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Abstract. We provide sufficient conditions on a positive finite rotation invar-
iant Borel measure on Dn which guarantee that the analogue of the Carleson mea-
sure theorem remains valid for Bergman spaces of holomorphic and n-harmonic
functions on Dn generated by the measure.
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Theorems characterizing for a given space H of holomorphic or harmonic
functions measures ! for which H is naturally embedded into the space Lpð!Þ, are
usually called Carleson measures theorems. They go back to Carleson (see [1], [6],
[7]), who described measures ! on D for which the Hardy space HpðDÞ is naturally
embedded in Lpð!Þ. The description is given in terms of values of ! on ‘‘Carleson
squares’’. This result was generalized by L. Hörmander for Hardy spaces on strictly
pseudoconvex domains in Cn (see [9]). W. Hastings [8] proved a Carleson type the-
orem for Bergman spaces of holomorphic and harmonic functions on the disk and
polydisk. A version for weighted Bergman spaces of holomorphic functions on the
disk appears in a paper of D. A. Stegenga [23] (see also [12], [18], [17], [24]). J. A.
Cima and W. R. Wogen [3] gave a Carleson type theorem for weighted Bergman
spaces on the ball in Cn. D. H. Luecking in [11] showed a general method to char-
acterize Carleson measures on generalized Bergman spaces. This method was used
by J. A. Cima and P. R. Mercer [2] to prove a Carleson measure theorem for
weighted Bergman spaces on strictly pseudoconvex domains in Cn. The analogue of
the Carleson theorem for HpðDn

Þ for n > 1 is not true.
In the paper we consider Bergman type spaces that are generalizations of the

weighted Bergman spaces. Roughly speaking, a weighted Bergman space on the disk
D is generated by the measure of the form ð1� r2Þ�rdr � � in the polar coordinates
for some � > �1, where dr and � are the Lebesgue measures on ½0; 1Þ and T,
respectively. The spaces bpð�Þ and Bpð�Þ of n-harmonic and holomorphic functions
on Dn are generated by the measure �� �n ¼ ��ð�� �Þ on Dn, where � is a positive
finite Borel measure on ½0; 1Þn that does not vanish near ð1; . . . ; 1Þ, �n is the
Haar measure on Tn and the function � : ½0; 1Þn � Tn

! Dn is given by
�ððr; tÞÞ ¼ rt. Properties of these spaces were considered in [22], [13], [14]. One can
show that each positive finite rotation invariant Borel measure on Dn has the form
�� �n for some �.

The aim of the paper is to prove Carleson type theorems for spaces bpð�Þ for
14p < 1 and Bpð�Þ for 0 < p < 1. The paper is divided into three sections. The
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terminology and basic facts are explained in the first. In the second section we pro-
vide conditions on � which guarantee that the spaces bpð�Þ for 14p < 1 and Bpð�Þ
for 0 < p < 1 are naturally embedded in Lqð!Þ for p4q < 1, if values of ! on
‘‘Carleson squares’’ are suitable for � (see Theorem 3). Furthermore, we provide less
restrictive conditions for � which guarantee that the spaces bpð�Þ and Bpð�Þ are
naturally embedded in Lqð!Þ, if values of ! on a sequence of ‘‘suitable squares’’
inside the polydisk are appropriate for �; (see Theorem 4). A crucial role in proofs
of these results is played by Lemma 2 which describes a natural property of the
Poisson kernels. For n ¼ 1 (and spaces bpð�Þ for 1 < p < 1 and Bpð�Þ for
0 < p < 1) the role of the lemma can be played by the Carleson theorem. Our
method provides in the case of Bergman spaces generated by radial weights more
precise results than the D. H. Luecking method. For Bergman spaces generated by
‘‘regular’’ radial weights they yield similar results. In the third section we give con-
ditions for � which guarantee that if Bpð�Þ is naturally embedded in Lqð!Þ, then
values of ! on ‘‘Carleson squares’’ are suitable for �; (see Theorem 8). The proof of
Theorem 8 applies some ideas that are standard in such considerations (see [15]).
The conditions on � in Theorems 3 and 4 are expressed in terms of values of � on
some sequence of parallelepipeds in ½0; 1Þn. In Theorem 8 they look similar to those
introduced by Shields and Williams in [21]. Propositions 6 and 10 show that in both
cases they are quite easy to verify for wide families of measures. Theorems 3 and 8
together show that the classical Carleson theorem can be adapted for bpð�Þ and
Bpð�Þ spaces for a quite wide class of measures �.

1. Basic properties of generalized Bergman spaces on the unit polydisk. We start by
explaining basic notation used in this paper. As usual, N, D and T will stand for the
set of all positive integers, for the open unit disk and for the unit circle in the com-
plex plane C, respectively. Throughout the paper, n will be a positive integer and � a
positive finite Borel measure on ½0; 1Þn with 1 ¼ ð1; . . . ; 1Þ 2 suppð�Þ; (the support of
� briefly denoted by suppð�Þ is the smallest closed set C � ½0; 1n such that
�ðCÞ ¼ �ð½0; 1ÞnÞ). The normalized Lebesgue (Haar) measures on ½0; 1Þn, T and Tn

will be denoted by �n, � and �n, respectively. For r ¼ ðr1; . . . ; rnÞ 2 ½0; 1Þn and
t ¼ ðt1; . . . ; tnÞ 2 Tn the element rt ¼ ðr1t1; . . . ; rntnÞ is a member of Dn. We denote
by �� �n the Borel measure on Dn given by �� �nðAÞ ¼ �� �nð�

�1ðAÞÞ, where
� : ½0; 1Þn � Tn

! Dn is given by �ððr; tÞÞ ¼ rt. We shall use the following conven-
tion: if q is a member of an n-fold product Xn, then ql is the l-coordinate of q for
l ¼ 1; . . . n. The integer part of x 2 R will be denoted by ½x.

For a positive finite Borel measure � on ½0; 1Þn with 1 2 suppð�Þ and
0 < p < 1, we denote by bpð�Þ the space of all n-harmonic functions (continuous
and harmonic in each variable separately (see [19])) f : Dn

! C such that

�Z
Dn

j f jp d�� �n

�1
p

< 1;

equipped with the norm (when 14p < 1) and quasi-norm (when 0 < p < 1) defined
by

k f k ¼

�Z
Dn

j f jp d�� �n

�1
p

:
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Its subspace consisting of all holomorphic functions will be denoted by Bpð�Þ.
This definition covers many classical examples of Bergman type spaces on Dn. For
example: the space Bpðr1 . . . rn�nÞ is the classical Bergman space of holomorphic
functions on Dn, the space Bp

��Qn
l¼1ð1� r2l Þ

�
l rl

�
�n

�
for �l > �1, l ¼ 1; . . . ; n are

analogues of the classical weighted Bergman spaces of holomorphic functions; (see
[5]). We concentrate only on properties of bpð�Þ spaces for 14p < 1 and Bpð�Þ
spaces for 0 < p < 1.

