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ERDOS-TURAN MEAN CONVERGENCE THEOREM FOR

LAGRANGE INTERPOLATION AT LOBATTO POINTS

WieLiam E, SMITH

Let {Qn} denote the orthogonal polynomials associated with the

weight function p on [-1,7] and let {xni}ztg denote the
2 . . .
zeros of (I~ )Qn(x) . Consider the Lagrange polynomials which

interpolate a given continuous function at these points. It is
shown that, as 7 +> « , the Lagrange polynomial converges to the

function in the w weighted mean square sense, where w(x) =
p(x)/(l—xZ) , provided that w is integrable. An application
to numerical product integration is noted.

1. Introduction.

In a comprehensive review of Lagrangian interpolation (Nevai [41)
several interesting unsolved problems were noted; amongst them the
weighted mean p convergence behaviour of Lagrangian interpolation on a

finite interval at the zeros of orthogonal polynomials supplemented by the
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end points. For definiteness we regard the interval as {[-1,1] and

{Qn} as the orthogonal polynomials associated with a weight function p.

2 %
For the particular case pf(x) = (I-2”)° the polynomials are the second

kind Chebyshev polynomials Uh s and the points are the familiar Clenshaw-

Curtis or "practical Chebyshev" points. For these points a range of mean
convergence results is available from trigonometrical interpolation
(Zygmund [73]) and these have been exploited in applications to numerical
integration (Sloan and Smith [8], [9]). For the case of Jacobi-like
polynomials in general, extensive results have now been obtained ([5], [7],
croa, C111, 012y .

In the present note we regard p as having no specific form other

than that
w(z) = plx)/(1-z>)

be integrable. We then prove the simplest mean (square) convergence result
or Erdds-Turan theorem [?] for the weight w® . The development uses the
alternative characterization of the interpolation points as the nodes of

the (Lobatto) rule of highest precision, namely (2n+1) , of the form
1 n
(1.1) f 1 wlx)f(z)de = 7'_{ w flx ) +w f(1)

e f-1) + B (F)

having the constraint that the end points be nodes (Davis and Rabinowitz

[1], Rrylov [4]). The {xni}z in equation (1.1) are zeros of the

=1

polynomial Qn . From the theory of Lobatto rules it is also easily shown

that all of the weights in (1.1) are positive. It is convenient to write

equation (l1l.1) as

Il

1 n+l
(1.2) J_z wlz) flx)dx igo w  flx ) +E(f),

[}

with X .y

no 1 xn,n+1 =

3

n+1 .
and to regard {xn.} as Lobatto points for the weight w .

1 2=0
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2. Mean square convergence of Lagrange Lobatto interpolation.

THEOREM 1. (ErdSs-Turdn theorem). Let w(z) = p(x)/(1-z°) be a
weight funetion on [-1,1]. Let {acm: }2=1 be the zeros of the orthogonal

polynomial of degree n associated with the weight p and let x , =1,

no

T bl = -1. Forany [ e C[-1,1]1 Let Ln+1(f,x) be the Lagrange poly-
nomial interpolating f at the points {xm. }Z:; then

1

2
I w(x) (Ln+1(f,x) - f(x})"dx » 0
_1 -

as "N+,

Proof. The proof uses the Lobatto rule (1.1) or (1.2) to show that
the norm of the interpolation operator from ( to the w weighted L2
space as defined by

1 2 %
U wlx) (Ln+1(f',x)) dx}
It = su =

P
feCl-1,1] HFl

H Z"n+1

is bounded uniformly in 7 . However, the Lobatto rule does not have
sufficient precision to integrate (Ln+1(f;x)) exactly and this requires

modification of the elementary method often used to prove the usual Erdos-
Turan theorem with Gaussian points (Johnson and Riess [3] Theorem 6.8).
The method extends to the Radau case where one end point is included, but
not to the Lobatto case where both end points are included.

Instead we first use a formula usually attributed to Aitken to write

(f,z) = (%) L,g“(f,x) + (25 L:L_l)(f,x) ,

Ln+1 2

where L;l)(f}x) is the unique Lagrange polynomial of degree »n or less

n
. £ . . _ .
that interpolates [ at {xnz}i=1 together with anO 1 , that is at
{z .1} and similarly L(_l)(f x) interpolates f at {x Y
nt 1=0 ' n ? nt i=1
. . n+l
together with xn,n+1 = -1, that is at {xni}i=1
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Then

1 2 %
U . wlz) (Ln+l(f,x)) dx}

f w(x)[(lﬂ)fz (f2) + (5L g, )-] d'c} ,

IA

-1

%

A

% 1
U w(x )(1"”c 721)(f,x))2dx} +U w(z) (557 (L g 2)) dx} ,

1 %
+ {f w(x)(J-Tx) (L:;l)(f,x))zdx} ,
-1

n 1+x % +7 1- -z, %
= { .zowni[ rn] L}il) (f,xm:))z} +4 ] wni[ J (-1) (fix, )) } R
= 1=1

using the Lobatto rule (1.2) which has precision (2n+1) ,

n 1+x % +1 1-z, : %
(3, ol (e
Lo 2y

Bl T [ sl T)

7/—0 -
ince all w . > 0
Sl s

= 711, {UJ w(x) [%]dx)% - Ul w(x) (i;_Xde)!’ :

-1 -1

[ (x)(lﬁm: (f,x))dx}

IA

using (1.2) again ,

= [Ifl], »

where M is a constant independent of n and f .

Therefore |I, || < ¥ = U: w(z )[m] ]} s U:“’(x)[ Zx]dx)%

and since polynomials are dense in ([-1,1] and are replicated by
sufficiently high degree Lagrange interpolation we conclude, in the usual

way that,
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1
2
f , w(m)(Ln+1(f;x) - f(x))"dx > 0

as n > for every f e C[-1,1] . O

The application of Theorem 1 to Jacobi weights gives the following

corollary
COROLLARY 1. If we interpolate f e C[-1,1] at the zeros of the

Jacobi polynomial Pza,B)

(x) (0,8 > 0) , together with the end points
x=-1 and x =1, the resulting Lagrange interpolation polynomial

Ln+1(f,x) satisfies

1
f (1-2)* L (122)® 0 (Fx) - Fla))Pdz > 0
-1 n+1

as n >«

The special case of o =8 =% in Corollary 1 above corresponds to

the use of the Clenshaw-Curtis or "practical Chebyshev" points and

1
-% 2
f (1-22)7%(L__(f,x) - fx))Pdx 0
n+l
-1
as #n -+~ ® ., Stronger results are obtainable from the specifically Jacobi

results [5], [7].

3. An application to numerical product integration.

Using the results of Sloan and Smith [9] the following convergence

proposition for product integration is easily proved.

COROLLARY 2. suppose an interpolatory product integration rule of
the form

1 n+l
[ k(x)f(x)dr = .Z wnif(xni)
-1 =0

n+l

=0 of Theorem 1, then the rule

is constructed using the nodes {xni}

converges to the true integral as n +® for any f € C[-1,1] provided

only that
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dr < o,

T (k(z))?
-1 wlx)
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