
Canad. J. Math. Vol. 68 (4), 2016 pp. 908–960
http://dx.doi.org/10.4153/CJM-2015-048-4
©Canadian Mathematical Society 2016

Existence of Hilbert Cusp Forms with
Non-vanishing L-values

Shingo Sugiyama andMasao Tsuzuki

Abstract. We develop a derivative version of the relative trace formula on PGL(2) studied in our
previous work, and derive an asymptotic formula of an average of central values (derivatives) of
automorphic L-functions forHilbert cusp forms. As an application,we prove the existence ofHilbert
cusp forms with non-vanishing central values (derivatives) such that the absolute degrees of their
Hecke ûelds are arbitrarily large.

1 Introduction

Let F be a totally real number ûeld of degree dF , o the integer ring of F, andA the adele
ring of F. _e set of non-archimedean places and the set of archimedean places of F
are denoted by Σfin and Σ∞, respectively. _e completion of F at a place v is denoted
by Fv . When v ∈ Σfin, ov denotes themaximal order of the local ûeld Fv . Given a non-
zero ideal n ⊂ o and an evenweight l = (lv)v∈Σ∞ ∈ (2N)Σ∞ , let Πcus(l , n) be the set of
all those irreducible cuspidal automorphic representations π ≅ ⊗v πv of PGL(2,A)

such that πv is a discrete series representation of PGL(2, Fv) of weight lv for all v ∈

Σ∞ and πv has a non-zero vector invariant by the local Hecke congruence subgroup
K0(nov) = {[ a bc d ] ∈ GL(2, ov) ∣ c ∈ nov} for all v ∈ Σfin. For π ∈ Πcus(l , n) and an
idele class character η of F× such that η2 = 1, the standard L-function L(s, π ⊗ η) of
π ⊗ η is an entire function on C satisfying the self-dual functional equation

(1.1) L(s, π ⊗ η) = є(s, π ⊗ η)L(1 − s, π ⊗ η),

with є(s, π ⊗ η) being the є-factor; it is of the form

є(s, π ⊗ η) = ±(N(fπf
2
η)D2

F)
1/2−s ,

where DF is the absolute discriminant of F, and fη and fπ are the conductors of
η and π, respectively. _e number є(1/2, π ⊗ η) ∈ {+1,−1} is called the sign of
the functional equation. _e central value L(1/2, π)L(1/2, π ⊗ η) and the derivative
L(1/2, π)L′(1/2, π ⊗ η) have important arithmeticmeanings; there aremany studies
that exploit the nature of these L-values in connection with the arithmetic algebraic
geometry ofmodular varieties ([1, 13–17]).
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1.1 Main Results

For v ∈ Σfin, we ûx a prime element ϖv of ov once and for all. Let pv = o ∩ ϖvov
be the corresponding maximal ideal of o and qv = #(o/pv) its norm. In this article,
all (fractional) ideals in F are assumed to be non-zero. For any ideal a ⊂ o, the set
of places v ∈ Σfin such that a ⊂ pv is denoted by S(a). Let a be an o-ideal relatively
prime to fηn and set S = S(a). We write the Satake parameter of π ∈ Πcus(l , n)
at v ∈ S as diag(qv νv(π)/2 , qv−νv(π)/2) with ±νv(π) belonging to the space Xv =

C/4πi(log qv)−1Z. For π ∈ Πcus(l , n), let LSπ(s, π;Ad) denote the adjoint L-function
of π without the local v-factors for v such that fπ ⊂ p2

v . Given an even holomorphic
function α(s) on XS =∏v∈S Xv , we are interested in the asymptotic of the average of
L-values over the set Π∗

cus(l , n) = {π ∈ Πcus(l , n) ∣ fπ = n},

(1.2) AL∗(n; α) = C l

N(n)
∑

π∈Π∗

cus(l ,n)

L(1/2, π)L(1/2, π ⊗ η)
LSπ(1, π;Ad)

α(νS(π))

with νS(π) = {νv(π)}v∈S and

(1.3) C l = ∏
v∈Σ∞

2π(lv − 2)!
{(lv/2 − 1)!}2 ,

as the norm N(n) = #(o/n) grows under the following conditions.
(i) _e number (−1)є(η)η̃(n), the common value of є(s, π)є(s, π ⊗ η)∣s=1/2 for all

π ∈ Π∗
cus(l , n), equals 1, where є(η) is the number of v ∈ Σ∞ such that ηv(−1) =

−1 and η̃ denotes the character of the group of fractional ideals relatively prime
to fη deûned by η̃(pv) = ηv(ϖv) for all v ∈ Σfin − S(fη).

(ii) ηv(ϖv) = −1 for all v ∈ S(n).
In our previous paper [11], we studied a weighted L-value average ALw

(n; α) deûned
by (4.8), which is similar to but diòerent from (1.2) in that the summation is taken
over a larger set Πcus(l , n)with certain extraweighting factorswηn(π) (see §2.3). One
of our aims in this paper is to derive an asymptotic formula for (1.2) from those for
ALw

(m; α) with n ⊂ m by a special sieving technique. Moreover, imposing the same
condition (ii) as above, but the opposite sign condition (−1)є(η)η̃(n) = −1 to (i), we
investigate the asymptotic behavior of the following average involving the central de-
rivative of the L-function L(s, π ⊗ η),

(1.4) ADL∗−(n; α) =
C l

N(n)
∑

π∈Π∗

cus(l ,n)
є(1/2,π⊗η)=−1

L(1/2, π)L′(1/2, π ⊗ η)
LSπ(1, π;Ad)

α(νS(π)) .

To state our main result precisely, we need further notation. Let IS ,η be the monoid
of ideals n ⊂ o generated by prime ideals pv with v /∈ S ∪ S(fη) such that η̃(pv) = −1,
and I±S ,η = {n ∈ IS ,η ∣ (−1)є(η)η̃(n) = ±1}. For n ∈ N, let Xn(x) be the Tchebyshev
polynomial Xn(x) deûned by the relation

(1.5) Xn(x) = sin((n + 1)θ)/sin θ for x = 2 cos θ ,

and set

(1.6) αa(ν) =∏
v∈S

Xnv (q
νv/2
v + q−νv/2

v ), ν = {νv}v∈S ∈ XS
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in terms of the prime ideal decomposition a =∏v∈S(a) p
nv
v . For such a, deûne

a±η = ∏
v∈S(a)
η̃(pv)=±1

pnv
v , d1(a) = ∏

v∈S(a)
(nv + 1), δ◻(a) = ∏

v∈S(a)
2−1

{1 + (−1)nv}.

We have an asymptotic formula of ADL∗−(n; αa) with an error term whose depen-
denceonn ∈ I−S ,η and a ismade explicit. We alsohave a similar formula forAL∗(n; αa)
with n ∈ I+S ,η .

_eorem 1.1 Set l = minv∈Σ∞ lv and c = d−1
F (l/2 − 1), and suppose l ⩾ 6. For an

integral ideal n, set Sk(n) = {v ∈ S(n) ∣ fπov = ϖk
v ov} for k ∈ N and

ν(n) = { ∏
v∈S(n)−(S1(n)∪S2(n))

(1 − q−2
v )}{ ∏

v∈S2(n)
(1 − (q2

v − qv)−1
)} .

For any suõciently small number є > 0, we have

(1.7) AL∗(n; αa) = 4D3/2
F Lfin(1, η)ν(n)N(a)−1/2δ◻(a−η)d1(a

+
η)

+O(N(a)c+2+є N(n)− inf(c ,1)+є) , n ∈ I+S ,η ,

ADL∗−(n; αa)

= 4D3/2
F Lfin(1, η)ν(n)N(a)−1/2d1(a

+
η){δ◻(a−η)( log(

√
N(n)N(a)−1 N(fη)DF)

+ ∑
v∈S(n)−(S1(n)∪S2(n))

log qv
q2
v − 1

+ ∑
v∈S2(n)

log qv
q2
v − qv − 1

+
L′(1, η)
L(1, η)

+ C(l))

+ ∑
v∈S(a−η )

δ◻(a−ηp−1
v ) log(qnv+ 1

2
v )}

+O(N(a)−1/2d1(a
+
η)δ◻(a−η)X(n) +N(a)c+2+є N(n)− inf(1,c)+є) , n ∈ I−S ,η ,

(1.8)

where Lfin(s, η) =∏v∈Σfin−S(fη)(1 − ηv(ϖv)q−s
v )−1 , (Re(s) > 1) is the L-function of η,

C(l) = ∑
v∈Σ∞

(

lv/2−1

∑
k=1

1
k
−

1
2
log π − 1

2
CEuler −

1 − ηv(−1)
2

log 2) ,

X(n) = ∑
u∈S(n)

log qu

qu
+ ∑

u∈S(n)

log qu

(qu − 1)2 .

_e constants implicit in Landau’s symbolsO in both formulas are independent of n and
a, but dependent on є, l , and η.

