
ON THE SUMMABILITY OF A CLASS O F THE 
DERIVED CONJUGATE SERIES O F A FOURIER SERIES 

N a r e n d r a K- Govil 

( r e c e i v e d D e c e m b e r 16, 1964) 

1. Let f(t) be i n t e g r a b l e L(-TT, TT) and p e r i o d i c with 
pe r iod 2TT, and let 

00 
1 

(1 .1) —a + S (a cos nt + b sin nt) 
2 o t n n 

1 

be i ts F o u r i e r s e r i e s . The s e r i e s 

00 

(1 .2) 2 n(b cos nt - a sin nt) , 
1 n 

obta ined by the t e r m by t e r m d i f fe ren t ia t ion of the s e r i e s ( 1 . 1), 
i s ca l l ed the Der ived F o u r i e r s e r i e s of (1 . 1). The s e r i e s 
conjugate to (1 . 2), 

00 oo 

( 1 . 3) - £ n(a cos nt + b sin nt) = - S L , 
A n n A n 

1 1 

i s ca l l ed the Der ived conjugate s e r i e s of the F o u r i e r s e r i e s of f . 

Suppose tha t ( A ) = ( \ ) is a t r i a n g u l a r m a t r i x (i. e. , 
n, k 

X = 0 for k > n + 1) which is r e g u l a r [cf. 1, page 4 3 , th. 2] . 
n , K 

If { s } deno te s the p a r t i a l sum of the s e r i e s ( 1 . 3), then the 
n 

( A ) t r a n s f o r m s { t } a r e given by 
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n 
t = 2 X s , 
n n , k k 

k = 1 

and the s equence { s } wi l l be sa id to be s u m m a b l e ( A ) to a 
n 

sum s, i f t - > s a s n - > o o . 
n 

The s u m m a b i l i t y ( A ) for the s e r i e s (1 .1 ) h a s b e e n 
c o n s i d e r e d by P e t e r s o n [2] . In t h i s p a p e r , we c o n s i d e r the 
s u m m a b i l i t y (A ) for the s e r i e s ( 1 . 3). 

2. We w r i t e 
* (t) 

4 (t) = f(x+t) + f(x-t) - 2f(x) , h(t) = - ^ — - d , 
x t 

w h e r e d = d(x) deno t e s the j u m p of f a t t = x . We p rove the 
following 

T H E O R E M : If 

(2 .1 ) (i) f ' h ( u ) ' du = o(log 1/t) a s t - * 0 ; J u 
t 

(ii) ( A ) is a r e g u l a r t r i a n g u l a r m a t r i x such tha t 

(a) S k ! o g k | X n f k - X J = O ( l o g n ) ; 
k=2 

(b) 2 X log k /-*-/log n ; 

k=z n , k 

then -> - — . 
log n TT 

The r e l a t i o n be tween the cond i t ions (2. 1) and the condi t ion 

t 
(2 .2 ) / | h ( u ) | du = o(t) 

o 

6 3 8 
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is brought out by the following 

t 

LEMMA: If f |h(u)|du = o(t) as t -> 0 , then 

o 

(2.3) f ' h ( u ) l du = o(Iog 1/t) as t -> 0 
J u 
t 

On the other hand, if / ' ' du = o(log 1/t) as t -> 0 then 
J u 
t 

t 

(2.4) J |h(u)|du = o(t log 1/t) as t -> 0 . 

o 

This lemma is known [3] with h replaced by ({> . 

3. Proof of the theorem. It is easy to see that 

k * 
L i = - f 4> (t) cos kt dt 

k TT J X 

TT 4> ( t ) 
— / . t c o s kt dt 
TT J t 

k 7 
- / { h(t) + d} t cos kt dt 
TT J 

O 

k / . . . d w 

- / th(t) cos kt dt + — f tk cos kt dt 
TT J TT J 

Integrating by parts, we get 
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d 1 - ( - l ) k d 
"Vv = " Î = - - w , s a y 

k IT k TT k 

N o w 

n n n 

n , , k , k k 
k = l k = l k = l 

1 TT n n 
= - f t h ( t ) 2 k c o s kt dt - - S con 

7T J TT k 
o k = l k = l 

TT n 

= - T t h ( t ) — { 2 s i n k t } dt - - ( l o g n + C + E ) 
TT J dt TT II 

o k = l 

( w h e r e C i s a c o n s t a n t a n d E -* 0 a s n -> oo) 
n 

= A f tHt)4- { c ° B t / 2 - c o B ( n + l / 2 ) t } 

TT J v dt l 2 s i n t / 2 J 

o 

- - ( l o g n + C + E ) . 
TT n 

Therefore 

_ ^ = _ L _ 2 x I f t h { t ) A { C Q B t / 2 - c o 8 ( k + l / 2 ) t 
l o g n t o g n n , k TT J dt 2 s i n t / 2 

k = l 

n n 
d 1 C d 

S X l o g k 2 X 
TT l o g n n , k l o g n TT n , k 

k = l k = l 

d c n 

S \ E 
TT l o g n n, k k 

( 3 . 1 ) = J + J + J + J s a y . 
1 2 3 4 
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E b e i n g a n u l l s e q u e n c e , 

( 3 . 2 ) | J 4 | = o ( l ) 

N e x t , 

' 3 l o g n IT n , k ' 

l o g n 

( 3 . 3 ) = o ( l ) . 

