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1

In a paper [1] with the same title Barnes has shown that if Q(x,y,z) is an
indefinite ternary quadratic form of determinant d # 0 then there exist integers
X15 V15215 X250, 23 Satisfying

X1 Y1z
11D Xy Y, 2o | = #1
X3 V3 Z3
for which
(1.2) - %|d| S 0(x1, ¥1,20)Q(X2, Y2, 22)Q(X3, V3, 23) S %'dl

Furthermore, unless Q is equivalent to a multiple of
0:4(x,y,2) = x> + xp + y* - 22

or two other forms Q,, Q, then the constant £ in (1.2) can be replaced by 1/2.2.
For Q, equality is needed on at least one side of (1.2) while for Q,, O the constant
% can be reduced to 12/25 but no further.

As equality is not needed on both sides of (1.2) the question arises as to how
small the constant on one side can be while keeping the constant at the other
side as . The purpose of this paper is to show that one side can be altered to 0
without invalidating (1.2). The precise result obtained is

THEOREM 1. Let Q be an indefinite ternary quadratic form of determinant
d # 0. Then there exist integers x,,---,z5 satisfying (1.1) for which

(1'3) 0 é Q(xlaylazl)Q(XZay27ZZ)Q(x3,y3’ 23) é §|d|'
Furthermore the constant % can be improved to ++%% = -616--- unless Q is
equivalent to a multiple of Q, which requires %.
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It will be noted that, as for the symmetric case, much more can be proved
in the case m(Q) = 0, where m(Q) denotes the lower bound of |Q(x, A z)| for
integral (x, y,z) # (0,0,0). In fact we have

THEOREM 2. Let Q be an indefinite ternary quadratic form of non zero de-
terminant with m(Q) = 0 Then M .(Q) = 0, where M .(Q) denotes the infimum
of the non negative values of

Q0x1, Y15 21)Q(x25 V2, 22)Q(X3, V35 23)

taken over all sets of integers xy,-+-,z3 satisfying (1.1).

In the proof of theorems 1 and 2 we use the following lemmas.

LEMMA 1. Let ¢(x,y) be a binary quadratic form of discriminant D >0
and suppose ¢ is not equivalent to a multiple of either of the forms x> + xy — y?,
x2 — 3y%. Then there exist integers x,¥,u,v with ixv - yul = 1 for which

1333
| 6(x, »),0)| < g7 D

LeEMMA 2. Let k > 4 be a real number. Then for any real number x, there
exists an integer x for which

[1 ify <k<?

k—1 if2 k<23
|(x_xo)2 _kl = <
[ 13 if 23 < k<33
(k—H? for any k> 1
LEMMA 3. Let f(x,y,2z) = (x + Ay + uz)* — ¢(y,z) be an indefinite ternary

quadratic form of non-zero determinant with m(f) 21 —¢. Let ¢(p,q) = k
where p, q are relatively prime integers. Then either

k< —-3+e,ork=3 o0rk=2, or k=221(1-¢?

Further, if k = 3 or 2 then f(x,py, qV) is equivalent to x* 4+ xy — y* or x* — 2y?
respectively.

LEMMA 4. Let ¢(x,y) be an indefinite binary quadratic form of discrimi-
nant D > 0 which does not represent zero. Suppose that ¢(x,y) is not equivalent
to a multiple of x* + xy — y*. Then there exists a form ax® + bxy + cy? equiv-
alent to ¢(x,y) for which — %D < ac <0 unless ¢ is equivalent to a multiple
of x? — 3y* when ¢ is equivalent to a form ax* + bxy + cy® with ac = — i D.

LEMMA S. Let ¢(x, y) be an indefinite quadratic form of discriminant D > 0
which does not represent zero. Suppose that ¢(x, y) is not equivalent to a multiple
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390 R. T. Worley {31
of x* + kxy — y? for k = 1,2,3 or 4. Then there exists a form ax* + bxy + cy*
equivalent to ¢(x,y) for which 0 < ac < 555 D.
LEMMA 6. Let a, A, u be real numbers with a > 1 and set
F(x)=(x+2M)*—a,F(x)=(x+p’*—a.