For z ¼ ðz1; . . . ; znÞ and w ¼ ðw1; . . . ;wnÞ in Dn with jzlj < jwlj, for every
l ¼ 1; . . . ; n let

PzðwÞ ¼
Yn

l¼1

jwlj
2 � jzlj

2

jwl � zlj
2

:

For every h ¼ ðh1; . . . ; hnÞ 2 ð0; 1n let

Ph ¼ fðu1; . . . ; unÞ 2 ½0; 1Þn : 1� hl4ul < 1; l ¼ 1; . . . ; ng:

Proposition 1. Let � be a positive finite Borel measure on ½0; 1Þn such that
1 2 suppð�Þ. For every f 2 bpð�Þ with 14p < 1, and f 2 Bpð�Þ with 0 < p < 1,
z ¼ ðz1; . . . ; znÞ 2 Dn, we have

j fðzÞj4
� 4n

�ð½1þjz1j
2 ; 1Þ � . . .� ½

1þjznj

2 ; 1ÞÞ
Qn

l¼1ð1� jzljÞ

�1
p

k f k:

Proof. Applying the fact that j f jp is a subharmonic function in each variable
separately we get

j fðzÞjp4
Z
Tn
PzðRtÞ j fðRtÞjp d�nðtÞ4

�Yn

l¼1

Rl þ jzlj

Rl � jzlj

� Z
Tn

j fðRtÞjp d�nðtÞ;

for every R ¼ ðR1; . . . ;RnÞ with jzlj < Rl < 1 for l ¼ 1; . . . ; n. Therefore,

j fðzÞjp4
4n

�ðP
ð
1�jz1 j

2 ;...;1�jzn j
2 Þ

Þ
�Qn

l¼1ð1� jzljÞ
� Z

P�
1�jz1 j

2
;...;

1�jzn j
2

�
Z
Tn
j fðrtÞjp d�nðtÞd�ðrÞ

4
4n k f kp

�ðP
ð
1�jz1 j

2 ;...;1�jzn j
2 Þ

Þ
�Qn

l¼1ð1� jzljÞ
� :

From the proposition above, it follows that the topology of bpð�Þ, if 14p < 1,
and Bpð�Þ, if 0 < p < 1, is stronger than the topology of uniform convergence on
compact subsets of Dn. Then the spaces bpð�Þ and Bpð�Þ are Banach when 14p < 1

and p-Banach when 0 < p < 1. Therefore bpð�Þ and Bpð�Þ are closed subspaces of
Lpð�� �Þ. The space Lpð�� �Þ is separable, for every 0 < p < 1; this is a straight-
forward consequence of the Lusin theorem and the fact that the space CðD

n
Þ is

separable. It follows that the spaces bpð�Þ and Bpð�Þ are separable. For every t 2 Tn

and f 2 bpð�Þ, k f k ¼ k ftk, where ftðzÞ ¼ fðztÞ. Furthermore, the norm (quasi-norm)
of bpð�Þ and Bpð�Þ is lower semicontinuous in the topology of uniform convergence
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on compact subsets of Dn. Consequently, harmonic polynomials are dense in bpð�Þ
spaces, and polynomials are dense in Bpð�Þ, for every �. (See [10] and [16].) If Bpð�Þ
or bpð�Þ is naturally embedded in Lqð!Þ for some positive finite Borel measure ! on
Dn and 0 < q < 1, then the embedding is continuous. Moreover if the embedding is
compact, then it maps bounded pointwise null sequences into norm null sequences.
The first fact follows from the closed graph theorem and the fact that the natural
embedding is continuous when bpð�Þ is equipped with the topology of uniform
convergence on compact subsets of Dn and Lqð!Þ with the topology of convergence
in measure. The second follows from the fact that the closed unit balls of bpð�Þ and
Bpð�Þ are compact in the topology of uniform convergence on compact subsets of
Dn.

2. Sufficient conditions for Carleson measures on Bpð�Þ and bpð�Þ. For every
h ¼ ðh1; . . . ; hnÞ 2 ð0; 1n and t ¼ ðeiu1 ; . . . ; eiunÞ 2 Tn let

Sh;t ¼ fðr1e
is1 ; . . . ; rne

isn Þ 2 Dn : 1� hl4rl < 1; ul � hl4sl4ul; l ¼ 1; . . . ; ng:

For each Borel measure � on ½0; 1Þn we have

�� �nðSh;tÞ ¼ �ðPhÞ
Yn

l¼1

hl

2

;

for every h ¼ ðh1; . . . ; hnÞ 2 ð0; 1n and t 2 Tn. The crucial role in our estimations will
be played by the following result.

Lemma 2. Let 04rl < Rl < 1 and 0 < "l4Rl � rl, for l ¼ 1; . . . ; n. Moreover, put
Nl ¼

�
2

"l

	
and J ¼ f0; 1; . . . ;N1 � 1g � � � � � f0; 1; . . . ;Nn � 1g. Finally, let

Uj ¼ fðeis1 ; . . . ; eisnÞ 2 Tn : 2
jl
Nl

4sl4
2
ð jlþ1Þ

Nl
; l ¼ 1; . . . ; ng, for j ¼ ð j1; . . . ; jnÞ 2 J.

Then for every t 2 Tn and uj 2 Uj, j 2 J, we haveX
j2J

Pruj
ðRtÞ43nN1 . . .Nn;

where r ¼ ðr1; . . . ; rnÞ and R ¼ ðR1; . . . ;RnÞ.

The proof of the lemma is very technical but the idea is quite simple: we replace
the sum by the lower Riemann integral sum of Pr on Tn.

Proof. Let us take any t ¼ ðt1; . . . ; tnÞ 2 Tn. Let �tt ¼ ð�tt1; . . . ; �ttnÞ. Let e : R ! T be

given by eðsÞ ¼ e2
is. For every j 2 J let ~UUj ¼ e
��

j1
N1

; j1þ1
N1

��
� . . .� e

��
jn
Nn

; jnþ1
Nn

��
. The

sets ~UUj are pairwise disjoint and Tn
¼

S
j2J

�tt ~UUj. Let wj ¼ ðe
i
2
j1
N1 ; . . . ; ei 2
jn

Nn

�
. Each wj

belongs to exactly one of the sets f �tt ~UUmgm2J and each of the sets contains exactly one
element wj. Denote by ’ : J ! J the bijection defined in this way:

’ð j Þ ¼ m if wm 2 �tt ~UUj:

Let vj ¼ ðvj;1; . . . ; vj;nÞ, where
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vj;l ¼

1 if ’ð j Þl ¼ 0,

e
�’ð j Þl�1

Nl

�
if 0 < ’ð j Þl

Nl
< 1

2 ;

e
�’ð j Þlþ1

Nl

�
if

’ð j Þl
Nl

5 1
2.

8><
>:

It is clear that �ttUj � eðWj;1Þ � . . .� eðWj;nÞ, where

Wj;l ¼

�’ð j Þl�1
Nl

; ’ð j Þlþ1Nl

	
if ’ð j Þl51;�

0; 1
Nl

	
[
�
Nl�1
Nl

; 1
	

if ’ð j Þl ¼ 0.

