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0. Introduction

Extended af¢ne Lie algebras are a higher-dimensional generalization of af¢ne
Kac^Moody Lie algebras introduced by [H-KT] (under the name of irreducible
quasi-simple Lie algebras). They can be roughly described as complex Lie algebras
which have a nondegenerate invariant form, a self-centralizing ¢nite-dimensional
ad-diagonalizable Abelian subalgebra (i.e., a Cartan subalgebra), a discrete
irreducible root system, and ad-nilpotency of nonisotropic root spaces (see
[AABGP], [BGK] and [ABGP] for more on basic structure theory). Toroidal Lie
algebras, which are central extensions of _g
C�t�10 ; � � � ; t�1nÿ1� (_g is a ¢nite-
dimensional simple Lie algebra), are examples of extended af¢ne Lie algebras studied
by [F], [W], [MRY], [Y], [EF], [EM] and [BC], among others. There are many
extended af¢ne Lie algebras which allow not only the Laurent polynomial algebra
C�t�10 ; � � � ; t�1nÿ1� as coordinate algebras but also quantum tori, Jordan tori and
the octonion torus as coordinate algebras depending on the type of Lie algebra (see
[AABGP], [BGK], [BGKN], [AG] and [Yo]). For instance, extended af¢ne Lie
algebras of typeAnÿ1 are tied up with the Lie algebra gln�CQ �, whereCQ is a quantum
torusCQ �t�10 ; � � � ; t�1nÿ1� associated to a n� nmatrixQ. Quantum tori de¢ned as in [M]
are a noncommutative analogue of Laurent polynomial algebras. To get an extended
af¢ne Lie algebra, one has to form an appropriate central extension of gln�CQ� and
add certain outer derivations (just like one obtains an af¢ne Kac^Moody Lie algebra
from a loop algebra by forming a one-dimensional central extension and then adding
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the degree derivation). Representations for Lie algebras coordinatized by certain
quantum tori have been studied by [JK], [BS] and [G] in some cases.

In this paper, we will use the underlying Fock space for the principal vertex
operator representation of the af¢ne Lie algebra

egln � gln�C�t0; tÿ10 �� �Cc0 �Cd0

to construct a family of vertex operators associated with a given pair �Znÿ1; q�, where
q is a �nÿ 1�-tuple of nonzero complex numbers. These vertex operators together
with the Heisenberg algebra form a Lie algebra V�Znÿ1; q�. The case n � 1 is trivial
as the resulting Lie algebra represents the af¢ne Lie algebra egln itself. If nX 2
and �Znÿ1; q� is generic (see Section 3 for de¢nition), by enlarging the Fock space,
we obtain an irreducible representation of an extended af¢ne Lie algebra of type
Anÿ1 coordinatized by a quantum torus of n variables. What it means to say the
pair �Znÿ1; q� is generic is that one variable in CQ has utmost control over the other
variables. This assumption makes the lifting of the Lie algebra V�Znÿ1; q� on the
enlarged Fock space possible. A representation for such a Lie algebra of type
A1 with a quantum torus of 2 variables was given by [BS] in a different form.

We will consider a more general situation than was done in [G] for the homo-
geneous construction. The key point is to use the principal gradation on the associ-
ative matrix algebra Mn�C� to have a principal realization for our extended
af¢ne Lie algebras coordinatized by quantum tori. This is nontrivial if the quantum
torus is not commutative. The idea for our construction of vertex operators comes
from [KKLW].

Throughout this paper, we denote the ¢eld of complex numbers, real numbers and
the ring of integers by C;R and Z, respectively.

1. Basics

Motivated by the work [KKLW], we shall realize the n� nmatrix algebraMn�C� as
the quotient of a quantum torus. This will provide us with a nice basis for Mn�C�
under the principal gradation.

Let n be a positive integer and Q � �qij� be a n� n matrix, where

qij 2 C n f0g; qii � 1; qij � qÿ1ji ; for 0W i; jW nÿ 1: �1:1�

A quantum torus associated to Q (see [M]) is the unital associative C-algebra
CQ �t�10 ; � � � ; t�1nÿ1� ( or, simply CQ ) with generators t�10 ; � � � ; t�1nÿ1 and relations

titÿ1i � tÿ1i ti � 1 and titj � qijtjti �1:2�
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for 0W i; jW nÿ 1. Write ta � ta00 � � � tanÿ1nÿ1 for a � �a0; � � � ; anÿ1� 2 Zn. Then

tatb �
Y

0W jW iW nÿ1
qaibjij

0@ 1Ata�b; �1:3�

where a; b 2 Zn, and CQ �
P

a2Zn �Cta.
Note that if Q is a 1� 1 matrix, then CQ is just the algebra C�t0; tÿ10 � of Laurent

polynomials.

Let n be a positive integer and nX 2. Let Mn�C� be the n� n matrix algebra and
L � gln�C� �Mn�C�ÿ be the general linear Lie algebra over C.

Consider the Lie algebra gln�C�t0; tÿ10 ��. De¢ne a central extension as follows:

bL � gln�C�t0; tÿ10 �� �Cc0 �1:4�
with the Lie bracket

�x1�tn10 �; x2�tn20 �� � �x1; x2��tn1�n20 � � n1dn1�n2;0tr�x1x2�c0 �1:5�
where x1; x2 2 L; n1; n2 2 Z, c0 is a central element of bL, and tr denotes the matrix
trace. We denote

eL � bL�Cd0 �1:6�
a semi-direct product ofbLwith the degree derivation d0 � t0�d=dt0�.bL (oreL) is called
the af¢nization of L.

We shall work with the principal realization ofbL (oreL) based on the Zn-gradation
of L.

Let ÿ : Z! Zn � Z=nZ be the quotient map. Let e be an nth primitive root of
unity. We shall ¢x e throughout this paper. Next we shall realize the n� n matrix
algebra as the quotient of a quantum torus. This way will give the motivation
for the principal realization of Mn�C�.

Consider the quantum torus Cx�u�10 ; u
�1
1 �, where x � �1e eÿ1

1 ��. De¢ne T : Cx! C
to be a C-linear function as

T �ua00 ua11 � �
n; if both a0; a1 2 nZ;
0; otherwise:

�
�1:7�

Then the form ��; �� determined by �x; y� � T �xy�, for x; y 2 Cx, is a symmetric
invariant form. The radical J of the form is the two-sided ideal of Cx generated
by un0 ÿ 1 and un1 ÿ 1. De¢ne

Mn � Cx=J �1:8�
to be the quotient of Cx by J and identify u0 and u1 with their images in Mn.

