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Abstract

For an integrable function f on T, we introduce a modified partial sum S2(f,t) and establish its
L'-convergence property. The relation between the sum and I!-convergence classes is also established.
As a corollary, a new L‘-convergence class is obtained. It is shown that this class covers all known
L'-convergence classes.
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1. Introduction

For an integrable function f defined on the circle group T = R/27Z, S, (f,1)
and o,(f, t) denote the nth partial sum and the nth Cesaro sum of its Fourier
series L, < o, f(n)e™, respectively. Define A f(n) as follows: for n > 0, Af(n) =
f(n) ~ f(n + 1) and Af(—n) = f(—=n) — f(—n — 1). It is well known that there
exists an integrable function on T whose Fourier series does not converge to itself
in L'-norm. Hence, many authors have defined L'-convergence classes in terms
of conditions on sequences of Fourier coefficients. An L!-convergence class is a
class of Fourier coefficients { f(n)} for which

(Y) 1S.(f) = flli=0(1) (n— )
if and only if f(n) log|n|=0(1)  (|n]—> ).

This development was influenced by [14]. In that paper, A. N. Kolmogorov
proved that even quasi-convex sequences form an L'-convergence class. After
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{21 L'-convergence of Fourier series 377

that, many L'-convergence classes have been found (see [1, 2, 3, 5, 6, 7, 8, 9, 10,
11, 14, 15, 16, 17, 18], and these are subclasses of the following three classes:

[An)
(i) lim fm ¥ kP AF(K) =0 forl<p<2;
n—ooo |k|=n
(ii) C N BY;
(iii) oM.

Condition (i) is a Tauberian condition of Hardy-Karamata kind (see [12]).
Notations in (ii) and (iii) are defined as follows.

DEFINITION. We say that an even sequence { f (n)} belongs to the class C if for
every ¢ > 0, there exists § > 0, independent of n, such that

C(6)= L ['| £ afk)pu(0)

k=n
where D, is the Dirichlet kernel.

dt < ¢ forall n,

DEFINITION. We say that { f (n)} belongs to BV, the class of bounded variation,
if Xj5-114f(n)| < 0.

DEFINITION. We say that an even sequence { f (n)} belongs to QM, the class of
quasi-monotone sequences, if, for some a > 0, f(n)/n® is monotone decreasing as
n varies from 1 to oo.

In this paper, we shall introduce in Section 2 a new modified partial sum
SA(f,t) and establish a result about its L'-convergence property which says that
the L'-convergence problem of S2(f, t) is closely related to the behavior of a new
series ¥, , o Af(n)EX(t). The series has the form ¥, Af(n)D,(t) in the case
that f is even, or equivalently, the Fourier series of f is a cosine series. In Section
3, it will be shown that S*(f,¢) controls the truth of the statement (Y). As a
corollary, we shall establish a new L'-convergence class which covers all known
L'-convergence classes mentioned before.

2. A modified partial sum S2( f,t)

For n > 0, define E*(¢) as follows:
PRICER no
EX(t)=r—Fp— =2 ¥+
21.8”/ sin t/2 k=0

1
2ie"sint/2’
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378 Chang-Pao Chen (3]

and E* (1) = E}X(—1). Clearly, for any positive integer n, we have the following

1dentities:
@
EXt) - Ex (1) =e™,
(i)
in(n + )¢
E(6) + E*,(1) = D, (1) = Snnt D)
sin 53¢
(i11)

cos(n + 1)t

EX(1) - B2, (1) = 2
2

We introduce a new modified partial sum S2( f, ¢) as follows.
S2(f)=S(f,0) = 8,(f.1) =(f(n)EX(r) + f(=n)E*,(1)).

In order to establish the L'-convergence property of S*(f,t), we need the
following two lemmas.