S i n c e by h y p o t h e s i s S X l o g k ^ l og n , 

k = i n , k 

( 3 . 4 ) J , - " - -
L TT 

N o w w e c o n s i d e r 

| j I = l - X . J x 1 / t h ( t ) ^ - {
c o s t / 2 - c o s ( k + 1 / 2 ) t } d t 

1 1 ' ' l o g n , n , k tr •> V dt X 2 s i n t / 2 ' l 0 g - k = l 

< I 1 v > ! r 1 / k * w ^ d f c o s t / 2 - c o s ( k + l / 2 ) t V l t , 
- ' ï o l i r ^ X n , k ^ / t h ( t ) i F { T s T n l T I } d t | 

k = l o 

1 1 r d c o s t / 2 - c o s ( k + l / 2 ) t 
S X , - / t h t — { f——: fz — - } d t 

n . k TT w/ v ' Ht l ?. sin t / ?. J ' l o g n n n , k TT J dt 2 s i n t / 2 
k = l 1 / k 

n n 
1 2 X v R | + 1 - 4 - S X ,_ <D | , say 

l o g n n , k k l o g n n , k k 

IV U, 
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On i n t e g r a t i n g by p a r t s and applying the condi t ion ( 2 . 4 ) , 
which i s impl i ed by (2. 1), it i s e a s y to see tha t 

| P J = o(log k) . 

T h e r e f o r e 
n 

11, | = o ( — i — S | \ | l o g k ) 
1 log n l ' n , k k = l 

- o ( l ) • 

Next 

H J = \-±— I X 1 f t h ( t ) f { c o s t / Z : c o s ( k + l / 2 ) t 
1 2 ' ' log n , J n , k TT J #l dt l 2 sin t / 2 J ' 

k = l 1/k 

<\r±- 2 X ± / t h ( t ) c o s t / 2 { C O S t / 2 - C O S ( k
?

+ 1 / 2 ) t } d t | 
- l o 8 n

 k = 1
 n ' k - i / k ( 2 s in t / 2 ) 2 

x I 1 v x * f* t M ^ ? • i " l / 2 s i n t / 2 - ( k + l / 2 ) s i n ( k + l / 2 
+ S X — / t h(t) 2 s m t / 2 

• l o g n k = 1 n . k u J / k ( 2 s . n t / 2 ) 2 

= I l 2 ) 1 l + | I 2 > 2 I • « a y . 

Applying condi t ion (2 .1) of the h y p o t h e s i s , it i s e a s y to see tha t 

(3 .6 ) | l 2 j[\ = o ( l ) 

Now 

I1? 9 I <ll S X V - / t h ( t ) d t | 
1 2 , 2 ' — log n n, k IT J ' k = l 1/k 

TT 
1 ^ . 1 r , , . ( k + 1/2) s in ( k + l / 2 ) t 

+ Il S X - / t h ( t ) 
log n n , k TT •/ _ , « .. 2 s in t / 2 

k = l 1/k 

dt 

A42 
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r I + i" 
1 2 , 2 ' ' 2 , 2 

Using (2. 1), we get 

(3-7) | I ^ 2 I = o( l ) 

F ina l ly 

ijy J = ir1— s x v 1 / t h ( t ) 

' 2 , 2 ' ' log n n j n , k ÏÏ 

k = l J. ,, 

(k-f 1/2) s in (kf l / 2 ) t 
2 sin t / 2 

dt 

i l il 

IT^~
 S X

 t - / t h(t) 1 [ K ( t ) - K- , (t)] dt[ ,. 
log n , n, k TT J 2 sin t / 2 k k -1 ' 

1/k 
k = l 

w h e r e 

|K ( t ) | = I S < v + 1/2) s in ( v + l / 2 ) t | < — in (-± , TT) 
k — t k 

v = l 

A l so 

I" | < — — I 2 (X - X ) i f 0
 t h ( t ' K ( t ) d t l 

2 , 2 ' - log n ' , n , k n, k + l ' TT ••' 2 sin t / 2 kV ' k = l 1/k 

1 
1 / 
-rr J 

l / ( k - l ) 
t h(t) 

, 2 X - / - ^ : f 1 1 ~ r Kn (t) dt j 
log n ' , n, k TT J' 2 s m t / 2 k 

k = l 1/k 

l ^ . z . i 1 + l ^ z . z ' ' s a y 

But 

K. — l 

ik / M i l * n-k+1 '{/k * 
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! n 

o( S | X - X Ik log k) 
log n ' n , k n . k + 1 1 8 

(3.8) = o( l ) , 

and 

l / ( k - l ) 
f 

k = l " ' " " 1/k l r ,2.2.2l = °lT^T * I V J U 

1 

w h e r e 

= 0 [ - S | X | T J , s ay , 
Llog n ' n, k1 k 

k = l 

l / ( k - l ) , . 

T = k f JMÎIL dt 
k * 1/k 

By us ing (2. 1) we get 

T h e r e f o r e 

1*2 

| T k | = o( l ) • 

, J = o(—î— ) 
, 2 , 2 ' log n 

(3 .9 ) = o ( l ) 

Combin ing (3 . 8) and (3. 9) we get 

(3-10) 11» 2 | = o ( l ) , 

and combin ing (3. 7) and (3. 10) we get 

(3 .11) | I 2 2 | = o( l ) , 

which on combina t ion wi th (3. 6) g ives 
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(3.12) | I 2 | = o(l) . 

Combining (3. 2), (3. 3), (3. 4), (3. 5) and (3. 12) completes the 
proof. 

1 
In part icular if we choose X = for k < n and zero 

n ,k n+1 -
for k > n, the (A) method of summabitity reduces to (C, 1) 
method of summability. Also, this choice of (X ) satisfies 

n, k 
all the conditions imposed on the mat r ix in our theorem and 
with this choice our theorem reduces to a theorem due to 
Mohanty and Nanda [4]. 

I am thankful to Dr. G. M. Peterson for his kind 
encouragement. 
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