Then it is possible to find integers xy, - -, x4 such that
(1.3) 0 = F(x)F(x2) < o(a) .
(L4) ~ p(@) £ Fy(xs)Fy(xg) < 0
where o(a) and p(a) are defined as follows. Set A = 2,/a and let n be the integer
such thatn—1 <A < n. Let

o(a) = Temin {(n* — A?)?, (A® — (n - 2)*)},

0x(a) = Fsmin {(n? — AP)(n + 1)? - AY),

(A% — (n = )’)A% — (n - 2)*)},

a3(a) = T6(A* — (n = 1*)?,

pi(a) = 5(n® — A’)(A? — (n = 2)%),

pa@) = Tsl(n + 1)> = A*)A? ~ (n — 1)?).
Then

o(a) = max(c,(a), 0,(a), o5(a)), and

pa) = max(p,(a), py(a)).

LemMMA 7. Let a > 2. Then if a(a), p(a) are defined as in lemma 6 we have
a~%o(a) < 18/49
a~’p(a) < 9/16

LeEMMA 8. Let ¢(y,z) be a non-zero indefinite binary quadratic form of
discriminant D > 0. Let p be a real number satisfying 0 <p < 1. Then ¢ is
equivalent to a form ay* + byz + cz* where either

(i) ay* + byz + cz? is reduced* and a = p\/D, or

(i) 0<a<pyD, p/D<c<oyD
where o = 2p + /(1 + 4p?).

Of these lemmas, only the last three need to be proved here, as the first four
are to be found in the paper of Barnes mentioned earlier, while the fifth is a par-
tial restatement of the work of Barnes [2].

* See e.g. L.E. Dickson {3] p. 80. A form ax2 + bxy + cy2 witha > 0Oisreduced if b > 0,
c<0and0 < A—b<2|c] <A-+bwhereA = /(b2 — 4ac).
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(4] Ternary quadratic forms
PrOOF OF LEMMA 6. Tt is clear that we may take (1| < 4 and (p.\ <1, in-
deed by changing the sign of x if necessary we may take 0 < 1 < 3,0 <1,
We assume first that n is even. From the definition of n we have
0 < F,(3n) < H(n + 1)* ~AY),
—$A*-(n-2*) S F3n-1) <0
—HA? = (n—1)%) S Fy(—n) £ 3(n’* — A
and similarly for F,. We consider three cases
(—4n) both positive. In this case
- 2)%%

(@) Fi(—4m), Fu(—
0<F,Gn—DF,(dn—1) £ 7(A* — (n
0 < Fy(— 3n)F,(~ in) < T5(n* — A?), and
- 75(n* = M)A — (n = 2))) £ Fy(= im)F,(4n — 1) <0
(b) Fi(—3n), F(— in) of opposite sign or at least one zero. We assume
F,(— 4n) £ 0 without loss of generality. Then either F,(— 4n)F,(—3n) =0 or
0 = F(—imF(n — 1) £ 76(A% — (n = )*)A* — (n — 2)),
0 < Fi(— imF,(in) < 16(n® — A%)((n + 1)* -
— 16(n? = A’)(A* — (n = 1)®) £ F,(— n)F,
in), F,(— in) both negative. In this case

(© Fi(—1in),
0 < Fy(— ImF(— in) < 75(A” = (n — 1)?)* and

1
A% A — (n - 1)®) £ Fy(- InF(3n) <0
x, satisfying (1.3)

A?), and
im) £ 0.

~ fl(n + 1)? -

Clearly in each case it is possible to choose integers x,,
2 I—u

and (1.4).
If n is odd we repeat the above analysis with 4, u replaced by % — 4,
-+, X4 satisfying
w)? — a} < o(a),

respectively to obtain integers x,,
D+ G =07~ a{(=(xz +4) +(

Oé{(—(xl +3

and
~ @S~ s+ D+ G =2 —aH(- Ca+ D+ G- W' —a} SO

which are, in fact, (1.3) and (1.4)

PRrOOF OF LEMMA 7. 1t should first be observed that n = 3 since a > 2, and
that n > 4 for a > 2.25. We consider o, 0,,06;, and p separately
(@) For2 < a £ 2.25we havea~%0,(a) = A~*(n* — A*)? £ 4. Fora > 225

it is easily verified that
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392 R. T. Worley [5]
a~%0,(a) = A YA —(n =2 £ 4n—1)(n* —2n+2)"?

for (n —1)? <A’ (n~1°+1, and
a 2ca) = A*(n* — A*)? £ 4(n— 1)*)(n* = 2n + 2)~2

for (n — 1) +1 < A2 < n% As (n — 1)2 < A? £ n? from the definition of n, as
n = 4, and as the right hand side of the above two inequalities increases with n
we clearly have a~2c,(a) < 36/100.