LEMMA 2.1. Let {A,} be a sequence of integers with X, > n for all n. Then for
any 0 < |t| < 7, we have

(o)\ (f t) U(f,t))

Sp(f.1) —a,(/, t)—

’l

"'Af(k)E:(z) +R(1),

7:

n

where
1 Mot
O AL
n kj=n
-5 l_n k"z:: (f(k+ 1) EZ(t) +f(—k = 1)E*,(1))

b () B2 (1) + H(=m) B2, (1)

L (FOER() + F(-A)E* (0).
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(4] L'-convergence of Fourier series 379
PROOF. It is well known that

S,(f.1) —o,(f,1) =

(Ox(f 1) = o,(f,1))

A
"N, +1— k|, ,
-y e Bgen

lk|=n+1 n
By using summation by parts, we get
A A
D N oA+l -k,
> ———A flkyei = ¥ = f(k)(Ez(1) - Ef 1(1))
k=n+1 n k=n+1 n

+

= A b 52 - ) 2

5 ks 0B~ H B + FO B0

Similarly, we have
A

k=zn 1 : Ati;k f(=kyem ™
>: "—“l—Af( KYE* (1) - f(—n) E*,(1)

A1
1 « 2 R R
3 _,,( S f(=k = DE*(1) = F(=n)E*, (1) + (=N, ) E%, (1) |-
n k=n
From these identities we get the desired result.

LEMMA 2.2. Let {A,} and R, (t) be as in Lemma 2.1. If a sequence {p,}
satisfies p, = O(A, — n) and p, > 1 for all n, then

lim f |R,(1)|dr =
n—w Yz jii>a/p,
PROOF. From the fact that
/ |E¥(1)|dt < mlogp, for all integers k,

m=|tj=7/p,

we find that

limf
n—oo Juxi|>m/p,

n(f(")En*(t)+f(—n)Efn(t)) dt =

n
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and

I (FOER() + (=N E* (1)) di =

n

lim /

Therefore, it suffices to show that if {¢,} is a sequence tending to 0 as |n| = oo

then
1
Z CkE*(t)

A " ki=n

lim f
n—w Jasli|sn/p,

If we apply the Holder inequality and the Parseval formula, then we get

A -1 1 A1
c EX(1) dt=/ = Y ek gr
L>yt|>w/o,, kgn Kk mz|t|=7/p, 2sint/2 k=n ‘
172 A, -1 2\ 12
dt 2a
f f 2 e pitk+ el gy
n>tl>7/p, |2smt/2| 0 | k=n
A
<7rp1/2( ) |Ck|) :
Similarly, we have
A1 A,—1 1/2
IR ):c ExX ()|t <2 T e,
m>lil> 7/, | ke k=n
From the last two results, we get
A -1
/ —— T k()4
n2li|zmn/p, | Tn |k| n
A,—1 12 A—1 1/2).
<l )”2 LTl s T e
A,—n A,—n =, A, —n =
o 1/2
<nl525) s el + s e )
-n kzn kzn
It follows that
1 Mot
lim f = Y o Ep(1)|d
n—ow Yax|t>n/p, }‘n |k| n
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1t is well-known that for any integrable function fon T, ¢,(f, t) converges to f
in L'-norm. If we apply Lemmas 2.1 and 2.2 to the case A, = [An] and p,=n
then we get the following L'-convergence property of S2(f, t).

THEOREM 2.1. Let f € L(T). Then the following are equivalent
(i) lim |SA(f, 1) — f(t)|at =

n—0 Yg>tiza/n

_ A=t [An] — k|
(ii) lim Tim —Af(k)E*(t)
ALl L, '[r>|1|>n/n lk|=n [A ]

REMARK. The sum inside the second integral of the above theorem can be

written as
[An]—1 [An]—1 m
|k|Z=n [}\ ] f( )Ek [}\n]_n m2=" MIZ:n f(k)Ek >

which is the average of the sums

Y Af(K)EF  (n<m<[An]).
lkj=n
Therefore, the above theorem tells us that the L'-convergence problem of S( f, 1)
is closely related to the behavior of the new series ¥, o Af(n)EX*(t), which is
Y>_, Af(n)D,(¢) for the case that f is even, or equivalently, the Fourier series of
f is a cosine series. In Section 3, we shall describe the relation between S(f, t)
and the statement (Y).

In the rest of this section, we shall discuss the relation between S2( £, t) and the
modified partial sum g, defined in [7, 8}. Therefore, throughout this part, we shall
assume that f is even, or equivalently, that ¥, _ f(n)e™ is a cosine series. We
have

S2(f,1) = S,(f.1) = f(n)D,(1).

