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ON BEST SIMULTANEOUS APPROXIMATION IN
NORMED LINEAR SPACES

BY
D. S. GOEL, A. S. B. HOLLAND, C. NASIM AND B. N. SAHNEY

1. Let S be a non-empty family of real valued continuous functions on [a, 5].
Diaz and McLaughlin [1], [2], and Dunham [3] have considered the problem of
simultaneously approximating two continuous functions f; and f; by elements of
S. If || - | denotes the supremum norm, then the problem is to find an element
s* € S, if it exists, for which

max (I fi—s*|, 1 fo—s*) = infrgaX(llfl—SIl, I fa—sI)-

We shall study the above problem in general normed linear spaces.

DerINITION 1.1. Let X be a normed linear space and K a subset of X. Given any
two elements x;, x, € X define:

d(x;, Xp; k) = inf max(||x,—kl|, [ x,—k[).
keK

An element k* € K is said to be a best simultaneous approximation to x; and x,
if:
d(xy, xp; k) = max(||lx,—k*[l, [x,—k*])
2. First we show that the best simultaneous approximation exists if the set K
is a finite dimensional subspace of the normed linear space X.

LeEMMA 2.1. Let x;, X, €X and let k € X. Then ¢(k)=max(||x;—k|, |x,—k|)
is a continuous functional on X.

Proof. Since the norms |x,—k||, [|x,—k| are continuous functionals of k
on X, ¢(k) is clearly a continuous functional.

LemmA 2.2. If K is a finite dimensional subspace of a normed linear space X,
then there exists a best simultaneous approximation k* € K to x;, x, € X.

Proof. Let p=max(||lx,[, [x2]). Consider the spheres S(x;, p), S(x, p) in K
and write:

S = S(xh P) U S(x23 P)
Then
inf max([lx,—kll, x,—k[) = inf max([lx,—kl, [Ix;—k[) < p.
keS keK

Received by the editors March 28, 1973 and, in revised form, May 9, 1973,
523

https://doi.org/10.4153/CMB-1974-092-5 Published online by Cambridge University Press


https://doi.org/10.4153/CMB-1974-092-5

524 D.S. GOEL, A. S. B. HOLLAND, C. NASIM, AND B. N. SAHNEY [December

Since S is compact, the continuous functional ¢(k) defined on S attains its mini-
mum over S. If min ¢(k)=¢(k*) then the element k* is a best simultaneous
approximation to x; and x,, and the lemma is proved.

LeEmMA 2.3. Let K be a convex subset of X, and x,, x, € X. If k;, k, € K are best
simultaneous approximations to x,, x, by the elements of K, then: Ak,+(1—A)k,=
ke K, 0<2<1, is also a best simultaneous approximation to xy, X,.

Proof. Since
max(||x; —kl, |lx,—&l)
= max([A(x;—k)+(1—=D(x1 =k, 1A(x;— k) +(1— (X, — ko)
< max(Z %, — ki +(1—=2) X1 —k,ll, 2 [ Xo—ky || +(1—2) [Ix2—K.[)
< Amax(|x;—kyll, [1x;— k) +(1—Dmax(f|x,—ksll, [Ix2—kal))
< Ad(xy, x93 K)+(1—2A)d(xy, X235 k)
= d(xy, X3 k)

and the reverse inequality always holds, we conclude that:

max(|lx;—kl, | x,—&l) = d(x,, xz, k).

3. If K is a subspace of a strictly convex normed linear space X, then it is known
that there is at most one best approximation to any element x € X—X. In this
section we shall prove a similar result for the best simultaneous approximation.

PROPOSITION 3.1. Let K be a subspace of a strictly convex normed linear space X.
Then there is at most one best simultaneous approximation from the elements of K,
to any two elements x,, x, € X.

Proof. Suppose k, and k, are best simultaneous approximations to x, x,.
Let d=max (| x;—k;ll, |xa—k;ll), (i=1, 2). Then there are two cases to consider.

(a) Let ||x,—k,||=d and |x,—k;||=I<d (or vice-versa), and write d—I=e.
We can find a convex neighbourhood U< K of k; such that:

d—eld < |lx;—k|| < d+e/4
and

I—e/d < |Ixg—k| < I+¢/d, VkeU.