1.2 Applications

For a positive integer N , let Jnew0 (N) be the new part of the Jacobian variety of the
modular curve X0(N) of level N . J.-P. Serre [7, _eorem 7] showed that the largest
dimension of Q-simple factors of Jnew0 (N) tends to inûnity as N grows. _is result
was reûned in several ways by E. Royer [6], who obtained a quantitative version of
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Serre’s theorem giving a lower bound of the largest dimension of Q-simple factors
A of Jnew0 (N) with or without rank conditions for the Mordell–Weil group of A. By
the correspondence between the Q-simple factors A of Jnew0 (N) and the normalized
Hecke eigen cuspidal newforms f of level Γ0(N) and weight 2, and by invoking the
progress toward the Birch and Swinnerton-Dyer conjecture, the lower bound for the
largest dimA is obtained from a lower bound of the maximum value of the absolute
degree of the Hecke ûeld Q( f ) with or without conditions on the order of L-series
L(s, f ) at the center of symmetry. _us, one of Royer’s results can be stated in the
language ofmodular forms.

_eorem 1.2 Let p be a prime. _ere exist constants Cp > 0 and Np > 0 with the
following properties.
(i) For any N > Np relatively prime to p, there exists a normalized Hecke eigen cus-

pidal newform f of level Γ0(N) and weight 2 satisfying the conditions:
(1) L(1/2, f ) /= 0, where the functional equation of L(s, f ) relates the values at s

and 1 − s.
(2) [Q( f ) ∶Q] ⩾ Cp

√
log logN.

(ii) For any N > Np relatively prime to p, there exists a normalized Hecke eigen cus-
pidal newform f1 of level Γ0(N) and weight 2 satisfying the following conditions.
(1) _e sign of the functional equation of L(s, f1) is −1.
(2) L′(1/2, f1) /= 0.
(3) [Q( f1) ∶Q] ⩾ Cp

√
log logN.

We derive an analogue of this theorem for higher weight Hilbert modular cusp-
forms from _eorem 1.1. For a cuspidal representation π ∈ Π∗

cus(l , n), the ûeld of
rationality of π (for deûnition, see §8.1) is denoted byQ(π).

_eorem 1.3 Let l = (lv)v∈Σ∞ be a weight such that lv = k for all v ∈ Σ∞ with an
even integer k ⩾ 6 and η a quadratic idele class character of F×. Let S be a ûnite subset
of Σfin − S(fη) and J = {Jv}v∈S a family of closed subintervals of (−2, 2). Given a prime
ideal q = pu with u /∈ S ∪ S(fη), there exist constants Cq, l > 0 and Nq,S , l ,η ,J > 0 with
the following properties. For any ideal n ∈ I+S∪{u},η with N(n) > Nq,S , l ,η ,J, there exists
π ∈ Π∗

cus(l , n) such that
(i) L(1/2, π) /= 0 and L(1/2, π ⊗ η) /= 0,
(ii) [Q(π) ∶Q] ⩾ Cq, l

√
log logN(n),

(iii) qνv(π)/2
v + q−νv(π)/2

v ∈ Jv for all v ∈ S.

We should note that this can be regarded as a reûnement of [11, Corollary 1.2].
As for derivatives, we have a conditional result.
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_eorem 1.4 Let l = (lv)v∈Σ∞ and η be the same as in _eorem 1.3. Suppose that for
any ideal n

(1.9) d
ds

∣s= 1
2
L(s, π)L(s, π ⊗ η) ⩾ 0

for all π ∈ Π∗
cus(l , n) such that є(1/2, π)є(1/2, π ⊗ η) = −1.

Let S be a ûnite subset of Σfin − S(fη) and J = {Jv}v∈S a family of closed subintervals
of (−2, 2). Given a prime ideal q = pu with u /∈ S ∪ S(fη) and a constant M > 1,
there exist constants Cq, l > 0 and Nq,S , l ,η ,J,M > 0 with the following properties. For
any ideal n ∈ I−S∪{u},η with N(n) > Nq,S , l ,η ,J,M and ∑v∈S(n)

log qv
qv

⩽ M, there exists
π ∈ Π∗

cus(l , n) such that
(i) є(1/2, π ⊗ η) = −1,
(ii) L(1/2, π) /= 0 and L′(1/2, π ⊗ η) /= 0,
(iii) [Q(π) ∶Q] ⩾ Cq, l

√
log logN(n),

(iv) qνv(π)/2
v + q−νv(π)/2

v ∈ Jv for all v ∈ S.

We should note that the assumption (1.9) is a consequence of theRiemann hypoth-
esis for the L-function L(s, π)L(s, π⊗ η). _eorem 1.3 (_eorem 1.4) yields aHilbert
cuspform of arbitrarily large level with arbitrarily large degree of the ûeld of rational-
ity such that the central value of the L-function and the central value (derivative) of
its prescribed quadratic twist are non-zero simultaneously. Although we can expect
a similar result for parallel weight 2 Hilbert cuspforms, our method does not work as
it is for such low weight cases. In order to treat these interesting cases, the technique
of Green’s function as in [10, 12]may be useful.

1.3 Framework

Let us review the proofs of _eorems 1.1, 1.3, and 1.4, explaining the organization of
this paper. In our previous work [11], we constructed the renormalized smoothed au-
tomorphic Green’s function Ψ̂ l

reg(n∣α) as the value at λ = 0 of an entire extension of
some Poincaré series Ψ̂ l

β ,λ(n∣α) originally deûned for Re(λ) > 1. _en we computed
the period integral of Ψ̂ l

reg(n∣α) along the diagonal split torusH adelically in a very ex-
plicit form. In the present work, instead of the period integral, we introduce a certain
integral transform ∂Pηβ ,λ(φ) (see §3.2) for any cusp form φ on PGL(2, F)/PGL(2,A)

and a quadratic idele class character η of F×, depending on a complex parameter λ
and a test function β for renormalization, whose constant term at λ = 0 yields the
derivative at s = 1/2 of the period integral of φ∣det ∣s−1/2

A along H. _e main step to
have the formula (1.8) in_eorem 1.1 is to calculate ∂Pηβ ,λ(Ψ̂

l
reg(n∣α)) and its constant

term at λ = 0 in two diòerent ways; the process is completely parallel to that in [11]
for period integrals. In §3, a�er recalling the construction of Ψ̂ l

reg(n∣α), we prove a
formula of CTλ=0 ∂Pηβ ,λ(Ψ̂

l
reg(n∣α)) written in terms of the spectral data of cuspidal

representations in Πcus(l , n) (Proposition 3.2). In §4, closely following [11], we com-
pute ∂Pηβ ,λ(Ψ̂

l
reg(n∣α)) according to the (H(F),H(F)) -double coset decomposition
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ofGL(2, F). By equating the two expressions of CTλ=0 ∂Pηβ ,λ(Ψ̂
l
reg(n∣α)) obtained in

§3 and §4, we get a kind of relative trace formula, which is stated in _eorem 4.8. _e
formula is not for our ADL∗−(n), but for a similar average of L-values over all cusp-
idal representations π ∈ Πcus(l , n). We need to sieve out information on an average
of only those π ∈ Πcus(l , n) with exact conductor n. For that purpose, we intro-
duce a certain operation (see Deûnition 5.2), which we call the N-transform, for any
arithmetic function deûned on a set of ideals. _e ûrst subsection of §5 is devoted to
the study of the N-transform. By applying the N-transform of each term occurring
in the formula (4.9), we deduce yet another formula (5.3), which relates the average
ADL∗−(n) to the sum of the following terms: (i) theN-transforms of W̃η

u(l , n∣α) and
Wη

hyp(l , n∣α), both of them occurring in the geometric side of (4.9), (ii) the L-value
average AL∗(n), and (iii) the N-transform of a certain term AL∂w

(n) arising from
the spectral side of (4.9). In §7, we analyze these terms separately and obtain an ex-
act evaluation of the N-transform of W̃η

u(l , n∣α) and estimations of the remaining
terms, which lead us to the proof of (1.8). In §6, by applying the relative trace formula
[11,_eorem 9.1] to the test function αa, we deduce (1.7), which is necessary to prove
_eorem 1.3. In §8, we give the proof of _eorems 1.3 and 1.4. Actually, what we do
there is to conûrm that the argument of [6] for the classical modular forms stillworks
with a minor modiûcation in our setting. _e analysis performed in §7 relies on ex-
plicit formulas of local orbital integrals arising from Wη

hyp(l , n∣α) and W̃η
u(l , n∣α);

the aim of §9 is to provide them. In Appendix A, we study a certain lattice sum to be
used in the error term estimates in §6 and §9.

Notation and Convention

Given a condition P, δ(P) is 1 if P is true and 0 otherwise. For any non-negative
functions f (x) and g(x) on a set X, we write f (x) = O(g(x)) (or f (x) ≪ g(x)) if
there exists a constant C > 0 such that f (x) ⩽ Cg(x) for all x ∈ X. _e symbol N
denotes the set of positive integers andN0 = N∪{0}. For σ ∈ R, Lσ denote the vertical
contour {σ + it ∣ t ∈ R} directed from σ − i∞ to σ + i∞. Set ΓC(s) = 2(2π)−sΓ(s)
and ΓR(s) = π−s/2Γ(s/2). All ideals or fractional ideals appearing in this article are
assumed to be non-zero.

2 Preliminary

We prepare notation recalling basic ingredients necessary in this paper.

