
DISCRETE SEMI-ORDERED LINEAR SPACES 

ISRAEL HALPERIN AND HIDEGORO NAKANO 

1. Introduction. Let R be a semi-ordered linear space, that is, a vector lattice 
in Birkhoff's terminology [2]. An element a £ R is said to be discrete, if for 
every element x £ R such that |#| ̂  \a\ there exists a real number a for which 
x = aa. For every pair of discrete elements a, b £ R we have | a | n | 6 | = 0 or 
there exists a real number a for which b = aa or a = ab. Because, putting 

c = |a|n|ft|, 

we have c = aa, c = fib for some real numbers a, (3, 
A system of elements a\ Ç 7?(X Ç A) is said to be complete, if |x|P\|ax| = 0 

for all X Ç A implies x — 0. R is said to be universally continuous if for every 
system of positive elements a\ £ R(\ Ç A) there exists f|xeA #x (conditionally 
complete in Birkhoff's terminology [2]). 

DEFINITION. A semi-ordered linear space R is said to be discrete, if R is 
universally continuous and has a complete system of discrete elements. 

Let R be universally continuous. We shall use the notation a\t \cA a to 
mean: a = f|XeA #x and for all Xi, X2£A there exists XÇA with ax^a^Hia^. 
A linear functional L on R is said to be universally continuous, if 

R 3 ax I XEAO implies inf |Z(ax)| = 0. 
xeA 

The totality of universally continuous linear functionals on R is said to be the 
conjugate space of R and denoted [5] by R. R is said to be semi-regular, if R 
is universally continuous and x(a) = 0 for all x G R implies a = 0. 

Let i£ be semi-regular. A sequence of elements av Ç R (y = 1, 2, . . .) is 
said to be ^-convergent to a £ R, iî 

lim x(ay) = x(a) for every £ G R 
v—*CO 

and then we write w-lim av = a. 
v-*CO 

A sequence av Ç i? (i> = 1, 2, . . .) is said to be \w\-convergent to a £ R, if 

lim dc(|aF — a\) = 0 for every £ Ç i?, 
>/—*00 

and then we write |w|-lim av = a. 

In a semi-ordered linear space R we have tfrder convergence, i.e., we write 
lim av = a, if there exists a sequence of elements R 3 hi^Li 0 such that 
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\a, - flU I, (v = 1, 2, . . .). 

Kantorovitch [3] introduced star convergence, i.e., we write s-lim a, = a if 
V—»00 

every partial sequence from av Ç 7? (*> = 1, 2, . . .) contains a partial sequence 
which is order convergent to a. 

We have furthermore individual convergence [7] i.e., we write ind-lim av — a, if 

lim (a„nx)U;y = {aC\x)\Jy for all x, y G -Rî 
y—» 00 

and star individual convergence, i.e., we write s-ind-lim av— a if every partial 

sequence from av G i?(ï> = 1 ,2 , . . . ) contains a partial sequence which is 
individually convergent to a. 

The purpose of this paper is to prove the 

THEOREM. Each of the following is necessary and sufficient in order that R 
should be discrete. 

(A) R is semi-regular and w-convergence coincides with |w|-convergence. 
(B) R is semi-regular and star individual convergence coincides with 

individual convergence. 
(C) R is semi-regular and |w|-convergence implies individual convergence. 

The letters (A), (B), (C) will be used for reference throughout the paper, and 
R will denote a semi-ordered linear space. 

2. LEMMA l.1 If R is discrete, then R is semi-regular and w-convergence 
coincides with \w\-convergence, that is, 

w-lim xv = 0 implies w-lim \xv\ = 0. 

Proof. If R is discrete, then R is universally continuous by definition. 
Furthermore R is semi-regular, because for every discrete element a ^ O w e 
obtain a linear functional à in R as 

[a]x = â(x)a (x G R) 

for the projector (cf. [4]) [a] of a. 
Let 0 ^ a\ Ç R (X G A) be a complete system of discrete elements. Then 

we have obviously 
fl(l - K + . . . + aK]) = 0 

for all finite numbers of elements Xi, . . . , \K G A. Therefore we have by 
definition 

n â ( l - K + . . . +ax J) = 0 
for every positive à Ç R. 

