof. Consider a pure-death Markov chain B; in {1, 2, ..., m} with Q matrix,
0 0 o --- 0 0
Ay —Ap 0 e 0 0
0= 0 Az —A3z --- O 0
0 0 0 - Anw —Am

where A, = lk(k 4+ 6 — 1), k > 2. Following the similar arguments in Theorem 4.3 of [7],
we will be able to find all the left eigenvectors and right eigenvectors of Q. Denote the matrix
consisting of left eigenvectors by U = (u;;) and the matrix consisting of right eigenvectors by
V = (vi;), where

81js i=1,
0, j>i>1,
uij = N\ (i +0)

(1 i

(—U”(.)M, j<ii>1,

J) G +0)i-n
and
1, j=1,
0, Jj >,
Vij = . .
C)(J+9kn l<j<i
J)GE+0)) -

Note that the row vectors of U are the left eigenvectors of Q and the column vectors of V are
the right eigenvectors of Q. Similarly, we can also show that UV = [ and Q is diagonlized as
VAU, where A = diag{0, —X, ..., —Ap}. Therefore, the transition matrix P; is

P, =¢'? = velu.

By direct computation, we know that, for 2 <n < m,

- - K\ O+ k) O +n)u-1) _y
Pmn = —lk n(m)< ) &) kf.
(1) kgjn( P ) T rme @ e

Letting m — 400, we have df (1) = limyy— 00 P (t).
The remaining arguments are essentially due to Tavaré.

By the martingale argument in Chapter 6 of [10], we know that
Ant B
Zyto) = < B0l
(Bt +0)(n)

A

because e~*’ is one eigenvalue of P, and

(0 0 0. __"in] kin) Min >T
T T 40wy k0w (m+ )

is the corresponding eigenvector. So,

M[n]

EZy(1) = Z,(0) = ————.
) ) TR
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Since, forn <k <m,

nw ke M
(n+6)(n) - (k+9)(n) ~ (m +6)(n)’

and
. m
L ) R W Kin
— "EZy(t) = ————— P (1),
m+ 0w %“, k+60) "
we have
—Ant
M p(, s | By=m) < <ML o Mg sy By = m).
n+ 0w m+0)u — (m+0)w

Thus, we have
4D

nn]

e <P(B;>n|By=m) <

Letting m — oo, we have

(e.¢]

_ n+0 _

e Ant < 2 d]?(t) < ( )(n)e )\nl"
k=n Mn]

3. Ergodic inequalities

By making use of the transition probability (2.1) and the estimation of the tail proba-
bility (2.2), we can easily obtain the following ergodic inequality of X ,9’“

Theorem 3.1. For Xf’a, we have the ergodic inequality

sup 1P (t, x,) = PD@, ) llvar < o DO D i@+, 10,

x€¥00 2
Proof. Denote B to be the totality of Borel subsets of V. Then

1P%(t,x,) = PD®, @) ()l lvar = sup [P (¢, x, A) — PD(8, a)(A)]
AeB

= sup |(dg (1) + d} (1))PD(0, @) (A)

+ Zdﬁ ()0 (A) = PD(O, a)(A)]
n=2

Zd%)(v“(m PD(0, a)(A))

n=2

= sup
AeB

< Zd (1) sup [ (4) = PD(O, )(A)
n=2

<Z ) < <0+2><9+3> O+
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Remark 3.1. Ascanbe seen, the ergodic inequality of X f’a is the same as the ergodic inequality
of X, obtained in [2]. But for Xf’a, 6 could be negative.

Since X{ is absolutely continuous with respect to X;, Voo — Voo should also serve as an
entrance boundary of X7. Hence, we can change the value of the density function p, (¢, x, y)
whenx or yisin Voo — V. Therefore, p, (¢, x, y) can be chosen to be the continuous extension
of ps(t, x,y) | VXV’ Moreover, p, (¢, x, y) is symmetric because X7 is reversible. As stated
in [9], the Poincaré inequality of X7 also holds. Therefore, it guarantees the L,-exponential
convergence of X7. By running the argument in Theorem 8.8 of [1], we can also obtain the
following ergodic inequality.

Theorem 3.2. For X7, there exists K(0, o), such that

sup ”Pa(ta X, ) — 7o ()llvar < K(6, 0)Exp{—gap(G,)t}, t>0.

xeVo

Proof. We will follow the argument in Theorem 8.8 of [1]. Define u*(-) = Py (XY € -).

Since
Pa(l3xs'):/: Pd(t—s,z,-)Pd(s,x,dz),
v
we have
Po(t,x,) = ,uxP,”_S(~).
Therefore,

”Pg(t, x,) — 7 llvar = ”Mxpt(is(') — () llvar-
By part (1) in Theorem 8.8 of [1], we have, for all # > s,

du*
dn,

-1

e~ (t—s)gap(Go)
2

=\/ / Po (s, x, y)?7o (dy) — le™ 1 78R(Go),

1P, x,) —w()llvar <

Therefore, for ¢t > s, we have

PO (t, x,-) — 70 ()lvar < \/ / Po (s, %, )27, (dy) — 1e5EP G Exp{—gap(G,)1).

Due to (4.17) of [6] and Theorem 3.3 of [9], we can conclude that there exists a constant
D(o,t) > 0, such that
po(t,x,y) < D(o,t).

If we choose s = %, the constant

K'(0,0) =/ D2(0,1) + 1e8P(C)/2 > \// Po (s, x, )26 (dy) — 1e89(C0)/2,

Then we have

sup [Pt x,) =75 ()| < K'(0,0)Expl-gap(Go)t), forallr = 1.

X€V oo
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Moreover,

sup HPU(z‘,x,-)—TrG(J” <1, forallz > 0.
x€V00 var

Thus, forall ¢ € [0, %], if we choose K (0, o) such that
K”(G, o)e gr(Ga)/2 5

then, for all ¢ € [0, %],

S H P2 %, ) =76 () Har <1 < K'(0.0)e 802 < K" (9, 0)Exp{—gap(Go)1}.

X€V oo
Therefore, choosing K (0, o) = max{K/(O, o), K’ (0, 0)}, we have

sup POt x,) = 71| = K0, )Exp(—gap(Go ).

X€V oo

Remark 3.2. Presumably, we could have an ergodic inequality of X7 if we apply Theorem 8.8
of [1]. Butdue to the special property of X7, this theorem is actually a refinement of the ergodic
inequality deduced from Theorem 8.8 of [1]. Furthermore, this theorem is stronger than the
ergodic theorem of [6].
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