2.1 Totally Real Number Fields

Let F be a totally real number ûeld of absolute degree dF = [F ∶Q], o the integer
ring of F, and A the ring of adeles of F. _e subring of ûnite adeles in A is denoted
by Afin. Let dF be the diòerent of F/Q and set DF = #(o/dF). Let Σ∞ and Σfin be
the set of archimedean places of F and the set of ûnite places of F, respectively. Set
ΣF = Σ∞ ∪ Σfin. For v ∈ ΣF , let Fv denote the completion of F at v and ∣ ⋅ ∣v the
normalized valuation of the local ûeld Fv . If dx is a Haar measure of the additive
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group Fv , then d(ax) = ∣a∣vdx for all a ∈ F×v . When v ∈ Σfin, the maximal order of
the non-archimedean local ûeld Fv is denoted by ov . We ûx a prime element ϖv of ov
once and for all, and set pv = o∩ϖvov and qv = #(o/pv). For any non-zero idealm ⊂ o
and v ∈ Σfin, let ordv(m) denote the exponent of pv in the prime factorization of m.
Set S(m) = {v ∈ Σfin ∣ ordv(m) ⩾ 1} and Sk(m) = {v ∈ S(m) ∣ ordv(m) = k} for
k ∈ N. _e absolute normof an idealm ⊂ o is denoted byN(m), i.e.,N(m) = #(o/m).

2.1.1 Real Valued Characters

For an idele class character η = ∏v ηv of F× such that η2 = 1, let fη be the conductor
of η and set f (ηv) = ordv(fη) for all v ∈ Σfin. _e idele class character η gives rise to
a character η̃ of the group of fractional ideals prime to fη such that η̃(pv) = ηv(ϖv)
for all v ∈ Σfin − S(fη).

2.1.2 Cuspidal Representations of PGL(2)

Let G = GL(2), viewed as an F-algebraic group, and let Z be the center of G. _e
adelizations of G and of Z are denoted by GA and ZA, respectively. For v ∈ ΣF , the
Fv-points of G are denoted by Gv . We ûx a Haar measure dxv on the additive group
Fv by requiring ∫ov

dxv = #(ov/dFov)−1/2 if v ∈ Σfin and ∫
1
0 dxv = 1 if v ∈ Σ∞. On the

adele group A, we take the product measure dx = ⊗v dxv . For all v ∈ ΣF , we deûne
a Haar measure on F×v by setting d×tv = ζFv (1)∣t∣−1

v dtv , where ζFv (s) is the local v-
factor of the Dedekind zeta function of F. On the idele groupA×,we take the product
measure d×t =⊗v d×tv . For η as in §2.1.1 and a cusp form φ on GA, deûne

(2.1) Z∗(s, η, φ) = ∫
F×/A×

φ([ t 0
0 1 ][

1 xη
0 1 ])η(x∗η t)∣t∣

s−1/2
A d×t, s ∈ C

with x∗η = (ϖ− f (ηv)
v )v∈Σfin ∈ A×

fin and xη ∈ A such that xη ,v = 0 for all v ∈ Σ∞ and
xη ,fin = x∗η ([12, 2.6.2], [9, §4], [10, §2.1], [11, §6.3]). For any irreducible automorphic
representation π of GA, we ûx a family {πv}v∈ΣF of irreducible smooth representa-
tions of Gv having non-zero G(ov)-invariant vectors for almost all v’s such that π is
isomorphic to the restricted tensor product ⊗v πv . For a non-zero ideal n ⊂ o and
l = {lv}v∈Σ∞ ∈ (2N)Σ∞ which we call an even weight, let Πcus(l , n) be the set of
all the irreducible cuspidal automorphic representations π ≅ ⊗v πv of GA with triv-
ial central character such that πv is a discrete series representation of PGL(2,R) of
weight lv for all v ∈ Σ∞ and πv contains non-zero vectors invariant by the group

K0(nov) = {[ a bc d ] ∈ Kv ∣ c ∈ nov}

for all v ∈ Σfin, where we set Kv = G(ov). For v ∈ Σfin and an irreducible generic
smooth representation πv of Gv with trivial central character, the conductor of πv is
deûned to be the unique integer c(πv) ∈ N0 such that

πK0(ϖ c(πv )
v ov)

v

is one-dimensional. Recall that the conductor fπ of an irreducible cuspidal automor-
phic representation π of ZA/GA = PGL(2,A) is an ideal of o such that ordv(fπ) =

c(πv) for all v ∈ Σfin. Set Π∗
cus(l , n) = {π ∈ Πcus(l , n) ∣ fπ = n}.
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2.1.3 Compact Subgroups

For v ∈ Σ∞, let Kv denote the group of orthogonal matrices in Gv and let K∞ =

∏v∈Σ∞ Kv . For a unitary representation (π,Vπ) of GA, let Vπ[τ l ]
K0(n) be the space

of vectors ξ ∈ Vπ such that π(k∞kfin)ξ = τ l(k∞)ξ for all k∞ ∈ K0
∞ and kfin ∈ K0(n),

where τ l is the character of K0
∞ deûned by τ l(k∞) =∏v∈Σ∞ e

i lv θv for

k∞ = {[ cos θv − sin θv
sin θv cos θv

]} v∈Σ∞
,

and K0(n) = ∏v∈Σfin
K0(nov) viewed as an open compact subgroup of Kfin =

∏v∈Σfin
Kv .

For v ∈ ΣF , the group Gv is endowed with a Haar measure dgv such that dgv =

∣tv/t′v ∣−1
v dxvd×tvd×t′vdkv in terms of the Iwasawa decomposition gv = [ 1 xv

0 1 ][
tv 0
0 t′v ]kv

(xv ∈ Fv , tv , t′v ∈ F×v , kv ∈ Kv), where dkv is the probability Haar measure on Kv . We
ûx aHaar measure on GA deûned as the product of theHaar measures on Gv .

2.2 Local Factors

Let v ∈ Σfin, πv an irreducible generic smooth representation of PGL(2, Fv), and ηv
a character of F×v such that η2

v = 1. Recall that the polynomials Qπv
j,v(ηv , X)( j ∈ N)

of an indeterminate X [9, Corollary 19] and the local L-factors L(s, πv), L(s, πv ;Ad)
(s ∈ C) are deûned in the following manner.
● When c(πv) = 0,

Qπv
j,v(ηv , X) =

⎧⎪⎪
⎨
⎪⎪⎩

ηv(ϖv)X − Q(πv), j = 1,
q−1
v ηv(ϖv)

j−2X j−2(avq1/2
v ηv(ϖv)X − 1)(a−1

v q1/2
v ηv(ϖv)X − 1), j ⩾ 2,

L(s, πv) = (1 − avq−s
v )

−1
(1 − a−1

v q−s
v )

−1 ,

L(s, πv ;Ad) = (1 − a2
vq−s

v )
−1
(1 − q−s

v )
−1
(1 − a−2

v q−s
v )

−1 ,

where Q(πv) = (av + a−1
v )/(q1/2

v + q−1/2
v ) with diag(av , a−1

v ) being the Satake pa-
rameter of πv .

● When c(πv) = 1,

Qπv
j,v(ηv , X) = ηv(ϖv)

j−1X j−1
(ηv(ϖv)X − q−1

v χv(ϖv)
−1
),

L(s, πv) = (1 − χv(ϖv)q−s−1/2
v )−1 and L(s, πv ;Ad) = (1 − q−(s+1)

v )−1, where χv is
the unramiûed character of F×v such that χ2v = 1 and πv is isomorphic to the special
representation σ(χv ∣ ∣1/2v , χv ∣ ∣−1/2

v ) ([3, §3]).
● When c(πv) ⩾ 2, we set Qπv

j,v(ηv , X) = ηv(ϖv)
jX j and L(s, πv) = 1. (We omit the

formula for L(s, πv ;Ad), which is unnecessary for our purpose.)
We set Qπv

j,v(ηv , X) = 1 if j = 0. For π ∈ Πcus(l , n), let Λπ(n) denote the set of
mappings ρ∶Σfin → N0 such that 0 ⩽ ρ(v) ⩽ ordv(nf−1

π ) for all v ∈ Σfin. An explicit
orthogonal basis {φπ ,ρ}ρ∈Λπ(n) of the ûnite dimensional Hilbert space Vπ[τ l ]

K0(n)
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was constructed in [9] (see also [11, §6.2]). Let η = ∏v ηv be an idele class character
of F× such that η2 = 1 and S(fη) ∩ S(n) = ∅. For π ∈ Πcus(l , n), we set

Qπ ,η ,ρ(s) = ∏
v∈S(nf−1

π )
Qπv

ρ(v),v(ηv , q
1/2−s
v ), ρ ∈ Λπ(n),

and deûne the completed L-function L(s, π) onRe(s) > 1 as the absolutely convergent
inûnite product L(s, π) = ∏v∈ΣF L(s, πv), where L(s, πv) = ΓC(s + (lv − 1)/2) for
v ∈ Σ∞. _emodiûed zeta integrals (2.1) for the basis {φπ ,ρ} are calculated as

(2.2) Z∗(s, η, φπ ,ρ)

= Ds−1/2
F (−1)є(η)G(η)Qπ ,η ,ρ(s)L(s, π ⊗ η), π ∈ Πcus(l , n), ρ ∈ Λπ(n)

for Re(s) > 1, where G(η) is the Gauss sum of η deûned in [12, §2.4] and є(η) =

#{v ∈ Σ∞∣ηv(−1) = −1}; for the proof, we refer to [9, Proposition 20] and [11, Propo-
sition 6.1]. _e function φπ ,ρ0 with ρ0 such that ρ0(v) = 0 for all v ∈ Σfin is denoted
by φnew

π and is called the new vector of π. For this particular vector, (2.2) is simpliûed
to the well-known identity Z∗(s, η, φnew

π ) = Ds−1/2
F (−1)є(η)G(η)L(s, π ⊗ η), which

yields a holomorphic continuation of L(s, π ⊗ η) to the whole complex s-plane. _e
L2-norm of φnew

π is computed in [11, Lemma 6.4] as

(2.3) ∥φnew
π ∥

2
= 2{ ∏

v∈Σ∞
21−lv}N(fπ)[Kfin ∶K0(fπ)]

−1LSπ(1, π;Ad),

where LSπ(s, π;Ad) is the adjoint L-function of π without the local v-factors over the
set Sπ = {v ∈ Σfin∣c(πv) ⩾ 2},which is deûned as an analytic continuation of the Euler
product∏v∈ΣF−Sπ L(s, πv ;Ad) (Re(s) > 1) with L(s, πv ;Ad) = ΓC(s + lv − 1)ΓR(s + 1)
for v ∈ Σ∞.