From the following estimate

,/|;|<W/n|SnA(f,t)ldt=f |S,(f.t) = f(n)D,(t)|dt

itl<m/n
25 |y 1+ AT ),
|kl<n
we get
lim ISA(f, 1) — f(2)|dt =

n=0o Cl|sm/n

Therefore, in this case, Theorem 2.1 can be transformed into the following form.
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COROLLARY 2.1. Let f be an even integrable function on TW. Then SAf)
converges to f in L}-norm if and only if

n\—1 1)\"] k. ~
Z (] By, A/ () D (1) | dr = 0.

lim lim
Al L0 Yazltiza/n

We have the following relation
SH(f,1) = g,(1) = Af(n) D, (1).

For any 8§ > 0 and m > n, we have

f‘”
8 k=

m . -
dt<k}£nlAf(k)l- nd/2"

and
L Af(k)D (1) |at
k=n
<f8 dt+f8 Y Af(k)D,(1)|d:
0 0 [k=m+1
It follows that if {f(n)} belongs to C, then ||Af(n)D,(1)|}, = o(1) (n = o0), and
SO

IS2(f) = gy = 0))  (n— o).
If in addition, { f(n)} belongs to BV, then for any A > 1, we have

NI An] -k,
l' E -_— = ().
i i [An) - nAf(k)Dk . 0

This follows from the observation that the last sum is the average of the sums
Y Af(k)D (1) (n < m<[An]).
k=n

By Corollary 2.1, g, converges to f in Ll-norm. Therefore, S*(f,t) can be
regarded as a generalization of g,(r).

3. L'-convergence classes

In this section, we first establish the relation between S*(f,?) and the
statement (Y). As a corollary, we establish a new L!-convergence class, and then
show that this class covers all known L!-convergence classes mentioned before.
To establish these, we need the following lemma.
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LEMMA 3.1. Suppose that p, = O(n®) for some a > 0 and that p, = 1 for all n.
Then
Lo HWED +f(=mE,(0)]di = 0(1)  (n > o)
72|tz 7/p,

if and only if f(n) log p|, = 0(1) (|n] = o).

PROOF. The “if”” part follows from the inequality
f |E¥(t)|dt < wlogp,  for all integers .
n>1|>7/p,
To establish the “only if” part, it suffices to show that for some M > 0,
dependent on a,

f" |aEX(t) + bE*, (1) | dt > M(|a] +|b]) logp

for all complex numbers a, b, all n > 3, and all p of the form 3 < p < n* The
last inequality can be proved as follows:

[* laEx(e) + bE* (1) |dr > [°
n/p

/p

|aei(n+l/2)t — pe—iln+t 1/2)r|
t

dt

(n+1/2m/p !

If we can get a favorable estimate for the last integral, we shall be done. The last
integral can be estimated by using the following inequality:
lal + |b|

2
for all complex numbers a and b, and any real number ¢ of the form

2t = —arg(ab) + 7 + 2km,
where k is an integer and #/3 < |r| < 7. To see this, first divide the interval
[(n+ Ha/p, (n + $)7]into intervals of the form
[-1arg(ab) — n/2, — | arg(ab) + 72| + km,

with something left over. Second, apply the mentioned inequality to the last
integral and then do a calculation similar to that used in the estimate of
Lebesgue’s constants (cf. [4, Vol. 1, p. 80] or [19, p. 172]). Note that the condition
logp < a(logn) will be used at the last step. After that, the desired result will
follow.

lae’ — be | >

It is clear from the Riemann-Lebesgue lemma and from the integrability of f
that

lim [S,(f,t) = f(t)|de=0.

n—ow Yiga/n
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If we apply Lemma 3.1 to the case p, = n, then we get the following theorem,
which says that S( f, t) controls the truth of the statement (Y).

THEOREM 3.1. Let f € LY(T). If
lim |SA(f,t) = f(2)|de =0,

N0 Yg>tza/n

then ||S,(f) = fll, = o(1) (n = o0) if and only if f(n) log |n| = o(1) (jn] = o0).

As a corollary of Theorems 2.1 and 3.1, we get the following L'-convergence
class.

THEOREM 3.2. Let f € LY(T). If

[An]-1 _
lim lim M__l_]ﬂ

ML L0 Ymzltiza/n | k=n [A"]_”

then ||S,(f) = fll; = o(1) (n = ) if and only if f(n) log |n| = o(1) (|n| = o).

