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Abstract. We show that properties of pairs of finite, positive, and regular Borel measures on the
complex unit circle such as domination, absolute continuity, and singularity can be completely
described in terms of containment and intersection of their reproducing kernel Hilbert spaces of
“Cauchy transforms” in the complex unit disk. This leads to a new construction of the classical
Lebesgue decomposition and proof of the Radon-Nikodym theorem using reproducing kernel
theory and functional analysis.

1 Introduction

Given a finite, positive, and regular Borel measure, y, on the complex unit circle,
oD, it is natural to consider its L%-space, L*(u) := L*(u, 0D), as well as H*(u) =
C[¢] Mz, the closure of the analytic polynomials, C[(], in L*(u). The linear
operator of multiplication by the independent variable, M ’g, is unitary on L?(y) and

has H?(u) as a closed invariant subspace so that Z# := M 2’ |2 (y) is an isometry that

will play a central role in our analysis. The u-Cauchy transform of any h € H*(y) is
the analytic function,
RO
(@G = [ (@) <o)
in the complex unit disk, D := (C);. Here, given a Banach space, X, (X); and [X];
denote its open and closed unit balls in the norm topology.

Recall that a reproducing kernel Hilbert space (RKHS), I, is a Hilbert space of
functions on a set, X, so that point evaluation at any point x € X yields a bounded
linear functional on the space. The Riesz representation lemma then implies the
existence of kernel vectors, ky, x € X, so that the bounded linear functional of point
evaluation at x is implemented by inner products against k. The function of two
variables, k: X x X - C,

k(x,7) = (ks ky )
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A reproducing kernel approach to Lebesgue decomposition 1571

is then called the reproducing kernel of J{. In this paper, all inner products and
sesquilinear forms are conjugate linear in their first argument and linear in their
second argument. Any reproducing kernel function is a positive kernel function on
X x X, i.e, for any finite set {xi,...,x,} C X, the n x n matrix,

(1.1) [k(xi, .xj)]lgj’jgn >0,

is positive semi-definite. Conversely, by a theorem of Aronszajn and Moore, given any
positive kernel function, k, on X x X, one can construct a RKHS of functions on X
with reproducing kernel k [3] (see Section 2.2). Given this bijective correspondence
between positive kernel functions on X and RKHS of functions on X, one writes
H = H(k) if H is a RKHS with reproducing kernel k.

Equipping the vector space of y-Cauchy transforms with the H?(u)-inner product,

(Cgﬂg’%ﬂhh; = <g’h>L2(P‘); g>hEH2(H)’

yields a RKHS of analytic functions in D, 5#* (), with reproducing kernel,
1 1
1.2 k¥(z,w) = f —— ——u(d0); ,weD.
02 @w)= [ i mwe

Using the above formula (1.2), it is easy to check that domination of measures implies
domination of the reproducing kernels for their spaces of Cauchy transforms,

u<tr t>0 = kM<Kt

(see Theorem 4.1) where we write k < K for positive kernel functions k, K on X,
if K-k is a positive kernel function on X. We will say that A dominates u in the
reproducing kernel sense (by t* > 0) and write y <gx t?A to denote that k¥ < t2k*.
By results of Aronszajn, domination of kernels, k < t*K, is equivalent to bounded
containment of their RKHS, i.e., k < t*K if and only if H(k) € 3(K) and the norm
of the linear embedding e : H (k) — H(K) is at most ¢ > 0 [3] (see Section 2.2 for
a review of RKHS theory and these results). In summary, domination of measures
implies bounded containment of their spaces of Cauchy transforms:

ustrA = AT () € AT, eun s A () > AN, Jewn] <t

e, u<t*A = u<pg t*A

Building on this observation, we show that domination and, more generally,
absolute continuity, as well as mutual singularity of measures can be completely
characterized in terms of their spaces of Cauchy transforms. Moreover, we develop
an independent construction of the Lebesgue decomposition and new proof of the
Radon-Nikodym theorem using reproducing kernel methods and operator theory.

1.1 Outline

The following Background section, Section 2, provides an introduction to (i) the
bijective correspondence between positive, finite, and regular Borel measures on the
circle and contractive analytic functions in the disk, (ii) reproducing kernel theory,
and (iii) the theory of densely-defined and positive semi-definite quadratic forms in a
separable, complex Hilbert space.
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Section 3 introduces the RKHSs, 7" (), of u-Cauchy transforms associated with
any positive, finite, and regular Borel measure, g4, on the complex unit circle. These are
Hilbert spaces of holomorphic functions in the complex unit disk.

Our first main results appear in Section 4. Theorem 4.1 proves that domination of
positive measures in the reproducing kernel sense is equivalent to domination in the
classical sense:

Theorem 4.1 Given positive, finite, and regular Borel measures, y and A on the unit
circle, y <rx t*A for some t > 0 if and only if u < t*\.

This result is extended to general absolute continuity, written y << A, in
Theorem 4.12. Namely, we say that y is absolutely continuous in the reproducing
kernel sense with respect to A, written y <<gg A, if the intersection of the space of
p-Cauchy transforms with the space of A-Cauchy transforms, int(y, 1), is norm-dense
in % (p).

Theorem 4.12  Let u, A be positive, finite, and regular Borel measures on 0D. Then
p << Aifand only if y <gg A.

Moreover, Theorem 4.12 gives a formula for the Radon-Nikodym derivative of y
with respect to A in terms of the closed, densely-defined embedding, e, ) : int(y, A) :=
() A (N) € A () > A (M),

These are satisfying results, however, actual construction of the Lebesgue decom-
position of y with respect to A using reproducing kernel methods is more subtle and
bifurcates into the two cases, where: The intersection space, int(y, 1) = 7" (y) N
(1), of the spaces of y and A-Cauchy transforms is (i) invariant, or, (ii) not
invariant, for the image, V¥, of Z* = M¥|g2(,) under Cauchy transform. Some
necessary and sufficient conditions for this to hold are obtained in Lemma 5.3 and
Proposition 5.7. Namely, as described in Section 2.1, there is a bijection between
contractive analytic functions in the complex unit disk and positive, finite, and regular
Borel measures on the circle. If a positive measure, y, corresponds to an extreme point
of this compact, convex set of contractive analytic functions, we say that y is extreme,
otherwise y is non-extreme. As established in Lemma 5.3 and Proposition 5.7, the
intersection space, int(y, 1) will be V,,-reducing if (i) A is non-extreme or if (ii) u + A
is extreme, and the intersection space will be nontrivial and not V,,-invariant if y, A
are both extreme but i + A is non-extreme.

In the positive direction, we obtain the following:

Theorem 5.5 Let y and A be finite, positive, and regular Borel measures on the unit
circle. If the intersection space, int(u, ) is V,-invariant and y = pac + ps is the Lebesgue
decomposition of y with respect to A, then

%+(H) = %Jr(//‘uC) ®%+(I4S)-
In this case,
A (pge) = int(u, A) e, and 7 (us) 0 (1) = {0}.

Given two positive, finite, and regular Borel measures, ¢ and A, on the complex
unit circle, oD, one can associate with y a densely-defined and positive semi-definite
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sesquilinear or quadratic form in H?(1). Namely, we define the form domain,
Domq, € H*(1), as the disk algebra, Dom q,, := A(DD), the unital Banach algebra of
all uniformly bounded analytic functions in the unit disk which extend continuously
to the boundary, equipped with the supremum norm. The disk algebra embeds isomet-
rically into the continuous functions on the circle, ¢’ (0D) and A(DD) can be viewed
as a dense subspace of H?(1). The quadratic form, g, : Domq, x Domg, — C is
then defined in the obvious way by integration against 4,

13 qeh) = [ gOhOuE),  gheAD)=Doma,.

As described in Section 4 and Theorem 4.8, there is a theory of Lebesgue
decomposition of densely-defined and positive semi-definite quadratic forms in
a Hilbert space, (. Namely, given any such form, there is a unique Simon-Lebesgue
form decomposition,

q="Cac t s,

where 0 < qq¢, qs < g, qqc is absolutely continuous in the sense that it is closeable and it
is maximal in the sense that q,,. is the largest closeable quadratic form bounded above
by g. The form g, is singular in the sense that the only closeable positive semi-definite
form it dominates is the identically 0 form. Here, a positive semi-definite quadratic
form, q, with dense form domain Dom q in X, is closed, if Dom q is a Hilbert space,
i.e., complete, with respect to the norm induced by the inner product q(-,-) + (-, ).
A form is then closeable if it has a closed extension (see Section 2.3 for an introduction
to the theory of densely-defined and positive semi-definite quadratic forms).

An immediate question is whether the Simon-Lebesgue decomposition of the
form, q,, in H*()) coincides with the Lebesgue decomposition of y with respect to A.
Namely, if u = pgc + s and q,, = qac + g, then is it true that q,, = q,,, and g, = q,,,?
A complete answer, summarized in the theorem below, is provided in Theorems 5.12
and 5.18 and Corollaries 5.14 and 5.15.

Theorem If q, = qac + Qs is the Simon-Lebesgue form decomposition of q, in H*(1),
then

A () = A (dac) @ A7 (45),
where
A (dac) = int(p, 1)1,
If h = pac + Ys is the Lebesgue decomposition of y with respect to A, then
(W) = A" (pac) + A (),

is a complementary space decomposition in the sense of de Branges and Rovnyak, with
H (Yac), € (us) contractively contained in F* (u). Moreover, € (ya.) is the
largest RKHS, H(k), contractively contained in 7€ (qac) € 7 (u) so that the closed
embedding, e : H(k) n (L) ¢ H(k) & " (A), is such that T := ee* is Toeplitz for
the image, V*, of Z* under Cauchy transform, i.e., V}*1V* = 1. In particular, the
Simon-Lebesgue decomposition of the quadratic form, q,, in H*(A) coincides with the
Lebesgue decomposition of y with respect to A if and only if int(y, A) is V¥-invariant.
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In the above, the spaces of q,. and ¢;-Cauchy transforms are defined in
an analogous way to the space of y-Cauchy transforms (see Section 5.1). By
Proposition 5.7, the intersection space, int(y,A), is not always V*#-invariant.
Example 5.9 (continued in Example 5.17) provides a concrete example, where
y=my and A = m_ are the mutually singular restrictions of normalized Lebesgue
measure, m, to the upper and lower half-circles, so that the Lebesgue decomposition
of m. with respect to m_ has m,,. = 0 butint(m,, m_) # {0}, so that ¢, ,4c # 0.

Remark This “reproducing kernel approach” to measure theory on the circle and
Lebesgue decomposition of a positive measure with respect to Lebesgue measure was
first considered and studied in [14, 15], in a more general and noncommutative context.

2 Background
2.1 Function theory in the disk, measure theory on the circle

Classical analytic function theory in the complex unit disk and measure theory on
the complex unit circle are fundamentally intertwined. There are bijective correspon-
dences between (i) contractive analytic functions in the disk, (ii) analytic functions in
the disk with positive semi-definite real part, i.e., Herglotz functions, and (iii) positive,
finite, and regular Borel measures on the complex unit circle. Namely, starting with
such a positive measure, y, its Herglotz—Riesz transform is the Herglotz function,

Hu(e)= [ i:g#(df) e 6(D).

It is easily verified that Re H,(z) > 0, is a positive harmonic function. Applying the
inverse Cayley transform to any Herglotz function, i.e., the Mébius transformation
sending the open right half-plane onto the open unit disk, D, which interchanges the
points 1 and 0, yields a contractive analytic function, b,,, in the disk,

_ Hyu(z) -1

by(Z) = m, |b‘u(Z)|S1, ZG]D).

(By the maximum modulus principle, b, is strictly contractive in ID unless it is
constant.) Each of these transformations is essentially reversible. Namely, given any
contractive analytic function, b, the Cayley transform, Hy, := if—g, is a Herglotz func-
tion and the Herglotz representation theorem states that if H is any Herglotz function
in the disk, then there is a unique finite, positive, and regular Borel measure, y on the
circle, so that

H(z) = ilm H(0) + faD 1 . Zy(d() — iIm H(0) + H, ()

(see [13, Boundary Values, Chapter 3]). To be precise, two Herglotz functions cor-
respond to the same positive measure, 4, if and only if they differ by an imaginary
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constant. If Hy, H, are two Herglotz functions so that H, = H; + it for some ¢ € R,
then their corresponding inverse Cayley transforms obey

z(t) z—2z(t) t
b N = -, t =
2 = 2(1) *My(r) © 01 Ulz(t)(z) 1—2(6)z z 2i+t

z(t)

so that b, is, up to multiplication by the unimodular constant =, a Mobius transfor-

mation, m; ), of by, where m, ;) defines an automorphism of the disk interchanging
0 with z(¢).