2.3 Weight Functions

In this subsection, using a ûne local structure of cuspidal representations, we deûne
weight functions for them, which appear in the averages of L-values to be deûned in
§4.2. Let η =∏v ηv be an idele class character of F× such that η2 = 1 and S(fη)∩S(n) =
∅. Let π ≅⊗v πv ∈ Πcus(l , n) and ρ ∈ Λπ(n). For a complex parameter z, we set

wηn(π; z) = ∑
ρ∈Λπ(n)

∏
v∈S(nf−1

π )
Qπv

ρ(v),v(1, 1)Q
πv
ρ(v),v(ηv , q

1/2−z
v )/τπv( ρ(v), ρ(v))

= ∏
v∈S(nf−1

π )
r(z)(πv , ηv)

(2.4)

with

r(z)(πv , ηv) =
ordv(nf−1

π )
∑
j=0

Qπv
j,v(1, 1)Q

πv
j,v(ηv , q

1/2−z
v )/τπv ( j, j).
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Here Qπv
j,v(ηv , X) is the polynomial recalled in §2.2, and

τπv ( j, j) =

⎧⎪⎪⎪⎪⎪⎪⎪
⎨
⎪⎪⎪⎪⎪⎪⎪⎩

1, j = 0 or c(πv) ⩾ 2,
1 − q−2

v , c(πv) = 1, j ⩾ 1,
1 − Q(πv)

2 , c(πv) = 0, j = 1,
(1 − Q(πv)

2)(1 − q−2
v ), c(πv) = 0, j ⩾ 2.

Lemma 2.1 We have

∥φπ ,ρ∥
2
/∥φnew

π ∥
2
= ∏

v∈S(nf−1
π )

τπv (ρ(v), ρ(v)), ρ ∈ Λπ(n).

Proof From [9, §4] and [11, §6], φπ ,ρ is the automorphic realization of the global
Whittaker function⊗v∈Σ∞ ϕ0,v ⊗⊗v∈Σfin ϕρ(v),v , considered in the restricted tensor
product of theWhittaker modelW(πv) of πv , where {ϕv , j ∣0 ⩽ j ⩽ ordv(nf−1

π )} is the
orthogonal basis ofW(πv)

K0(nov) constructed in [9]. With respect to any Gv-invar-
iant inner product ofW(πv), it is shown that the ratio ∥ϕ j,v∥

2/∥ϕ0,v∥
2 is τπv ( j, j) by

[9, Proposition 10 and Corollary 12 ] for c(πv) = 0, by [9, Proposition 13 and Lemma
3] for c(πv) ⩾ 2, and by [9, Propositions 15 and Corollary 16] for c(πv) = 1.

Lemma 2.2 Let v ∈ S(nf−1
π ) and set kv = ordv(nf−1

π ), X = q1/2−z
v . If ηv(ϖv) = −1,

r(z)(πv , ηv) =

⎧⎪⎪⎪⎪⎪⎪
⎨
⎪⎪⎪⎪⎪⎪⎩

1−X
1+Q(πv) +

(1+av q1/2
v X)(1+a−1

v q1/2
v X)

(qv−1)(1+Q(πv))
1−(−X)kv−1

1+X , c(πv) = 0,

1 − X+q−1
v χv(ϖv)

1+q−1
v χv(ϖv)

1−(−1)kv Xkv

1+X , c(πv) = 1,
1+(−1)kv Xkv+1

1+X , c(πv) ⩾ 2.

If ηv(ϖv) = 1,

r(z)(πv , ηv) =

⎧⎪⎪⎪⎪⎪
⎨
⎪⎪⎪⎪⎪⎩

1+X
1+Q(πv) +

(1−av q1/2
v X)(1−a−1

v q1/2
v X)

(qv−1)(1+Q(πv)) ∑
kv
j=2 X

j−2 , c(πv) = 0,

1 + X−q−1
v χv(ϖv)

1+q−1
v χv(ϖv) (∑

kv
j=1 X

j), c(πv) = 1,
∑

kv
j=0 X

j , c(πv) ⩾ 2.

Here av and χv are the same as in the deûnition of Qπv
j,v(ηv , X).

Proof _is is obtained by a direct computation.

Deûne wηn(π) = wηn(π; 1/2), and ∂wηn(π) = d
dzw

η
n(π; z)∣z=1/2. Lemma 2.2 yields

explicit formulas of wηn(π) and ∂wηn(π); by the Leibniz rule, the formula of ∂wηn(π)
involves ∂r(πv , ηv) = −1

log qv
( d
dz ) z=1/2r

(z)(πv , ηv), which is given as in the following
corollary.

Corollary 2.3 If ηv(ϖv) = −1,

∂r(πv , ηv) =

⎧⎪⎪⎪⎪⎪
⎨
⎪⎪⎪⎪⎪⎩

−1
1+Q(πv) +

1+(−1)kv
2

2qv+(qv+1)Q(πv)
(qv−1)(1+Q(πv)) +

(−1)kv (2kv−3)−1
4

qv+1
qv−1 , c(πv) = 0,

−
1−(−1)kv

2
1

1+q−1
v χv(ϖv) +

1+(−1)kv (2kv−1)
4 , c(πv) = 1,

(−1)kv (2kv+1)−1
4 , c(πv) ⩾ 2.
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If ηv(ϖv) = 1,

∂r(πv , ηv) =

⎧⎪⎪⎪⎪⎪⎪⎪⎪
⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎩

1
1+Q(πv) + (kv − 1) 2qv−(qv+1)Q(πv)

(qv−1)(1+Q(πv))
+

(kv−2)(kv−1)
2

(qv+1)(1−Q(πv))
(qv−1)(1+Q(πv)) , c(πv) = 0,

kv
1+q−1

v χv(ϖv) +
1−q−1

v χv(ϖv)
1+q−1

v χv(ϖv)
kv(kv+1)

2 , c(πv) = 1,
kv(kv+1)

2 , c(πv) ⩾ 2.

3 Spectral Average of Derivatives of L-series: The Spectral Side

For a ûnite subset S ⊂ Σfin,we setXS =∏v∈S(C/4πi(log qv)−1Z) andAS =⊗v∈S Av ,
where for v ∈ Σfin,Av denotes the space of holomorphic functions α(s) in

s ∈ C/4πi(log qv)−1Z

such that α(−s) = α(s).
_roughout this paper we ûx a quadratic idele class character η of F×, an ideal

n ⊂ o, an even weight l = (lv)v∈Σ∞ , and a ûnite subset S ⊂ Σfin in such a way that
S(n), S(fη), and S aremutually disjoint, and lv ⩾ 6 for all v ∈ Σ∞. Set l = infv∈Σ∞ lv .
We also ûx a function α ∈ AS until §5.

3.1 The Regularized Smoothed Kernel

LetB be the space of even entire functions β(z) onC such that for any ûnite interval
I ⊂ R and for any N > 0, ∣β(σ + it)∣ ≪I ,N (1 + ∣t∣)−N for σ + it ∈ I + iR. Depending
on the data (η, n, l , S , α), we have constructed a cusp form Ψ̂ l

reg(n∣α) in [11], which
plays a pivotal role in the deduction of the relative trace formula in §3 and §4. Let
us review its deûnition brie�y. For β ∈ B and (s, λ) ∈ XS × C such that q(s) > 1,
Re(λ) > 1 − q(s) with q(s) = infv∈S(Re(sv) + 1)/4, we ûrst set

Ψ l
β ,λ(n∣s; g) =

1
2πi ∫Lσ

β(z)
z + λ

{Ψ(z)
l (n∣s; g) +Ψ(−z)

l (n∣s; g)} dz,

where the contour is taken so that − inf(q(s) − 1,Re(λ)) < σ < q(s) − 1, and
Ψ(z)

l (n∣s; g) is Green’s function deûned as

Ψ(z)
l (n∣s; g) = ∏

v∈Σ∞
Ψ(z)
v (lv ; gv)∏

v∈S
Ψ(z)
v (sv ; gv) ∏

v∈Σfin−S
Φ(z)

n,v(gv),

for g = (gv)v∈ΣF ∈ GA, where Ψ(z)
v (lv ;−) for v ∈ Σ∞ is the holomorphic Shintani

function on Gv ≅ GL(2,R) deûned in [11, Proposition 3.1], Ψ(z)
v (sv ;−) for v ∈ S is

Green’s function studied in [12, Chapter 5], and for any v ∈ Σfin − S,Φ(z)
n,v is a function

on Gv deûned as

Φ(z)
n,v([

t1 0
0 t2 ][

1 x
0 1 ]k) = ∣t1/t2∣zvδ(x ∈ ov)δ(k ∈ K0(nov))

for t1 , t2 ∈ F×v , x ∈ Fv , and k ∈ Kv . Set

Ψ̂ l
β ,λ(n∣α; g) = (

1
2πi

)
#S
∫
LS(c)

Ψ l
β ,λ(n∣s; g)α(s) dµS(s),
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where Re(λ) > 0, with c ∈ RS such that q(c) > sup(Re(λ) + 1, 2), and where
∫LS(c) f (s) dµS(s) means themultidimensional contour integral along

LS(c) =∏
v∈S

{cv + it∣t ∈ R/4π(log qv)−1Z}

(oriented naturally) with respect to dµS(s) =∏v∈S dµv(sv) with

dµv(sv) = 2−1
(log qv)(q(1+sv)/2

v − q(1−sv)/2
v )dsv .