Af(kYEX(t)|dt =0,

REMARK. If both conditions in the statement (Y) are true, then it is easy to see
from Lemma 3.1 that the condition (i) in Theorem 2.1 holds, and so the condition
(ii) in Theorem 2.1 holds, i.e., the hypothesis of Theorem 3.2 holds. This shows
that the above L'-convergence class is best possible.

In the rest of this section, we shall show that the above L!-convergence class
covers all known L'-convergence classes mentioned before. The first case we want
to investigate is the following Tauberian condition of Hardy-Karamata kind (I
was informed that Professor W. O. Bray and Professor C. V. Stanojevi¢ also got
this result by using the Holder-Hausdorff-Y oung technique).

COROLLARY 3.1. Let f € LXT). If for some 1 < p < 2, we have
[An}
(HK) im im Y |k Af(k)[ =0,

All n—o0 |k|=n

then (Y) holds.

PrOOF. Let £ denote the integral

[An}—1
An] - \
/ MAf(k)Ek*(z) dt.
n2|t2a/n | |k|=n [An]_n
Then we have
¢(1) [
T = ——\d,
f,,>|,|>,,/,, 2sint/2
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where

[An]-1 _ A ' [An]—1
e e

Applying first the Holder inequality and then the Hausdorff-Young inequality,

we get
1/p
dt 2n g \74
z<(/ — ) ([ 1o a)
m2ltz7/n |2sint/2| 0

(An)-1 TRV o7
<Apn1/q( Z ([[}\;n—]]_ls—l) IAf(k)I)

lk|=n

Af( k) Alk!

[An] /p
( z kAt ) ,
tkl=n

where 1/p + 1/q = 1, and where 4, is a constant dependent on p only. From
the last estimate, we find that this corollary follows from Theorem 3.2.

From the following set of implications

) 7 P\ 1/p
SN L

n

S kP AF(K) < o0 = (

[kj=1

=>— Z k1af (k) [ = 0(1)

|k| n
[An] )
= lim im Y |k (Af(R)] =0,

MU nsoo k=n

we find that the following three classes are L'-convergence classes:

(i) CrNBV (cf. [15]),
(i) C,NBV (cf.[15]),
(iii) V,AF  (cf.[1]).

Moreover, Corollary 3.1 generalizes those corresponding results in [1, 2, 3, 10, 15,
16]. It is easy to see that the condition nA f(n) = O(1) implies
[An]
T kA7) < MiogA
|kj=n
for some absolute constant M. Therefore, the above corollary has the following
consequence.
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COROLLARY 3.2. Let f € LNT). If nAf(n) = O(1) (|n| = o), then (Y) holds.

Recall the proof of Corollary 3.1. We used the Holder-Hausdorff-Young
technique to get an estimate of
M=t [an] -1k,
=———Af(k)E}(t)|dt
Pl [)\n]—n f( ) k()
and then got the desired result. In fact, we can directly get the following estimate
of X without using the above famous inequalities

(An]-1
3 IAf(k)I) / &

K|=n w>lt>m/m |2sint/2|

po

n2lt|zm/n

2 <

[Ar]—1

<w(logn) X [Af(K)].

|k|=n

From this point of view, we get the following L'-convergence class, which
corresponds to the limit of condition (HK) as p — 1.

COROLLARY 3.3. Let f € LXT). If

[An]
lim lim (logn) Y. |Af(k)|=0,
N |k|=n

then (Y) holds.

The second case we want to investigate is the L'-convergence class C N BV,
which was obtained in [7, 8]. From the discussion at the end of Section 2, we find
that the following is a consequence of Theorem 3.2.

COROLLARY 3.4. Let f € LNT). If {f(n)} € C N BV, then (Y) holds.

Let S and F, be as in [15]. As shown in [15], the following relations hold

{even quasi-convex null-sequences} ¢ S ¢ F, ¢ C N BV.