(b) In a similar manner we have
a 20,(a) =AY A —(n —2)HA - (n—DH L 3n(n - D(n* —n+ 1?2
for A2<n?—n+1, and
a~20,(a) = A~*(n + 1)> — A®)(n? — A?) < 3n(n — 1)(n? —n+1)7?

for A>>n*—n+1. Thus, since n 23 we clearly obtain the inequality
a~?c,(a) < 18/49.

(¢) Similarly
a~?0y(@) = AT4A? ~ (n = 1))’ = n7¥n? — (n = 1))’
since n — 1 < A £ n. Hence a~2g4(a) < 25/81 since n 2 3.
Thus we have
a~20(a) < max(1/64, 36/100, 18/49, 25/81) = 18/49.
(d) It is simple to verify that
a™*(py(a) = py(@)) = A~*(2n — 1)((2n* — 2n — 1) — 2A%).
Thus for A2 £ n? — n— 1 we have
a=?p(a) = a=?py(a) = (n*A2 = 1)1 — (n = 2)*A7?).

Treating A% as a variable satisfying (n — 1)> < A2 < n? — n — } it is easily checked
that the right hand side of the above equation is always less than the value at
A* = (n — 1)?, the expression being decreasing in the allowable range. Thus

a=2p(a) < (2n — 1D2n = 3)n — 1)~* < 35/81
since n2 —n—4 = A? > 8 implies that n = 4. For A> > n? — n + } we have
a=’pla) = A~*(n + 1)* = AH(A* - (n — 1)),

and analysis shows this to have a maximum of 4n%(n®—1)-2 when
A? = (n®> — 1)*/(n* +1). Since n = 3 it follows that a~?p(a) £ 9/16. Thus
for both ranges of A% we have a~2p(a) < 9/16, as desired.
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PROOF OF LEMMA 8. Let ay® + byz + cz? be a reduced form equivalent to ¢
with a > 0. We assume a < p\/D for otherwise (i) is valid. The reduction condi-
tions imply that a + b + ¢ > 0 and so in the equivalent form

ay* +(b+2a)yz+(@+b+c)z2=ay®>+ b'yz+c'z?

we have ¢’ >0. Plainly ¢’ <a+b<(p+1)/D<a/D, so either this form
satisfies (1i) or ¢’ < p\/ D. In the latter case we have in the equivalent form

ay? + (b’ +2a)yz+(a+ b +¢)z? = ay* + b"yz + ¢"z?
that ¢” > b’ > ((b')* — 4ac’)* = /D > p,/D, and

"=a+D+4dac’ +c S (p+(1+4pDt+p)yD =0oyD.
In this case we have found a form for which (ii) holds.

It will be noted that if k is a positive integer and p = (k? + 4k)~* then the
form x? + kxy — ky® takes no positive values between 1 = p/Dand k + 4 = o,/ D.
For related work consult [4].

2

THE PROOF OF THEOREM 2. If the lower bound m(Q) = 0 is attained then there
exist relatively prime integers x,,y,,zy, such that Q(x,,y;,z;) = 0. Choosing
integers x,, ---, z5 to satisfy (1.1) it is clear that M ,(Q) = 0. We therefore assume
m(Q) = 0 is not attained, when by a result of Oppenheim [5] Q takes arbitrarily
small values of either sign. Considering — Q if necessary we may assume that @
has signature 1 and that Q takes arbitrarily small positive values. Then for arbit-
rarily small g, < & | d |* where d = det(Q) we can choose relatively prime integers
Xo, Yo, Zo such that Q(xg, yo, zo) = &> where 0 < &2 < g,. Indeed we may assume
Q(1,0,0) = &2 on applying a suitable integral unimodular transformation. We
write

O(x,y,2) = &(x + 2y + pz)* — ¢(y,2)
where ¢ is an indefinite binary quadratic form, and set
¢ = ay? + byz + cz?,
D = b®> —dac = 4de~ 2.