If a contractive analytic function, b, corresponds, essentially uniquely, to a positive
measure, 4, in this way, we write y := gy, and y,, is called the Clark or Aleksandrov-
Clark measure of b [5]. Many properties of contractive analytic functions in the disk
can be described in terms of corresponding properties of their Clark measures and
vice versa [2, 1]. For example, by Fatou’s theorem, the Radon-Nikodym derivative of
any Clark measure, y;,, with respect to normalized Lebesgue measure, m, on the circle
is given by the radial, or more generally non-tangential, limits of the real part of its
Herglotz function,

p(dQ)
m(d{)

:liglReHb(r(); m—a.e., { €D

o 1 bGOF
TR

([71, [13, Fatou’s Theorem, Chapter 3]). As a corollary of this formula, we see that b is
inner, i.e., it has unimodular radial boundary limits m-a.e. on the circle, if and only if
its Radon-Nikodym derivative vanishes almost everywhere, i.e., if and and only if its
Clark measure is singular with respect to Lebesgue measure.

As a second example which will be relevant for our investigations here, b is an
extreme point of the closed convex set of contractive analytic functions in the disk
if and only if its Radon-Nikodym derivative with respect to Lebesgue measure is not
log-integrable. That is, b is an extreme point if and only if

#p(dQ)

log m(d0) ¢ L'=1L'(m).

This follows from the characterization of extreme points in the set of contractive
analytic functions given in [13, Extreme Points, Chapter 9] and Fatou’s Radon-
Nikodym formula as described above. Here, equipping the set of all bounded analytic
functions in the disk with the supremum norm, we obtain the unital Banach algebra,
H*®, the Hardy algebra, whose closed unit ball, [H*];, is the compact and convex
set of contractive analytic functions in the disk. It further follows from a well-known
theorem of Szegé (later strengthened by Kolmogoroff and Krein), that H?(u) = L*(u)
ifand only if 4 = g, for an extreme point b € [H*]; (see [13, Szegd's Theorem, Chapter
4], [23]). Namely, Szegd’s theorem gives a formula for the distance from the constant
function 1 to the closure of the analytic polynomials with zero constant term in L*():
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. u(df)
inf ecray 1= pl32¢, = €Xp [ log m(d{).
O 2w a2 m(dQ)

It follows, in particular, that b is an extreme point so that g—r’; isnotlog-integrable ifand
only if 1 belongs to the closure, H3(u), in L*(u) of the analytic polynomials obeying
p(0) = 0. That is, if and only if H3(#) = H?>(u). An inductive argument then shows
that this is equivalent to H*(u) = L*(u), so that Z¥ = M{|z(,) = M? is unitary. If
¢ = pyp is the Clark measure of an extreme point, b, we wili say that y is extreme, and
that y is non-extreme if b is not an extreme point.

The results of this paper reinforce the close relationship between function theory
in the disk and measure theory on the circle by establishing the Lebesgue decomposi-
tion and Radon-Nikodym theorem for positive measures using functional analysis
and reproducing kernel theory applied to spaces of Cauchy transforms of positive
measures. We will see that the reproducing kernel construction of the Lebesgue
decomposition of a positive measure y, with respect to another, A, bifurcates into the
two cases, where: the intersection of the spaces of ¢ and A-Cauchy transforms, is (i)
invariant, or (ii), not invariant for the image of Z¥# under Cauchy transform. Moreover,
whether or not this intersection space is invariant is largely dependent on whether A,
or u + A are non-extreme or extreme.

2.2 Reproducing kernel Hilbert spaces

As described in the introduction, a RKHS is any complex, separable Hilbert space
of functions, JH, on a set X, with the property that the linear functional of point
evaluation at any x € X is bounded on J{. Further, recall, as described above, that for
any x € X, there is then a unique kernel vector or point evaluation vector, k, € H so
that (ky, h) 4 = h(x) for any h € H and we write H{ = H(k), where k : X x X - C is
apositive kernel function on X in the sense of Equation (1.1). Much of elementary RKHS
theory was developed by N. Aronszajn in his seminal paper, [3]. In particular, there
is a bijective correspondence between RKHS on a set X and positive kernel functions
on X given by the Aronszajn—-Moore theorem, [3, Part I, [20, Proposition 2.13 and
Theorem 2.14] and this motivates the notation H = 3 (k).

Theorem (Aronszajn-Moore) If H = (k) is a RKHS of functions on a set, X, then k
is a positive kernel function on X. Conversely, if k is a positive kernel function on X, then
there is a (necessarily unique) RKHS of functions on X with reproducing kernel, k.

Any RKHS, F(k), of functions on a set X, is naturally equipped with a multiplier
algebra, Mult(k), the unital algebra of all functions on X which “multiply” H (k)
into itself. That is, g € Mult(k) if and only if g h € 3 (k) for any h € H(k). Any
h € Mult(k) can be identified with the linear multiplication operator My, : H (k) —
JH (k). More generally, one can consider the set of multipliers, Mult(k, K), between
two RKHS on the same set. If h € Mult(k, K), then M, is always bounded, by the
closed graph theorem. Adjoints of multiplication operators have a natural action on
kernel vectors: If h € Mult(k, K), then

MK, = k;h(z).
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All RKHS in this paper will be RKHS, H(k), of analytic functions in the complex
unit disk, D = (C);, with the additional property that evaluation of the Taylor coef-
ficients of any h € H (k) (at 0) defines a bounded linear functional on H (k). Again,
by the Riesz representation lemma, for any j € N u {0}, there is then a unique Taylor
coefficient kernel vector, k; € H(k), so that if h € J{(k) has Taylor series at 0,

h(z) =Y hjZ,
=0
then <k s h) =h j- It follows that
k6 = (ko
defines a positive kernel function, the coefficient reproducing kernel of H(k), on the

set NuU {0}. It is easily checked that for any such Taylor coeflicient RKHSs, H (k) and
H(K), of analytic functions in I,

F(k)

k<K < k<K

The reproducing and coefficient reproducing kernels of a Taylor coefficient RKHS in
D are related by the formulas:

k(j,0)z'w’, and k.= 7Zk;.
0 j=0

k(z,w) =

M8

J

Adjoints of multipliers also have a natural convolution action on coefficient kernels, if
h € Mult(K, k), then,

1) M;Ke= Y kihj.

i+j={
We will say that a RKHS, F{(k), of analytic functions in X = D is a coefficient RKHS
in D, if Taylor coeflicient evaluations define bounded linear functionals on H (k).
In this case, the positive coefficient kernel function k on Nu {0} is an example of
a discrete or formal reproducing kernel in the sense of [4].

In this paper, it will be useful to consider densely-defined multipliers between
RKHS H(K), H (k) on X, which are not necessarily bounded.

Proposition 2.1 (Multipliers are closeable) Let k, K be positive kernel functions on X,
and let h be a function on X so that the linear operator My, : Dom M), € H(k) - H(K)
has dense domain, Dom M,,. Then M}, is closeable, and closed on its maximal domain,
Dompax My, = {g € H(k)| h- g e H(K)}, MKy = keh(x), and \ xex K is a core for
M, if My, is defined on its maximal domain.

Recall that a linear operator with dense domain in a Hilbert space, 74, is said to
be closed if its graph is a closed subspace of J{ @ J{. Further, recall that a dense set,
2 < Dom A, contained in the domain of closed operator, A, is called a core for A if A
is equal to the closure (minimal closed extension) of its restriction to Z. In general,
given any two linear transformations A, B, we say that B is an extension of A or that A
is a restriction of B, written A € B, if Dom A € Dom B and B|pom 4 = A. Equivalently,
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the set of all pairs (x, Ax), for x € &, is dense in the graph of A. Finally, A is closeable
if it has a closed extension.

Proof Define Domyy,x M}, to be the linear space of all g € H (k) sothat h - g € H(K).
This is the largest domain on which M}, makes sense. If g, € Domyax M}, is such that
gn — gand My g, — f, then since H(k), H{(K) are RKHS, it necessarily follows that

gn(x) > g(x), and  h(x)gu(x) - h(x)g(x) = f(x), x € X.

This proves that f = h - g, so that ¢ € Domyax M}, and My, is closed on Domyax M. If
M), is densely-defined on some other domain, Dom M}, then Dom M}, € Domyax My,
by maximality, so that M}, has a closed extension, and is hence closeable.

The fact that \/ K is a core for M}, follows from the assumption that My, is defined
(and closed) on its maximal domain. By maximality, M},, with domain Domyax M,
has no nontrivial closed extensions which act as multiplication by h. Let T, be the
closure of the restriction of M}, to \/ K. Then T, ¢ M;, is densely-defined and closed
sothat My, € T := T;, where T, the adjoint of T, is necessarily closed so that T* = T,.
However,

T*K, = M; K, = Kch(x),

so that T necessarily acts as multiplication by h on its domain. By maximality,
Dom T = Dom ,,uxMp, and My, = T. ]

Remark 2.2 If H(k) and H(K) are Taylor coefficient RKHS in D, then one can
further show that the adjoint of any closed multiplication operator, M}, : H(k) —
H(K) acts as a convolution operator on coefficient kernels, as in Equation (2.1), and
the linear span of all Taylor coefficient kernels is also a core for M;.

One can define a natural partial order on positive kernel functions on a fixed set,
X. Namely, if k and K are two positive kernel functions on the same set, X, we write
k <K, if K-k is a positive kernel function on X. Notice that the identically zero
kernel function is a positive kernel on X, so that k < K can be equivalently written as
K — k > 0. The following theorem of Aronszajn describes when one RKHS of functions
on X is boundedly contained in another in terms of this partial order ([3, Section 7],
[20, Theorem 5.1]).

Theorem (Aronszajn’s inclusion theorem) Let k, K be positive kernel functions on a
set, X. Then H(k) ¢ H(K) and the norm of the embedding e : H (k) — H(K) is at most
t* > 0 if and only if K > k.

If k and K are both positive kernel functions on a set, X, it is immediate that k + K
is also a positive kernel function on X. The following “sums of kernels” theorem of
Aronszajn describes the norm of H(k + K) and the decomposition of this space in
terms of (k) and H(K) (see [3], [20, Theorem 5.4 and Corollary 5.5]). Notice,
in particular that k, K < k + K as kernel functions so that H (k) and H(K) are
contractively contained in H (k + K), by the inclusion theorem.
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Theorem (Aronszajun’s sums of kernels theorem) Let k, K be positive kernel functions
on a set, X. Then, H(k + K) = H(k) + H(K) and

1R 13c iy = min { f5ce) + 18 15¢0)| £+ & =B}
In particular, H(k + K) = H(k) & H(K) if and only if H(k) n H(K) = {0}.

Observe that the sums of kernels theorem asserts that the algebraic sum F(k +
K) = H(k) + H(K) is a direct sum if and only if it is an orthogonal direct sum. More
can be said about this decomposition and the structure of H (k + K) using the theory
of operator-range spaces of contractions and their complementary spaces in the sense
of de Branges and Rovnyak ([6], [8, Chapter 16]). Let A € £ (%, J) be a bounded
linear operator. The operator-range space of A, % (A), is the Hilbert space obtained by
equipping the range of A with the inner product that makes A a co-isometry onto its
range. That is, Z(A) = Ran A ¢ §, with inner product,

(Ax, Ay) 5 1= (%, Picer 4 ) -

One can generally show that Z(A) = Z(v/AA*) ([8, Corollary 16.8]). If A is a
contraction, ||A| < 1, then Z(A) ¢ J is contractively contained in J in the sense that
the embedding, e : Z(A) — J is a linear contraction. In this case, one can define
the complementary space of A, #°(A) := #(\/1 - AA*). The notion of complemen-
tary space was originally introduced in a more geometric way by de Branges and
Rovnyak [6]. Namely, if H{ is any Hilbert space and # ¢ K is a Hilbert space which
is contractively contained in J, then % = Z(j), where j : Z — J is the contractive
embedding. L. de Branges and J. Rovnyak defined the complementary space, Z° of Z
as the set of all y € 3 so that

sup ([|y +x5¢ = |x[%) < +oo.
XeR

One can prove that Z° = %°(j) and that the above formula is equal to the norm of y in
Z°(j), so that these two definitions coincide [8, Chapter 16]. The following theorem
summarizes several results in the theory of operator-range spaces (see [8, Chapter 16]).

Theorem 2.3 (Operator-range spaces of contractions) Let A € £ (3, J) be a contrac-
tion. Ife: #(A) = J andj: Z°(A) — J are the contractive embeddings, then

9= %(A) + B (A).