_e Poincaré series Ψ̂ l
β ,λ(n∣α; g) = ∑γ∈H(F)/G(F) Ψ̂ l

β ,λ(n∣α; γg), g ∈ GA is shown
to be absolutely convergent on the half plane Re(λ) > 0 [11, Lemma 5.5] and has a
holomorphic continuation to the whole complex λ-plane deûning a smooth function
in g ∈ GA that is a cusp formonGA belonging to the space L2(ZAG(F)/GA)[τ l ]

K0(n)

for all λ [11, §6.6]. By taking the constant term of the Taylor series of Ψ̂ l
β ,λ(n∣α; g) at

λ = 0, we deûne Ψ̂ l
reg(n∣α) independently of β as

CTλ=0 Ψ̂ l
β ,λ(n∣α; g) = Ψ̂ l

reg(n∣α; g)β(0).

For π ∈ Πcus(l , n) and v ∈ Σfin − S(fπ), the Satake parameter of π at v is denoted by
Av(π) = diag(qνv(π)/2

v , q−νv(π)/2
v ) with νv(π) ∈ C/4πi(log qv)−1Z. From [11, §6.6],

Ψ̂ l
reg(n∣α) has the spectral expansion

Ψ̂ l
reg(n∣α; g) =

(−1)#S{∏v∈Σ∞ 2lv−1}C l(0)D−1/2
F

[Kfin ∶K0(n)]

× ∑
π∈Πcus(l ,n)

∑
ρ∈Λπ(n)

α(νS(π))
Z∗(1/2, 1, φπ ,ρ)

∥φπ ,ρ∥2 φπ ,ρ(g)

(3.1)

for all g ∈ GA, where νS(π) = {νv(π)}v∈S ∈ XS and

C l(0) = ∏
v∈Σ∞

2−1Γ((lv − 1)/2)2Γ(lv − 1)−1 .

3.2 The Periods Related to the Derivative

Given β ∈ B, t > 0, and λ ∈ C, we set β(1)λ (t) = 1
2πi ∫Lσ

β(z)
(z+λ)2 t

z dz, where σ >

−Re(λ). _e integral is independent of the choice of σ , and the resulting function
λ ↦ β(1)λ (t) is entire on C. We easily have

(3.2) CTλ=0{β(1)λ (t) − β(1)λ (t−1
)} = β(0) log t

by the residue theorem, and obtain the estimate

(3.3) ∣β(1)λ (t)∣ ≪σ inf{tσ , t−Re(λ)
} log t, t > 0, σ > −Re(λ)

in the same way as [12, Lemma 7.1].

Deûnition 3.1 For a cusp form φ on PGL(2,A), set

∂Pηβ ,λ(φ) = ∫F×/A×
φ ([ t 0

0 1 ] [
1 xη
0 1 ]) η(tx∗η){β

(1)
λ (∣t∣A) − β(1)λ (∣t∣−1

A )} d×t, λ ∈ C.
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By (3.3), the integral ∂Pηβ ,λ(φ) is absolutely convergent for λ ∈ C and the function
λ ↦ ∂Pηβ ,λ(φ) is entire on C. Moreover, (3.2) gives us the formula

CTλ=0 ∂Pηβ ,λ(φ) = ∫F×/A×
φ ([ t 0

0 1 ] [
1 xη
0 1 ]) η(tx∗η) log ∣t∣A d×tβ(0)

=
d
ds

Z∗(s, η, φ) ∣ s=1/2 β(0).

(3.4)

As we recalled in §3.1, the function Ψ̂ l
reg(n∣α) is a cusp form on GA invariant by

the center ZA. _us we have an entire function λ ↦ ∂Pηβ ,λ(Ψ̂
l
reg(n∣α)). _e following

is themain result of this section.

Proposition 3.2 We have

CTλ=0∂Pηβ ,λ(Ψ̂
l
reg(n∣α))

= (−1)#S
{∏
v∈Σ∞

2lv−1
}C l(0)D−1

F [Kfin ∶K0(n)]
−1
(−1)є(η)G(η)

× [ ∑
π∈Πcus(l ,n)

(logDF)wηn(π)
L(1/2, π)L(1/2, π ⊗ η)

∥φnew
π ∥2 α(νS(π))

+ ∑
π∈Πcus(l ,n)

∂wηn(π)
L(1/2, π)L(1/2, π ⊗ η)

∥φnew
π ∥2 α(νS(π))

+ ∑
π∈Πcus(l ,n)

wηn(π)
L(1/2, π)L′(1/2, π ⊗ η)

∥φnew
π ∥2 α(νS(π))]β(0).

(3.5)

Proof Since the spectral expansion (3.1) is a ûnite sum, from (3.4), we have

CTλ=0 ∂Pηβ ,λ(Ψ̂
l
reg(n∣α)) = (−1)#S

∏ 2lv−1C l(0)D−1/2
F [Kfin ∶K0(n)]

−1

× ∑
π∈Πcus(l ,n)

∑
ρ∈Λπ(n)

α(νS(π))
Z∗(1/2,1,φπ ,ρ)

∥φπ ,ρ∥2
d
d s Z

∗
(s, η, φπ ,ρ)∣s=1/2β(0).

From (2.2) by the Leibniz rule, the inner sum

∑
ρ∈Λπ(n)

Z∗(1/2, 1, φπ ,ρ)

∥φπ ,ρ∥2
d
ds

Z∗(s, η, φπ ,ρ)∣s=1/2

is the sum of the following three quantities.

∑
ρ∈Λπ(n)

1
∥φπ ,ρ∥2 D

−1/2
F Qπ ,1,ρ(1/2)L(1/2, π)(logDF)G(η)Qπ ,η ,ρ(1/2)(3.6)

× L(1/2, π ⊗ η),

∑
ρ∈Λπ(n)

1
∥φπ ,ρ∥2 D

−1/2
F Qπ ,1,ρ(1/2)L(1/2, π)G(η)(Qπ ,η ,ρ)

′
(1/2)L(1/2, π ⊗ η),(3.7)

∑
ρ∈Λπ(n)

1
∥φπ ,ρ∥2 D

−1/2
F Qπ ,1,ρ(1/2)L(1/2, π)G(η)Qπ ,η ,ρ(1/2)L′(1/2, π ⊗ η).(3.8)
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Sincewηn(π) = wηn(π; 1/2) and ∂wηn(π) = d
dzw

η
n(π; z)∣z=1/2, by Lemma 2.1 and the ûrst

expression in (2.4),

wηn(π)/∥φnew
π ∥

2
= ∑

ρ∈Λπ(n)

Qπ ,1,ρ(1/2)Qπ ,η ,ρ(1/2)
∥φπ ,ρ∥2 ,

∂wηn(π)/∥φnew
π ∥

2
= ∑

ρ∈Λπ(n)

Qπ ,1,ρ(1/2)Q′
π ,η ,ρ(1/2)

∥φπ ,ρ∥2 .

Using these relations,we easily see that (3.6), (3.7), and (3.8) equal the ûrst, second,
and third terms of (3.5), respectively.