We suppose firstly that ¢ represents zero. By means of a suitable transforma-
tion we may take ¢ = + ./Dyz + cz?, and after a further transformation of the
type y =y + pz, z = z which replaces ¢ by ¢ + p,/D we may assume /D < ¢
< 2,/D. The inequalities on ¢, ¢ and ¢, ensure ¢ > &%, so we can choose integers
X3, X3 to satisfy

el Je<xy+u<2elye, s7 ye— 1 Sxj+pu<elye

https://doi.org/10.1017/51446788700029062 Published online by Cambridge University Press


https://doi.org/10.1017/S1446788700029062

394 R.T. Worley 7
respectively. Hence
M, (Q) < Q(1,0,000(0, 1, 0)Q(x3, 0, 1) < &* - }e2 - {e*(2e™\/¢)* — ¢} = }e*3c.
Thus as ec is bounded above independently of £ we have M, (0Q) < &3. Similarly
M.(—Q) = — 0(1,0,0)0(0, 1, 0)Q(x3, 0, 1)
< &2 - det{e —eMem e — 12} = de*(Qeyc — &)
Hence M, (— Q) < &°/2.

We now suppose ¢ does not represent zero. By lemma 8 we may assume ¢
to be such that either

() YD sas D, —/D<c<0, or

(ii) 0 <a < {5¢D, f5vD £ e <5D.
In the first case we have a > ¢* and choosing x,, x5, x; to satisfy

elJa<x,+AiZ e ja+l, e Ja—1 Exh+i<e /g, |x3 + ,ul <3

respectively we have

M (Q) £ 0(1,0,000(x,, 1,000(xs, 0, 1) < &% 8226~ Ja + 1)(de* + | c]).
Thus M, (Q) < ¢ as Ja <& and ]cl < &1, Similarly

M (- Q) < 0(1,0,000(x3, 1,0)0(x3, 0, 1) < &".

In the second case we can choose x, to make Q(x,, 1,0) positive and < &*
and x5 to make Q(x;, 0, 1) of either sign such that |Q(x3, 0, 1)| <¢*, and so
both M, (Q) <&* and M (— Q) < &3,

Hence in all cases we have M . (Q) < e and M, (— Q) <¢. Since ¢> 0 can
be made arbitrarily small we therefore have M, (Q) = 0 and M, (— Q) = 0.

3

We now examine the special form Q;. For this form Barnes has shown
that the product

3.1 Q1(x1,¥1,200Q1(x2, V2, 22)Q1(X3, ¥3, 23)

is at least 1 = % | dl in absolute value for integers x, ---, z; satisfying (1.1). Since
0.1,0,00=1,040,1,0=1,0,1,1,1) =1and Q,(1,0,1) = — 1t is clear
that (3.1) can be made both +1 and —1. Thus M, (@) =1 = %[d[ and
M (-0)=1= %ldl
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4

THE PrROOF OF THEOREM 1. We may suppose that Q is an indefinite ternary
quadratic form of determinant d # 0 and that m(Q) # 0. In fact, since
|d |‘ M. (0),|d |‘1M +(— Q) are unchanged on multiplying Q by a positive con-
stant and interchanged on multiplying by a negative constant we may take m_.(Q)
= m(Q) = 1 where m (Q) is the lower bound of non-negative values of Q. Then
for any sufficiently small gy, 0 < g, < 1 there exists ¢, 0 < ¢ < ¢, and relatively
prime integers X, Yo, Zo such that Q(x,, y¢, zo) = 1/(1 — &). After applying a suit-
able integral unimodular transformation we may suppose (X, Vo, Zo) = (1,0, 0)
and set

fGoy,2) = (1= Q(x, y,2) = (x + 2y + pz2)* — ¢(y. 2),
where ¢(y,z) = ay? + byz + cz? has discriminant
D =b>—4dac= —4d(1 —¢)® = — 4d,.

We discuss the cases ¢ indefinite, ¢ definite, separately, and show that if f is not
a multiple of Q, then both |d, |~'M.(f) <k and |d,|~'M.(—f) <k, where
k=342 =-616---.

Suppose firstly that ¢ is indefinite. In this case we assume that f does not
take the value — 1, since if it did we could replace f by — f of the desired shape
with ¢ definite and apply the argument to be used later. By lemma 3, therefore,

¢ takes no values in (— 2 + ¢, 2.21(1 —¢)?), and lemma 4 gives four possibilities
to discuss.