Forany x = y+z € {J sothat y € Z(A) and z € Z#°(A), the Pythagorean equality,

(2.2) %[5 = ||J’||2%(A) + 2| %c(A)’

holdsifand only if y = ee*x and z = jj* x, so that, in particular, Ij = ee* +jj*. As a vector
space, the overlapping space is

R(A) 0 R (A) = AT (AY),

and A: B (A*) - Z°(A) acts as a linear contraction.
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Moreover, the following are equivalent:
(i) A is a partial isometry,
(ii) Z(A) and %°(A) are isometrically contained in J as orthogonal complements,
J=2%(A) e % (A),
(iii) Z(A)nZ°(A) = {0}.

Observe that, as in Aronszajn’s sums of kernels theorem, the algebraic sum
J=%(A) + %°(A) is a direct sum if and only if it is an orthogonal direct sum.

Theorem 2.4 Let H(K) be a RKHS on a set, X. If H (k) is another RKHS on X which
embeds, contractively, in H(K), and e : H(k) — H(K) is the contractive embedding,
then H(k) = Z(e) and the complementary space, %°(e), is the RKHS on X with
reproducing kernel K — k.

An embedding of RKHS, e : H(k) — H(K), is necessarily injective.

Proof Let e:XH (k) > H(K) be the contractive embedding and consider the
operator-range space of e. Given any g, h € H(k), we have that

(eg,eh), = <g’h)}c(k)’
since e is injective. Hence, for any x € X,
(2.3) (ekx,eh), = (kx> h)geky = h(x) = (eh)(x),

and it follows that % (e) = H (k). Indeed, equation (2.3) shows that Z(e) is a RKHS
on X with point evaluation vectors k, := ek, and that for any x, y € X,

k(x,y) = (7(},?@)(} = (kx,ky> =k(x,y),

so that Z(e) = H(k) = H(k). Now consider the complementary space, Z°(e), of
F(k) = Z(e). Since this complementary space is contractively contained in H(K),

for any /1 — ee*g € Z°(e),
((I— ee’)K,,VI- ee*g)ﬁ = (\/I— ee*Kx,g>g{(K)
= (VI-ee*g)(x),

proving that %#°(e) is also a RKHS on X with point evaluation vectors k. :=
(I —ee*)K,. Hence,

K (x,y) = (K, k;,)jf =((I-ee")Ky, (I- ee*)K},)%,
= (Kx,(I—ee*)Ky)%(K)
= K(x, y) — k(x, y).

If j: %#°(e) &> S (u) is the contractive embedding, then observe that jj* + ee* =
I3¢(k)> so that

#() = Z(\/ji*) = %° (e). m

The previous theorem and Theorem 2.3 provide additional information on the
structure and decomposition of H(k + K) in Aronszajn’s sums of kernels theorem.
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Corollary 2.5 Let k,K be positive kernel functions on a set, X, and let e : H(k) —
H(k+K) and j: H(K) - H(k + K) be the contractive embeddings. Then we can
identify H (k) and JH(K) with the operator range spaces % (€) and Z(j), respectively.
Moreovet, Iy (kix) = ee” +jj* so that H(K) = %#°(e) is the complementary space of
Z(e) = H(k), and given any h € H(k + K),
[nl%k = IRk + i hlk-

The intersection space, H(k) nH(K) is equal to e%°(e*) and j%#°(j*), and
e: #(e*) > % (e) =H(K),j: Z°(j*) > %°(j) are contractions.

Finally, as described in [18] and [17, Section 5], we can define a pair of natural
“lattice operations,” v and A on the set of all positive kernel functions on a fixed set,
X. Given two positive kernel functions, k and K, on X, let k v K := k + K, a positive
kernel function on X. We can also construct a second RKHS on X by defining

int(k, K) := H(k) n H(K),
equipped with the inner product

(& h)ipk = (& M) + (& M)k -

It is not difficult to verify that int(k, K), equipped with this inner product is com-
plete, and that point evaluation at any x € X defines a bounded linear functional
on int(k, K), so that this is a RKHS, H(k A K), of functions on X. The following
theorem describes a useful relationship between H(k + K) and H(k A K) (see [17,
Theorem 5.2], [18]).

Theorem (Sums and intersections of RKHS) Let k, K > 0 be positive kernel functions
on aset, X. Define two linear maps, Uy, and U, of H(k + K) and H(k A K), respectively,
into H(k) ® H(K) by

Uy(k+K)y =ky®Ky;, xe€X, and Urf:=f@&-f, feH(krK).
Then, Uy, U, both define isometries into H (k) & H(K) with Ran U, = Ran U}, so that
H(k) @ H(K) = UyH(k+K) @ U.H(k A K).
The point evaluation vectors for H(k A K) = H(k) n H(K) are given by the formulas

1
(kA K)x = UK (Kx ® k) = UL (K; ©0) = US (0@ —ky).

2.3 Positive quadratic forms

A quadratic or sesquilinear form, q : Dom q x Dom q — C, with dense form domain,
Dom ¢ in a separable Hilbert space, I, is said to be positive semi-definite if g (x, x) > 0
for all x € Dom q. Such a quadratic form is said to be closed, if Dom q is complete with
respect to the norm induced by the inner product

O T O P (0D

and q is closeable if it has a closed extension. We will let f}f(q) denote the Hilbert space
completion of Dom q with respect to this q + id-inner product. Hence, q is closed if
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and only if F((q) = Dom q.1f g > 0is closeable, then its closure, §, is the minimal closed
extension of q. By Kato, closed positive semi-definite forms obey an “unbounded
version” of the Riesz Lemma [16, Chapter VI, Theorems 2.1 and 2.23]. Namely, q > 0 is
closed if and only if there is a unique self-adjoint, densely-defined and positive semi-
definite operator, A, so that Dom q = Dom \/A and

q(x,x) = qa(x,x) = (\/Zx,\/Zx)g{

Any self-adjoint operator is necessarily closed. Following Kato and Simon, we can
define a partial order on densely-defined and positive semi-definite forms by q; < q if:

(i) Domg; € Dom ¢y, and
(i) q1(x,x) < qa2(x,x) for all x € Dom q.

In particular, if q4 and qp are the closed forms of the self-adjoint and positive semi-
definite operators A and B, we say that A < B in the form sense if q4 < qp as forms.
This reduces to the usual Lowner partial order on bounded, self-adjoint operators, if
A and B are bounded. At first sight, it may seem strange that the “larger” form in the
above definition may have a smaller domain. The following result of Kato provides
some justification for this (see [16, Chapter VI, Theorem 2.21], [22, Proposition 1.1]).

Lemma 2.6 (Kato) Let A, B > 0 be self-adjoint and densely-defined in H. Then A< B
in the form sense if and only if

(tI+A) ' < (tI+B)™,
forany t > 0.

Recall that if A is a closed operator with dense domain, Dom A ¢ I, that & ¢
Dom A is called a core for A, if A is equal to the closure of its restriction to 2. Similarly,
if q is a closed, densely-defined, and positive semi-definite form, a (necessarily dense)
set 9 € Dom q is called a form-core for q, if & is dense in J—C(q) It is not difficult to
verify that if q = q4 is closed, then & is a form-core for q if and only if Z is a core

for V/A.

Toeplitz forms. The classical Hardy space, H* = H*(ID), is the Hilbert space of square-
summable Taylor series in the complex unit disk, equipped with the /2-inner product
of these coefficients. By results of Fatou, any element of H? has non-tangential
boundary limits almost everywhere on the unit circle, oD, with respect to normalized
Lebesgue measure, m [13]. Identifying any h € H* with its boundary limits defines
an isometric inclusion of H? into L? = L?(m). Classically, Toeplitz operators, T, on
H?, are defined as the compression of bounded multiplication operators on L? to H2.
Namely, T = T, := P2 M|z, and | T = | Mg| = | g o so that g € L. A theorem of
Brown and Halmos, [10, Theorem 6], characterizes the Toeplitz operators as the set of
all bounded operators, T, on H 2 which obey the simple algebraic condition,

S*TS=T,

where S = M, is the shift on H?, the isometry of multiplication by z. Under the
boundary value identification of H* with the subspace H*(m) ¢ L*(m, D), the shift
is identified with the isometry S = Z™ = M 2”| H2(m)-
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Recall, as described in the Outline section, given a positive, finite, and regular
Borel measure, g, on dD, we can associate with y the densely-defined and positive
semi-definite quadratic form, q,, with dense form domain, Domq,, := A(D) in H* =
H?*(m), where m is normalized Lebesgue measure. This positive form, q,, is an
example of a Toeplitz form, as studied by Grenander and Szegd in [9]. Namely,
Dom g, = A(ID) obeys SDom g, € Dom g, and

qu(Sx,Sy) = qu(x, ); x,y € A(D) = Domg,,.

If q, is closeable so that q, = qr for a closed, self-adjoint T > 0, then by Kato's
unbounded Riesz lemma, we have that S* T'S = T, and our results will show that

d
qQu(x,y) = (M\/]—,x,M\/fy>Lz; f= ﬁ el x,ye A(D)

(see Theorem 4.12). Hence, T = Ty = Py My|p2 is a closed, potentially unbounded
Toeplitz operator with symbol £, in this “quadratic form sense” In particular, if T > 0
is bounded, which happens if and only if y < t*m for some ¢ > 0, then by the Riesz
representation lemma, S*T'S = T, so that T is a bounded Toeplitz operator by Brown-
Halmos, in which case T = Ty for f = d—r’; € L* and | f| e < t, by Theorem 4.1 and

d
Corollary 4.2.

3 Spaces of Cauchy transforms

Let u be a positive, finite, and regular Borel measure on the complex unit circle. Recall
that given any h € H*(u) = C[( 1Mz, ts p-Cauchy transform is the function

G (Guh)(2) = [aDh«)1_lzcu<dc):<kz,h>w>; k(0= (120

We will call the functions k, z € D, Szeg6 kernel vectors.

Recall that A(D) denotes the disk algebra, the unital Banach algebra of analytic
functions in D which extend continuously to the boundary, dD. Since the analytic
polynomials are supremum-norm dense in A(D), viewed as a subspace of the con-
tinuous functions, %'(9DD), on the circle and H2(u) = A(D) 2w, it follows that
H2() = C[{] Mew = A) Hi2w . Similarly, S := V,ep k. is also supremum-
norm dense in A(D) € € (9D), so that this subspace is also dense in H*(u).

Lemma 3.1 The y-Cauchy transform of any h € H*(u) is holomorphic in .

Proof Given any z € D, since (%,,h)(2) := (kz, h)p2(,> consider the Leibniz differ-
ence quotient

lim (M@ 8) = (G vk

e—0 £ e—0 L*(p) -

(Here, recall that our inner products are conjugate linear in their first argument.) This
limit will exist and €}, h will be holomorphic, if and only if the limit of Eil(kzur e—k2)
exists in H2(u). This limit exists in supremum norm on the circle (and so belongs to
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A(D)), and so it certainly exists in the L?(u)-norm by Cauchy-Schwarz. Indeed,
O, 10

g e(1-Co)(1- Lz +e))
(1-¢z)?
and this limit is continuous on dID for any fixed z € . Hence €, h € (D) for any
heH*(u). |

Let #*(u) = €,H*(u) € O(D) be the complex vector space of y-Cauchy trans-
forms equipped with the inner product,

(gﬂg’%h)ﬂ =(g h) 2y -

Lemma 3.2 The space of u-Cauchy transforms, 5€*(u), is a RKHS of analytic
functions in D with reproducing kernel

kH(Z,W) = /E;D 1_1 (1 Pl(dC) <kz> kw)Lz(y)
1 H,(z) +H#(W)
T2 l-zw

where H,(z) = [5p) 1+Z(‘u(d() is the Herglotz—Riesz transform of p.

By construction, 6, is an isometry of H*(u) onto J#* (u).

Proof To show that this inner product is well-defined, we need to check that €, h = 0
in the disk implies that & = 0 in H?(y). Indeed,

(%Mh)(z) = (kZ) h)Hz(”) >

and since V k, is dense in A(IDD), the linear span of the Szegd kernels is also dense in

H?(p) as described above. Hence, this vanishes for all z € D if and only if & = 0.
By definition, for any z € D,

(nyh)(z) = (kz’ h)HZ(y) = (Cg‘ukz,%yh>y)

so that " (u) is a RKHS in D with kernel vectors k¥ := %, k. and reproducing kernel

1

K (z,w) = (Cuka, Cuk) oy, = faD 1-2¢1 g d0)-

Finally,
1+ z( 1+ WC
Hy(2) + H(w) = [ 2 udd) + f u(d0)
_ 1
—2(1—ZW) Dil M( 0

establishing the second formula. [ ]
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Example 3.3 (Hardy space) If y = m is normalized Lebesgue measure, then

_ 1+2(
Ha(2) = [ = mld)

- faD im(d() m (D)

e [, Um0 [ ma)

oo 27

:szsz 040 - — f 40 =285 -1=1.
-0 0

It follows that b Hp-l

— =0, so that m = yy is the Clark measure of the identically 0
function. Moreover,

.