4 Spectral Average of Derivatives of L-series: The Geometric Side

We continue to work with the setting of §3. From [11, §7], the function Ψ̂ l
reg(n∣α)

has the expression coming from the (H(F),H(F)) -double coset decomposition of
G(F):

(4.1) Ψ̂ l
reg (n∣α; [ t 0

0 1 ][
1 xη
0 1 ]) = ( 1 + i l̃ δ(n = o)) Jid(α; t)

+ Ju(α; t) + Jū(α; t) + Jhyp(α; t), t ∈ A× ,

where l̃ = ∑v∈Σ∞ lv ,
(4.2)
Jid(α; t) = δ(fη = o)(

1
2πi

)
#S
∫
LS(c)

∏
v∈S

(1−q−(sv+1)/2
v )

−1
(1−q(sv+1)/2

v )
−1α(s) dµS(s),

(4.3) Ju(α; t) = (
1

2πi
)

#S
∑
a∈F×
∫
LS(c)

× {Ψ(0)
l (n∣s; [ 1 at−1

0 1 ][
1 xη
0 1 ]) +Ψ(0)

l (n∣s; [ 1 0
at−1 1 ][

1 0
−xη 1 ]w0)}α(s) dµS(s),

(4.4) Jū(α; t) = (
1

2πi
)

#S
∑
a∈F×
∫
LS(c)

× {Ψ(0)
l (n∣s; [ 1 0

at 1 ][
1 xη
0 1 ]) +Ψ(0)

l (n∣s; [ 1 at
0 1 ][

1 0
−xη 1 ]w0)}α(s) dµS(s)

with w0 = [ 0 −1
1 0 ] and xη is the adele deûned in §2.1.2, and

Jhyp(α; t) = ∑
b∈F×−{−1}

∑
a∈F×

Ψ̂(0)
l (n∣α; [ 1+b−1 1

1 1 ][
at 0
0 1 ][

1 xη
0 1 ])

with

Ψ̂(0)
l (n∣α; g) = (

1
2πi

)
#S
∫
LS(c)

Ψ(0)
l (n∣s; g)α(s) dµS(s).(4.5)

_e convergence of the integrals and series was fully discussed in [11, §7].
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4.1 Orbital Integrals

For ● ∈ {id, u, ū, hyp}, set

Wη
●(β, λ; α) = ∫F×/A×

J●(α; t){β(1)λ (∣t∣A) − β(1)λ (∣t∣−1
A )}η(tx∗η) d×t, Re(λ) > 1.

In this subsection, we shall show that these integrals converge absolutely when
Re(λ) > 1 and admit an analytic continuation in a neighborhood of λ = 0.

Lemma 4.1 _e integralWη
id(β, λ; α) converges absolutely andW

η
id(β, λ; α) = 0 for

Re(λ) > 0.

Proof Let λ and w be complex numbers such that Re(w) < Re(λ), and ξ an idele
class character of F×. _en in the same way as [12, Lemma 7.6], we have

∫
F×/A×

β(1)λ (∣t∣A)ξ(t)∣t∣wAd×t = δξ,1 vol(F×/A1
)
β(−w)

(λ −w)2 .

From this combined with (4.2), we have the conclusion because our η is non-trivial.

Set

l = inf
v∈Σ∞

lv , l̃ = ∑
v∈Σ∞

lv , q(s) = inf
v∈S

Re(sv) + 1
4

(s = (sv)v∈S ∈ XS)

and єv = 2−1(1 − ηv(−1)) for all v ∈ Σ∞. For s ∈ XS and z ∈ C, set

ΥηS (z; s) =∏
v∈S

(1 − ηv(ϖv)q−(z+(sv+1)/2)
v )

−1
(1 − q(sv+1)/2

v )
−1 ,

ΥηS , l(z; s) = D
−1/2
F {#(o/fη)×}−1

× { ∏
v∈Σ∞

2Γ(−z)Γ(lv/2 + z)
ΓR(−z + єv)Γ(lv/2)

iєv cos( π
2
(−z + єv))}ΥηS (z; s).

Lemma 4.2 For s ∈ XS and λ ∈ C such that q(Re(s)) > Re(λ) > σ > 1 and
1 < σ < l/2, the integrals

V±
0,η(λ; s) = ∫A×

(
1

2πi ∫L∓σ

β(z)
(z + λ)2 ∣t∣

±z
A dz)Ψ(0)

l (n∣s; [ 1 t−1

0 1 ][
1 xη
0 1 ])η(tx∗η)d×t,

V±
1,η(λ; s) = ∫A×

(
1

2πi ∫L∓σ

β(z)
(z + λ)2 ∣t∣

±z
A dz)

×Ψ(0)
l (n∣s; [ 1 0

t−1 1 ][
1 0

−xη 1 ]w0)η(tx∗η)d×t

converge absolutely as double integrals and

V±
0,η(λ; s) =

1
2πi ∫Lσ

β(z)
(z + λ)2 N(fη)

∓zL(∓z, η)(−1)є(η)ΥηS , l(±z; s) dz,

V±
1,η(λ; s) =

1
2πi ∫Lσ

β(z)
(z + λ)2 N(fη)

∓zN(n)±z η̃(n)δ(n = o)L(∓z, η)i l̃ΥηS , l(±z; s) dz.
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Proof As in [11, Lemma 8.2], we change the order of integrals and compute the
t-integrals ûrst. Since η /= 1, the integrands in the remaining contour integrals in
z are holomorphic on ∣Re(z)∣ < σ ; thus we can shi� the contour L−σ to Lσ for V+

0,η
and V+

1,η .

Lemma 4.3 _e integral Wη
u(β, λ; α) has an analytic continuation to the region

Re(λ) > −l/2 as a function in λ. _e constant term ofWη
u(β, λ; α) at λ = 0 equals

Wη
u(l , n∣α)β(0) with

Wη
u(l , n∣α) = (−1)є(η)G(η)D1/2

F ( 1 + (−1)є(η)η̃(n)i l̃ δ(n = o))(
1

2πi
)

#S

× ∫
LS(c)

W
η
S ,u(l , n∣s)α(s) dµS(s),

where ΥηS (s) = ΥηS (0; s) and

W
η
S ,u(l , n∣s) = πє(η)ΥηS (s)L(1, η){ logDF +

L′(1, η)
L(1, η)

+ ∑
v∈Σ∞

(

lv/2−1

∑
k=1

1
k
−

1
2
log π − 1

2
CEuler − δєv ,1 log 2)

+∑
v∈S

log qv
1 − ηv(ϖv)q(sv+1)/2

v
} .

Proof From (4.3) and Lemma 4.2, we have

Wη
u(β, λ; α)

= (
1

2πi
)

#S
∫
LS(c)

{V+
0,η(λ; s) − V−

0,η(λ; s) + V+
1,η(λ; s) − V−

1,η(λ; s)}α(s)dµS(s)

= ((−1)є(η) + i l̃ δ(n = o)) (
1

2πi
)
#S

× ∫
LS(c)

1
2πi ∫Lσ

β(z)
(z + λ)2 {N(fη)

−zL(−z, η)ΥηS , l(z; s)

−N(fη)
zL(z, η)ΥηS , l(−z; s)}dzα(s)dµS(s),

which is holomorphic on Re(λ) > −σ . Since 1 < σ < l/2 is arbitrary, this gives an
analytic continuation ofWη

u(β, λ; α) to the region Re(λ) > −l/2 and yields the ûrst
equality of

CTλ=0Wη
u(β, λ; α)

= (
1

2πi
)

#S
∫
LS(c)

(
1

2πi ∫Lσ

β(z)
z2 { fu(z) − fu(−z)} dz)α(s)dµS(s)

= ((−1)є(η) + i l̃ δ(n = o)) Resz=0(
β(z)
z2 fu(z))

= ((−1)є(η) + i l̃ δ(n = o)){CTz=0
fu(z)
z

β(0) + 1
2
Resz=0 fu(z)β′′(0)},
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where fu(z) = N(fη)
−zL(−z, η)ΥηS , l(z; s). Since η is non-trivial, by the functional

equation L(s, η) = iє(η)D1−s
F N(fη)

−s#((o/fη)×)G(η)L(1 − s, η), fu(z) is holomor-
phic at z = 0. _us, Resz=0 fu(z) = 0, and CTz=0

fu(z)
z = f ′u(0); the derivative f ′u(0) is

computed as

−(logN(fη))L(0, η)ΥηS , l(0; s) − L′(0, η)ΥηS , l(0; s) + L(0, η)(ΥηS , l)
′
(0; s)

= iє(η)G(η)D1/2
F Υ̃ηS , l(0; s){−L(1, η) logN(fη)

+ L(1, η) log(DFN(fη))L′(1, η) + L(1, η) d
dz log Υ̃S , l(z; s)∣z=0}

= G(η)D1/2
F πє(η)ΥηS (s){L(1, η) logDF + L′(1, η)

+ L(1, η) d
dz

log Υ̃S , l(z; s)∣z=0},

where Υ̃ηS , l(z; s) = D
1/2
F #((o/fη)×)ΥηS , l(z; s), whose logarithmic derivative at z = 0 is

computed as

∑
v∈Σ∞

(ψ( lv
2 ) −

1
2
log π + 1

2
ψ (

−z + єv
2

) − ψ(−z) + π
2

tan π
2
(−z + єv)) ∣ z=0

+∑
v∈S

log qv
1 − ηv(ϖv)q(sv+1)/2

v
.

Here, by ψ(1) = −CEuler, ψ(1/2) = −CEuler − 2 log 2, and d
d t (t cot t)∣t=0 = 0, we have

1
2
ψ( −z + єv

2
) − ψ(−z) + π

2
tan π

2
(−z + єv) ∣ z=0

=

⎧⎪⎪
⎨
⎪⎪⎩

1
2CEuler єv = 0,
1
2ψ(

1
2 ) − ψ(1) = 1

2CEuler − log 2 єv = 1.

In the same way as Lemma 4.2, we obtain the following.