PROPOSITION 1.9. Mn is a simple associative C-algebra of dimension n2. The
induced form ��; �� onMn is a symmetric invariant nondegenerate C-bilinear form.
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Proof. Note thatMn is spanned by ui0u
j
1, 1W i; jW n. Let I be an ideal ofMn andX

1W i;jW n

aijui0u
j
1 �

Xn
j�1

fj�u0�u j
1 2 I ;

where fj�u0� �
Pn

i�1 aiju
i
0, aij 2 C. We have

uÿk0

Xn
j�1

fj�u0�u j
1

 !
uk0 �

Xn
j�1

ejkfj�u0�u j
1 2 I

for 1W kW n. It follows that fj�u0�u j
1 2 I and so fj�u0� 2 I ; for 1W jW n. Again,

uk1fj�u0�uÿk1 �
Xn
i�1

eikaijui0 2 I

implies that aijui0 2 I and so aij 2 I , for 1W i; jW n. Therefore I � f0g or Mn.
The above procedure also shows thatX

1W i;jW n

aijui0u
j
1 � 0 if and only if aij � 0; for 1W i; jW n:

Hence, fui0u j
1 : 1W i; jW ng form a basis for Mn.

The rest of the proof is obvious. &

Let Eij be the n� n matrix which is 1 in the �i; j�-entry and 0 everywhere else. Let

E � E12 � � � � � Enÿ1;n � En1 and F � diagfe; e2; � � � ; eng: �1:10�
Clearly,

En � Fn � 1 and EF � eFE: �1:11�
We thus have

COROLLARY 1.12. There is a unique algebra homomorphism f :Mn!Mn�C�
such that f�u0� � F and f�u1� � E. Moreover, f is an isomorphism with
tr�f�x�� � T �x�; for x 2 Mn. Therefore,

Mn�C� �
X

1W i;jW n

�CFiE j: �1:13�

Remark 1.14. IdentifyingMn�C�withMn has been implicitly used in [KKLW] (see
also [Ma]).

LEMMA 1.15 Mn�C� has the following Zn-gradation:

Mn�C� � ��j2Zn
Mn�C���j�;

where Mn�C���j� �
Pn

i�1�CF iE j, for �j 2 Zn.
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It is easy to see that the above gradation coincides with the `principal gradation'
given by degEij � �j ÿ �i. This gradation onMn�C� is really needed later when we deal
with the matrix Lie algebra with entries in a non-commutative quantum torus CQ .

Clearly, L � gln�C� � ��j2Zn
L��j� is Zn-graded as well, where L��j� �

Pn
i�1�CF iE j.

Note that the matrix Ai in Example 1 of [KKLW] is exactly
Pn

j�1 F
iE j, for

1W iW nÿ 1.

Set

Lp �
Xn
i�1

X
j2Z
�CFiE j�t j0� �1:16�

and form the one-dimensional central extension

bLp � Lp �Cc0 �1:17�
with the Lie bracket

�x1�tn10 �; x2�tn20 �� � �x1; x2��tn1�n20 � � n1
n
dn1�n2;0tr�x1x2�c0; �1:18�

where x1; x2 2 L; n1; n2 2 Z, c0 is a central element of bLp. We denote

eLp � bL�Cd0: �1:19�
Note that Eij 2 L��jÿ�i�. The following result can be easily veri¢ed. Later in Proposition
3.10 we shall prove a more general result.

LEMMA 1.20. The Lie algebra eL is isomorphic to eLp and the isomorphism is given
by

Eij�tk0� 7!Eij�tjÿi�kn0 � ÿ i
n
dijdk;0c0;

c0 7!c0; d0 7! 1
n

d0 �
Xn
i�1

iEii

 !
;

where 1W i; jW n, k 2 Z.

bLp (or eLp) is called the principal realization of bL (or eL). It has a principal
subalgebra

bH � Cc0 �
X
i2Z
�CEi�ti0�: �1:21�

De¢ne

bH� � X
i2�Z�

�CEi�ti0�; �1:22�
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where Z� � fi 2 Z : i > 0g, and write E�i� � Ei�ti0�, for i 2 Z. Then

bH � bH� � �Cc0 �CE�0�� � bHÿ
and

s � bH� �Cc0 � bHÿ �1:23�
is a Heisenberg algebra. Let

S�bHÿ� � C�E�i� : i 2 ÿZ�� �1:24�
denote the symmetric algebra of bHÿ, which is the algebra of polynomials in in¢nitely
many variables E�i�; i 2 ÿZ�. Let eH � bH �Cd0. S�bHÿ� is an eH-module in which c0
acts as 1, d0 acts as the degree operator (i.e. d0E�i� � iE�i�),E�0� acts as a scalar. Then

�E�i�;E�j�� � idi�j;0; �d0;E�i�� � iE�i� �1:25�
for i; j 2 Z.

We de¢ne

E�z� �
X
j2Z

E�j�zÿj 2 �EndS�bHÿ����z; zÿ1��: �1:26�

Finally, we set

d�z� �
X
j2Z

z j 2 C��z; zÿ1��; �1:27�

formally the Fourier expansion of the d-function, and

�Dd��z� � Dd�z� �
X
j2Z

jz j; �1:28�

where D � z�d=dz�.

2. Construction of Vertex Operators

Let �L; q� be a pair, where q � �q1; � � � ; qN � is a ¢xed N-tuple of nonzero complex
numbers and L is a sub-semigroup of RN (i.e., a subset of RN containing 0 and
closed under addition). Write qr � qr11 � � � qrNN for R � �r1; � � � ; rN � 2N . We shall ¢x

one choice for ln qi such that qr �
PN

i�1 ri ln qi for all r 2 L.
Set L0 � fr 2 L : qr � 1g.

ASSUMPTION 2.1. Given a pair �L; q�, we always assume that

fqr : r 2 Lg \ fei : 1W iW ng � f1g:
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Remark 2.2. The above assumption is equivalent to saying that qr � ei if and only
if qr � ei � 1. Namely,

qr 6� ei if and only if �i 6� 0 and r 2 L, or �i � 0 but r 2 L n L0;
qr � ei if and only if r 2 L0 and �i � 0.

For r 2 L; 1W iW n, we de¢ne the vertex operator X ��i��r; z� as follows.