(a) ¢(y,z) is equivalent to a multiple of y* + yz — z>. We may take this
multiple to be positive since ¢ is equivalent to its negative, and write

f(x,3,2) = (x + Ay + p2)* — a(y* + yz — 2%)
where a = 2.21(1 — ¢)°. In this case
f(1,0,0)f(x2,1,0)f(x3, 1, 1) = {(x, + 1)* — a}{(x; + A + p)* — a}

and so by lemma 6 we have M.(f) < a(a), M.(—f) < p(a). Since |d,| = ja*
we have, by lemma 7, that

M.(f) £ 75 |di], Mo(=f) £ F5|d; ]|

provided ¢, is sufficiently small.
(b) ¢(y,z) is equivalent to a positive multiple of y* — 3z2. We write

f(x,9,2) = (x + iy + pz)* — a(y* — 32%)
where a = 2.21(1 — €)% In this case

F(1,0,0)f(x3,1,0)f(x3,2,1) = {(x + })* — a}{(x + 24 + p)* — a)}
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and the argument of (a) shows that M. (f) < 35| d; |, M.(—f) S 15| d, | since
|d,| = 3a’.

(©) ¢(y,2) is equivalent to a negative multiple of y*> — 3z>. We write, since
y2 =322 ~ —Q2y? 4+ 2yz — 2?),

f(x,9,2) = (x + 2y + uz)* ~ a(2y? + 2yz — z%)

where a = 1 - 105. By lemmas 4 and S, since f does not take the value — 1, we
have the existence of integers x,.x},yy, ¥i, X2, ++, V3, for which

ile’Z - xz)’1l = |xiy;_ xz,VILI =1
such that

731

0 <.f(xls yl’O)f(xbyZaO) = 3965 8a

1 ’ ’ g ’ ’
- 6 : 8(1 é f(xn,Vl»O)f(xz,}’z,O) < 0
Choosing x; that 0 < f(x,,0,1) < + + a we find that

and

|d, |~ 1M+(f)_3793él5 %(;%+a)<-603
and
|dy |~ "M (- f)_6 3(:t+a)< 55.

(d) ¢ is equivalent to a form ax? + bxy + cy? with —3d, £ ac<0. In
this case we take a >0, ¢ <0 and

= (x + Ay + uz)* — (ay* + byz + cz?).

Choosing x5 such that ’x3 + u| < } and x,,---, y3 is a similar way to that used
in (c) we find that
731

|dy |7 M) £ 352

“da{lc|+4}|d |7
|d["'M.(~f) £ —6-4a{|ci+i}id1.‘l.
Thus as |d,|~' < 5/8a|c| and |c| 2  we find that

|dy|='M (f) < 1462/2379 and |d,|"'M(—f) <56

Hence in each of the four possible cases we find that both |d1 I"M +(f) and
|dy|~'M_.(—f) are bounded above by 1462/2379.

Suppose now that ¢ is positive definite, in which case we may take ¢ to be
the reduced form of its class satisfying

0§b§a§c,ac§_§lD|.

We suppose, for the present, that in addition f(x, y, 0) is not equivalent to a mul-

https://doi.org/10.1017/51446788700029062 Published online by Cambridge University Press


https://doi.org/10.1017/S1446788700029062

[10] Ternary quadratic forms 397

tiple of any of
x? = 5/2y% x* + kxy —y* (k=1,2,3 or 4).

By lemma 3 we have a = 2 and so ¢ 2 2. We choose x5 such that

c—1; 2=Zc¢=<2}

lf(x3,0 1)| =l e=HF =21,

We then choose x;,Xx},- -, )3 in a way similar to that used in (¢) above to deduce
that M_(f) and M .(— f) are bounded above
731

731
¢ + >
by 35gs4a(c — 1) for 2 < ¢ < 2} and by 3gczda(e — ) for ¢ 2 24.

Since ac = 4/3|d1| we have |d1 |‘1M+(f) and |d1 |‘1M+(—f) bounded above

731 16(1__)for2<c<2»§andb EL lﬁ(_——)%forc>2l
39653\ ¢ 3965 3 \c 4c?

For the ranges of ¢ considered both expressions are a maximum at ¢ = 2% and
these maxima are both ;521 -'¢ < 3/5. Hence to complete the proof of the
theorem it remains to consider the previously excluded possibilities for f(x, y,0).
Since each of the excluded forms is equivalent 1o its negative we may consider the

multiple to be positive.