8<
:

Since the function s !
R2

l
�r2

l

jRleis�rlj
2 is increasing on ð
; 2
Þ and decreasing on ð0; 
Þ, for

each l ¼ 1; . . . ; n,

Pruj
ðRtÞ ¼ PrðRt �ujujÞ ¼ PrðRuj �ttÞ4PrðRvjÞ:

For every l ¼ 1; . . . ; n, we have

R2
l � r2l

jRlvj;l � rlj
2
4

Rl þ rl

Rl � rl
4

2

"l
:

Let Vj ¼ eðTj;1Þ � . . .� eðTj;nÞ, where

Tj;l ¼

�maxf0;’ð j Þl�2g
Nl

;maxf1;’ð j Þl�1g
Nl

�
if

’ð j Þl
Nl

< 1
2 ;�minfNl�1;’ð j Þlþ1g

Nl
;minfNl;’ð j Þlþ2g

Nl

�
if ’ð j Þl

Nl
5 1

2 :

8<
:

For every  ¼ ð1; . . . ; nÞ 2 f0; 1; 2gn let C ¼ B1
1 � . . .� Bn

n , where B0
l ¼

f2; 3; . . . ;Nl � 3g, B1
l ¼ f0;Nl � 1g and B2

l ¼ f1;Nl � 2g. Let E ¼ D1
1 � . . .� Dn

n

where D0
l ¼ T and D1

l ¼ D2
l ¼ eð½� 1

Nl
; 1

Nl
Þ. Applying the following facts

[
fj:’ð j Þ2Cg

Vj � E and

Z
T

R2
l � r2l

jRlx � rlj
2
d�ðxÞ ¼ 1

for every  2 f0; 1; 2gn and l ¼ 1; . . . ; n, we get

1

N1 . . .Nn

X
j2J

Pruj
ðRtÞ4

1

N1 . . .Nn

X
j2J

PrðRvjÞ

4
X

2f0;1;2gn

X
f j:’ð j Þ2Cg

PrðRvjÞ�nðVjÞ

4
X

2f0;1;2gn

X
f j:’ð j Þ2Cg

� Y
fl:l 6¼0g

2

"l

�� Y
fl:l¼0g

R2
l � r2l

jRlvj;l � rlj
2

�
�nðVjÞ

4
X

2f0;1;2gn

Z
E

� Y
fl:l 6¼0g

2

"l

�� Y
fl:l¼0g

R2
l � r2l

jRlxl � rlj
2

�
d�nðxÞ

4
X

2f0;1;2gn

Y
fl:l 6¼0g

2

Nl

2

"l
4

Yn

l¼1

�
1þ

8

Nl"l

�
4

�
1þ

8

2
� 1

�n

:
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Now we are ready to state the Carleson theorem for bpð�Þ and Bpð�Þ spaces.

Theorem 3. Let � be a finite positive Borel measure on ½0; 1Þn with 1 2 suppð�Þ. If
there exist C1 > 0, C2 > 0, strictly decreasing sequences ðam;1Þ; . . . ; ðam;nÞ � ð0; 1Þ
converging to zero, increasing sequences ðbm;1Þ; . . . ; ðbm;nÞ � N and d 2 N such that

(i)
am�1;l

am;l � amþbm;l;l
4C1, for every m 2 N and l ¼ 1; . . . ; n,

(ii)
�ðPðak1�1;1;...;akn

�1;nÞÞ

�ðBkÞ
4C2, for every k ¼ ðk1; . . . ; knÞ 2 Nn

n f1g, where

Bk ¼ ½1� ak1þbk1 ;1
;1; 1� ak1þdþbk1þd;1;1Þ � . . .� ½1� aknþbkn;n;n; 1� aknþdþbknþd;n;nÞ and

a0;1 ¼ � � � ¼ a0;n ¼ 1,
then

(a) for every finite positive Borel measure ! on Dn such that

!ðSh;tÞ4C3

�
�ðPhÞ

Yn

l¼1

hl

�q
p;

for some C3 > 0, every h ¼ ðh1; . . . ; hnÞ 2 ð0; 1n and every t 2 Tn, the space bpð�Þ is
naturally embedded in Lqð!Þ, for every 14p4q < 1, and the space Bpð�Þ is naturally
embedded in Lqð!Þ, for every 0 < p4q < 1;

(b) for every finite positive Borel measure ! on D such that

lim
�!0þ

sup
n !ðSh;tÞ

ð�ðPhÞ
Qn

l¼1 hlÞ
q
p

: h ¼ ðh1; . . . ; hnÞ 2 ð0; 1n; min
l
fhlg4�; t 2 Tn

o
¼ 0;

the embedding I : bpð�Þ ! Lqð!Þ is compact, for every 14p4q < 1, and the embed-
ding I : Bpð�Þ ! Lqð!Þ is compact, for every 0 < p4q < 1.

Proof. For every k ¼ ðk1; . . . ; knÞ 2 Nn and l ¼ 1; . . . ; n let

Ak ¼ ½1� ak1�1;1; 1� ak1;1Þ � . . .� ½1� akn�1;n; 1� akn;nÞ

and Nk;l ¼
�

2

akl;l

�aklþbkl ;l
;l

	
. Let

Jk ¼ f0; 1; . . . ;Nk;1 � 1g � . . .� f0; 1; . . . ;Nk;n � 1g:

For every j ¼ ð j1; . . . ; jnÞ 2 Jk let

Uk;j ¼ fðeis1 ; . . . ; eisn Þ 2 Tn :
2
jl
Nk;l

4sl4
2
ð jl þ 1Þ

Nk;l
; l ¼ 1; . . . ; ng

and Ak;j ¼ �ðAk � Uk;jÞ, where � : ½0; 1Þn � Tn
! Dn is given by �ððr; tÞÞ ¼ rt. Then

Ak;j �
[

2f0;1gn
S
ðak1�1;1

;...;akn�1;nÞ;
�
e
ið
2
ð j1þ1Þ

Nk;l
�1ak�1;1 Þ

;...;e
ið
2
ð jnþ1Þ

Nk;l
�nak�1;nÞ

�:
Hence
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!ðAk;jÞ42n C3

�
�ðPðak1�1;1

;...;akn�1;nÞ
Þ
Yn

l¼1

akl�1;l

�q
p:

Let us take any f 2 bpð�Þ, for 14p < 1, or f 2 Bpð�Þ, for 0 < p < 1. Let j f j attain
its maximum on Ak;j at wk;j ¼ ðjwk;j;1je

isk;j;1 ; . . . ; jwk;j;nje
isk;j;nÞ 2 Ak;j;

j fðwk;jÞj ¼ supfj fðzÞj : z 2 Ak;jg. Let uk;j ¼ ðeisk;j;1 ; . . . ; eisk;j;nÞ. Applying the fact that
j f jp is a n-subharmonic function we get

j fðwk;jÞj
p4

Z
Tn
Pwk;j

ðRtÞj fðRtÞjp d�nðtÞ

for every R ¼ ðR1; . . . ;RnÞ 2 ½0; 1Þn with jwk;j;lj < Rl < 1, for l ¼ 1; . . . ; n. For every
R ¼ ðR1; . . . ;RnÞ 2 Bk,

sup
s2R

R2
l
�jwk;j;lj

2

jRleis�wk;j;lj
2

R2
l
�j1�akl;l

j2

jRleis�ð1�akl;l
Þuk;j;lj

2

4 sup
s2R

ðRl � jwk;j;ljÞ
�
ðRl � 1þ akl;lÞ

2
þ 4Rlð1� akl;lÞ sin

2
�s�sk;j;l

2

��
ðRl � 1þ akl;lÞ

�
ðRl � jwk;j;ljÞ

2
þ 4Rljwk;j;lj sin

2
�s�sk;j;l

2

��

4
�
1þ

akl�1;l � akl;l

akl;l � aklþbkl ;l
;l

�
ðRl þ 1� akl;lÞ

2

ðRl þ jwk;j;ljÞ
2
44C1;

for every l ¼ 1; . . . ; n. The second inequality follows from the fact that the linear
fractional mapping

� !
ðRl � 1þ akl;lÞ

2
þ 4Rlð1� akl;lÞ�

ðRl � jwk;j;ljÞ
2
þ 4Rljwk;j;lj�

attains its maximum on ½0; 1 at 0 or 1; (in this case at 1). We now set
rk ¼ ð1� ak1;1; . . . ; 1� akn;nÞ. Applying Lemma 2 we get

X
j2Jk

j fðwk;jÞj
p4

Z
Tn

X
j2Jk

Pwk;j
ðRtÞj fðRtÞjp d�nðtÞ

4
Z
Tn

�X
j2Jk

4nCn
1Prkuk;j

ðRtÞ
�
j fðRtÞjp d�nðtÞ

412nCn
1

�Yn

l¼1

Nk;l

� Z
Tn
j fðRtÞjp d�nðtÞ:

Since the estimation above holds for every R 2 Bk, it follows that

X
j2Jk

j fðwk;jÞj
p412nCn

1

�Yn

l¼1

Nk;l

� 1

�ðBkÞ

Z
Bk

Z
Tn
j fðrtÞjp d�nðtÞd�ðrÞ:

Applying the fact that the Banach space l1 is contained in l
q
p we get

�X
j2Jk

j fðwk;jÞj
q
�p

q

412nCn
1

�Yn

l¼1

Nk;l

� 1

�ðBkÞ

Z
Bk

Z
Tn
j fðrtÞjp d�nðtÞd�ðrÞ:
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Since the sets ½1� am1þbm1 ;l
;l; 1� am1þdþbm1þd;l;lÞ and ½1� am2þbm2 ;l

;l; 1� am2þdþbm2þd;l;lÞ

are disjoint if jm1 � m2j5d, each element of Dn belongs to at most dn distinct Bk

sets. Let E ¼ ð1� a1;1ÞD� . . .� ð1� a1;nÞD. Then

Z
Dn

nE

j f jq d!4
X

k2Nn
nf1g

X
j2Jk

j fðwk;jÞj
q!ðAk;jÞ

4
X

k2Nn
nf1g

X
j2Jk

j fðwk;jÞj
q2n C3

�
�ðPðak1�1;1

;...;akn�1;nÞ
Þ
Yn

l¼1

akl�1;l

�q
p

4
X

k2Nn
nf1g

2nC3

��Yn

l¼1

24
C1 akl�1;l

akl;l � aklþbkl ;l
;l

��ðPðak1�1;1
;...;akn�1;nÞ

Þ

�ðBkÞ

Z
Bk

Z
Tn
j fðrtÞjpd�nðtÞd�ðrÞ

�q
p

42nC3

�
C2ð24
dC2

1Þ
n
k f kp

�q
p:

The last inequality also follows from the fact that the Banach space l1 is naturally
embedded into l

q
p. By Proposition 1,Z

E

j f jq d!4!ðDn
Þ

� 4nk f kp

�ðP
ð
a1;1
2 ;...;

a1;n
2 Þ
Þ
Qn

l¼1 a1;l

�q
p

which completes the proof in the case (a).
(b) It is enough to show that I maps bounded pointwise null sequences to norm

(quasi-norm) null sequences. Let ð fmÞ be a bounded pointwise null sequence either in
bpð�Þ for 14p < 1 or in Bpð�Þ for 0 < p < 1. By Proposition 1, ð fmÞ converges
uniformly to zero on compact subsets of Dn. For every " > 0 we can find
M ¼ ðM1; . . . ;MnÞ 2 Nn such that, applying the estimation above for sequences
a0m;l ¼ aMlþm�1;l, we get

lim sup
m

Z
Dn

j fmj
qd!4 lim sup

m

Z
EM

j fmj
qd!þ Ck fmk

q sup
!ðSh;tÞ

ð�ðPhÞ
Qn

l¼1 hlÞ
q
p

4";

where EM ¼ ð1� aM1;1ÞD� . . .� ð1� aMn;nÞD, the supremum is taken over all
h ¼ ðh1; . . . ; hnÞ with minlfhlg4maxlfaMl;lg and t 2 Tn, C ¼ 2n

�
C2ð24
dC2

1Þ
n
�q

p.

Remarks. (1) We shall apply in the paper the theorem above (and the next
theorem) only with d ¼ bk;l ¼ 1 for every k 2 N, and l ¼ 1; . . . ; n. Then
Bk ¼ Akþð2;...;2Þ.

The condition (i) needs some explanation. Easy estimations show that

amþ1;l

am;l
5

1

C1
and

amþbm;l;l

am;l
4

C1 � 1

C1

for every l ¼ 1; . . . ; n. It is clear that both inequalities together with independent
constants from the interval ð0; 1Þ on the right hand sides are equivalent to (i). A
natural test of verification whether or not a measure � satisfies the conditions of
Theorem 3 in the case n ¼ 1 is to choose c > 1, find a sequence am;1 � ð0; 1Þ such
that �ð½1� am;1; 1ÞÞ ¼ c�m�ð½0; 1ÞÞ and verify whether or not the sequence ðam;1Þ

satisfies the condition (i).
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(2) For n ¼ 1 and spaces bpð�Þ, for 1 < p < 1, and Bpð�Þ, for 0 < p < 1, we
can apply the classical Carleson theorem for Hardy spaces on D instead of Lemma
2. We give a sketch of the idea. We apply the Carleson theorem for the measure
!j�ð½1�ak�1;1;1�ak;1Þ�TÞ and the disk ð1� akþbk;1;1ÞD. ThenZ

�ð½1�ak�1;1;1�ak;1Þ�TÞ

j f jqd!4CC3

�
ð1� akþbk;1;1Þ

2ak�1�ð½1� ak�1;1; 1ÞÞ

ak;1 � akþbk;1;1

Z
T

j fðrtÞjpd�ðtÞ
�q

p

;

for every 1 > r51� akþbk;1;1, where C is either the constant from the Carleson the-
orem for the Hardy space hpðDÞ of harmonic functions on D if f 2 bpð�Þ or the
constant from the Carleson theorem for the Hardy space HpðDÞ of holomorphic
functions on D if f 2 Bpð�Þ; (see [6], [7]). Thus we save two pages of technicalities.
The rest of the consideration proceeds similarly as in the proof above.

From the estimations in the proof above, it follows that the ‘‘Carleson squares’’
Sh;t are not the most suitable tools for Carleson type theorems for some measures �.

Theorem 4. Let � be a finite positive Borel measure on ½0; 1Þn such that
1 2 suppð�Þ. Suppose that there exist C

0

1 > 0, C4 > 0, strictly decreasing sequences
ðam;1Þ; . . . ; ðam;nÞ, with each am;r 2 ð0; 1Þ, converging to zero, increasing sequences
ðbm;1Þ; . . . ; ðbm;nÞ � N and d 2 N such that

(i)
am�1;l � am;l

am;l � amþbm;l;l
4C

0

1, for every m 2 N and l ¼ 1; . . . ; n,

(ii)
�ðAkÞ

�ðBkÞ
4C4, for every k 2 Nn

n f1g,

where a0;1 ¼ . . . ¼ a0;n ¼ 1,

Ak ¼ ½1� ak1�1;1; 1� ak1;1Þ � . . .� ½1� akn�1;n; 1� akn;nÞ

and

Bk ¼ ½1� ak1þbk1 ;1
;1; 1� ak1þdþbk1þd;1;1Þ � . . .� ½1� aknþbkn ;n;n; 1� aknþdþbknþd;n;nÞ:

Moreover, put jkj ¼ k1 þ . . .þ kn, Nk;l ¼
�

2

akl ;l

�aklþbk;l;l

	
and

Jk ¼ f0; 1; . . . ;Nk;1 � 1g � . . .� f0; 1; . . . ;Nk;n � 1g;

for every k ¼ ðk1; . . . ; knÞ 2 Nn. Finally, let

Uk; j ¼ fðeis1 ; . . . ; eisnÞ 2 Tn :
2
jl
Nk;l

4sl4
2
ð jl þ 1Þ

Nk;l
; l ¼ 1; . . . ; ng

and Ak;j ¼ �ðAk � Uk;jÞ for every j ¼ ð j1; . . . ; jnÞ 2 Jk. (� : ½0; 1Þn � Tn
! Dn is

given by �ððr; tÞÞ ¼ rt.) Then
(a) for every finite positive Borel measure ! on Dn such that

!ðAk;jÞ4C5

�
�ðAkÞ

Yn

l¼1

ðakl�1;l � akl;lÞ
�q

p
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for some C5 > 0, every k 2 Nn
n f1g and every j 2 Jk, the space bpð�Þ is naturally

embedded in Lqð!Þ, for every 14p4q < 1, and the space Bpð�Þ is naturally embed-
ded in Lqð!Þ, for every 0 < p4q < 1;

(b) for every finite positive Borel measure ! on D such that

lim
jkj

sup
j2Jk

n !ðAk;jÞ

ð�� �nðAk;jÞÞ
q
p

o
¼ 0;

the embedding I : bpð�Þ ! Lqð!Þ is compact, for every 14p4q < 1, and the embed-
ding I : Bpð�Þ ! Lqð!Þ is compact, for every 0 < p4q < 1.