Lemma 4.4 For s ∈ XS and λ ∈ C such that q(Re(s)) > Re(λ) > σ > 1 and
1 < σ < l/2, the integrals

Ṽ±
1,η(λ; s) = ∫A×

(
1

2πi ∫L±σ

β(z)
(z + λ)2 ∣t∣

±z
A dz)Ψ(0)

l (n∣s; [ 1 0
t 1 ][

1 xη
0 1 ])η(tx∗η) d×t,

Ṽ±
0,η(λ; s) = ∫A×

(
1

2πi ∫L±σ

β(z)
(z + λ)2 ∣t∣

±z
A dz)Ψ(0)

l (n∣s; [ 1 t
0 1 ][

1 0
−xη 1 ]w0)η(tx∗η) d×t

converge absolutely as double integrals, and

Ṽ±
1,η(λ; s) =

1
2πi ∫Lσ

β(z)
(z + λ)2 N(fη)

∓zN(n)∓z η̃(n)L(±z, η)ΥηS , l(∓z; s) dz,

Ṽ±
0,η(λ; s) =

1
2πi ∫Lσ

β(z)
(z + λ)2 N(fη)

∓zδ(n = o)L(±z, η)(−1)є(η) i l̃ΥηS , l(∓z; s) dz.
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Lemma 4.5 _e integral Wη
ū(β, λ; α) converges absolutely on Re(λ) > 1 and has an

analytic continuation to the region Re(λ) > −l/2 as a function in λ. _e constant term
ofWη

ū(β, λ; α) at λ = 0 equals Wη
ū(l , n∣α)β(0) with

Wη
ū(l , n∣α) = (−1)є(η)G(η)D1/2

F ((−1)є(η)η̃(n) + i l̃ δ(n = o))(
1

2πi
)

#S

× ∫
LS(c)

W
η
S ,ū(l , n∣s)α(s) dµS(s),

where

W
η
S ,ū(l , n∣s) = −π

є(η)ΥηS (s)L(1, η) log(N(n)N(fη)
2
) −W

η
S ,u(l , n∣s).

Proof By (4.4) and Lemma 4.4, we see that Wη
ū(β, λ; α) equals

(
1

2πi
)

#S
∫
LS(c)

{Ṽ+
0,η(λ; s) − Ṽ−

0,η(λ; s) + Ṽ+
1,η(λ; s) − Ṽ−

1,η(λ; s)}α(s)dµS(s)

= (η̃(n) + (−1)є(η) i l̃ δ(n = o))(
1

2πi
)

#S

× ∫
LS(c)

1
2πi ∫Lσ

β(z)
(z + λ)2 {N(fη)

−zN(n)−zL(z, η)ΥηS , l(−z; s)

−N(fη)
zN(n)zL(−z, η)ΥηS , l(z; s)} dzα(s)dµS(s),

which gives an analytic continuation ofWη
ū(β, λ; α) to the region Re(λ) > −l/2. We

set fū(z) = −N(fη)
2zN(n)z fu(z). Since fu(z) is holomorphic at z = 0, so is fū(z).

_us

CTλ=0W
η
ū(β, λ; α) = ( η̃(n) + (−1)є(η) i l̃ δ(n = o))

× ( CTz=0
fū(z)
z

β(0) + 1
2
Resz=0 fū(z)β′′(0))

= (η̃(n) + (−1)є(η) i l̃ δ(n = o))( f ′ū(0)β(0)).

_e derivative f ′ū(0) is computed as − log(N(n)N(f2η)) fu(0)− f ′u(0),which becomes

G(η)D1/2
F {−πє(η)ΥηS (s)L(1, η) log(N(n)N(f2η)) −W

η
S ,u(l , n∣s)}.

Lemma 4.6 _e integral Wη
hyp(β, λ; α) converges absolutely for Re(λ) > 1 and has

an analytic continuation to the region Re(λ) > −є for some є > 0. _e constant term of
Wη

hyp(β, λ; α) at λ = 0 equals Wη
hyp(l , n∣α)β(0). Here

Wη
hyp(l , n∣α) = (

1
2πi

)
#S
∫
LS(c)

Lη(l , n∣s)α(s)dµS(s)

with c = (c)v∈Σ∞ ∈ RS such that 1 < c < l/2 − 1 and

Lη(l , n∣s) = ∑
b∈F−{0,−1}

∫
A×

Ψ(0)
l (n∣s; [ 1+b−1 1

1 1 ] [
t 0
0 1 ] [

1 xη
0 1 ])η(tx∗η) log ∣t∣A d×t.
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Proof In the same way as [11, Lemma 8.5], we see that there exists є > 0 such that,
for 0 < ∣ρ∣ < є the integral

∫
LS(c)

∣α(s)∣ ∣dµS(s)∣∫
Lρ

∣β(z)∣
∣z + λ∣2 ∑

b∈F×−{−1}
∫
A×

∣Ψ(0)
l (n∣s; [ 1+b−1 1

1 1 ] [
t 0
0 1 ][

1 xη
0 1 ])∣

× {∣t∣ρA + ∣t∣−ρ
A } d×t∣dz∣

is convergent. _e analytic continuation ofWη
hyp(β, λ; α) to Re(λ) > −є is obtained

from this. _e absolute convergence of Wη
hyp(l , n∣α) follows by the majorization

∣ log x∣ ≪ xρ + x−ρ (x > 0). We obtain the last assertion with the aid of (3.2).

From (4.1) combined with Lemmas 4.1, 4.3, 4.5, and 4.6, we get the formula

(4.6) ∂Pηβ ,λ(Ψ̂
l
reg(n∣α)) =Wη

u(β, λ; α) +Wη
ū(β, λ; α) +Wη

hyp(β, λ; α),

which is valid on a half plane Re(λ) > −є containing λ = 0.

4.2 The Relative Trace Formula

For any ideal m ⊂ o, set

ι(m) = [Kfin ∶K0(m)] = ∏
v∈S(m)

(1 + qv)qordv(m)−1
v .(4.7)

Let JS ,η be the monoid of ideals generated by prime ideals pv (v ∈ Σfin − S ∪ S(fη)).
We shall introduce several functionals in α ∈ AS depending on m ∈ JS ,η :

ALw
(m; α) = C l ∑

π∈Πcus(l ,m)

wηm(π)ι(fπ)
N(fπ)ι(m)

L(1/2, π)L(1/2, π ⊗ η)
LSπ(1, π;Ad)

α(νS(π)) ,(4.8)

AL∂w
(m; α) = C l ∑

π∈Πcus(l ,m)

∂wηm(π)ι(fπ)
N(fπ)ι(m)

L(1/2, π)L(1/2, π ⊗ η)
LSπ(1, π;Ad)

α(νS(π)) ,

ADLw
±(m; α) = C l ∑

π∈Πcus(l ,m)
є(1/2,π⊗η)=±1

wηm(π)ι(fπ)
N(fπ)ι(m)

L(1/2, π)L′(1/2, π ⊗ η)
LSπ(1, π;Ad)

α(νS(π)) ,

where C l is deûned as (1.3), wηm(π) and ∂wηm(π) are the weight functions deûned in
§2.3, and LSπ(s, π;Ad) is the partial adjoint L-function of π (see the sentence below
(2.3)). _e derivative of L-functions in ADLw

+(m; α) is eliminated by the functional
equation (1.1).

Proposition 4.7 We have

ADLw
+(m; α) = C l ∑

π∈Πcus(l ,m)
log{N(fπf

2
η)D2

F}
−1/2w

η
m(π)ι(fπ)

N(fπ)ι(m)

×
L(1/2, π)L(1/2, π ⊗ η)

LSπ(1, π;Ad)
α(νS(π)) .
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Proof By diòerentiating (1.1), L′(1/2, π ⊗ η) = є′(1/2,π⊗η)
2 L(1/2, π ⊗ η) if є(1/2, π ⊗

η) = 1. _en from є(s, π ⊗ η) = є(1/2, π ⊗ η){N(fπ)N(fη)
2D2

F}
1/2−s , we obtain the

assertion immediately.

_e following is themain result of §3 and §4.

_eorem 4.8 Let η be a quadratic idele class character of F× and S a ûnite subset of
Σfin − S(fη). Let l = (lv)v∈Σ∞ be an even weight such that lv ⩾ 6 for all v ∈ Σ∞. Set
є(η) = #{v ∈ Σ∞∣ηv(−1) = −1} and l̃ = ∑v∈Σ∞ lv . For any ideal n ∈ JS ,η and for any
α ∈ AS ,

(4.9) 2−1
(−1)#S+є(η)G(η)D−1

F

× {ADLw
−(n; α) +ADLw

+(n; α) + (logDF)ALw
(n; α) +AL∂w

(n; α)}

= W̃η
u(l , n∣α) +Wη

hyp(l , n∣α).

HereWη
hyp(l , n∣α) is deûned in Lemma 4.6,

(4.10) W̃η
u(l , n∣α)

= (1 − (−1)є(η)η̃(n))(−1)є(η)G(η)D1/2
F {1 + (−1)є(η)η̃(n)i l̃ δ(n = o)}

× (
1

2πi
)

#S
∫
LS(c)

W̃
η
S(l , n∣s)α(s)dµS(s)

with dµS(s) = ∏v∈S 2−1 log qv(q(1+sv)/2
v − q(1−sv)/2

v )dsv and LS(c) being the multidi-
mensional contour∏v∈S{cv + it ∣ t ∈ R/4π(log qv)−1Z} directed as usual, and

W̃
η
S(l , n∣s) = πє(η)ΥηS (s)L(1, η){ log(

√
N(n)DFN(fη)) +

L′(1, η)
L(1, η)

+ C(l) +∑
v∈S

log qv
1 − ηv(ϖv)q(sv+1)/2

v
} ,

ΥηS (s) =∏
v∈S

(1 − ηv(ϖv)q−(1+sv)/2
v )

−1
(1 − q(1+sv)/2

v )
−1 ,

C(l) = ∑
v∈Σ∞

(

lv/2−1

∑
k=1

1
k
−

1
2
log π − 1

2
CEuler − δєv ,1 log 2) .

(4.11)

Proof From Proposition 3.2 together with (2.3),

CTλ=0 ∂Pηβ ,λ(Ψ̂
l
reg(n∣α)) = 2−1

(−1)#S+є(η)G(η)D−1
F

× {ADLw
−(n; α) +ADLw

+(n; α) + (logDF)ALw
(n; α) +AL∂w

(n; α)} .