X ��i��r; z�

� exp ÿ
X

j2ÿZ�

eÿij ÿ qÿrj

j
E�j�zÿj

 !
exp ÿ

X
j2Z�

eÿij ÿ qÿrj

j
E�j�zÿj

 !
:

�2:3�

Clearly, we have X ��i��r; z� 2 �EndS�bHÿ����z; zÿ1�� and so we have

X ��i��r; z� �
X
j2Z

x��i��r; j�zÿj; �2:4�

where x��i��r; j� 2 EndS�bHÿ�, for 1W iW n, j 2 Z and r 2 L.

Remark 2.5. In the de¢nition of the vertex operators (2.3),X ��i��r� r0; z� � X ��i��r; z�
whenever r0 2 L0, where r 2 L, 1W iW n. Also, X ��i��r; z� � 1 when qr � ei�� 1�.

Next we shall derive the commutator relations for our vertex operators. The tech-
nique follows from [LW], [KKLW], [FK], [S] and [FLM].

PROPOSITION 2.6. For any 1W iW n, k 2 Z, r 2 L, we have

�E�k�;X ��i��r; z�� � �eik ÿ qrk�zkX ��i��r; z�; �2:7�
�d0;X ��i��r; z�� � ÿDX ��i��r; z�: �2:8�

The normal ordering can be de¢ned as usual, see for example [FLM] in the twisted
case. Thus

: X ��i��r; z� :� X ��i��r; z�: �2:9�

Remark 2.10. d0 can be rewritten as

d0 � ÿ 1
2

X
j2Z

: E�ÿj�E�j� :� ÿ
X
j2Z�

E�ÿj�E�j� 2 EndS�bHÿ�:
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We de¢ne

: X ��i��r1; z1�X � �k��r2; z2� :

� exp ÿ
X

j2ÿZ�

�eÿij ÿ qÿr1j�E�j�zÿj1 � �eÿkj ÿ qÿr2j�E�j�zÿj2

j

 !
�

� exp ÿ
X
j2Z�

�eÿij ÿ qÿr1j�E�j�zÿj1 � �eÿkj ÿ qÿr2j�E�j�zÿj2

j

 !

for r1; r2 2 L; 1W i; kW n. Then one has

: X ��i��r1; z1�X � �k��r2; z2� :�: X �
�k��r2; z2�X ��i��r1; z1� : : �2:12�

We have the following basic result.

LEMMA 2.13. For 1W i; kW n, r1; r2 2 L,

exp ÿ
X
j2Z�

eÿij ÿ qÿr1j

j
zÿj1

 !
exp ÿ

X
j2ÿZ�

eÿkj ÿ qÿr2j

j
zÿj2

 !

� exp ÿ
X

j2ÿZ�

eÿkj ÿ qÿr2j

j
zÿj2

 !
exp ÿ

X
j2Z�

eÿij ÿ qÿr1j

j
zÿj1

 !
�

� 1ÿ ekz2
eiz1

� �
1ÿ qr2z2

qr1z1

� �
1ÿ ekz2

qr1z1

� �ÿ1
1ÿ qr2z2

eiz1

� �ÿ1
�2:14�

in the formal power series algebra �EndS�bHÿ����zÿ11 ; z2�� � �EndS�bHÿ��fz1; z2g (for
notation see [FLM]). So

X ��i��r1; z1�X � �k��r2; z2�
� :X ��i��r1; z1�X � �k��r2; z2� : �

� 1ÿ ekz2
eiz1

� �
1ÿ qr2z2

qr1z1

� �
1ÿ ekz2

qr1z1

� �ÿ1
1ÿ qr2z2

eiz1

� �ÿ1
:

�2:15�

Proof.

ÿ
X
j2Z�

eij ÿ qÿr1j

j
zÿj1 ;ÿ

X
j2ÿZ�

eÿkj ÿ qÿr2j

j
zÿj2

" #

� ÿ
X
j2Z�

�eÿij ÿ qÿr1j��ekj ÿ qr2j�
j

z2
z1

� �j
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� ÿ
X
j2Z�

1
j

ekz2
eiz1

� �j

� qr2z2
qr1z1

� �j

ÿ ekz2
qr1z1

� �j

ÿ qr2z2
eiz1

� �j
 !

� ln 1ÿ ekz2
eiz1

� �
� ln 1ÿ qr2z2

qr1z1

� �
ÿ ln 1ÿ ekz2

qr1z1

� �
ÿ ln 1ÿ qr2z2

eiz1

� �
;

which immediately implies the lemma. &

To calculate the commutators of vertex operators, we need some more notation
and identities.

Set

R�
�i�
� �k��r1; r2; z1; z2�

� :X ��i��r1; z1�X � �k��r2; z2� : 1ÿ ekz2
eiz1

� �
1ÿ qr2z2

qr1z1

� �
qr1z1
ekz2

:
�2:16�

Then

X ��i��r1; z1�X � �k��r2; z2�

� R�
�i�
� �k��r1; r2; z1; z2�

ekz2
qr1z1

1ÿ ekz2
qr1z1

� �ÿ1
1ÿ qr2z2

eiz1

� �ÿ1
:

�2:17�

One may easily show that

R�
�i�
� �k��r1; r2; z1; z2� � R�

�k�
��i� �r2; r1; z2; z1�: �2:18�

Moreover, we have

LEMMA 2.19. For r1; r2 2 L, 1W i; kW n,

lim
z2!eÿkqr1 z1

: X ��i��r1; z1�X � �k��r2; z2� :� X ��i� �k��r1 � r2; eÿkz1� �2:20�

and

lim
z2!eÿkqr1 z1

R�
�i�
� �k��r1; r2; z1; z2�

� �1ÿ eÿiqr1��1ÿ eÿkqr2 �X ��i� �k��r1 � r2; eÿkz1�:
�2:21�

The following basic result is similar to (3.34) in [G] whose proof is straightforward.
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LEMMA 2.22. If qr1�r2 6� ei�k, then

1ÿ ekz2
qr1z1

� �ÿ1
1ÿ qr2z2

eiz1

� �ÿ1
ÿ qr1z1

ekz2

eiz1
qr2z2

1ÿ eiz1
qr2z2

� �ÿ1
1ÿ qr1z1

ekz2

� �ÿ1
� �1ÿ eÿiÿkqr1�r2 �ÿ1 q

r1z1
ekz2

d
ekz2
qr1z1

� �
ÿ d

eiz1
qr2z2

� �� �
Now we are in the position to show our ¢rst commutator relation:

PROPOSITION 2.23. If qr1�r2 6� ei�k, then

�X ��i��r1; z1�;X � �k��r2; z2��
� �1ÿ eÿiqr1��1ÿ eÿkqr2 ��1ÿ eÿiÿkqr1�r2�ÿ1�

� X ��i�
�k��r1 � r2; eÿkz1�d ekz2

qr1z1

� �
ÿ X ��i�

�k��r1 � r2; eÿiz2�d eiz1
qr2z2

� �� �
:

Proof. By (2.15), (2.18) and Lemma 2.22, we have

�X ��i��r1; z1�;X � �k��r2; z2��
� X ��i��r1; z1�X � �k��r2; z2� ÿ X �

�k��r2; z2�X ��i��r1; z1�

� R�
�i�
� �k��r1; r2; z1; z2�

ekz2
qr1z1

1ÿ ekz2
qr1z1

� �ÿ1
1ÿ qr2z2

eiz1

� �ÿ1
ÿ

ÿ R�
�k�
��i� �r2; r1; z2; z1�

eiz1
qr2z2

1ÿ eiz1
qr2z2

� �ÿ1
1ÿ qr1z1

ekz2

� �ÿ1
� R�

�i�
� �k��r1; r2; z1; z2�

ekz2
qr1z1

� �1ÿ ekz2
qr1z1

� �ÿ1
1ÿ qr2z2

eiz1

� �ÿ1 
ÿ qr1z1

ekz2

eiz1
qr2z2

1ÿ eiz1
qr2z2

� �ÿ1
1ÿ qr1z1

ekz2

� �ÿ1!
�

� R�
�i�
� �k��r1; r2; z1; z2��1ÿ eÿiÿkqr1�r2�ÿ1 d

ekz2
qr1z1

� �
ÿ d

eiz1
qr2z2

� �� �
:

�2:24�
Applying Lemma 2.19 completes the proof. &

Next, if qr1�r2 � ei�k (so qr2 � qÿr1 and ei � eÿk) we have

�X ��i��r1; z1�;X � �k��r2; z2��

� R�
�i�
� �k��r1; r2; z1; z2�

ekz2
qr1z1

1ÿ ekz2
qr1z1

� �ÿ2
ÿ
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ÿ R�
�k�
��i� �r2; r1; z2; z1�

eiz1
qr2z2

1ÿ qr1z1
ekz2

� �ÿ2
� R�

�i�
� �k��r1; r2; z1; z2�

ekz2
qr1z1

1ÿ ekz2
qr1z1

� �ÿ2
ÿ qr1z1

ekz2
1ÿ qr1z1

ekz2

� �ÿ2 !

� R�
�i�
� �k��r1; r2; z1; z2��Dd� ekz2

qr1z1

� �

here we use the following well-known identity:

z�1ÿ z�ÿ2 ÿ zÿ1�1ÿ zÿ1�ÿ2 � �Dd��z�: �2:26�

By Proposition 2.2.4 in [FLM] and (2.25), we obtain

�X ��i��r1; z1�;X � �k��r2; z2��

� R�
�i�
� �k��r1; r2; z1; e

ÿkqr1z1��Dd� ekz2
qr1z1

� �
ÿ

ÿ �Dz2R
��i�
� �k���r1; r2; z1; e

ÿkqr1z1�d ekz2
qr1z1

� �
� G1�Dd� ekz2

qr1z1

� �
ÿ G2d

ekz2
qr1z1

� �
;

where

G1 � R�
�i�
� �k��r1; r2; z1; e

ÿkqr1z1� �2:28�

and

G2 � Dz2R
��i�
� �k�

� �
�r1; r2; z1; eÿkqr1z1�: �2:29�

From (2.5) and (2.21), we have

G1 � �1ÿ eÿiqr1��1ÿ eÿkqr2 �: �2:30�

To compute G2, we ¢rst have

Dz2R
��i�
� �k��r1; r2; z1; z2�

�
X

j2ÿZ�
�eÿkj ÿ qÿr2j�E�j�zÿj2

 !
R�

�i�
� �k��r1; r2; z1; z2��

� R�
�i�
� �k��r1; r2; z1; z2�

X
j2Z�
�eÿkj ÿ qÿr2j�E�j�zÿj2 �
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� :X ��i��r1; z1�X � �k��r2; z2� : ÿ ekz2
eiz1

� �
1ÿ qr2z2

qr1z1

� �
qr1z1
ekz2
�

� :X ��i��r1; z1�X � �k��r2; z2� : 1ÿ ekz2
eiz1

� �
ÿ qr2z2
qr1z1

� �
qr1z1
ekz2
�

� :X ��i��r1; z1�X � �k��r2; z2� : 1ÿ ekz2
eiz1

� �
1ÿ qr2z2

qr1z1

� �
ÿ qr1z1

ekz2

� �
:

Thus, it follows from (2.5) and Lemma 2.19 that

�Dz2R
��i�
� �k���r1; r2; z1; e

ÿkqr1z1�
� �1ÿ eÿiqr1��1ÿ eÿkqr2 �

X
j2ÿZ�
�eÿkj ÿ qÿr2j�E�j��eÿkqr1z1�ÿj�

� �1ÿ eÿiqr1 ��1ÿ eÿkqr2�
X
j2Z�
�eÿkj ÿ qÿr2j�E�j��eÿkqr1z1�ÿj�

� �ÿeÿiqr1 ��1ÿ eÿkqr2 � � �1ÿ eÿiqr1��ÿeÿkqr2 �
� �1ÿ eÿiqr1 ��1ÿ eÿkqr2 ��ÿ1�

� �1ÿ eÿiqr1��1ÿ eÿkqr2 �
X
j2Z

E�j�qÿr1jzÿj1 ÿ

�ÿ�1ÿ eÿiqr1 ��1ÿ eÿkqr2�
X
j2Z

E�j�ekjzÿj1 ; �2:32�

and so

G2d
ekz2
qr1z1

� �
� �1ÿ eÿiqr1 ��1ÿ eÿkqr2�

� ÿE�eÿkz1�d ekz2
qr1z1

� �
� E�eÿiz2�d eiz1

qr2z2

� �� �
:

Therefore, we have proved our second commutator relation:

PROPOSITION 2.33. If qr1�r2 � eÿiÿk � 1, then

�X ��i��r1; z1�;X � �k��r2; z2��

� �1ÿ eÿiqr1��1ÿ eÿkqr2 � E�eÿkz1�d ekz2
qr1z1

� �
ÿ E�eÿiz2�d eiz1

qr2z2

� �� �
�

� �1ÿ eÿiqr1��1ÿ eÿkqr2 ��Dd� ekz2
qr1z1

� �
:
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De¢ne

Y ��i��r; z� � 1
1ÿ eÿiqr

X ��i��r; z�; �2:34�

where �i 6� �0 and r 2 L, or �i � �0 but r 2 L n L0. Summarizing the above, we have

PROPOSITION 2.35.