From these relations, we find that all the above classes are L'-convergence classes,
and Theorem 3.2 generalizes those corresponding results in [6, 7, 8, 14, 17].
The third case we want to investigate is the class QM. Suppose that { f( n)} is
even and belongs to QM. The quasi-monotonicity of { f (n)} yields
87(n) | < f(n) + cal ),

td
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where ¢ = max(2,2%). This implies that

[An}—-1 [An]-1
/ Pd= My k) £ (1) dr < (miogn) B [a7(K)
m2ltjzn/n | k|=n [>‘ ] |kj=n

M)
< (mlogn) Y (Af(k)+ca K] )

tk|=n

< (atogn){ f(m) + (=n) = ([An]) = /(= [An))
+( sup f(k))MlogA}
n<|k|<[An]
for some absolute constant M. Therefore, if f(n) log|n| = o(1) (|n] = o), then

BT [An] — 1| .
L Do M 0E (1) d

By Theorem 3.2, we get the following corollary.

lim lim
M1l L0 Ymzltlza/n

COROLLARY 3.5. Let f € LX(T). If {f(n)} € QM and if f(n) log|n| = 0(1) as
|n| tends to oo, then ||S,(f) — fll; = o) (n = o0).

Under a suitable definition of QM for a Fourier sine series, such as that given
in [9] and [18], we can obtain the same result for sine series as Corollary 3.5
provides for cosine series. We know that the concept of quasi-monotonicity is a
generalization of the concept of monotonicity, so the above corollary generalizes
the corresponding result in [S]. It is easy to see that if { f (n)}_, is decreasing
and %, f(n)/n < oo, then f(n) logn = o(1) (n > o). This shows that the
above corollary also generalizes the corresponding result in [11].

4. A modified approach

It was seen in Sections 2 and 3 that the L'-convergence problem of the Fourier
series of f is closely related to the L'-convergence problem of the modified partial
sum S2(f,t), and, moreover, that the L'-convergence problem of S*(f,1?) is
completely determined by the following two factors.

(i o) = s (),
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(ii) IR

az|t|=7/p, |k| n

=laiw B (o) |a

Therefore, it becomes a crucial issue as to how to control the above two
quantities. We have seen in Sections 2 and 3 how the choice A, = [An] and
p, = n works. In this section, we shall see how the new choice A, = n + [n/1,]
and p, = [n/1,] also works, where {/,} is defined below. Assume that for an
integrable function f on T, the following better estimate of ||o, (f) — o,(f)l};
holds:

Oretnsg (1) = ()] = 0(1)  (n = o)

for some sequence {/,} satisfying 1 < /, < n for all n. From the first identity in
the proof of Lemma 2.1 and the following estimate

flk)e

An

<2 Y k)| <2n- sup (7)1 +17(=k)1),

= o lk|=n+1

A
A+ 1k,
J R

n

lFl<7/py | |k|=n+1

we get
[ 1S.0=fO)]d=0)  (n= o).

If we apply the argument in Sections 2 and 3 to the choice A, = n + [n/],] and

= [n/1,], then the results corresponding to Theorems 2.1, 3.1, 3.2 and their
consequences will follow, especially the following results, which correspond to
Corollaries 3.1 and 3.3.

RESULT 1. Let f € L(T). Assume the existence of the sequence {l,} defined
above. If for somel <p <2(1/p + 1/q = 1), we have

n+(n/1,] . 1/p
Vil X kTIARR) =) (n - o),
lk|=n
then ||S,(f) ~ fl, = 0Q1) (n — o) if and only if f(n) log(|n|/1,,)) = o(1) (In| —

00).

RESULT 2. Let f € LY(T). Assume the existence of the sequence {l,} defined
above. If
n+[n/l}

(log[n/1,]) ¥ 18f(k)I=0(1) (n- ),

|kj=n
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then ||S,(f) = fll, = o(1) (n = o0) if and only if f(n) log(|n|/1,,) = o(1) (In| -
00).

It is obvious that the above two results are better than Corollaries 3.1 and 3.3
for the case that the sequence {/,} exists. From the fact that

lo.(f) = fli=0(n"%) forfe€ Lip,(T),0 <a<1,
and

lo.(f) = fl = O(logn/n) for f € Lip,(T),
we know that the sequence {/,} exists at least for functions satisfying a Lipschitz
condition. This shows that the above two results make sense at least for Lipschitz
classes. From the definition of {/,}, we know that the existence problem of the
sequence {/,} is completely dependent on the estimate of the quantity (o) (f) —
0,(f)l;- Therefore, how to obtain a better estimate of the quantity [|a) (f) —
a,(f)|l, is a problem of special significance.
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