K" (z,w) = LHn(z) + Ho(w) 1 =k(z,w)
’ 2 1-zw C1-2zw ’

is the Szego kernel. This is the reproducing kernel for the classical Hardy space

H? = H*(DD), of square-summable Taylor series in the complex unit disk, equipped
with the ¢2-inner product of the Taylor coefficients. That is, 5+ (m) = H?
Sinceany h :=

€ug € A" () is holomorphic in the open unit disk, its Taylor series
at 0 has radius of convergence at least one,

h(z) =) h i
=0
Moreover, expanding k,({) in a convergent geometric sum

]’l(Z) = Z;)fzjzj = LZ(,u) Z (Cj>g)L2(H)
j=

j=0 #

and it follows that the Taylor coeflicients are given by

ﬁj:(%ﬂ(j,h)ﬂ; jeNu{o}.

That s, for any j € N u {0}, the linear functionals £;(h) = IA1] are bounded on 7" ()
and are implemented by inner products against the Taylor coefficient kernel vectors
b j :
G =G

%,(’. Hence, 7% () is a Taylor coeflicient RKHS in D with coefficient repro-
ducing kernel, k¥ (i, ), on the set N U {0}

ke (i, j) = (k;‘,k;‘)ﬂ,

and k* is then a positive kernel function on N u {0}
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Given a positive measure y, let V,, := €, Z#¢ ;. This is an isometry on " (¢ that
will play a central role in our analysis. This operator has a natural action on kernel
vectors:

(3.2) VukEzZ =kl ki, and V(K -k§) = kiz.
In particular,
\{)(ki4 - kf) =RanV,,

where, here, \/ denotes closed linear span. It is easy to check that a function,
h e 7% (u), is orthogonal to Ran V, if and only if & = cl, ¢ € C, is constant in the
disk. Hence the following statements are equivalent:

(i) u is extreme,
(i) H?(u) = L*(u),
(iii) Z* = M?‘Hz(ﬂ) and hence V), is unitary,
(iv) 22" (u) does not contain the constant functions.

Lemma 3.4 Given any finite, positive, and regular Borel measure, y, on 0D, the
co-isometry V!, acts as a backward shift on J€*(u), ie., if he 7% (u), h(z) =
720 hjzl, then

_ h(z) - h(0)

(Vih)(2) = Yy
j=0 z

Given any h € 7% (u),
(Vuh)(z) = zh(z) + (V,h)(0)1.

Given any h in the classical Hardy space, H*> = 7% (m), one can check that
S := V,, = M, is the isometry of multiplication by the independent variable, z, on H?,
the shift. In this case, adjoint of S is called the backward shift and acts as

It is straightforward to verify that if h € H> has Taylor series h(z) = ¥ h j7/, then

($*h)(2) = X% h j+12’. This motivates the terminology “backward shift” in the above
lemma statement. This lemma is easily verified and we omit the proof.

4 Absolute continuity in the reproducing kernel sense

Recall that given positive measures y and A, we say that y is dominated by A if there
isa t>0 so that u < t*A, and we say that y is reproducing kernel or RK-dominated
by A, if % () € % (1) and there is a t > 0 so that the norm of the embedding
e T (u) > A (L) isat most ¢, written y <gg t*A. We will begin this section by
showing that these two definitions of domination are equivalent.

Theorem 4.1 ~ Given positive, finite, and regular Borel measures y, A on the unit circle,
p < t*A for some t > 0 if and only if u <px t*A.
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Proof (Necessity) If u < t?, then y := t21 — u is a positive measure and

274 - 1 1
P (2w) K (2 w) = 1 [ml ZU O~ [ ka0

It follows that t2k* — k¥ = k? is a positive kernel so that k# < t2k*.

First proof of sufficiency. Conversely, suppose that K := t>k* — k# > 0 is a positive
kernel. View the analytic polynomials, C[{], as a dense subspace of the disk algebra
A(D), embedded isometrically in the Banach space 4'(dD). For any finite, positive
and regular Borel measure on the complex unit circle, y, we define the positive linear
functional, i on € (dD) by

i(f)= [ fdu.

(The map p +— fi is a bijection, by the Riesz—Markov theorem.) We then define a
bounded linear functional, /x on €'(dD) by {x := 2h - g

By Weierstraf approximation, C[¢] + C[{] is supremum-norm dense in the con-
tinuous functions, €' (dD). Since the Fejér kernel is positive semi-definite, the partial
Cesaro sums of any positive semi-definite f € €’(dD) will be a positive trigonometric

polynomial, i.e., a positive semi-definite element of C[{]+ C[{] and, by Fourier
theory, it follows that the positive cone of C[{]+ C[{] is supremum norm-dense
in the positive cone of € (dD). Moreover, by the Fejér-Riesz theorem, any positive
trigonometric polynomial, p +¢g > 0, on 9D factors as |g|* for an analytic g € C[(]
(and necessarily, p = g, deg(p) = deg(g)). Hence, to check that ¢k is a positive linear
functional on ¢’(dD), it suffices to check that {x(p + p) > 0 for any p + p = |g]* > 0,

p.g€C[(].1f p=Y7, pj{/ and g = X}, §;{’, then by construction
(ngg,%#g>” =(& 8y = (P V() + (L Py = <65MP’ %”1)# + <%y1> %4?),,-

Since
ngp = Z ﬁjk;“’
j=0

where the kj.‘ , je Nu{0} are the Taylor coefficient evaluation vectors, and since
similar formulas hold for A, we obtain that

() = [ I8QP(AE) - 1) = 5 Fidy (Ko Ko
i,j=0

where the K;, i e Nu {0} are the Taylor coefficient evaluation vectors in H(K).
Namely, H(K) is also a Taylor coefficient RKHS in I so that K(i, j) := (K,, K; >

defines a positive kernel function on the set N u {0}. It follows that

[am|g(0|2(t21(d() - u(dQ)) =0,

JTH(K)
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for any g € C[{], or, equivalently,

te(p+p)= [ (p+P)(Pdr—du) >0,

for any positive semi-definite p + p € C[{] + C[{]. By density of the positive cone of

C[(] + C[{] in the positive cone of the continuous functions, it follows that { is a
bounded, positive linear functional on €’ (9D), with norm |/ | = ¢k (1) = t*1(0D) -
p(0D) = K(0,0) > 0. By the Riesz-Markov theorem, there is then a unique, positive,
finite, and regular Borel measure, y, on 0D, so that

() = [ FOpa0),

for any f € ¢'(dD), i.e., {x = §, and we conclude that y = *A — u > 0 so that t*A > p.

Second proof of sufficiency. If t*k* > k*, then by Aronszajn’s inclusion theorem,
A (u) € (1) and the norm of the embedding e, ) : 7 (u) = A" (A) is
at most t > 0. Observe that e:=e, ) acts trivially as a multiplier by the constant
function 1, so that

* 7. A *7.A
e*k; =k¥, and e k; =k§',
forany z € D and j € Nu {0}. Hence,
e VkZ = e (k) - k})
Y
= Vie'klz,
so that e* intertwines V* with V¥, e* VA = V#e*, Setting E := %;e*‘@, we see that
for any monomial,
j_cpor k1A
E{ = ‘KH e’ kj
=Guky = U e H'(w),
so that E : H*(1) = H?*(u) obeys Ep = p for any p € C[{] € H*(A). In particular,
EZ* = ZME. At this point one could argue using the Riesz-Markov theorem as above,
however, here is an alternative argument. Since Z* and Z¥ are contractions (they are
isometries), we can apply the intertwining version of the commutant lifting theorem

[19, Corollary 5.9] to conclude that E can be “lifted” to a bounded operator E : L2(1) —
L*(u), with norm |E| = | E|, so that EM? = M?E, and Pp2 () E|m2 (1) = E. Setting

T:=E*E e Z(L*(1)), T 2 0 is a positive semi-definite M?-Toeplitz operator in the
sense that

Ak iard _ Gk A gBR Al o
M;"TM; =E M( M(E—T,

since M 2}, M if are isometries. Since, M 21 (and M ’g ) is in fact unitary, it follows that T
commutes with M? Since C[{] + C[{] c Ran M? is a dense set in L?(1), a simple

argument shows that T acts as multiplication by f:= Tl1e L*(1). However, since
T = My is a bounded and positive semi-definite operator, it is easy to check that

https://doi.org/10.4153/50008414X24000488 Published online by Cambridge University Press


https://doi.org/10.4153/S0008414X24000488

A reproducing kernel approach to Lebesgue decomposition 1589

22T = | floos |T] = |E|*=|E|?>=|T|, and f>0 A-a.e. Finally, one can also
check that T = P22) T| g2 (1) is Z*-Toeplitz, i.e., Z** TZ* = T. In conclusion, for any
p-q € C[{],

[ p@a(O)u(d) = (.4} sy = (Ep.Ea) s
(ﬁp, ﬁq)HZ(A)

~ (b My} sy = [ POaOFOAED).

= (p’ Tq)LZ()’)

This formula extends to elements of the form g = p + g € C[{] + C[{] since

@1 +q1,p2+ qz)LZ(y) = (‘11)‘12>H2(y) + (‘11P2>1>H2(y) + (P2>P1>H2(y) + <1>P1‘12>H2(y)~

Again, by Weierstrafl approximation, since C[{] + C[{] is supremum-norm dense in
% (D), which is in turn dense in L*(1) and L*(p), it follows that forany g, h € L*(1),

[ a@m@u0) = [ Z@m@FOMD),
where f >0, A-a.e. and | f||oo < t*. We conclude that y < t*1 and that
u(dQ)

AdQ)’
is the (bounded) Radon-Nikodym derivative of y with respect to A. [ ]

Definition1 Let T € £ (3 ) be abounded operator, and let V be an isometry on .
We say that T is V-Toeplitz if

V*TV =T.

If >0 is a positive semi-definite quadratic form with dense form domain,
Dom q ¢ I, we say that q is V-Toeplitz if Dom q is V-invariant and

q(Vg, Vh) =q(g, h); g, h e Domyg.

In particular, if T >0 is a positive semi-definite, self-adjoint and densely-defined
operator in J{, we say that T is V-Toeplitz if the closed, positive semi-definite form
it generates,

ar(x,y) = (VTx,VTy)

is V-Toeplitz. If T > 0 is bounded, this latter definition reduces to the definition of a
bounded, positive semi-definite V-Toeplitz operator.

%; x,yeDoquzDom\/i

Corollary 4.2 Let u, A be positive, finite, and regular Borel measures on 0D so that
p < t2). In this case,

Eyp =% e,,60: H*(A) = H*(u),
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is a co-embedding in the sense that E, ; p = p for any p € C[{]. Moreover,

enakl=kb, er k=K, VzeD, jeNu{o},

e, Va=Vte, , and equivalently E”,,\ZA:Z”E!M. If Ty:=E,,Eup, then T,
is Z*-Toeplitz and T is the compression of a bounded multiplication operator,

T = Pep(3)Myli(2), where f >0 X —a.e., |flo <12, and f = gg;g is the Radon-

Nikodym derivative of y with respect to A.

Remark 4.3 While the co-embedding, E, , : H*(1) > H*(u) always has dense
range, it may have nontrivial kernel. For example, if A is the sum of two Dirac point
masses at distinct points {, & € oD, u is the point mass at {, then y < A and if p is
any polynomial vanishing at {, then E, ;p = 0 € H*(u). To be precise, H*(u) is the
closure of the disk algebra, A(D), or the polynomials, C[{], in the L*(y)-norm, so
that if p € C[{] or a € A(DD) vanishes on the support of y, then p = 0 = a in H*(u).

More generally, absolute continuity of positive measures can also be described in
terms of their spaces of Cauchy transforms. It is a straightforward exercise, using
the Radon-Nikodym formula, to show that yu is absolutely continuous with respect
to A, if and only if one can construct a monotonically increasing sequence of positive
measures, y, > 0, so that y, < y for all n, the y, 1 p increase monotonically to y,
and there is a sequence of positive constants, t, > 0 so that y, < t21. Indeed, this
can be readily established by taking the “join” or point-wise maxima of % and the
constant functions t2 - 1. Since y,, < y for all n, Aronszajn’s inclusion theorem implies
that 7" (u,) € S+ (u) and that the embeddings e, : J7* (u,) = " (u) are all
contractive. Moreover, and again by Aronszajn’s inclusion theorem, each 72" (u,) ¢

% (1) is boundedly contained in .7#* (1) so that

(4) A (un) € A" () 0 AT (L) = int(p, A).
Proposition 4.4 If u << A, then the intersection space, int(y, 1) = 7 (u) n (1)
is dense in 7% ().