�E�k�;Y ��i��r; z�� � �eik ÿ qrk�zkY ��i��r; z�; �2:36�

�d0;Y ��i��r; z�� � ÿDY ��i��r; z�: �2:37�
If qr1�r2 6� ei�k, then

�Y ��i��r1; z1�;Y � �k��r2; z2��

� Y ��i� �k��r1 � r2; eÿkz1�d ekz2
qr1z1

� �
ÿ Y ��i� �k��r1 � r2; eÿiz2�d eiz1

qr2z2

� �
:

�2:38�

If qr1�r2 � eÿiÿk�� 1�, then

�Y ��i��r1; z1�;Y � �k��r2; z2��;

E�eÿkz1�d ekz2
qr1z1

� �
ÿ E�eÿiz2�d eiz1

qr2z2

� �
� �Dd� ekz2

qr1z1

� �
:

�2:39�

To conclude this section, write

Y ��i��r; z� �
X
j2Z

y��i��r; j�zÿj; �2:40�

and let V�L; q� be the C-linear span of operators E�j�; d0; 1 and y��i��r; j�, where
j 2 Z; �i 6� �0 and r 2 L, or �i � �0 but r 2 L n L0. From Proposition 2.35, we see that

PROPOSITION 2.41. V�L; q� is a Lie subalgebra of gl�S�bHÿ��.
The following lemma will be used later. Its proof is easy.

LEMMA 2.42. For any r 2 L n L0,

y��0��r; 0�1 � 1
1ÿ qr

1:

Remark 2.43. Notice that our vertex operators Y ��i��0; z�, for 1W iW nÿ 1, are same
as the vertex operators in (4.8) of [KKLW].
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3. Realizations

In this section we will ¢nd a realization for the Lie algebra V�L; q�. If �L; q� is generic,
we further lift V�L; q� to a Lie algebra W�L; q� on the enlarged Fock space
WL � C�L� 
C S�bHÿ�.

Let R � C�L� �Pr2L�Cer be the semigroup algebra of L. Let s be the
automorphism of R given by s�er� � qrer, for r 2 L. Then we can form skew poly-
nomial algebras:

R�t0; tÿ10 ; s� �
X
i2Z
�ti0R and R�s0; sÿ10 ; sn� �

X
i2Z
�si0R �3:1�

with multiplication de¢ned as ati0 � ti0s
i�a� (resp. asi0 � si0s

ni�a�), for a 2 R; i 2 Z.
That is,

erti0 � qirti0e
r �resp:ersi0 � qirnsi0e

r�; for r 2 L; i 2 Z: �3:2�

De¢ne k; w : R�t0; tÿ10 ; s� �resp:R�s0; sÿ10 ;sn�� ! C to be theC-linear functions given
by

k�ti0er��resp:k�si0er�� �
1; if i � 0 and r 2 L0;

0; otherwise;

�
w�ti0er��resp:k�si0er�� �

1; if i � 0 and r � 0;
0; otherwise:

� �3:3�

Let d0, di be the degree operators on R�t0; tÿ10 ;s� (resp. R�s0; sÿ10 ;sn� ) de¢ned by

d0�t j0er� � jt j0e
r; di�t j0er� � rit

j
0e

r �resp:d0�s j0er� � js j0e
r; di�s j0er� � ris

j
0e

r�

for j 2 Z, r � �r1; � � � ; rN � 2 L and 1W iWN.

For any associative algebra A, we have the matrix algebra Mn�A� with entries
from A. Let gln�A� be the Lie algebra Mn�A�ÿ as usual.

Now we form an �N � 1�-dimensional central extension of gln�R�s0; sÿ10 ;sn��,

G0�L� � gln�R�s0; sÿ10 ; sn�� �Cz0 �Cz1 � � � � �CzN �3:4�
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with Lie bracket

�Eij�sn10 er�;Ekl�sn20 er
0 ��

� Eij�sn10 er�Ekl�sn20 er
0 � ÿ Ekl�sn20 er

0 �Eij�sn10 er��

� djkdilk��d0sn10 er�sn20 er
0 �z0 � djkdil

XN
m�1

w��dmsn10 er�sn20 er
0 �zm

� djkqn2rnEil�sn1�n20 er�r
0 � ÿ dilqn1r

0nEkj�sn1�n20 er�r
0 ��

� n1djkdildn1�n2;0q
n2rnk�er�r0 �z0�

� djkdildn1�n2;0q
n2rnw�er�r0 �

XN
m�1

rmzm;

�3:5�

for r � �r1; � � � ; rN � 2 L; r0 2 L; n1; n2 2 Z; 1W i; j; k; lW n.
Let

G�L� � G0�L� �Cd0 �Cd1 � � � � �CdN �3:6�

be the semi-direct product of G0�L� and the degree derivations d0, d1; � � � ; dN , where
z0; z1; � � � ; zN are central elements of GL.

Note that C�s0; sÿ10 � is a subalgebra of R�s0; sÿ10 ; sn�. Correspondingly, the
af¢nization egln of gln is a subalgebra of G�L�.

De¢ne

G0p�L� �
X

1W i;jW n

X
k2Z
�Eij�tjÿi�kn0 R� �

XN
i�0
�Cci �3:7�

with Lie bracket

�Eij�tn10 er�;Ekl�tn20 er
0 ��

� Eij�tn10 er�Ekl�tn20 er
0 � ÿ Ekl�tn20 er

0 �Eij�tn10 er��
� 1
n
k�tr��d0Eij�tn10 er��Ekl�tn20 er

0 ���c0�

�
XN
m�1

w�tr��dmEij�tn10 er��Ekl�tn20 er
0 ���cm

� djkqn2rEil�tn1�n20 er�r
0 � ÿ dilqn1r

0
Ekj�tn1�n20 er�r

0 ��
� n1ndjkdildn1�n2;0q

n2rk�er�r0 �c0�

� djkdildn1�n2;0q
n2rw�er�r0 �

XN
m�1

rmcm;

�3:8�

where r � �r1; � � � ; rN �; r0 2 L; n1; n2 2 Z and 1W i; j; k; lW n, c0; c1; � � � ; cN are
central elements of G0p�L�. We form the semi-direct product of G0p�L� and the degree
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derivations d0; d1; � � � ; dN .