Proof. We use the notation and the estimations from the proof of Theorem 3.
Then for every f 2 bpð�Þ, for 14p < 1, or f 2 Bpð�Þ, for 0 < p < 1, we haveZ
Dn

nE

j f jq d!4
X

k2Nn
nf1g

X
j2Jk

j fðwk;jÞj
q!ðAk;jÞ

4
X

k2Nn
nf1g

X
j2Jk

j fðwk;jÞj
qC5

�
�ðAkÞ

Yn

l¼1

ðakl�1;l � akl;lÞ
�q

p

4
X

k2Nn
nf1g

C5

��Yn

l¼1

24
ðC0
1 þ 1Þ

akl�1;l � akl;l

akl;l � aklþbkl ;l
;l

��ðAkÞ

�ðBkÞ

Z
Bk

Z
Tn
j fðrtÞjpd�nðtÞd�ðrÞ

�q
p

4C5

�
C4ð24
dðC0

1 þ 1ÞC0
1Þ

n
k f kp

�q
p;

where E ¼ ð1� a1;1ÞD� . . .� ð1� a1;nÞD. The rest of the proof of part (a) and the
proof of (b) proceeds similarly as in the proof of Theorem 3.

Corollary 5. Suppose that � fulfills the assumptions of Theorem 4.
(a) If � is a finite positive Borel measure on ½0; 1Þn with 1 2 suppð�Þ such that

lim sup
jkj

�ðAkÞ

�ðAkÞ
< 1;

then bpð�Þ is naturally embedded in bpð�Þ, for every 14p < 1 and Bpð�Þ is naturally
embedded in Bpð�Þ, for every 0 < p < 1.

(b) If � is a finite positive Borel measure on ½0; 1Þn with 1 2 suppð�Þ such that

lim sup
jkj

�ðAkÞ

�ðAkÞ
¼ 0;

then the embedding I : bpð�Þ ! bpð�Þ is compact, for every 14p < 1, and the
embedding I : Bpð�Þ ! Bpð�Þ is compact, for every 0 < p < 1.

The corollary shows that if a measure � fulfills the assumptions of Theorem 4,
then its values on sets Ak can be modified (within some limits, naturally) and still it
generates the same spaces bpð�Þ and Bpð�Þ. In particular bpð�Þ and Bpð�Þ do not
depend on values of � on any compact subset of ½0; 1Þn. The next result shows that a
measure � ¼ fðr1; . . . ; rnÞ

Qn
l¼1ð1� rlÞ

�l�n for �l > �1, satisfies conditions of
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Theorem 3 if the function f : ½0; 1Þn ! Rþ increases or decreases not too quickly in
each variable separately.

Proposition 6. Let f : ½0; 1Þn ! Rþ, � ¼ ð�1; . . . ; �nÞ 2 ð�1;1Þ
n. Let fl;r :

ð0; 1Þ ! Rþ be given by fl;rðxÞ ¼ fðr1; . . . ; rl � 1; x; rl þ 1; . . . ; rnÞ, for every
l ¼ 1; . . . ; n and r 2 ½0; 1Þn. If for each l ¼ 1; . . . ; n the function fl;r is either increasing,
for every r 2 ½0; 1Þn, and

lim sup
k

fl;r
�
1�

�
1
ml

�kþ1�
fl;r

�
1�

�
1
ml

�k� ¼ C�lþ1
l < m�lþ1

l ; for some ml > 1 and every r 2 ½0; 1Þn;

or decreasing, for every r 2 ½0; 1Þn, and

lim sup
k

fl;r
�
1�

�
1
ml

�k�
fl;r

�
1�

�
1
ml

�kþ1�4C; for some ml > 1 and every r 2 ½0; 1Þn;

and the measure � ¼ fðr1; . . . ; rnÞ
Qn

l¼1ð1� rlÞ
�l�n is finite, then it fulfills the assump-

tions of Theorem 3.

Proof. Let Kl 2 N be such that

sup
k>Kl

fl;r
�
1�

�
1
ml

�kþ1�
fl;r

�
1�

�
1
ml

�k� <
�Cl þ ml

2

��lþ1

if fl;r is increasing;

or

sup
k>Kl

fl;r
�
1�

�
1
ml

�k�
fl;r

�
1�

�
1
ml

�kþ1� < C þ 1 if fl;r is decreasing:

It is clear that the sequences ak;l ¼
1

m
Klk

l

for l ¼ 1; . . . ; n fulfill the condition (i) of
Theorem 3. Let Ak ¼ ½1� ak1�1;1; 1� ak1;1Þ � . . .� ½1� akn�1;n; 1� akn;nÞ for every
k ¼ ðk1; . . . ; knÞ 2 Nn. Then

Z
Ak

Yn

l¼1

ð1� rlÞ
�l d�nðrÞ ¼

Yn

l¼1

1�
�
1
ml

�ð�lþ1ÞKl

ð�l þ 1Þm
ð�lþ1ÞðKlðkl�1ÞÞ
l

:

Let L ¼ fl : fl;r is increasing for every r 2 ½0; 1Þng and L0 ¼ f1; . . . ; ng n L. Let
2 ¼ ð2; . . . ; 2Þ. For every k 2 Nn

n f1g we have

fðQkÞ
Yn

l¼1

1�
�
1
ml

�ð�lþ1ÞKl

ð�l þ 1Þm
ð�lþ1ÞðKlðkl�1ÞÞ
l

4�ðAkÞ4fðRkÞ
Yn

l¼1

1�
�
1
ml

�ð�lþ1ÞKl

ð�l þ 1Þm
ð�lþ1ÞðKlðkl�1ÞÞ
l

;

where Rk ¼ ðRk;1; . . . ;Rk;nÞ and Qk ¼ ðQk;1; . . . ;Qk;nÞ for
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Rk;l ¼
1�

�
1
ml

�Klkl if l 2 L;

1�
�
1
ml

�Klðkl�1Þ if l 2 L0;

(
Qk;l ¼

1�
�
1
ml

�Klðkl�1Þ if l 2 L;

1�
�
1
ml

�Klkl if l 2 L0.