Proof We have thatforalln,0< y, < pand y, 1 . Moreover, 7" (u,) C int(¢, 1)
for all n. If 1> g, > 0, 4 — a.e. are the Radon-Nikodym derivatives of the y, with
respect to y, and p € C[(],let €, := €, and lete, : S () < A" (u). Then,

(€00~ euGupl? = |%up]2 - 2Re (up,en@up), + lenupl?
= HpHiIz(y) = 2Re (Eups P) () + HEZp”%{Z(y)
< 2]l = 20212
=2 [ 1p(OR(1- u(©)u(dd) > 0,
by the Lebesgue monotone convergence theorem. In conclusion,
AW = A (),

where, here, \/ denotes closed linear span. [ ]
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This motivates the following definitions:

Definition 2 Let y, A be finite, positive, and regular Borel measures on dDD. We say
that y is absolutely continuous with respect to A in the reproducing kernel sense, y <pg
A, if the intersection space,

int(u, 1) = A7 (u) n A" (1)

is norm-dense in 2" (p).
We say that y is reproducing kernel singular with respect to A, written y Lgk A, if
the intersection space is trivial, int(y, 1) = {0}.

By the previous proposition, y << A implies that y <<gx A. The main result of this
section will be to show that this new “reproducing kernel” definition of absolute
continuity is equivalent to the classical one.

Lemma 4.5 If u <<pg A, then the embedding, e, ) : int(u,A) € A (u) = A" (M),
is closed with dense domain int(u, A). In this case, the co-embedding, E, ) : DomE, ¢
H?(M) = H*(u), is densely-defined and closed. Both C[{] and #p =\ ,ep k. are cores
for E, y and E, 3 k. = k., E,yp = p for all k, € #p and p € C[(]. The (closed) self-
adjoint and positive semi-definite operator, Ty := E| ) E,, » is Z*-Toeplitz.

Proof Let e:=e,) and observe that e is, trivially, a multiplier by the constant
function 1 from J#* (y) into 7#* (). By Proposition 2.1 and Remark 2.2, e is closed
on its maximal domain, int(g, 1), its adjoint acts as

'k} =k, and e'kj =k,

on kernels and coefficient kernels and the linear spans of the point evaluation and
Taylor coefficient kernels in 72" (1) are both cores for e*. Since E = E, ) := 67" %),
E is closed, the formulas Ep = p for p € C[{] and Ek, = k, are easily verified, and it
further follows that J#f, and C[(] are cores for E.

To check that T := T, = E} ; Ey 1 > 0 is A-Toeplitz, consider, for any p, g € C[(],

<\/TZAp, \/TZ%]) =(EC- P EC- @)y

(P Ca) () = (24P 24 Q) g
={0: Dy = (EPEQ) gz
(Va7

As the polynomials are a core for E = E, ), this calculation holds on DomE =

H2(4)

H2(}))

Dom \/T. Moreover, since Dom E = Dom /T, by polar decomposition of closed
operators, and since C[{] and .#{, are Z*-invariant cores for E, they are also cores
for /T, and it follows that Dom /T , = DomE is also Z*-invariant. ]

Proposition 4.6  Given y, A > 0, if A is extreme, then y <<gg A if and only if u << A.

Proof Recall that A is extreme if and only if H?(1) = L?(1) so that Z* = M?. In
this case, the self-adjoint A-Toeplitz operator T, > 0 is Toeplitz with respect to the
unitary M ? That is,
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(VTuMhJTuMh) o = (VT Tah)

for all h e Dom/T,. Hence the quadratic forms for (M?)*TMMg and T, are the

same. By uniqueness of the unbounded Riesz representation, (MZ})* T, M? =Ty, so
that, by Lemma 2.6,

(I+ (M} T,Mp) " = (I+T,)7,
or, equivalently,
Mp(I+T,) " = (I+T,)"'M;.

This shows that T,, and hence VT u are affiliated to the commutant of the uni-
tary operator M?. Since C[(] ¢ Dom /T, we conclude that \/T, = M /T acts as

multiplication by \/T,1 =: f € L*(1). Since /T, > 0, we necessarily have that f > 0,
A — a.e., and we conclude that for any polynomials p, g,

0@y = (VTP Tat) ey = [ PO,

As in the proof of sufficiency in Theorem 4.1, we conclude that the above formula

holds for any g, h € C[{] + C[(], which is dense in € (dD) and L*°(y). In particular,
the formula holds for all simple functions and characteristic functions of Borel sets.
Since f € L2(A), f2 € L}()) and it follows that

f2 = M
A(d¢)
is the Radon-Nikodym derivative of y with respect to A. |

To prove that absolute continuity in the reproducing kernel sense is equivalent to
absolute continuity in general, we will appeal to B. Simon’s Lebesgue decomposition
theory for positive quadratic forms in Hilbert space (see [21, Supplement to VIIL.7],
[22]). Let H(q) be the Hilbert space completion of Dom q with respect to the inner
product (-,-)4 +q(~-), and let j, : Domq > F(q) denote the formal embedding.
Further, define the co-embedding E : 7((q) = H by

Eq(jq(x)) =x, x € Domg.

By construction, j, is densely-defined, has dense range, and E is contractive with
dense range in . Hence, E, extends by continuity to a contraction, also denoted by
Eq, Eq: H(q) = H.

Lemma 4.7 A densely-defined and positive semi-definite quadratic form, q, in H, is
closeable if and only if jq is closeable, or equivalently, if and only if E is injective.

This lemma is a straightforward consequence of the definitions (see also [22]).

Theorem 4.8 (Simon-Lebesgue decomposition of positive forms) Let q >0 be a
positive semi-definite quadratic form with dense form domain, Domq, in a separable,
complex Hilbert space, H. Then q has a unique Lebesgue decomposition, q = ¢ + qs,
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where 0< (qc,qs < q in the quadratic form sense, (g is the maximal absolutely
continuous form less than or equal to q and q is a singular form.

If P, denotes the projection onto Ker Eg, and P, = I — P;, then q, is given by the
formula,

(4.2)
Qac(x,y) = (jq(x)> (Pac - E;Eq)jq()’))jc(q) = <jq(x))Pach()’))}‘((q) - (x>)’>:}c-

In the above theorem statement, recall that we defined the notions of an abso-
lutely continuous or singular positive quadratic form in the introduction. Namely, a
positive semi-definite and densely-defined quadratic form, q : Dom q x Dom q — I,
Dom q ¢ I, is called absolutely continuous if it is closeable, and singular if the only
absolutely continuous and positive semi-definite form it dominates is the identically
zero form.

Remark 4.9 If, now, u, A > 0 are measures on the circle, we can take 3 := L*(1) or
H?*(1), and define g, > 0 on a dense form domain in by the formula

5(8) = [ TOg(Ou(d0).

For example, if }{ = L*(1), one can take Dom g, = ¢’(dD), the continuous functions.
In this case, by the remark on [22, p. 381], the quadratic form Lebesgue decomposition
of q, coincides with the classical Lebesgue decomposition of y with respect to A.
Namely, in this case, the absolutely continuous part of Uu> Yusac is equal to qy,.,
the positive form of the absolutely continuous part of y with respect to A, py,, and
Uuss = qu,- In particular, qr := G, is the form of the positive semi-definite, self-adjoint
operator T = My >0, where f € L'(1) is the Radon-Nikodym derivative of y with
respect to A. This follows because, as observed by Simon, in this case his construction
of the absolutely continuous and singular parts of q, essentially reduces to von
Neumann’s functional analytic proof of the Lebesgue decomposition and Radon-
Nikodym theorem in [24, Lemma 3.2.3]. See also [12, Section 5], which arrives at the
same conclusion with the choice of form domain, Dom q,, < L?(1), equal to the simple
functions, i.e., linear combinations of characteristic functions of Borel sets.

Theorem 4.10  Let q > 0 be a densely-defined and positive semi-definite quadratic form
in a separable complex Hilbert space, 1. If t = Qac is the closure of qac, then (I + T)*=
EqE;, where Eq : 3(q) = 3 is the contractive co-embedding.

Lemma 4.11 Let A:DomA CH — H be a densely-defined linear operator. Then
A is closeable if and only if the positive semi-definite quadratic form qa-a(x, y) =
(Ax, Ay)qe, with form domain Dom g4« 4 := Dom A, is closeable.

In the above statement, note that A* A is not defined if A is not closeable.

Proof of Theorem 4.10 Let (xj);zl € Dom q be a sequence with dense linear span.
Apply Gram-Schimdt orthogonalization to (x;) with respect to the q +id-inner

product of F((q). This yields a countable basis (y j)721 € Domag, so that the sequence
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(jq(y;)) is an orthonormal basis of F((q). Hence,

[}

EqE; = Eqlye By = 2 (Eaja(yi)s )5 Eaja (i) = 22 (7in ) e v

=1
By [22, Theorem 2.1 and Corollary 2.3], see Theorem 4.8 and Equation (4.2) above,

Gac (%, y) + (%, ¥)g¢ = drer (3, y) = <V I+ Tx,VI+ T)’>g_c = (jq(x)’Pach()’)>fﬁc(q) >

for any x, y € Domq € Dom q,. € Dom /I + T. Hence, for any x, y € Dom T,

qe,p; ((1+ T)x, (I+T)y) = (, [EqE;(1+ T)x,\[EqE; (I +T)y)

((” T)%,yi)gc (2o T+ T)y)
j= 1

=Y (VI+Tx,VI+Ty;) (VI+TyVI+Ty),

= 2 Pacia()sja(r)) g0 lla(77) Pacia (1) 4.i0
= uc}q(x)’Puch(J’)>q+ia = qrer(x, y)
= (%, (I+T)y)y

That is, the (closeable) quadratic forms of I+ T and (I+ T)EqE;j(I+T) agree
on Dom T, which is a core for VI+ T, and a form-core for q;.r. Moreover,

2 :=RanVI+ TnDom+I+ TisacoreforI+T,sothatforallx =vVI+Tye 2,
(x, %) g = (\/1+ Ty, NI+ Ty)ﬂ = ((1+ 1)y, EqEL(I+ T)y),,
= (VI+Tx, EE;VI+ Tx)

That is, the (bounded) positive quadratic form of the identity, I, agrees with the
quadratic form of \/T + TEqE; VI+T on the dense subspace Dom /T + T. Here,
if V:=E; I+ T, this is a closeable operator by Lemma 4.11. In fact, V extends by
continuity to an isometry, since qy+v = qslp,,., /777 Moreover, Eq, and hence \/KEC*[
have dense range, so that \/ITE; /T + T extends to an isometry with dense range, i.e.,
a unitary. For any x, y € Dom /T + T, we have that

(0, ¥)gc = (\/I+ Tx, EqE;VI + Ty)g{

Hence, by definition of the adjoint, for any y €e Dom+v/I+ T, EqE; VI+Tye
Dom+v/I+ T, and

VI+TEENT+Ty=y.
Hence, for any x = \/m_lg and y = \/m_lh,
(g (I+ T)’1h>ﬂ_f = (%, ¥)gc = (E;\/mx,E;\/Wy>g{
= (&EqE;h)f}c
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and we conclude, by the Riesz lemma for bounded sesquilinear forms, that

(I+T)™ = EqE;. -
Theorem 4.12 Let u, A be positive, finite, and regular Borel measures on 0D. Then
y << Aifand only if y <gg A

In this case, the co-embedding, E,, ; : Dom E,, ) ¢ H*(1) < H*(u) is closed, and its
domain is Z*-invariant. Both C[{] and 1 = \/ k, are cores for E p Eyap=pand
Euak. = k. for any p € C[{] or Szegs kernel k.. The self-adjoint and positive semi-
definite operator, Ty = E}, ) Ey, 3, is A-Toeplitz and

d
Tu=PeyMylwys  fi= ﬁ

in the quadratic form sense, i.e.,
(\/T,,p, ﬁ”q>H2(/1) - <M\/7P’M\/f q>L2(x\) ; v pq e ClLl.

Proof Necessity was established in Proposition 4.4 and sufficiency, in the case where
A is extreme, was proven in Proposition 4.6. To prove sufficiency in general, assume
that y <<gk A so that the intersection space int(y, 1) is dense in the space of y-Cauchy
transforms, 77" (u). Note that y <gg A if and only if g + A <gx A (and the same
is true for «). This follows from Aronszajn’s “sums of kernels” theorem as stated in
Section 2.2. By Lemma 4.5, e,43,1 int(p + A, A) € A7 (u + A) = (1) is a closed
embedding, E, 3,1 = ‘K;Me;M’A%\, is a closed co-embedding with 7y, =V k, and
Cl{]ascores,and T := Ty = E, a2 Eusaa 2 0is self-adjoint, positive semi-definite,
densely-defined, and A-Toeplitz.