Case 1. Suppose f(x,y,0) is equivalent to a multiple of x* —$y?, that is
(x + Ay)* — ay® ~ k(x* — $y%).

The lower bound of values of the left side lies between 1 and 1 — ¢, while for the
right side it is k. Thus 1 — ¢ < k < 1. The right side when multiplied by 2k~!
has integral coefficients, so from the left side 2k~*, 4k~14, and 2k~!(4% — a) are
each integral. Hence k = 1, while 41 and 2(A* — a) are integral. Comparing dis-
criminants gives a = §, so 242 is integral. As we may take |/1| < 1 without loss
of generality we have 4 = 0. Thus

f(X,y,Z) = (X +HZ)2 ‘(%)’2 + byZ + CZZ)
where
0sb=s3=e,

z Fe.
Now (x + uz)? — cz? is not equivalent to a multiple of x* + xz — z% as ¢ = 3,
s0 by lemma 1 there exist x,,x,,2z,, 2, With lezz - x221| =1 and
f(xl’o’ zl)f(xZ, 0’ 22) é 3C/5 .

By taking f(1, 1,0) = 3/2 or f(2, 1,0) = — 3/2 as necessary we find that M _(f),
M ,(— f) are bounded above by T5c. Hence as ¢ £ % |d, | we have |d,|~'M . (f),
|dy|~*M.(—f) both bounded above by 12/25.
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Case II. Suppose f(x, y,0) is equivalent to a multiple of x*> + xy — y>.
Arguing as in the previous case we may take

f(x,9,2) = (x + 3y + pz)* ~ (3p* + byz + cz?)
with

0<bs54=e, |D|;125—c.

Barnes [1] has shown that for ¢ = 2-99 we can choose x5 such that

171, 0,000, 1, 0)f(x5, 0, 1)| < 8—%|d1 .

He has also shown that for 2-21(1 — &)* £ ¢ < 2-99 we can choose x,, x;, Zy, 23
with {x;z3 — x321, = 1 such that

£, 0, 200, 1, 0/ 53, 0, 29)| < ||

Hence, replacing f(0,1,0) = — 1 by f(1,1,0) = 1 if necessary it is clear that
|dy|~'M..(f) and |d; |~'M (- f) are bounded above by % for this range of c.
By lemma 3 there are two further possibilities for ¢, namely:

@) ¢ = 2, f(x,0,z) ~ k(x* — 2y?). In this case Barnes has shown that after
a suitable transformation

|71, 0,0)f(0,1,0)/(1, 0, 1)| < (2/5 + 0(e) | d, |

and so replacing f(0, 1, 0) by f(1, 1, 0) if necessary we find that M (f) and
M . (— f) are bounded above by %]a’ll for suitable small ¢.

(b) ¢ = 5/4. In this case Barnes has shown that f~ — Q;.

Case II1. Suppose f(x,y,0) is equivalent to a multiple of x*+ 2xy — y?
which is equivalent to x* — 2y*. Arguing as in case I, we may take

f(x,y,z) = (x +,LlZ)2 ‘(2}’2 + byZ+CZ2)
with
0Sb=2Zec, |D|2Z6e.

We consider firstly the cases where ¢ = 2-21(1 — g)*.

(@) 2:2 <c <3} —¢. We choose x5 such that 2} < (x3 + #)*> £ 4 and x;
such that 1 < (x5 + p)? < 2%. Since m(f) = 1 — & we have

0 <f(19 0, O)f(la ls O)f(X3, 0, 1) é - (1 - C)
and
4—c<f(1,0,00f(1,1,0)f(x5,0,1)<0.
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Now d, = 2¢ — }b* = 2¢ — 1, so plainly
|dy | ML (f) < (e = DI2e — 1) = 31 — @2c ~ DY)
and
|di | M(=f) S @ =0))(2c = 1) = {=1+T2c— D)),
For the range of ¢ under consideration these bounds are at most 9/22, 9/17 re-
spectively.
(b) ¢ = 3% — &. We choose x5 such that
|f(x3,0,1)] < ¢ — 24 for ¢ <44 or |f(x5,0,1)| < (c — $* for ¢ = 4%

Taking f(1,0,0) = 1 and either f(2,1,0) = 2 or f(1,1,0) = — 1 we find that
|d1"1M+(f), d, |“M+(—f) are bounded above by 2(c — 21)(2c — 1)~ for
¢ < 4% and 2(c — 4)*(2c — 1)~* for ¢ = 4%. For the allowable ranges of c, these
both have a maximum of % = -533--- at ¢ = 4}. Hence we find |d, |[~*M.(f)
and |d;|~*M..(—f) bounded above by 2.