^ r o m Lemma 1 we conclude immediately that in U space weak convergence coincides with 
norm convergence, as was proved first by J. Schur [9]. 
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We assume that xv 6 P (v = 1, 2, . . .) is w-convergent to zero but not 
|w|-convergent to zero and derive a contradiction. We can suppose that for 
some positive â Ç P the inequality â(|x„|) > 2 holds for an infinite number of 
v, hence 

â(xv
+) > 1 or â(xv~) > 1 

for an infinite number of v. Replacing xv by — xP if necessary, we can suppose 
a(xv

+) > 1 for an infinite number of v and hence (using only these xy) for all 

Now for each /z = 1, 2, . . . define xM and a projector 

PM = [aMl + . . . + aMJ 

(with a finite number of indices #L, . . . , / * * £ A, K = K(JU)) by induction on 
H so that: 

(i) â((Up<,PP)W) < 1 , 

(ii) P,UP<„Pp = 0, 

("0 5((1 - U P g , P p ) k | ) < | . 

Set & = [PMx/] and (? = U^I(?M- Then ôQ is in P, yet â(?(xM) > | for all 
/x, contradicting the assumption lim dQ{x^) — 0. 

u —•oo 

LEMMA 2. Le/ P 6e semi-regular. For a positive p £ R, if 

w-lim xv = 0, |x„| ^ p (v = 1, 2, . . .) 

implies w-lim \xv\ — 0, ^ew the normal manifold [p]R is discrete. 
V —>00 

Proof. If [p]R is not discrete, then there exists an element po which we 
choose to denote also by p(0, 1), such that 0 9e [po] ^ [p], [po]R has no discrete 
element except 0, and furthermore [po]R is regular, i.e., there exists a positive 
â e R such that if (0 ^ x G P) 

â(x) — 0 implies [po] x = 0. 

For such a positive â G P, we see easily that there exist two elements p(0, 2 - 1) , 
£(2~\ 1) such that 

[po] = b(0 , 1)] = [p(0, 2-0] + [p(2~\ 1)1 

a([p(0, 2Ti)]p) = â([p(2-S l)]p). 

Thus we obtain by induction elements 

p(»2T't (M + 1)2-) (M = 0, 1, 2, . . . , 2 ' - l ; , = 1, 2, . . .) 

such that 

https://doi.org/10.4153/CJM-1951-034-4 Published online by Cambridge University Press

https://doi.org/10.4153/CJM-1951-034-4


296 ISRAEL HALPERIN AND HIDEGORO NAKANO 

\p(&->, (M + 1)2-')] 
= [p(2»2->-\ (2M + 1)2-- 1 ) ] + [p((2„ + D 2 - - 1 , 2(P + l ^ - - 1 ) ] , 

â([^(2M2-'-1, (2M + l)2-^)]p) 

= 5([£((2M + l ) 2 - - i , 2(M + l)2- ' - i )]£) . 

2 " - l 

Putting zF = £ ( - 1 ) " [ ^ ( M 2 - ' , (M + 1)2"-)]/'. we have 

W = bolp (? = 1 ,2 , . . . ) 

and hence naturally 

(2.1) lim ô(|x,|) = â([po]p) * 0. 
v —•CO 

On the other hand we can prove 

lim b(xv) = 0 for every b Ç R. 
v—*co 

This can be done as follows: For a positive b £ R, define a function of a real 
variable 5(0, 0 ^ t ^ 1, by 

Ht) = H U [p((M - 1 )2 - , M 2 - m 

Then it is not difficult to see that b(t) is absolutely continuous: 

5(0 = 

for some summable function g (s). Now 

g(s)ds (O^t^l) 
o 

/ rox+i)2-> \ m / 
lim I £ _ g(s)ds J = lim I £ 

j>-*oo \ o d d M J M2 P / y—»co \ e v e n / 

r(M+l)2_" 
g(s)ds) = i 

1 
g(*)<fc. 