By Remark 4.9 and Theorem 4.10 above, if E : L?( + A) < L?(A) is the contractive
co-embedding, and T := My, where f >0 A - a.e., f € L'(1) is the self-adjoint, posi-
tive semi-definite multiplication operator by the Radon-Nikodym derivative, f = %’
then (I+ T)’l = EE*. On the other hand, E := E a2 :DomE, ) € H*(M) =
H?(u + A) is closed and bounded below by 1, and so has a contractive inverse, namely,
for any h € #p or in C[{],

EEh=heH*()), and, EEh=heH*(u+\).
Hence,
EE|pomE = Iy |pomp>  and  EE|m(uin) = Luna-

Observe that the contractive co-embedding, E is necessarily injective and has dense
range, so that it has a closed, potentially unbounded inverse, E~!, which is densely-
defined. Since (I+ T)™' = EE*, we conclude that I+ T = E™*E~'. Hence, for any
p-q€C[¢] < H* (M),
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<\/1+T VI + f*q}

= (E’lp,ﬁ’lq)m(y”)

= <P>‘1)H2(y+A) = (Ep, Eq>H2(‘u+)L)

- (v v

(1)

H2(1)

This calculation shows that the “compression” of I + T to the intersection of its domain
with the subspace H?(1) is equal to T, in this quadratic form sense. In particular,
T-1>0 is the compression of T = My to H*(1), where f € L'(1) is the Radon-
Nikodym derivative of ¢ with respect to A. In conclusion, for any polynomials p, g,

[ p@a(OnE0) = (b D
(\/Tp, >H2(/1)
[invio

- (M\/fp’M\/fq)Lz(A)
- [ p©Oa(@)f(OM).

(P D)

L2(1)

As in the second proof of sufficiency of Theorem 4.1, this equality can be extended

to arbitrary g, h € C[{] + C[{], so that by Weierstraf3 approximation, y << A with
Radon-Nikodym derivative f > 0, f € L'(1). [

5 Lebesgue decomposition via reproducing kernels

By Theorem 4.12, our definition of reproducing kernel absolute continuity is equiv-
alent to the classical definition of absolute continuity for finite, positive, and regular
Borel measures on the complex unit circle. In particular, if 4 << A, it follows that the
intersection space of y and A-Cauchy transforms is dense in the space of y-Cauchy
transforms. Hence, if y = p,c + Y5 is the Lebesgue decomposition of y with respect
to A, then int(p 4., A) is dense in 2 (pq. ), and since p > pae, int(pae, A) € int(p, A).
Thatis, if yac # 0, it follows thatint(y, A) # {0} is not trivial. This raises several natural
questions: How can we identify the space of p,.-Cauchy transforms? Is int(p, 1) 7# :=
int(y, 1)~ Il equal to the space of Hac-Cauchy transforms? We will see that the answer
to the second question is positive if A is non-extreme, but that in general, int(y, A)™#
is not the space of Cauchy transforms of any positive measure (see Corollary 5.15 and
Example 5.17).

Theorem 5.1 If .4 is a RKHS in D that embeds contractively in J€*(u), then
M = A" (y) for a positive measure, y, y < y, if and only if e : M — H* (u) is such
that the positive semi-definite contraction 1 := ee” is V,-Toeplitz.

In this case, M = A (y) = %(e), and the complementary space of A" (y) in
S (u) is A (v), for a positive measure, v, where k¥ = k¥ — k¥ so that p =y + v.
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Proof First, if J€*(y)=.# c % (u) 1is contractively contained, then,
e: H*(y) = A (u) is trivially a (contractive) multiplier so that, as before,
e*k! = k!, and

e VH# =Vve*.
In conclusion,
VHE*ee* VH# = eV VVe* =ee” = 1.

Conversely, if 7=ee” is V¥-Toeplitz and contractive, then, as in the proof of
Theorem 4.1, T := € ee” ¢, is a contractive Z*-Toeplitz operator and we can appeal to
the Riesz—Markov theorem to show that thereis a y > 0, so that T = P2,y M¢|p2 (49>
where >0, |f|s <1 is the Radon-Nikodym derivative of y with respect to u.
Namely, one can define a linear functional, jir, on C[{] + C[{] c ¥ (JD), by

pr(p+q) = (1 TP>H2(,4) +(q, TI)HZ(,,) .

It is easy to check that ji is bounded and positive using the Fejér-Riesz theorem, as
in the proof of Theorem 4.1. The fact that T is a positive semi-definite Z#-Toeplitz
contraction ensures that fir extends to a bounded, positive linear functional on
%' (0D), and that it < i, so that jip = § for some finite, regular, and positive Borel
measure, y < i, by the Riesz—-Markov theorem.

By Theorem 2.4, the complementary space, Z°(e), of Z(e) = " (y) is a RKHS
in D with reproducing kernel k'(z, w) = k#(z,w) — k?(z,w) and it is contractively
contained in 7#* (u), by the inclusion theorem. Moreover, if j : Z°(e) = S (u) is
the contractive embedding, then it follows that jj* = I — ee® > 0is also a positive semi-
definite V¥#-Toeplitz contraction. Hence, by the first part of the proof, 7 = 7% (v)
for a positive measure, v. Finally, since k¥ = k¥ + k”, we obtain that y = y + v. [ ]

Lemma 5.2 Given any u,\, the intersection space int(u,A), is both V) and
V,,-co-invariant, and V) |ine(u1) = V;|int(ﬂ,)t)'

Proof This is immediate, by Lemma 3.4, since both V,/ and V' act as “backward
shifts” on power series. [ ]

Lemma 5.3 If A is non-extreme, then the intersection space, int(u, A), is V,,-reducing.
If A is extreme, then int(u,A) is V,-reducing (and Vj-reducing) if and only if
Vﬂ|int(f4,)t) = V)L|int(,u,)t)-

Proof ByLemma 3.4,if h € int(y, A), then V,h € 7" (u) and
(5.1 (Vuh)(z) =zh(z) + (V,h)(0)1 = (Vah)(z) - (Vah)(0)1+ (V,h)(0)1.

Hence, if ¢ := (V3 h)(0) - (V,h)(0) € C and A is non-extreme, then both V) h and
cl belong to J#*(A) so that V,h e 7 (1) n " (u) = int(u, A). Recall that A is
extreme if and only if J#* (1) does not contain the constant functions. Hence, if A
is extreme then int(y, A) will be V,-reducing if and only if (V, h)(0) = (V3 h)(0) for
all h € int(y, ). By Equation (5.1), this happens if and only if V,h = V) . ]
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Corollary5.4 If # < " (u) is a V,-reducing subspace, then .4 = 7 (y) for some
y < y. Moreover, M+ = A" (y") for some y >y 2 0so thaty +y' = p.

Proof Let P be the orthogonal projection of .7 (u) onto .#. Then if e: . # —
H* (u) is the isometric embedding, P = ee*. Hence,

V;ee*VM = V;PV# = V; VuP =P =ee’,

so that 7=ee* is V¥#-Toeplitz and .# = 7" (y) for some 0<y <y, and A+ =
A% (y"), by Theorem 5.1. u

Theorem 5.5 Let u,A >0 be finite, positive, and regular Borel measures on JD.
If the intersection space, int(u, L), is V¥-reducing and p = pac + ys is the Lebesgue
decomposition of u with respect to A, then

%+(/") = jf+(.“ﬂt) ®%+(.“5)‘
In this case,
A (ae) =int(p, M), and " (us) n (1) ={0}.

That is, Uac is the largest positive measure < y which is RK-ac with respect to A, and
is RK-singular with respect to A.

In particular, int(g, A) will be V¥#-reducing if A is non-extreme by Lemma 5.3.

Proof By Theorem 4.12, we have that int(p,, A) Cint(y, A) is dense in 2% (4 ).
Since we assume that int(y,A) is V,-reducing, its closure, int(y,1)7¥, is also
V,-reducing and then int(y,A)™ = #*(y) for some 0 <y <y by Corollary 5.4.
By construction y «<gg A so that y << A by Theorem 4.12. By maximality, y < pg,
and by construction int(y, A) € int(y, 1). However, we also have that int(p,,A) €
int(y,A) cint(y,A). Hence, ife : 7 (qc) = " (u) is the contractive embedding,
then e, restricted to the dense subspace int(ug., A) € F* (4. ) defines a contraction
into 7" (y), which is isometrically contained in 2" (u). It follows that e extends
by continuity to a contractive embedding of .7 (y,.) into % (y). Hence, by
Theorem 4.1, y4. < y and we conclude that p,. = y. ]

Corollary 5.6 Let u,A >0 be finite, positive, and regular Borel measures on oD. If
int(u,A) = {0} so that u Lgx A, then y L A. If int(u, A) is either V,, or V)-reducing
then y L A if and only if u Lrx A. In particular, if either y or A is non-extreme then
y L Aifand only if u Lrk A.

While the previous two results give quite a satisfactory description of the Lebesgue
decomposition of y with respect to A in terms of reproducing kernel theory in the case
where the intersection space, int(p, 1) is V¥-reducing, this is not generally the case,
as the next proposition and example show.

In the proposition statement below, recall the definition of the lattice operations
V,A on positive kernels and the definition of the isometries U, : H(K + k) —
HK)eH(k) and Up:H(KAk)=HK)nH(k)—>HK)®H(k) (see
Section 2.2).
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Proposition 5.7 If u+ A is extreme, then int(u,A) is V,-reducing. If u,A are both
extreme but y + A is non-extreme, then int(y, A) is nontrivial, but not V,-reducing and

int(u, ) 2 U \/(V,' @ Vi) UL
j=1

Lemma5.8 Let u, A > 0 be positive, finite, and regular Borel measures on o). Consider
the RKHSs of u, A, and p + A-Cauchy transforms in oD, 2" (u) = H(k*), 7+ (A) =
H(KY), and % (u+ L) = H(k* + k*). Then,

Uy Viir = Vu@ Uy
and Ran U, is V, ® V) -invariant so that Ran U, is V,, ® V co-invariant, and
U/\VI”|int(;4,A) =Ux V}L*|int(/4,it) = (V” @ VA)*U/\-

Moreover, we have that Vy|ine(u,2) = Valint(u.r) S0 that int(p, A) = H(k¥ A k*) is both
V, and V) -invariant if and only if Ran U, is V,, ® V) -invariant.

Proof The intertwining formulas are easily verified. The range of U, : 2" (u +
A) = A (u) ® H*(A)is V, ® V)-reducing if and only if, for any i @ —h € Ran U,,,
heint(u, 1),

Vihe-Vih=go-g,
for some g € int(y, A). Clearly, this happens if and only if V,|in¢(u,1) = Valint(u,1)- ™

Proof of Proposition 5.7 If A + y is extreme, then 77 (u + 1) = 7+ (u) + A+ (1)
does not contain the constant functions. Hence, both A and ¢ must also be extreme.
In this case, V), V), and V), are all unitary operators. We know that Ran U, is always
V. @ V) -invariant. On the other hand, since y + A is extreme, Vi1 is unitary, hence
surjective, and

A (u+ 1) = V(R kG,
so that
Ran U, = \/ (k! — k) @ (k} - k).
Hence,
(Vi ® Vi )Ran U, = \/ k{Z® k}Z  Ran U,,.

It follows that Ran U, is V, & V) -reducing, so that Ran U, = Ran Uy, is also reducing.
The previous lemma now implies that int(y, 1) is V,-reducing.

If, on the other hand, y, A are both extreme but y + A is not, then V¥, V* are both
unitary but V#*4 is not. Hence, since 1 1L Ran V#*4, 1€ 7+ (u + 1), we have that

U1 V¥e V'RanU,,
or, equivalently,

(V¥ @ VM*U,1 L Ran U,
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Since V* @ V* is unitary, it follows that
0+ (V¥® VY)*U,leRanU,,

so thatint(y, 1) # {0}. Since Ran Uy, is not V# @ V*-reducing, neither is Ran U,, and
hence int(y, A) is not V,-reducing by the previous lemma. [ ]

Example 5.9 (Lebesgue measure on the half circles) Let m_. be normalized Lebesgue
measure restricted to the upper and lower half-circles. Then m = m, + m_,and m, L
m_. Note that both m,, are extreme since ddrfn £ = yap,, where yq denotes the character-
istic function of a Borel set, £}, is not log-integrable (with respect to m). On the other
hand, m is non-extreme. By the previous proposition, int(m.,., m_) # {0} is nontrivial,
and yet m, 1 m_. If int(m.,, m_) contained a nontrivial V. := V" or V_:= V"--
reducing subspace, .#, then the closure, .#* or .#~ in the norms of 7* (m.. ) would
be a closed V, or V_-reducing subspace. In the first case, Corollary 5.4 would then
imply that .#* = 5% (y) for some 0 < y < m,. On the other hand, int(y, m_) 2 .# is
densein.Z* = 7" (y) so that y <«<gx m_. Since RK-absolute continuity is equivalent
to absolute continuity by Theorem 4.12, this contradicts the mutual singularity of m,
and m_. A symmetric argument shows that int(m., m_) cannot contain a nontrivial
V_-reducing subspace either.