Gp�L� � G0p�L� �Cd0 �Cd1 � � � � �CdN : �3:9�

PROPOSITION 3.10. The Lie algebra G0�L� �Cd0 is isomorphic to G0p�L� �Cd0
with the isomorphism given by the C-linear map j:

Eij�sk0er� 7!qjrEij�tjÿi�kn0 er� ÿ i
n
dijdk;0qjrk�er�c0;

z0 7!c0; d0 7! 1
n
�d0 �

Xn
i�1

iEii

 !
; zm 7!cm;

for 1W i; jW n, k 2 Z, r 2 L and 1WmWN. If �L; q� is generic, then j can be
extended to an isomorphism from G�L� onto Gp�L� by de¢ning j�dm� � dm for
1WmWN.

Proof. It is suf¢cient to show that j preserves Lie bracket in the following two
cases:

j�Eij�sn10 er�;Ekl�sn20 er
0 �� � �jEij�sn10 er�;jEkl�sn20 er

0 ��; �3:11a�

j�d0;Eij�sn10 er�� � �jd0;jEij�sn10 er��; �3:11b�

for 1W i; j; k; lW n, n1; n2 2 Z; r; r0 2 L.
We ¢rst have

�Eij�tjÿi�n1n0 er�;Ekl�tlÿk�n2n0 er
0 ��

� djkq�lÿj�n2n�rEil�tlÿi��n1�n2�n0 er�r
0 �ÿ

ÿ dilq�jÿl�n1n�r
0
Ekj�tjÿk��n1�n2�n0 er�r

0 ��
� j ÿ i � n1n

n
djkdilq�lÿj�n2n�rk�t�n1�n2�n0 er�r

0 �c0�

� djkdilq�lÿj�n2n�rw�t�n1�n2�n0 er�r
0 �
XN
m�1

rmcm

� djkq�lÿj�n2n�r�Eil�tlÿi��n1�n2�n0 er�r
0 � ÿ indildn1�n2;0k�er�r

0 �c0�ÿ
ÿ dilq�jÿl�n1n�r

0 �Ekj�tjÿk��n1�n2�n0 er�r
0 � ÿ jndjkdn1�n2;0k�er�r

0 �c0��
� n1djkdildn1�n2;0q

�lÿj�n2n�rk�er�r0 �c0�

� djkdildn1�n2;0q
�lÿj�n2n�rw�er�r0 �

XN
m�1

rmcm:
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Thus,

�qjrEij�tjÿi�n1n0 er�; qlr0Ekl�tlÿk�n2n0 er
0 ��

� djkqn2nrql�r�r
0��Eil�tlÿi��n1�n2�n0 er�r

0 � ÿ indildn1�n2;0k�er�r
0 �c0�ÿ

ÿ dilqn1nr
0
qj�r�r

0��Ekj�tjÿk��n1�n2�n0 er�r
0 � ÿ jndjkdn1�n2;0k�er�r

0 �c0��
� n1djkdildn1�n2;0q

n2nrql�r�r
0�k�er�r0 �c0�

� djkdildn1�n2;0q
n2nrql�r�r

0�w�er�r0 �
XN
m�1

rmcm;

and (3.11a) follows from the fact that ql�r�r
0�k�er�r0 � � k�er�r0 � and ql�r�r

0�w�er�r0 � �
w�er�r0 �.

Next we have

1
n
d0 � 1

n

Xn
k�1

kEkk;Eij�tjÿi�n1n0 er�
" #

� j ÿ i � n1n
n

Eij�tjÿi�n1n0 er� � 1
n

Xn
k�1
�kEkk;Eij�tjÿi�n1n0 er��

� j ÿ i � n1n
n

Eij�tjÿi�n1n0 er� � i ÿ j
n

Eij�tjÿi�n1n0 er�
� n1Eij�tjÿi�n1n0 er�;

which shows (3.11b). &

Remark 3.12. The homomorphism j is not uniquely determined. Actually, given
a 2 C and c 2PN

i�0�Cci, one may de¢ne a homomorphism j as follows:

Eij�sk0er� 7!qjrEij�tjÿi�kn0 er� ÿ i � a
n

dijdk;0qjrk�er�c0;

z0 7!c0; d0 7! 1
n
�d0 �

Xn
i�1

iEii � c�; zm 7!cm;

for 1W i; jW n, k 2 Z, r 2 L and 1WmWN.

Note that
P

�jÿ�i� �k�CEij �
Pn

i�1�CF iEk, for 1W kW n. This will enable us to
choose a new basis for Gp�L� as in the following lemma. The veri¢cation of the com-
mutator relation is a routine matter.

LEMMA 3.13.

G0p�L� �
Xn
i�1

X
j2Z
�FiE j�t j0R� �

XN
i�0
�Cci; �3:14�
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with the Lie bracket

�FiEj1 �t j10 er�;FkEj2 �tj20 er
0 ��

� ekj1qrj2Fi�kEj1�j2�tj1�j20 er�r
0 �

� 1
n
k�tr��d0FiEj1 �tj10 er��EkF j2 �tj20 er

0 ���c0�

�
XN
m�1

w�tr��dmF iEj1 �tj10 er��EkF j2 �tj20 er
0 ���cm

� ekj1qrj2Fi�kEj1�j2�tj1�j20 er�r
0 �

� j1d�i� �k;�0dj1�j2;0k�er�r
0 �ekj1qrj2c0

� nd�i� �k;�0dj1�j2;0w�er�r
0 �ekj1qrj2

XN
m�1

rmcm:

�3:15�

Set

A��i��r; z� �
X
j2Z

F iE j�t j0er�zÿj; �3:16�

for r 2 L; 1W iW n. Then we have

PROPOSITION 3.17. In Gp�L�; we have

�E�j�;A��i��r; z�� � �eij ÿ qrj�z jA��i��r; z� � jeijd�i;�0k�er�c0z j; �3:18�

�d0;A��i��r; z�� � ÿDA��i��r; z�; �dm;A��i��r; z�� � rmA�
�i��r; z�: �3:19�

Moreover,

�A��i��r; z1�;A� �k��r0; z2��

� A��i� �k��r� r0; eÿkz1�d ekz2
qrz1

� �
ÿ

ÿ A��i� �k��r� r0; eÿiz2�d eiz1
qr0z2

� �
�

� d�i� �k;�0k�er�r
0 ��Dd� ekz2

qrz1

� �
c0�

� nd�i� �k;�0w�er�r
0 �d ekz2

qrz1

� �XN
m�1

rmcm;

�3:20�

where r � �r1; � � � ; rN � 2 L; r0 2 L; 1W i; kW n; j 2 Z, 1WmWN.
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Proof. We only check (3.20). It follows from (3.15) that

�A��i��r; z1�;A� �k��r0; z2��
�

X
j1;j22Z
�FiEj1�tj10 er�;FkEj2 �tj20 er

0 ��zÿj11 zÿj22

�
X

j1;j22Z
ekj1qrj2F i�kEj1�j2�tj1�j20 er�r

0 �zÿj11 zÿj22

ÿ
X

j1;j22Z
eij2qr

0j1Fi�kEj1�j2 �tj1�j20 er�r
0 �zÿj11 zÿj22

� d�i� �k;�0

X
j1;j22Z

j1k�tj1�j20 er�r
0 �ekj1qrj2zÿj11 zÿj22 c0

� nd�i� �k;�0

X
j1;j22Z

w�tj1�j20 er�r
0 �ekj1qrj2zÿj11 zÿj22

XN
m�1

rmcm

�
X

j1;j22Z
Fi�kEj1�j2�tj1�j20 er�r

0 ��eÿkz1�ÿj1ÿj2 qrz1
ekz2

� �j2

ÿ
X

j1;j22Z
Fi�kEj1�j2 �tj1�j20 er�r

0 ��eÿiz2�ÿj1ÿj2 qr
0
z2

eiz1

� �j1

� d�i� �k;�0k�er�r
0 �
X
j12Z

j1
ekz2
qrz1

� �j1

c0

� nd�i� �k;�0w�er�r
0 �
X
j12Z

ekz2
qrz1

� �j1XN
m�1

rmcm

as wanted. &

Comparing Proposition 3.17 with Proposition 2.35 and using Remark 2.5, one can
easily show that the following result holds true.

THEOREM 3.21. The linear map from the subalgebra G0p�L� �Cd0 of Gp�L� to
V�L; q� given by

F iE j�t j0er� 7!y��i��r; j�; for 1W iW nÿ 1; r 2 L; j 2 Z;

E j�t j0er� 7!
E�j�; for r 2 L0; j 2 Z;

y��0��r; j�; for r 2 L n L0; j 2 Z;

(
c0 7!1; d0 7!d0
cm 7!0; for 1WmWN;

is a Lie algebra homomorphism.

Remark 3.22. In the above theorem, if L � f0g, we obtain an irreducible vertex
operator representation for the af¢ne Lie algebra egln.
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Recall that L0 � fr 2 L : qr � 1g. The pair �L; q� is said to be generic if L0 � f0g.
To get a module for Gp�L�, we need to assume that �L; q� is generic. So from now on

we suppose that �L; q� is generic. That is L0 � f0g.
De¢ne

WL � C�L� 
C S�bHÿ�; �3:23�

and f 
 X 2 gl�WL� as

�f 
 X ��g
 w� � fg
 Xw

for f ; g 2 C�L�;X 2 V�L; q�;w 2 S�bHÿ�. LetW�L; q� be the linear span of operators

er 
 y��i��r; j�; 1W iW nÿ 1; j 2 Z; r 2 L;

er 
 y��0��r; j�; j 2 Z; r 2 L n f0g;
1
 E�j�; j 2 Z;

1
 1; 1
 d0;

dm 
 1; for1WmWN:

�3:24�

Then it follows from Proposition 2.35 that those operators satisfy the same derived
relations from (2.36) through (2.39). Hence, W�L; q� is a Lie subalgebra of
gl�WL�. This Lie algebra W�L; q� is the lifting of V�L; q�.

Now we can state our main theorem.

THEOREM 3.25. The linear map p : Gp�L� ! W�L; q� given by

p�FiE j�t j0er�� � er 
 y��i��r; j�; for 1W iW nÿ 1; j 2 Z; r 2 L;

p�E j�t j0er�� �
1
 E�j�; for j 2 Z; r � 0;

er 
 y��0��r; j�; for j 2 Z; r 2 L n f0g;

(
p�c0� � 1
 1; p�d0� � 1
 d0;

p�cm� � 0; p�dm� � dm 
 1; for1WmWN;

is a Lie algebra homomorphism. If L is a group, then WL is irreducible as Gp�L�
module.

Proof. It follows from (2.35) and (3.17) that p is a Lie algebra homomorphism. Let
us check the irreducibility when L is a group.

Let U be a nonzero submodule of WL � C�L� 
C S�bHÿ�. Since the Heisenberg
algebra s � bH� �Cc0 � bHÿ is a subalgebra of Gp�L�, Lemma 9.13 in [K] (or
Theorem 1.7.3 in [FLM]) implies that U is completely reducible as s-module
and soU � V 
 S�bHÿ� for some subspaceV ofC�L�. Thanks to the degree operators
dm for 1WmWN, we see that U �Pr2L0 ��er 
 S�bHÿ�� for some subset L0 of L.
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Assume that er0 
 1 2 U , then for r 2 L and r 6� r0, we have

�erÿr0 
 y��0��rÿ r0; 0���er0 
 1�
� er 
 �y��0��rÿ r0; 0�1�
� 1

1ÿ qrÿr0
er 
 1 2 U

by Lemma 2.42. We thus obtain that r 2 L0 for all r 2 L and so U �WL. &

4. Extended A¤ne Lie Algebras

The notion of extended af¢ne Lie algebras was ¢rst introduced in [H-KT] (under the
name of irreducible quasi-simple Lie algebras) and systematically studied in
[AABGP] and [BGK]. They can be roughly characterized as complex Lie algebras
which have a nondegenerate invariant form, a ¢nite-dimensional Cartan subalgebra,
a discrete irreducible root system, and ad-nilpotency of nonisotropic root spaces.
This new class of Lie algebras is closely related to the extended af¢ne root systems
introduced in [Sa] for the study of elliptic singularities, the intersection matrix
algebras in [Sl], and the Lie algebras graded by ¢nite root systems studied by [BM],
[BZ], [Se] and [N].