(

Hence, for every p ¼ ðp1; . . . ; pnÞ 2 Nn
n f1g, we have

�ðPðap1�1;1
;...;apn�1;nÞ

Þ

�ðApþ2Þ
4

P
k2Nn;k5p fðRkÞ

Qn
l¼1

�
1
ml

�ð�lþ1ÞKlðkl�1Þ

fðQpþ2Þ
Qn

l¼1

�
1
ml

�ð�lþ1ÞKlðplþ1Þ

¼
X

k2ðN[f0;�1;�2gÞn

fðRpþ2þkÞ

fðQpþ2Þ

Yn

l¼1

� 1
ml

�ð�lþ1ÞKlkl

:

For every  ¼ ð1; . . . ; nÞ 2 f0; 1gn, let D ¼ B1
1 � � � � � Bn

n , where B0
l ¼ f�1;�2g

and B1
l ¼ N [ f0g. Let L0

;0 ¼ fl : l ¼ 0g \ L0, L0
;1 ¼ fl : l ¼ 1g \ L0, L;0 ¼

fl : l ¼ 0g \ L and L;1 ¼ fl : l ¼ 1g \ L. For every k 2 D, we have

fðRpþ2þkÞ

fðQpþ2Þ
4

Y
l2L0

;0

ðC þ 1ÞKlð�klþ1Þ
Y

l2fl:kl¼0g\L0
;1

ðC þ 1ÞKl

Y
l2L;1

�Cl þ ml

2

�ð�lþ1ÞKlðklþ1Þ

:

Hence

�ðPðap1�1;1
;...;apn�1;nÞ

Þ

�ðApþ2Þ
4

X
2f0;1gn

X
k2D

Y
l2L0

;0

m
2ð�lþ1ÞKl

l ðC þ 1Þ3Kl

Y
l2L0

;1

ðC þ 1ÞKl

m
ð�lþ1ÞKlkl

l

�
Y

l2L;0

m
2ð�lþ1ÞKl

l

Y
l2L;1

�Cl þ ml

2

�ð�lþ1ÞKl
�Cl þ ml

2ml

�ð�lþ1ÞKlkl

4
X

2f0;1gn
2n

Yn

l¼1

ðC þ 1Þ3Klm
2ð�lþ1ÞKl

l

Y
l2L0

;1

1

1�
�
1
ml

�ð�lþ1ÞKl

Y
l2L;1

�
Clþml

2

�ð�lþ1ÞKl

1�
�
Clþml

2ml

�ð�lþ1ÞKl

44n
Yn

l¼1

ðC þ 1Þ3Kl

Y
l2L0

m
2ð�lþ1ÞKl

l

1�
�
1
ml

�ð�lþ1ÞKl

Y
l2L

ðm2
l ðCl þ mlÞÞ

ð�lþ1ÞKl

1�
�
Clþml

2ml

�ð�lþ1ÞKl
:

Thus we showed that � fulfills the conditions of Theorem 3 for bm;l ¼ d ¼ 1, for
every m 2 N and l ¼ 1; . . . ; n.

For n ¼ 1, by Proposition 6 and the remark after Corollary 5, every measure of
the form ð1� r2Þ�r�1, �½12;1

j lnð1� rÞj�ð1� rÞ��1, �½12;1
ln�ðj lnð1� rÞjÞð1� rÞ��1 for

� > �1 and � 2 R fulfills the conditions of Theorem 3. It is clear that every measure
which fulfills the conditions of Theorem 3 also fulfills the conditions of Theorem 4.
The measures �½12;1

j lnð1� rÞj�ð1� rÞ�1�1 for � < �1,
P1

n¼1
1

nðnþ1Þ �1� 1
2n
, (where �r is

the Dirac measure concentrated at r), and exp
�
� 1

1�r

�
ð1� rÞ�2�k�1 for k 2 N, fulfill

the assumptions of Theorem 4 (in the first and second example for am;1 ¼
1
2n,

d ¼ bm;1 ¼ 1 and in the third for an ¼
1
n, d ¼ bm;1 ¼ 1) but does not fulfill the condi-

tions of Theorem 3. W. Lusky [13] considered the following conditions:

(�) supn
�ð½1�2�n;1Þ

�ð½1�2�ðnþ1Þ;1Þ
< 1,

(��) infk lim supn
�ð½1�2�ðnþkÞ;1Þ
�ð½1�2�n;1Þ < 1,
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for positive Borel measures on ½0; 1Þ with 1 2 suppð�Þ, to get the Banach description
of the generalized Bergman spaces on the disk. The last example does not satisfy the
condition ð�Þ. The measure

P1

n¼1
1
2n �1�1

n!
fulfills the condition ð�Þ but does not fulfill

the conditions of Theorem 4. The measure
P1

n¼1
1
n! �1� 1

2n
satisfies the condition ð��Þ

but does not satisfy the conditions of Theorem 3. On the other hand, if � fulfills the
conditions ð�Þ and ð��Þ, then it fulfills the assumptions of Theorem 3. The case n > 1
is much more complicated. It is clear that the measures

Qn
l¼1ð1� r2l Þ

�l rl�n andQn
l¼1 j lnð1� rlÞj

�lð1� rlÞ
�l rl�n for �l > �1 and �l > �1 fulfill the conditions of Pro-

positions 6 and consequently the conditions of Theorem 3. We show in Example 11
that also the measure ð1�max2l frlgÞ

�
�Qn

l¼1 rl

�
�n for � > �1 satisfies the conditions

of Theorem 3.

3. Necessary conditions for Carleson measures on Bpð�Þ and bpð�Þ. In the sequel
we shall need the following fact; (see [4, p. 27] or [20, Prop 1.4.10]).

Fact 7. For every � > 1 there exists C� > 0 such thatZ
T

d�ðtÞ

jR � rtj�
4

C�

RðR � rÞ��1
; for every R > r > 0:

Theorem 8. Let 0 < p4q < 1. Let � be a positive finite Borel measure on ½0; 1Þn

such that 1 2 suppð�Þ. If there exist � ¼ ð�1; . . . ; �nÞ 2 ð1;1Þ
n and C1 > 0 such that,

for every  ¼ ð1; . . . ; nÞ 2 f0; 1gn and h ¼ ðh1; . . . hnÞ 2 ð0; 1n, we have

Z
½0;1Þn

�ðPðr
1
1
;...;rnn ÞÞQn

l¼1ðhl þ rlÞ
l�l

d�nðrÞ4C1�ðPhÞ
Yn

l¼1

1

h�l�1
l

;

then
(a) for every positive finite Borel measure ! on Dn such that Bpð�Þ is naturally

embedded in Lqð!Þ there exists C > 0 such that

!ðSh;tÞ4C
�
�ðPhÞ

Yn

l¼1

hl

�q
p;

for every h ¼ ðh1; . . . hnÞ 2 ð0; 1n and every t 2 Tn;
(b) for every positive finite Borel measure ! on D such that the natural embedding

I : Bpð�Þ ! Lqð!Þ is compact, we have

lim
�!0þ

sup
n !ðSh;tÞ

ð�ðPhÞ
Qn

l¼1 hlÞ
q
p

: h ¼ ðh1; . . . hnÞ 2 ð0; 1n; min
l
fhlg4�; t 2 Tn

o
¼ 0:

Proof. For � ¼ ð�1; . . . ; �nÞ 2 Rn
þ, h ¼ ðh1; . . . hnÞ 2 ð0; 1n and t ¼ ðt1; . . . ; tnÞ 2

Tn let gh;t;� : Dn
! C be given by

gh;t;�ðz1; . . . ; znÞ ¼
Yn

l¼1

1

ð1þ hl � zl �tltlÞ
�l
p

:
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Then, for every z 2 Sh;t, we have

jgh;t;�ðzÞj
p5

Yn

l¼1

1

j1þ hl � ð1� hlÞe�ihl j�l
5

Yn

l¼1

1

ð3hlÞ
�l
:

Let C2 be the norm of the embedding I : Bpð�Þ ! Lqð!Þ. For any 0 6¼ g 2 Bpð�Þ

1 ¼

Z
Dn

jgjp

kgkp d�� �5
1

C
p
2

�Z
Dn

jgjq

kgkq d!
�p

q

5
1

C
p
2kgk

p inf
z2Sh;t

jgðzÞjp
�
!ðSh;tÞ

�p
q:

Applying Fact 7 we get

kgh;t;�k
p ¼

Z
½0;1Þn

Z
Tn

Yn

l¼1

1

j1þ hl � rlslj
�l

d�nðsÞd�ðrÞ4
Z
½0;1Þn

Yn

l¼1

C�l

ð1þ hl � rlÞ
�l�1

d�ðrÞ

4
Z
½0;1Þn

�Yn

l¼1

C�l

�Z rl

0

�l � 1 dx

ð1þ hl � xÞ�l
þ

1

ð1þ hlÞ
�l�1

��
d�ðrÞ

4
�Yn

l¼1

C�l

� Z
½0;1Þn

X
2f0;1gn

Yn

l¼1

�� 1

ð1þ hlÞ
�l�1

�1�l
�Z 1

1�rl

�l � 1 dx

ðhl þ xÞ�l

�l
�

d�ðrÞ

4
�Yn

l¼1

C�l

� X
2f0;1gn

Z
½0;1Þn

Z
P
ðr
1
1

;...;rnn Þ

Yn

l¼1

� �l � 1

ðhl þ xlÞ
�l

�l

d�nðxÞd�ðrÞ

4
�Yn

l¼1

C�l

� X
2f0;1gn

Z
½0;1Þn

�ðPðr
1
1
;...;rnn ÞÞ

Yn

l¼1

� �l � 1

ðhl þ rlÞ
�l

�l

d�nðrÞ

4
�Yn

l¼1

C�l

� X
2f0;1gn

C1�ðPhÞ
Yn

l¼1

�
ð�l � 1Þl

h�l�1
l

�
4C1 �ðPhÞ

Yn

l¼1

�lC�l

h�l�1
l

;

for every h 2 ð0; 1n. Hence

!ðSh;tÞ4
�
C

p
2C1 �ðPhÞ

Yn

l¼1

3�l�lC�l
hl

�q
p;

for every h 2 ð0; 1n, which completes the proof in the case (a).
(b) Let � ¼ ð�1; . . . ; �nÞ 2 Rn

þ. For every  ¼ ð1; . . . ; nÞ 2 f0; 1gn and
h ¼ ðh1; . . . ; hnÞ 2 ð0; 1n, we have

Z
½0;1Þn

�ðPðr
1
1
;...;rnn ÞÞQn

l¼1ðhl þ rlÞ
lð�lþ�lÞ

d�nðrÞ4C1�ðPhÞ
Yn

l¼1

1

h�lþ�l�1
l

:

The sets f
�Qn

l¼1
h
�l�1

l

�ðPhÞ

�1
pgh;t;� : h 2 ð0; 1n; t 2 Tn

g and f
�Qn

l¼1
h
�lþ�l�1

l

�ðPhÞ

�1
pgh;t;�þ� : h 2 ð0; 1n;

t 2 Tn
g are bounded in Bpð�Þ, in view of estimations above. The functions�Qn

l¼1 h
�l
p

l

�
gh;t;� converge pointwise to zero if

Qn
l¼1 hl converges to zero. Therefore the

sequence ð
�Qn

l¼1
h
�lþ�l�1

k;l

�ðPhÞ

�1
pghk;tk;�þ�Þ is bounded and converges pointwise to zero, for any

sequences ðhkÞ ¼ ððhk;1; . . . ; hk;nÞÞ � ð0; 1n and ðtkÞ � Tn such that limk minlfhk;lg ¼ 0.
Since I is compact,
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lim
�!0þ

sup
n���I��Yn

l¼1

h�lþ�l�1
l

�ðPhÞ

�1
p

gh;t;�þ�

���� : h ¼ ðh1; . . . ; hnÞ 2 ð0; 1n; min
l
fhlg4�

o
¼ 0:

Hence, for every " > 0 there exists � 2 ð0; 1Þ such that

kgh;t;�þ�kLqð!Þ4"
�
�ðPhÞ

Yn

l¼1

1

h�lþ�l�1
l

�1
p

; for every h 2 ð0; 1n with min
l
fhlg4�:

For every z 2 Sh;t, we have

jgh;t;�þ�ðzÞj
p5

Yn

l¼1

1

j1þ hl � ð1� hlÞe�ihl j�lþ�l
5

Yn

l¼1

1

ð3hlÞ
�lþ�l

:

For every 0 6¼ g 2 Lqð!Þ, we have

1 ¼

Z
Dn

jgjq

kgk
q
Lqð!Þ

d!5
�
infz2Sh;t

jgðzÞj

kgkLqð!Þ

�q

!ðSh;tÞ:

Applying estimations above we get

sup
n !ðSh;tÞ

ð�ðPhÞ
Qn

l¼1 hlÞ
q
p

: h 2 ð0; 1n; min
l
fhlg4�; t 2 Tn

o
4"q

Yn

l¼1

3
ð�lþ�l Þq

p :

Remark. Since Bpð�Þ is a subspace of bpð�Þ the theorem above remains valid
also for spaces bpð�Þ, for 14p < 1.

The next result shows that a measure � ¼ fðr1; . . . ; rnÞ
Qn

l¼1ð1� rlÞ
�l�n, for �l >

�1, satisfies the conditions of Theorem 8 if the function f : ½0; 1Þn ! Rþ is increasing
in each variable separately. For this purpose we shall need the following result.

Fact 9. Let � > �1. If g : ½0; 1Þ ! Rþ is an increasing function, then

1

s�þ1

Z 1

1�s

gðxÞð1� xÞ� dx4
1

ð�sÞ�þ1

Z 1

1��s

gðxÞð1� xÞ� dx;

for every � 2 ð0; 1 and s 2 ð0; 1.

Proof.

1

s�þ1

Z 1

1�s

gðxÞð1� xÞ� dx ¼
1

s�þ1

�Z 1��s

1�s

þ

Z 1

1��s

�
gðxÞð1� xÞ� dx

4
�1� ��þ1

�þ 1

�
gð1� �sÞ þ

��þ1

ð�sÞ�þ1

Z 1

1��s

gðxÞð1� xÞ� dx

4
�1� ��þ1

ð�sÞ�þ1
þ

��þ1

ð�sÞ�þ1

� Z 1

1��s

gðxÞð1� xÞ� dx

4
1

ð�sÞ�þ1

Z 1

1��s

gðxÞð1� xÞ� dx:
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Proposition 10. Let f : ½0; 1Þn ! Rþ and � ¼ ð�1; . . . ; �nÞ 2 ð�1;1Þ
n. If the

function fl;rðxÞ ¼ fðr1; . . . ; rl � 1; x; rl þ 1; . . . ; rnÞ on ð0; 1Þ is increasing, for every
l ¼ 1; . . . ; n, and r 2 ½0; 1Þn, and the measure � ¼ fðr1; . . . ; rnÞ

Qn
l¼1ð1� rlÞ

�l�n is finite,
then it fulfills the assumptions of Theorem 8.

Proof. Let � ¼ �þ ð3; . . . ; 3Þ. Applying Fact 9 for each variable separately we
get

1Qn
l¼1 r�lþ1

l

Z
Pðr1 ;...;rnÞ

f d��4
1Qn

l¼1ð�lrlÞ
�lþ1

Z
Pð�1r1;...;�nrnÞ

f d�� ð�Þ

for every � ¼ ð�1; . . . ; �nÞ 2 ð0; 1n and r ¼ ðr1; . . . ; rnÞ 2 ð0; 1n, where

�� ¼
�Qn

l¼1ð1� rlÞ
�l
�
�n. Therefore the function ðr1; . . . ; rnÞ !