This is easily proved for continuous g (s) and easily extended to all summable 
g(s) (cf. [1]). Now the above shows that 

lim b(xv+) = lim b(xv~) 
v—*CO j > — » 0 0 

and hence lim b{xv) = 0 for every positive b Ç R. Therefore we have w-lim xv 
V—* CO v—*00 

= 0 but not |w|-lim xv = 0 (by (2.1) contradicting the assumption. 
V—*00 

In this proof, let ;y7 (7 = 1, 2, . . .) be the sequence consisting of all elements 

[p(fx2~\ (M+l)2-')]/> (M = 0, 1,2 2 ' - l ; * = 1, 2, . . .). 

Then every partial sequence from yy(y = 1 ,2 , . . . ) contains a partial sequence 
yyv(v = 1 ,2 , . . . ) such that 

00 

L â(y7,) < + °°. 
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Since 0 ^ yyv ^ [po]p (̂  = 1 ,2 , . . .), putting y0= lim sup yyv we conclude 
V—*00 

that â(y0) = 0, and hence y0 = 0. Therefore we have s-lim yy = 0, while 
y —*CO 

lim sup yy — [po]p 9e 0. Thus we obtain further: 
y —»00 

LEMMA 3. / / i? is semi-regular and for a positive p £ R if 

s-lim xv = 0, |#„| ^ p (v = 1, 2, . . .) 
v—>00 

implies lim x„ = 0, /&en /^e normal manifold [p]R is discrete. 
V-*OD 

Conversely we have 

LEMMA 4. If R is discrete, then 

s-ind-lim xv = 0 implies ind-lim xv = 0. 
v—*00 p—>CO 

Proof. Let #x(X 6 A) be a complete system of discrete elements. If 

s-lim xv — 0, \xv\ ^ p (v = 1, 2, . . .), 

then we have obviously 

lim [ax]|x„| = 0 for every X 6 A. 
y - * 0 0 

Putting xo = lim sup |x„|, we have 
y - * 0 0 

[a*]x0 = lim sup [ax] \xv\ = 0 for every X 6 A. 
V—*C0 

Since ax(X G A) is a complete system in R, we obtain then x0 = 0. Therefore 
we have lim xv = 0. 

v—»00 

By virtue of Lemmas 1 and 2 we have: the condition (A) is necessary and 
sufficient in order that R be discrete. And furthermore, as an immediate con­
sequence from Lemmas 3 and 4 we have: the condition (B) is necessary and 
sufficient in order that R be discrete. 

Since s-lim xv = 0 implies |w|-lim xv = 0, as can be seen from the definitions, 
V—*00 ?/—»00 

we obtain by Lemma 3: 

LEMMA 5. Let R be semi-regular. For a positive p £ R if 

|w|-lim xv = 0, \xv\ ^ p (*> = 1, 2, . . .) 
y—»CO 

implies lim #„ = 0, then the normal manifold [p]R is discrete. 
V—»00 

LEMMA 6. If R is discrete, then 

|w|-lim xv = 0 implies ind-lim xv = 0. 
y—+00 p—>00 
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Proof. It is sufficient to prove this for the case xv ^ 0 {v = 1, 2, . . .). 
Now for fixed p ^ 0, let 

xp* = lim sup (xvC\p). 
I/-+00 

We need only prove that xp* = 0 for each p ^ 0. But for every discrete 
element a Ç R and any â € i?, it is easy to prove that â([a]xp*) = 0. Hence 
[a]xp* = 0 for every discrete a Ç JR, implying that xp* = 0 as required. 

By virtue of Lemmas 5 and 6 we obtain: the condition (C) is necessary and 
sufficient in order that R be discrete. 

Remark 1. We can also prove the theorem algebraically without the use of 
classical integration theory (see [6]), if we apply some results obtained in an 
earlier paper [8]. 

Remark 2. The theorem is also valid with the following definition: R is 
discrete, if R is continuous and has a complete system of discrete elements, 
replacing the condition that R is semi-regular by the conditions that R is 
continuous and to every element p ^ 0 there exists q ^ 0 such that [q] ̂  [p] 
and [q]R is regular. 
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