By lemma 3 it remains to consider the case

(©) ¢ =2, f(x,0, z) ~ k(x* — 2z*). Without loss of generality we can take
f(x,y,2) = x* = 2y* + byz + 2z%)
where 0 £ b < 2. Since ¢(1, — 1) = 4 — b we have by lemma 3 that either
b=2orb<d4—-221(1—-¢
For b = 2 we have

f4,1,0/1,0,1)f1,1, - 1) = —1 = —}|d,|
and

f(1,0,0)f(1,0,0)f(1,0,1) = 1 = 4|d, |,

so for this form we certainly have I d, |‘ M ,(f)and I dy |~*M ,(— f) both bounded
above by 1.

It remains to discuss the case b < 4 — 2-21(1 — ¢&)? < 1-8 for suitably small
¢. Plainly b = 1 — ¢ since

f2, 1, —-1) =b > — m(f).

Now f(5,1,3) =5—3b> —0-4> —m(f) for small g, s0 5-3b =1 —¢, ie.
b £ 4/3+%e. But now f(4,1, —3) = —4 + 3b which is at most ¢. Hence
—443b< —1+¢,50b £ 1+ %e. Plainly, since |d,| = 33 + 0(e) and

M. (f) £f(1,0,00f(1,1,0/(1,0,1) = 1

and
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M—(f) éf(ls 0’ O)f(19 1’ O)f(3’ - 29 1) =1 + 0(8)1
we have |dl |“M+(f) and ]dl |‘1M+(—-f) both bounded above by 4/15 + 0(c).

Case IV. Suppose f(x, y,0) is equivalent to a multiple of x? +kxy— y? where
k = 3 or 4. As usual we may take

f=G+34—ky+ pz)* - (1 + 2k?)y? + byz + cz?)
with
0Zb=1+3k2<ec.

For k = 3 we choose x5 such that

|f(X3,O,1)| é 4 —2}- fOr c é 4%
or
|£(x3, 0, D] £ (¢ = 3))* for ¢ = 44

Taking f(1,0,0) with either f(1,0,0) = —1 or f(2,0,0) = 3 it is clear that
M_(f), M,(—f) are at most

3(c —2%) for ¢ < 4% and 3(c —3)? for c £ 44.

Using the bound on b to give a bound on d; we then find that |d1|“M+(f)
and |d, |~'M (- f) are bounded above by

12 1\ / 13\-! 1 12 1\% 13\-! 1
J— — 2. -_—— << —_ —— —_—— >
13(c 24)(c 16) for ¢ £ 4—4 and B(c 4) (c 16) for ¢ =4Z.

In the allowable ranges for ¢, for ¢ = 4} each expression is a maximum of
384/715 = -53---.

For k =4, choosing x5 such that |f(x;,0,1)| < (c—$)* and taking
S, 0, 0) with either f(2,1,0) = — 1 orf(3, 1, 0) = 4 leads by a similar argument
to the upper bound 8,/19/75 = -46 - for |d,|~'M.(f) and |d,|"*M .(—f).
This completes case IV and so theorem 1 is proven. '

5
REMARKS. It would be possible to define quantities such as M, ., , M, ,_,
M, __ and M___ for a ternary quadratic form, where e.g. M, , _ is the lower
bound of

l O(x1, V1, 21)Q(X2, Y2, 22)Q(x3, V3, 23) |

over integral x,,---,z, satisfying (1.1) such that two of the values are positive
(or non-negative ) and the other value is negative (or non-positive). The constant
% would have to be increased for some of these problems, since for example
the form

Qs(x,y,2) = 3x* + 8(xy + y*> — 2% + yz)
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has all its negative values at most — 5 and its positive values at least 3. Thus
M., __(Qs) 2 755|d|. Indeed

Q4(x,y,2) = x* + 3(xy + y* — 2% + y2)
has M, _ _(Q¢) 2 %ld l . For discussion of these forms see lemmas 2.6, 2.7 of [6].
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