Similarly, m = m, + m_ can be viewed as the Lebesgue decomposition of m with
respect to m,. In this case, int(m, m,) = 7" (m,) + {0} since m, < m. However,
int(m, m, ) cannot be S = V,,-reducing as then its closure, int(m, m, )™ would be a
closed, S-reducing subspace of H? = #*(m) and the shift has no nontrivial reducing
subspaces. (Hence this intersection space cannot contain any nontrivial S-reducing
subspace.) In fact, int(m,, m_) cannot (contractively) contain the space of y-Cauchy
transforms of any nonzero positive measure, y, as then y <<gg my and y <<gg m-_, so
that y << m,, m_ by Theorem 4.12 and y = 0 since m, and m_ are mutually singular.
Finally, we cannot have int(m, m, ) dense in H? either as this would imply that m <z
m. which would imply that m <« m, by Theorem 4.12.

We can calculate some vectors in int(m.,m_) more explicitly. By the proof of
Proposition 5.7, we have that V' @ VX U,1€ RanU,, and since Ran U, is always
V. @ V_ co-invariant,

int(m,,m_) 2 \/ V;7ks = \/ Vk;.
j=1

Here, 1= k{', where m = m, + m_, so that U,1 = kj & kj. Since the unitaries V
both act as backward shifts on power series, we can compute these elements of the
intersection space explicitly. First, the kernel vectors of 5+ (m.) at 0 are

k) -— [T—1 4s
O(Z)_Efo 1-zei®
O=m

1 )
= 1 i0 _
2mi og(e 2)

- L g1
C 2mi & z-1)’
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where log is the branch of the logarithm fixed by the choice of the argument function
taking values in [0, 27). Here, the branch cut is along the positive real axis, and

+1 21
Re 2 |Z|

= <0
z-1 |z-1

is strictly negative for any z € D so that this formula defines a holomorphic function
in D. (We know, of course, that kj must be holomorphic in I.) Since

1=ko(z) = k(z,0) =k"(2,0) + k™ (2,0) = k§ (2) + kg (2),

it follows that

1 z+1
52 k() =1-Kj(2) = 1- - log (2.
(5.2) 0(2) 0(2) i 08 -1
Also note that
1 1
- = —Ilog(-1),
2 i2nm og(-1)
so that 1 = k§ (0) = k5 (0).
Since V' act as backward shifts on power series, it follows that V*k§ = -V*kj, so
that

(Vo V_)"ky ®ky € RanU, = \/ he-h,

heint(my,m_)

as required.
5.1 Lebesgue decomposition of measures and their forms

As described in Remark 4.9 and Section 2.3, if y,A >0 are positive, finite, and
regular Borel measures on the unit circle, dID, then one can construct the Lebesgue
decomposition of y with respect to A by considering the densely-defined positive
quadratic form, g, : €' (D) x €' (dD) — 0, with dense form domain ¢’ (dD) ¢ L*(1),
the continuous functions on the unit circle. Namely, applying the Simon-Lebesgue
decomposition to g, viewed as a positive, densely-defined form in L*(1), one obtains,

Qu = Ausac T Auss>

where q,,;4 is an absolutely continuous (closeable) form and q; is a singular form and
MOTeOVer, (u;ac = quuc> s = qu,» Where i = pig. + i is the Lebesgue decomposition.

However, in this paper, since we wish to apply analytic and function theoretic
methods, we instead consider the positive quadratic Z*-Toeplitz form, q,,, associated
with y > 0, with dense form domain Dom g, = C[{] or Domq, = A(D), in H*(1) ¢
L*(M). Aswe will show, if g, = qac + q; is the Simon-Lebesgue form decomposition of
qu in H*(1), then one can define RKHSs of g, and g,-Cauchy transforms, 7 (qa.)
and 7 (q;). The goal of this subsection is to compare the Lebesgue decomposition
of u with respect to A with the Simon-Lebesgue decomposition of q,, in H*(1).

Let y, A > 0 be finite and regular Borel measures on JID. Consider the positive
quadratic form, ¢, with dense form domain, A(D) ¢ H*(1). Observe that F(q w) =
H?*(u+ 1) so that C[{] and #p are both dense sets in this space. Consider the
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Simon-Lebesgue decomposition, q, = qac + s, of q, in H?(1). By Theorem 4.8,
dac 2 0, is the largest closeable quadratic form bounded above by q,,. Since g4, < q,,
this implies that Domq, = A(ID) € Domq,,, and if qp = ¢, denotes the closure
of g4, then A(D) must be a form-core for the closed form ¢p by the maximality
statement in Theorem 4.8. We define H?(q,. ), H?(q;) as the Hilbert space completion
of the disk algebra, A(D), modulo vectors of zero length, with respect to the pre-
inner products, qqc, qs, respectively. Since 0 < ¢4, qs < g, we can define the contrac-
tive co-embeddings E,. : H*(y) = H*(q,c) and E; : H*(u) = H*(qs) by Eqca=a€
H?(q,.) and Esa = a € H*(y,). (Here, an element a € A(D) could be equal to 0 as
an element of H?(u), or as an element of the spaces H(q,. ), H*(q,). However, the
inequality 0 < qqac, g5 < gy, ensures that if a € A(D) is zero as an element of H*(u),
i.e., it vanishes y — a.e., then a = 0 as element of both H*(q,.) and H*(q;). A more
precise notation would be to let N, denote the subspace of all elements of A(ID) of
zero-length with respect to the q,.-pre-inner product so that equivalence classes of
the form a + N, a € A(D), are dense in H*(q,.). )

Observe that if 2 ¢ A(D) is any supremum-norm dense set, such as % = \/ k, or
C[{], then Z is dense in H*(u), and since the co-embedding E, : H*(¢) < H?*(qac)
is a contraction with dense range, Z will be dense in H*(q,.) and it will be similarly
dense in H?(q5).

Lemma5.10 Ifqp = qg is the closure of ¢, and 9 ¢ A(D) is supremum-norm dense,
then 9 is a core for \/D.

Proof Since Domq, = A(ID),and g, < q, is the largest closeable and positive semi-

definite quadratic form, A(DD) is a form-core for qp, and hence a core for v/D. Hence,
A(D) is dense in H(qp) = H(qac). Given any a € A(D), let x, € Z be a sequence
which converges to a in supremum-norm. Then

0 < fxu - a“?ﬁ(,l) +Qac(xn — a,x, — a)
< Joen = a”%—ﬂ(l) + [oen - “Hin(,,)

< lxn = al% (u(9D) +A(aD)) — .

This proves that Z is dense in the dense subspace A(D) ¢ fJ:C(q p), and hence Z is a
form-core for qp and a core for \/D. ]

Given any h € H*(q,.) or in H*(qs), we can now define the g, or qs-Cauchy
transform of h as before:

(Cach)(2) = qac(kz, h),
and similarly for ;. As in Lemmas 3.1 and 3.2, Cauchy transforms of elements of
H?(qq4c), H*(qs) are holomorphic in the unit disk, and if we equip the vector space of

qac-Cauchy transforms with the inner product

(Cgacx> (gacy>ac = qac(x’ )/)a
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we obtain a RKHS of analytic functions in the disk, .7* (q,. ) with reproducing kernel:
k) (z,w) = qac(kz» k).
Finally, since q, = qac + qs, 94 2 qac» g5 2 0, we obtain the following.

Proposition 5.11 The RKHS of q,. and qs-Cauchy transforms are contractively con-
tained in 7+ (u) = #*(q,) and k* = k(®9) + k* so that

A () = A (Qac) + A7 (45).
Moreover, ifeq. : 4 (Qac) = (1) and e are the contractive embeddings, then
Lyp+(u) = €acCy + €56 .
Proof To check the decomposition of the identity, it suffices to calculate

Kt (z,w) = k) (z,w) + k* (2, w)
= (K9 k() (kLK)

= (ezckg,ezck,ﬁ)ac + <e:kf,e:kff,)s

- (kf,(eacezc+ese:)kfv>y. .
Theorem 5.12  Let q, = qqac + | be the Simon-Lebesgue decomposition of the form q,,
with dense form domain A(D) in H*(1). Then,

S (Qac) = int(A)# = (A () 027 (1)) e
Ife:int(u,A) € 2% (u) = H*(A) is the closed embedding and qp = Q. then
D= (ffee*(fl,

Lemma 5.13 Let qy, q, be densely-defined, closed and positive semi-definite quadratic
forms in a separable, complex Hilbert space, H. Then q, < q if and only if q1(x, x) <
q2(x, x) for all x in a form-core for q5.

Proof (of Theorem 5.12) First, since q,. is closeable, q,, = qp for some closed, self-
adjoint operator B > 0. By construction, A(D) € Dom+/B, and C[{], #5 = \ k, and
A(D) are all cores for /B. Since B > 0 is closed, Dom B is also a core for \/B. It follows
that we can identify Dom B with a dense subspace of H*(q,, ). Namely, if x €¢ Dom B ¢
H?*()), we can find a, € A(D) so that a, - x in H*(1) and v/Ba, — V/Bx. Since
Tac = 3, it follows that (a,,) is a Cauchy sequence in H?(q,. ), and we can identify
x € Dom B with the limit, £, of this Cauchy sequence in the Hilbert space H*(qq ).
Finally, since Dom B is a core for \/B, for any a € A(D) € Dom /B, we can find x,, €
Dom B so that x,, - a and \/Bx,, - \/Ba and it follows that £, — a in H?(q,.), s0
that Dom B can be identified with a dense subspace of H*(q.).
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Furthermore, we can then define the ¢,.-Cauchy transform of any x € Dom B,
(Gacx)(2) = lim Gac ke, ax) = lim (V/Bk., V/Ba, )
nloo
= (\/Ekz, \/§x>
H%(})
= {kes Bx) oqa) = (61B)(2).

This proves that G,.x € 7" (1). Since Cpex € H(qac) € " (u), it follows that
%.cDom B C int(p, A). Moreover, since Dom B can be identified with a dense sub-
space of H?(qq.), it follows that €,.Dom B ¢ J#*(qa.) N (1) Cint(y, 1) is
dense in 72 (qq4c).

Now consider qp, where D = €} ee* @) and e : int(u,A) € A (u) = A" (1), as
in the theorem statement. By construction, .#f, is a core for /D, and it is also a
core for B, so that this set is a form-core for both qp = q,; and qp. It follows that
dp|s < qula is a positive closeable form so that by maximality and Lemma 5.13,

H2(1)

qp < qp in the form-sense. Also, by construction, *kl k” A, where k#7 is the
reproducing kernel for the closed subspace int(y, 1)~ i C % (u). Hence, for any
finite subset, {z1,...,2,} ¢ D, if we consider any finite linear combination of Szegd
kernels,

h= Zc,-kzi,
i=1

then
0< ZCTCjk‘unA(Z,‘,Zj)
=3 Gie; (kET ke
>c CJ( : j >/4
=qp(h,h) <qg(h, h)
= Z?qug(kz, kzl)
= > Cicjk" (zi, zj).
That is,

0< [kﬂm(zsz)]lsi,jsn = [qp(kz,,, kZ,')] < [qB(ka’ sz)] = [kac(zi’zf)]’

so that k#™ < k¢, and by Aronszajn’s inclusion theorem, int(u, 1)™* is contractively
contained in J#* (q,.) which is in turn contractively contained in J#* (u). Hence, if
e; is the first embedding into 57" (q,. ) and e; is the second embedding into 7+ (u),
the composite embedding, e = eye; :int(u,A)™# = J#*(u) is again a contractive
embedding and it must be isometric since int(y, A) ™ is a closed subspace of 7 (y).
It follows that e; must be an isometric embedding. Indeed, if there is a unit vector x
so that |e;x| < 1, then

L= |x] = lex| < flez]erx] <1

Similarly, e; must be isometric on the range of e;. On the other hand,
since int(quc,A) := (o) N (L) is dense in ¥ (qq:) and HF(qac) is
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contractively contained in J#*(y), we must have that int(q,.,A) Cint(y, 1) €
Rane;. Hence, by the previous argument, since int(qq., 1) € Rane; is dense in
A" (qac) and e, is isometric on the range of e;, e; : 4 (qac) = " (u) is also
an isometric inclusion. In conclusion, int(y, 1)™# and % (q,.) are both closed
subspaces of S (), int(u, A)™# is a closed subspace of 77 (q,.) and int(q,., 1) €
int(p, 1) is dense in 2" (q,. ) so thatint(u, A)™# = " (q,. ). It follows that qp = qp
on % so that by Lemma 5.13 and the uniqueness of representation of closed forms,
D=B. ]

Corollary 5.14  If u, A > 0 are finite, positive, and regular Borel measures on dD and
qy is the densely-defined positive quadratic form associated with y with form domain
A(D) € H*(A), then the space of u-Cauchy transforms decomposes as the orthogonal
direct sum,

%Jr(x“) = %Jr(ch) ea‘%er(qS)'
In particular, 7% (qs) nint(u, A) = {0}.