In this section, we will apply the results in Section 3 to obtain irreducible
representations of extended af¢ne Lie algebras of type Anÿ1 coordinatized by certain
quantum tori with n variables.

Let �L; q� � �Znÿ1; q�, where q � �q1; � � � ; qnÿ1�. Note that we still assume �L; q� is
generic.

Let ei be the vector in Znÿ1 which is 1 in the ith entry and 0 everywhere else, for
1W iW nÿ 1. Write eei � ti. Then

R�s0; sÿ10 ;sn� � CQn
�s�10 ; t

�1
1 ; � � � ; t�1nÿ1� �4:1�

and

R�t0; tÿ10 ; s� � CQ �t�10 ; t
�1
1 ; � � � ; t�1nÿ1�; �4:2�

where Q � �qij� with

qi0 � qi; for 1W iW nÿ 1 �4:3�

and

qij � 1; for all other i and j; 0W i; jW nÿ 1;

and Qn � �qnij�.
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Let G0�L� and G�L� be de¢ned as in (3.4) and (3.6) respectively. The nondegenerate
invariant form on G�L� can be de¢ned as

�Eij�u�;Ekl�v�� � djkdilk�uv�;
�Eij�u�; cm� � �Eij�u�; dm� � 0;
�cm; dr� � dmr;

�4:4�

for u; v 2 CQn ; 1W i; j; k; lW n, 0Wm; rW nÿ 1.
G�L� has the Cartan subalgebra

H � h�
Xnÿ1
i�0
�Cci �

Xnÿ1
i�0
�Cdi; �4:5�

where h �Pn
i�1�CEii.

De¢ne ti 2 H� as follows:

tijh�Pnÿ1
k�0�Cck

� 0; ti�dj� � dij; �4:6�

for 0W i; jW nÿ 1. Then the root system of G�L� with respect to H is

R � D�
Xnÿ1
i�0

Zti

 !
[

Xnÿ1
i�0
�Zti

 !
; �4:7�

where D � fyi ÿ yj : 1W i 6� jW ng is the root system of type Anÿ1, and the root space
decomposition is as follows:

G�L� �
X
a2R
�Ga; �4:8�

where

G0 � H;

Gyiÿyj�m0t0�����mnÿ1tnÿ1 � CEij�sm0
0 t�;

for 1W i 6� jW n; m0 2 Z;� �m1; � � � ;mnÿ1� 2 L � Znÿ1;

Gm0t0�����mnÿ1tnÿ1 �
Xn
i�1
�CEii�sm0

0 t�;

for m0 2 Z;2 L but �m0; � 6� �0; 0�:
This Lie algebra G�L� is an extended af¢ne Lie algebra of nullity n (see [AABGP] and
[BGK]).

Pnÿ1
i�0 �Zti are called isotropic roots while D�Pnÿ1

i�0 Zti are nonisotropic
roots.

Now from Proposition 3.10 we see that Gp�L� � G�L�. Theorem 3.25 immediately
gives us the following result.

PROPOSITION 4.10. For �L; q� � �Znÿ1; q�, WL is an irreducible G�L�-module.
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Remark 4.11. Note that the coordinate algebra in Gp�L� is the quantum torus CQ

while the coordinate algebra in G�L� is CQn
, where Q is given in (4.3).

Remark 4.12. It is not dif¢cult to see that WL has a weight space decomposition
with respect to the Cartan subalgebra H. Moreover, each weight space is
¢nite-dimensional.

Next we further consider a subalgebra of G�L�which is the so-called tame extended
af¢ne Lie algebra. The tameness was introduced in [BGK] in order to classify all
extended af¢ne Lie algebras (see also [AABGP]).

Set sln�CQn
� � fX 2 gln�CQn

� : tr�X� 2 �CQn
;CQn
�g to be the subalgebra of gln�CQn

�
which is generated by Eij�u�; u 2 CQn

, 1W i 6� jW n. De¢ne

Lc�L� � sln�CQn � �
Xnÿ1
i�0
�Cci �4:13�

to be the subalgebra of G0�L�, and let

L�L� � Lc�L� �
Xnÿ1
i�0
�Cdi �4:14�

be the subalgebra of G�L�. The restriction of the invariant form on L�L� is also
nondegenerate. This Lie algebra L�L� is a tame extended af¢ne Lie algebra.
It has the same root system R as G�L� and the following root space
decomposition:

L�L� � �a2RLa; �4:15�
where

L0 �
Xnÿ1
i�1
�C�Eii ÿ Ei�1;i�1� �

Xnÿ1
i�0
�Cci �

Xnÿ1
i�0
�Cdi

is the Cartan subalgebra of L�L�,
La � Ga

for a 2 D�Pnÿ1
i�0 Zti, and

Lm0t0�����mnÿ1tnÿ1

�
Xnÿ1
i�1
�C�Eii ÿ Ei�1;i�1��sm0

0 t� � In��Csm0
0 t� \ �CQn

;CQn
�� �4:16�

for �m0; � � �m0;m1; � � � ;mnÿ1� 2 Zn n f0g, where In is the n� n identity matrix.

By taking the restriction, we know that WL is an L�L�-module.
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THEOREM 4.17. WL is an irreducible L�L�-module.
Proof. To check the irreducibility, we need to show that ti0; t

r 2 �CQ ;CQ �, for
i 2 Z n f0g and r 2 L n f0g. Indeed, if ti0 2 �CQ ;CQ � for 2 Z n f0g, then the Heisenberg
subalgebra s is contained in j�L�L��. If tr 2 �CQ ;CQ �, then we will be able to use the
operator y��0��rÿ r0; 0� to prove the irreducibility as was done in Theorem 3.25. Since

�1ÿ qi1�ti0 � �ti0tÿ11 �t1 ÿ t1�ti0tÿ11 � and �1ÿ qr�tr � t0�tÿ10 tr� ÿ �tÿ10 tr�t0; �4:18�
the proof is thus completed. &

Remark 4.19. Note that if �L; q� � �Znÿ1; q� is generic, then G�L� � L�L� �CIn if
and only if n � 2.
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