Thus max(||x;—k|, |x.—k|)=I[x,—k|| whenever k€ U. Further, |x,—k||>d.
The element k=4k,+(1—2)k, € U provided 4 is sufficiently small and non-zero.
Since & is also a best simultaneous approximation by lemma 2.3, we have | x; —k| =
d. However |x,—k,|=d and |x,— (k,+k)/2||=d. From these last three relations
and the strict convexity of the norm we deduce that k, =k, thus k,=k,.

(b) Assume ||x;—k,||=|xs—k,]=d, and also |x;—k,|=|x,—k,|=d (if not
then the previous argument holds). Write: k=(k,+k,)/2, then there are three
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possibilities, either
@) Dx—Ell=lx—Fl=d,
(i) [[x,—k|=d and |x,—k| <d, or
(i) [lx,—k[ <d, || x;—k||=d.

In all the three cases we have either:

%= kil = lx1—ksll = llxy—(ks+kp)/2], or
[xa—kill = [[xo—kal = [lxa—(ky+k2)/2]

or both. Using the strict convexity of the norm we deduce that k;=k,.

4. Let K be a closed and convex subset of a Banach Space X. If X is uniformly
convex, then every element in X has a unique best approximation from the elements
of K. In this section we show that a similar result holds for best simultaneous
approximation.

ProposITION 4.1. Let K and X be as above, then any two elements x;, x, € X
have a unique best simultaneous approximation from the elements of K.

Proof. Let
d = inf max([|x,—k|, lx;—kl[)
keK

and {k,} be a sequence of elements in K such that:

lim max([x,—k,[l, [ x2—k,[) — d.
We can assume without loss of generality that d=1.
Let d,,=max(|x;—Kkpl, | Xa—k[), then d,,>1 and

—k
(4.1) ”x'_m._“_ S 1.
dm
Consider
_l_(k__m Ifﬁ) _ d,k,+d.k, ) d,+d,
2\d, d, d,+d, 2d,d,
and write
_ d.k,+d.k,
ymn - dm+d,,, .

Since K is convex y,,, € K. Hence max(|X;—ymall, |¥2—Ymnl)=>1 and conse-
quently

max( dntdn . _ l(k_.m + kn)
dotd, _ dp+d,

Xy —=
2d,,d, 2\d,, d,

= max([|X;— Yuull, 1Xe— Vmal) —2—2 > 2—2

(%= Ymnlls 1X2— Y mnl) 2d,d. = 2d

b

1 k
dptdy __(ﬂ N _,,)

dptd,
2d,d, 2\d,, ' d,
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Therefore at least one of the following is true:

xl_km xl_kn dm+dn

4.2 +
(42) d, d, 2 d,d,
Xs—k Xs—k dm+d
m n > ﬂ.
*3) & a4, % 4,

Suppose (4.2) is true, then, from (4.1) and the uniform convexity of the norm it
follows that for any given £>0, there exists a NV such that

xl—'km — xl—'kn
dm dy

Using (4.4) and the fact that d,,—1 it can be shown that the sequence {k,} is a
Cauchy sequence, hence it converges to some k in X. Since K is closed, k € K.
The element k is the unique best simultaneous approximation.

5. In an inner produce space the problem of best simultaneous approximation
is relatively much easier. Let H be a real inner produce space and G a subspace of H.
Consider two elements x,, x, € H, which have best approximations, say g;, g»
from the elements of G. If ||x;—g,l| <l x,—g.ll, then g, is also a best simultaneous
approximation. Similarly if [|x,—g,|| <l|x;—g, |, then g, is also a best simultaneous
approximation. If the above two conditions are not satisfied then

(4.4) <e form,n> N.

g=lg+(1-Ng, (0<AI,
is the best simultaneous approximation, where 4 is given by
(.1 % =&l = lIx2—2l.
For this we need to show that
max([x,—g+gl, |x.—Z+2l) = [x—8ll = (Ix.—2I) VgeG.
On the contrary suppose that there exists a g € G such that
(.2 I —&+gll < x1—&ll, and

(5.3) [xa—&+gll < llx,—2l.
From (5.2) and (5.3) we obtain

_ _ (&9
(xl 82 g) < 2(1_1) and
(x2—g1, 8) < — (—gz’ng .
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Adding these two we get

_ _ — (_g’_gl[l L]
(X1—g2+X—81, 8) < s 17 + -2

or

_ - _C&Q[L L]
(%1~ 81, @)+ (x2—g2» &) < 5 ,1+1—/1

ie. 0<—(g, 2)/2[(1/(1—A))+1/2] since by hypothesis x;—g;, X;—g, | G which is
a contradiction.
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