Proof By Proposition 5.11 and Theorem 4.8, we have that the identity operator on
" () decomposes as

* *
I, =eqce,. +eseg,

and S (q,c) = int(u, A)7* is a closed subspace of .77 (u) so that the contractive
embedding, e, : " (qac) = #7(u) is an isometry. Hence, P, := g€k, is an
orthogonal projection onto the range of e,. and hence P; =1 - P, = ese} is the
projection onto the orthogonal complement of Rane,. in .#* (u). It follows that e;
is also an isometric embedding and that we can identify 7 (q,.), 7" (qs) with the
ranges of these isometric embeddings so that

%+(H):%+(qac)®%+(qs)' u

Corollary 5.15  Let u, A be positive, finite, and regular Borel measures on the unit circle.
The Lebesgue decomposition of u with respect to A, y = pac + ps, coincides with the
Simon-Lebesgue decomposition of q, with form domain Domgq, = A(D) in H*(1),
Qu = Qac + s> in the sense that quc = q,,, and qs = q,, if and only if int(u,A) is
V¥ -reducing.

Remark 5.16 More generally, one can apply the methods of this section to construct
a Lebesgue decomposition for pairs of positive kernel functions k, K on the same set,
X, see Appendix A.

Example 5.17 (Lebesgue measure on the half-circles) As before, let m. denote
normalized Lebesgue measure restricted to the upper and lower half-circles. These
are mutually singular measures so that m, = m,; is the singular part of m, with
respect to m_, and yet by Example 5.9, int(m., m_) #+ {0}, so that q, = q,,, has a
Simon-Lebesgue decomposition q, = q,. + qs in H?(m_), where q,, is nontrivial, by
Theorem 5.12. Moreover, in this example, m_ is extreme, so that H*(m_) = L*(m_).
This means that while the quadratic form, q,,, associated with y, with dense form
domain, A(D) ¢ L*(m_) = H*(m_) has nonzero absolutely continuous part, if we
instead define the form domain of g, to be Domq, = ¢’ (dD), then, with this form
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domain, g, has vanishing absolutely continuous part (since the decompositions of
q, and u always coincide in this case, see Remark 4.9). This shows, that in dealing
with these unbounded positive quadratic Toeplitz forms, the choice of form domain
is crucial!

5.2 Lebesgue decomposition for arbitrary measures

The question remains: If 4, A > 0 are arbitrary, how can we construct the Lebesgue
decomposition of y with respect of A using reproducing kernel theory and their
spaces of Cauchy transforms? If A is non-extreme, or more generally if int(y, ) is
V,-reducing, Theorem 5.5 provides a satisfying answer. However, as Proposition 5.7,
Example 5.9, and Theorem 5.12 show, the intersection of the spaces of ¢ and A Cauchy
transforms cannot be reducing in general, and that there are examples of pairs of
positive measures y, A, for which int(y, 1) cannot be equal to, or even contain, the
space of Cauchy transforms of any nonzero positive measure.

By Theorem 4.12, we do know that if y = y, + ;s is the Legbesgue decomposition
of u with respect to A, that ;. <gk A so that int(g,, A) Cint(y, A) S int(p, 1)7# =
A" (qac)- The final result below provides an abstract characterization of the Lebesgue
decomposition for arbitrary pairs of positive measures.

Theorem 5.18 If u = pqc + Ys is the Lebesgue decomposition of y with respect to A
and q, = qac + qs is the Simon-Lebesgue form decomposition of q, in H*(1), then
Quuae < Qac- Moreover, 7" (pac) is the maximal RKHS, H(k), in D with the following
property: H(k) n s (1) cint(u, A) is dense in H(k), H(k) ¢ S (u) is contrac-
tively contained, and if e : H(k) — £ (u) is the contractive embedding, then ee* is
V,,-Toeplitz. Equivalently, q,,,, is the largest closeable Z*-Toeplitz form bounded above
by qu.

]\roreover, if e;:=ey, and e; =e,, then I, = eje] + eye;. Hence, we can identify
H* (Uac) with the operator-range space X (ey) and FE* (us) with Z(ey) = % (e1),
the complementary space of 7 (. ) in the sense of deBranges and Rovnyak and

A () = " (fac) + 7" (ps).
Proof This follows from the definition of q,., Theorems 2.4 and 5.1. [

Remark 5.19 1In the case where the complementary space decomposition of
S (u) = A (pac) + 7" (us), appearing in the above theorem statement, is not
an orthogonal direct sum, this yields a corresponding decomposition of the quadratic
form q,,

(5.3) Qu = Yuae + qus>

where q,,. < qac and q, = g4 + g5 is the Simon-Lebesgue decomposition of q,. In
this case, the decomposition of Equation (5.3) is an example of a “pseudo-orthogonal”
Lebesgue decomposition of , as recently defined and studied in [11].

The previous theorem is, while interesting, admittedly not very practical for
construction of the Lebesgue decomposition of ¢ with respect to A. A simpler, albeit
somewhat ad hoc, approach using our reproducing kernel methods is simply to “add
Lebesgue measure” Namely, if ;) is the absolutely continuous part of 4 with respect
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to A, then yaea = Hach4m — Pac;m and both A + m and m are non-extreme so that
Theorem 5.5 applies.

A Lebesgue decomposition of positive kernels

Let K be a fixed positive kernel function on a set, X. Given any other positive kernel, k,
on X, we can associate with it the densely-defined and positive semi-definite quadratic
form, qx : Dom q; x Dom q; — C, with dense form domain Dom ¢ := V ex K, in
H(K),

CIk(Kx, Ky) = k(x,y)

One can then apply B. Simon’s Lebesgue decomposition of positive quadratic forms
to qx. Such a Lebesgue decomposition of positive kernels was first considered in [12,
Section 7, Theorem 7.2]. The theorem below provides some more details about this
decomposition.

Theorem A.1 Let k,K be positive kernel functions on a set, X. If qy is the densely-
defined positive quadratic form of k in H(K), as defined above, with Simon-Lebesgue
form decomposition qy = (g + (s, then there are positive kernels, k*¢ and k* on X, so
that qac = Qrcac)> qs = qis> k = k*€ + k°, and

H(k) = H(k") @ H(K*).
Moreover, H(k) = int(k, K)™% := (H(k) n H(K)) "%, and if e:int(k,K) >
H(K) is the (closed) embedding, then zc = qeer.
In the above, int(k, K) := H (k) n H(K).

Proof Let h:=3", ¢;K,, be any finite linear combination of the kernels K,
{x;}7_, € X. Then, since g, < , we obtain that

> cicik(xix;j) = Y Cicjar(xi, x;)
= C[k(h, h) 2 qac(h, h) >0,

where
0 < qac(h,h) =) Cicjqac(Ky,» Ky, ).

It follows that

k*(x,y) = qac (K, Ky)’

defines a positive kernel function on X so that 0 < k¢ < k. Similarly, k*(x, y) :=
qs(Kx, K, ) defines a positive kernel function on X so that 0 < k* <k, and since
qk = Qac + g5, we obtain that k¢ + k° = k.

By definition, q,, is the largest closeable quadratic form bounded above by qy. In
particular, q,. = qp is the positive form of some densely-defined, self-adjoint, and
positive semi-definite operator D, so that %, := V,.x K, is a core for V/D. (Here,
V denotes non-closed linear span.) If e:int(k,K) < int(k, K)™* < 3 (K) is the
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densely-defined and closed embedding, let A := ee*. We claim that A = D. First, A > 0
is self-adjoint, hence closed, and since e is trivially a multiplier, we obtain that

qa(Kx, K,) = (e*Kx,e*Ky)k = (g, k;)k =k"(x, ),

where k" denotes the reproducing kernel of the subspace int(k, K)~* ¢ 3(k), the
closure of the intersection space, int(k, K) in H (k). In particular, since k} = Pk,
where Py, : (k) — int(k, K) ¥ is the orthogonal projection, it follows that k" < k,
and hence that q4 < qi. Since gl is closeable, it follows, by maximality of the
Simon-Lebesgue decomposition, that q4 < qp. This inequality implies that k" < k®¢
as positive kernels on X.

Now suppose that h € Dom D € H(K) and choose h, € #x =V ex Ky so that
h, — h and /Dh,, > v/Dh. (This can be done since Dom D is a core for /D.) If
hy = Z;”I"l ¢j(n)Ky,(n)»  finite linear combination, then note that

(Dh)(x) = lim 37 ¢;(n) VDK, VDK, )

=lim )" ¢;(n)k*(x,x;(n)) =lim g,(x),

where

gn = 2 e (k) € (k™) € 3 (k).

Moreover,

kee = 2 ci(n)ej(n)k™ (xi(n), xj(n))

i,j

= (VDhy, VDhy) — [VDhIZ,

so that the sequence (g,) ¢ H (k%) is uniformly bounded in norm. Since g,(x) —
(Dh)(x) pointwise in X, this and uniform boundedness imply that g, converges
weakly to the function Dh. Since Hilbert spaces are weakly closed, the function
Dh e H(k*) € H(k), and also Dh € H(K) so that Dh € int(k, K) € H(k"). Hence
Dh € H(k"¢) and

| gn

|DB|[zec = |VDh%.

Letjy : H(k") &> H(k*)andj, : H (k) = H(k) be the contractive embeddings.
Then j := j,j; : H(k™) = H(k) is the isometric embedding of the subspace H (k") ¢
H (k) into FH (k). It follows that j; must be isometric and j, must be isometric on the
range of j; in H(k?°).

We claim that Ran j; is dense in 3{(k“¢) so that j, and j, are both isometries. Define
alinear map, V : Zf¢ := V, ex k¢ - H(K) by

vk := VDK,,

and extending linearly. Since

(ke k5 ) e = K*“(x,9) = (VDK VDK, )
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it follows that V is an isometry and extends by continuity to an isometry from H(k“¢)
onto the closure of \/D.#5 in H(K), which we also denote by V. Since .#x is a core

for /D, V is onto Ran \/__H.”K in H(K). If there exists a g € H(k?°) orthogonal to
Ran D ¢ H(k“°), then choose a sequence g, = Z ci(n)kdS o) € H2¢ so that g, —
g and calculate, for any # € Dom D, that

= (g, Dh)ac = lim (gn>Dh)jac
'hmch(”)( x(n)’ )
=1im 3 c;(n) (Dh)(x;(n))

j

= lizn Z cj(n) (Kx}.(,,), Dh)K
j

= liim (Z cj(n)\/BKxj(n), \/Bh)
j K

= lirlln <Vg,,, \/Bh)K
- <Vg, \/Bh>1<

This proves that Vg € Ran \/B_‘H‘K is orthogonal to \/BDom D. However, Dom D is
a core for \/D, so that v/DDom D is dense in Ran \/D. This proves that Vg = 0, and
hence g = 0. In conclusion, Ran D ¢ Ranj; ¢ H(k“°) is dense in H{(k*¢) so that both
j1and j, are isometric embeddings. Thatis, H (k") embeds, as a closed, dense subspace
of H(k*¢), which embeds isometrically into (k) and we conclude that H (k") =
H(k*) sothat k™ = k** and qp = q4. By the uniqueness of Kato's Riesz representation
of closed, positive semi-definite forms, D = A as closed operators.

The fact that k = k¢ + k°, implies that if e, : H(k*®) — F(k) is the isometric
embedding and e H(k®) - J—C (k) is the contractive (and injective) embedding, that

I=e,cel, +eser. Hence esef = I - Py, so that H(k®) also embeds isometrically in
H(k) as the orthogonal complement of H (k). ]
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