�ðPðr1 ;...;rn Þ
ÞQn

l¼1
r
�lþ1

l

on ð0; 1n is

decreasing in each variable separately. Let h ¼ ðh1; . . . ; hnÞ 2 ð0; 1n and
 ¼ ð1; . . . ; nÞ 2 f0; 1gn. For every � ¼ ð�1; . . . ; �nÞ 2 f0; 1gn with �4 let
D� ¼ B�1

1 � . . .� B�n
n , where B0

l ¼ ½hll; 1Þ and B1
l ¼ ½0; hlÞ. Let L� ¼ fl : �l ¼ 0;

l ¼ 1g and M� ¼ fl : �l ¼ 1; l ¼ 1g. Then for every ðr1; . . . ; rnÞ 2 D�, we have

�ðPðr
1
1
;...;rnn ÞÞQ

l2L�
r�lþ1
l

4
�ðPðR1;...;RnÞÞQ

l2L�
h�lþ1

l

4
�ðPðh

1
1
;...;hnn ÞÞQ

l2L�
h�lþ1

l

;

where

Rl ¼

rl if l ¼ �l ¼ 1,
hl if l ¼ 1, �l ¼ 0,
1 if l ¼ 0.

8<
:

Hence

Z
½0;1Þn

�ðPðr
1
1
;...;rnn ÞÞQn

l¼1ðhl þ rlÞ
lð�lþ3Þ

d�nðrÞ

¼
X

�2f0;1gn;�4

Z
D�

�ðPðr
1
1
;...;rnn ÞÞ

Q
l2L�

r�lþ1
lQ

l2L�
r�lþ1
l

Qn
l¼1ðhl þ rlÞ

lð�lþ3Þ
d�nðrÞ

4
X

�2f0;1gn;�4

�ðPðh
1
1
;...;hnn ÞÞQ

l2L�
h�lþ1

l

Z
D�

d�nðrÞQ
l2L�

ðhl þ rlÞ
2Q

l2M�
ðhl þ rlÞ

�lþ3

4
X

�2f0;1gn;�4

�ðPðh
1
1
;...;hnn ÞÞQ

l2L�
h�lþ1

l

Y
l2L�

Z 1

hl

dx

ðhl þ xÞ2

Y
l2M�

Z hl

0

dx

ðhl þ xÞ�lþ3

4
X

�2f0;1gn�4

�ðPðh
1
1
;...;hnn ÞÞQ

l2L�
h�lþ1þ1

l

Q
l2M�

h�lþ2
l

:

Applying ð�Þ once again we get

�ðPðh
1
1
;...;hnn ÞÞ4

Qn
l¼1 h

lð�lþ1Þ
lQn

l¼1 h�lþ1
l

�ðPhÞ:
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Hence Z
½0;1Þn

�ðPðr
1
1
;...;rnn ÞÞQn

l¼1ðhl þ rlÞ
lð�lþ3Þ

d�nðrÞ4
X

�2f0;1gn;�4

�ðPhÞQ
l2L�[M�

hl

Qn
l¼1 h�lþ1

l

42n�ðPhÞ
Yn

l¼1

1

h�lþ2
l

:

It is clear that the values of a measure � on any compact subset of ½0; 1Þn do not
have any influence on this whether or not � fulfills the assumptions of Theorem 8.
For n ¼ 1, by Proposition 10 every measure of the form ð1� r2Þ�r�1,
�½12;1Þ

j lnð1� rÞj�ð1� rÞ��1, �½12;1Þ
ln�ðj lnð1� rÞjÞð1� rÞ��1 for � > �1 and � 2 R,

�½12;1Þ
j lnð1� rÞj�ð1� rÞ�1�1 for � < �1 fulfills the conditions of Theorem 8. The

measure exp
�
� 1

1�r

�
ð1� rÞ�2�1 does not satisfy the condition for  ¼ 0 of Theorem 8.

For n > 1 according to Proposition 10 the measures
Qn

l¼1ð1� r2l Þ
�l rl�n andQn

l¼1 j lnð1� rlÞj
�lð1� rlÞ

�l rl�n, for �l > �1 and �l > 0, fulfill the conditions of The-
orem 8. We show below that also the measure ð1�max2l frlgÞ

�
�Qn

l¼1 rl

�
�n, for

� > �1, satisfies the conditions of Theorem 8.

Example 11. The measure � ¼ ð1�max2l frlgÞ
�
�Qn

l¼1 rl

�
�n for � > �1 satisfies

the conditions of Theorems 3 and 8. In order to show this we apply the properties of
the measure �1 ¼ ð1�max2l frlgÞ

��n. It is clear that �1 is finite. Let f : ½0; 1Þn ! Rþ

and fl;r : ð0; 1Þ ! R be given by fðr1; . . . ; rnÞ ¼ ð1�max2l frlgÞ
� and

fl;rðxÞ ¼ fðr1; . . . ; rl�1; x; rlþ1; . . . ; rnÞ, respectively. Then, for every r 2 ½0; 1Þn and
l ¼ 1; . . . ; n, we have

fl;rðxÞ ¼
ð1�max2frj : j 6¼ lgÞ� for x4maxfrj : j 6¼ lg;
ð1� x2Þ� for x5maxfrj : j 6¼ lg:

�

If �1 < �40, the functions fl;r are increasing and

lim sup
k

fl;r
�
1�

�
1
2

�kþ1�
fl;r

�
1�

�
1
2

�k� ¼ lim sup
k

�
1�

�
1�

�
1
2

�kþ1�2���
1�

�
1�

�
1
2

�k�2�� ¼ 2��:

If �50, the functions fr;l are decreasing and

lim sup
k

fl;r
�
1�

�
1
2

�k�
fl;r

�
1�

�
1
2

�kþ1� ¼ lim sup
k

�
1�

�
1�

�
1
2

�k�2���
1�

�
1�

�
1
2

�kþ1�2�� ¼ 2�:

According to Propositions 6 and 10 the measure �1 satisfies the conditions of
Theorems 3 and 8 for �40 and the conditions of Theorem 3 for �50. Let
g : ½0; 1Þn ! Rþ be given by gðr1; . . . ; rnÞ ¼ ð1�max2l frlgÞ

� Qn
l¼1ð1� rlÞ

��. For every
r 2 ½0; 1Þn, l ¼ 1; . . . ; n and �50 the function

gl;rðxÞ ¼
ð1� xÞ��

ð1�max2frj : j 6¼ lgÞ�
Q

j 6¼lð1� rjÞ
�� if x4maxfrj : j 6¼ lg;

ð1þ xÞ�
Q

j 6¼lð1� rjÞ
�� if x5maxfrj : j 6¼ lg;

�

is increasing. According to Proposition 10 themeasure�1¼gðr1; . . . ; rnÞ
Qn

l¼1ð1� rlÞ
��n

satisfies the conditions of Theorem 8 for �50. It is easy to check that
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15
�ðAkÞ

�1ðAkÞ
5

1

2�þn
;

for every k ¼ ðk1; . . . ; knÞ 2 Nn
n f1g, where Ak ¼ ½1� 21�k1 ; 1� 2�k1Þ � . . .�

½1� 21�kn ; 1� 2�knÞ. Hence there exists C > 0 such that �1ðPhÞ5�ðPhÞ5C�1ðPhÞ,
for every h 2 ð0; 1n. Therefore � satisfies the conditions of Theorems 3 and 8 for
� > �1.
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