On the other hand, from the formula (4.6), the same CTλ=0 ∂Pηβ ,λ(Ψ̂
l
reg(n∣α)) is com-

puted by Lemmas 4.3, 4.5, and 4.6.
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5 Extraction of the New Part: The Totally Inert Case

Let IS ,η be themonoid of ideals generated by prime ideals pv such that v ∈ Σfin − S ∪
S(fη) and η̃(pv) = −1. Note that IS ,η is a submonoid of JS ,η deûned in §4.2.

In this section, we separate the contribution of those π with fπ = n from the total
average ADLw

−(n; α) under the condition n ∈ IS ,η . For that purpose, we introduce
the notion of N-transform for arithmetic functions on a set of ideals and study its
properties in the ûrst place.

5.1 The N-transform

For any ideal c and a place v ∈ Σfin, set ωv(c) = 1 if v ∈ S(c) and ωv(c) =
qv+1
qv−1 if

v /∈ S(c). For any pair of integral ideals m and b, deûne

ω(m, b) = δ(m ⊂ b) ∏
v∈S(b)

ωv(mb−1
).

Given an ideal n, let n0 denote the smallest square free integral ideal such that n ⊂ n0;
thus, there exists the unique integral ideal n1 such that n = n0n

2
1 . Let I be a set of

integral ideals such that if n ∈ I, then all ideals m ⊂ o dividing n are elements of I.

Proposition 5.1 Let B(m) and A(m) be two arithmetic functions deûned for ideals
m ∈ I. _en, the following two conditions are equivalent:
(i) For any n ∈ I, B(n) = ∑b∣n1

ω(n, b2)A(nb−2).
(ii) For any n ∈ I, A(n) = ∑I⊂S(n1)(−1)

#I{∏v∈I∩S1(n1) ωv(n0)}B(n∏v∈I p
−2
v ).

Proof We show that (i) implies (ii). By substituting (i), the right-hand side of (ii)
becomes

∑
I⊂S(n1)

(−1)#I
{ ∏
v∈I∩S1(n1)

ωv(n0)}{ ∑
b∣n1∏v∈I p

−1
v

ω(n∏
v∈I

p−2
v , b2

)A(nb−2
∏
v∈I

p−2
v )}

= ∑
b1 ∣n1

{ ∑
I⊂S(n1b

−1
1 )

(−1)#Iω(n∏
v∈I

p−2
v , n2

1 b
−2
1 ∏

v∈I
p−2
v ) ∏

v∈I∩S1(n1)∩S(n1b
−1
1 )

ωv(n0)}

× A(n0b2
1 ).

To get the equality here, wemade the substitution b1 = n1b
−1
∏v∈I p

−1
v . If b1 = n1, the

term inside the bracket is 1 obviously; otherwise it equals

∑
I⊂S(n1b

−1
1 )

(−1)#I
∏

v∈S(n1b
−1
1 ∏v∈I p

−1
v )−S(n0b2

1 )

qv+1
qv−1 ∏

v∈I∩S(n1b
−1
1 )∩S1(n1)−S(n0)

qv+1
qv−1

= ∑
I⊂S(n1b

−1
1 )

(−1)#I
∏

v∈[(I−S1(n1b
−1
1 ))∪(S(n1b

−1
1 )−I)]−S(n0b2

1 )

qv+1
qv−1 ∏

v∈I∩S1(n1b
−1
1 )−S(n0b2

1 )

qv+1
qv−1

= ∑
I⊂S(n1b

−1
1 )

(−1)#I
∏

v∈(S(n1b
−1
1 )−I)−S(n0b2

1 )

qv+1
qv−1 ∏

v∈I−S(n0b2
1 )

qv+1
qv−1

= ∏
v∈S(n1b

−1
1 )

(ωv(n0b
2
1 ) − ωv(n0b

2
1 )),
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which is zero by S(n1b
−1
1 ) /= ∅. _e assertion that (ii) implies (i) is proved similarly.

Deûnition 5.2 For an arithmetic function B∶ I → C, we deûne its N-transform
N[B]∶ I→ C by the formula

N[B](n) = ∑
I⊂S(n1)

(−1)#I{ ∏
v∈I∩S1(n1)

ωv(n0)}
ι(n∏v∈I p

−2
v )

ι(n)
B(n∏

v∈I
p−2
v ) .

Lemma 5.3 For t ∈ C, let Nt be the arithmetic function n ↦ N(n)t on I. For any
ideal n, we have

N[Nt
](n) = N(n)t{ ∏

v∈S(n1)−S2(n)
(1 − q−2(1+t)

v )}{ ∏
v∈S2(n)

(1 − (1 − q−1
v )

−1q−2(1+t)
v )} .

Proof By (4.7), we have ι(n∏v∈I p
−2
v )

ι(n) = ∏v∈I q−2
v ∏v∈I∩S2(n)(1 + q−1

v )−1 for any I ⊂

S(n). _erefore,

∑
I⊂S(n1)

(−1)#I{ ∏
v∈I∩S1(n1)

ωv(n0)}
ι(n∏v∈I p

−2
v )

ι(n)
N(n∏

v∈I
p−2
v )

t

= N(n)t
∑

I⊂S(n1)
(−1)#I{ ∏

v∈I∩S2(n)

qv + 1
qv − 1

} ∏
v∈I∩S2(n)

(1 + q−1
v )

−1
{∏
v∈I

q−2(1+t)
v }

= N(n)t
∑

I⊂S(n1)
(−1)#I

∏
v∈I∩S2(n)

(1 − q−1
v )

−1{∏
v∈I

q−2t
v }

= N(n)t{ ∏
v∈S(n1)−S2(n)

(1 − q−2(1+t)
v )}{ ∏

v∈S2(n)
(1 − (1 − q−1

v )
−1q−2(1+t)

v )} .

Corollary 5.4 _eN-transform of n↦ logN(n) on I is given by

N[logN](n) = ∏
v∈S(n1)−S2(n)

(1 − q−2
v ) ∏

v∈S2(n)
(1 − (q2

v − qv)−1
)

× ( logN(n) + ∑
v∈S(n1)−S2(n)

2 log qv
q2
v − 1

+ ∑
v∈S2(n)

2 log qv
q2
v − qv − 1

) .

Proof Take the derivative at t = 0 of the formula in Lemma 5.3.

For any arithmetic function B∶ I→ C,we deûne another functionN+[B] by setting

N+
[B](n) = ∑

I⊂S(n1)
{ ∏
v∈I∩S1(n1)

ωv(n0)}
ι(n∏v∈I p

−2
v )

ι(n)
B(n∏

v∈I
p−2
v )

for n = n0n
2
1 ∈ I. In a similar way to Lemma 5.3, we have

(5.1) N+
[Nt

] = N(n)t{ ∏
v∈S(n1)−S2(n)

(1+q−2(t+1)
v )}{ ∏

v∈S2(n)
(1+(1−q−1

v )
−1q−2(t+1)

v )}

for any t ∈ C.
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Lemma 5.5 Let c > 0. _en for any suõciently small є > 0, we have

N+
[N−c+є

](n) ≪є N(n)− inf(c ,1)+3є , n ∈ I.

Proof From N(n)−c+є ⩽ N(n)− inf(c ,1)+є , we have

N+
[N−c+є

](n) ⩽ N+
[N− inf(c ,1)+є

](n)

obviously. Let us set t = − inf(c, 1) + є and examine the right-hand side of formula
(5.1). We note that t+1 = 1−inf(c, 1)+є ⩾ є > 0. _e set P(є) = {v ∈ Σfin∣1−q−1

v < q−єv }

is a ûnite set. For v ∈ S2(n) − P(є), we have (1 − q−1
v )−1 ⩽ qєv and q−2(t+1)

v ⩽ q−2є
v ; by

these, the factor 1 + (1 − q−1
v )q−2(t+1)

v is bounded by 1 + q−єv . For v ∈ S(n1) − S2(n) or
v ∈ S2(n) ∩ P(є), we simply apply q−2(t+1)

v ⩽ q−2є
v . _us,

N+
[Nt

](n) ⩽ N(n)t{ ∏
v∈P(є)

(1 + (1 − q−1
v )

−1q−2є
v )}(5.2)

× { ∏
v∈S2(n)−P(є)

(1 + q−єv )}{ ∏
v∈S(n1)−S2(n)

(1 + q−2є
v )} .

In the right-hand side, the second factor is independent of n. _e last two factors
combined aremajorized by {∏v∈S(n)(1+ q−єv )}2 ≪є {∏v∈S(n) qєv}2 ⩽ N(n)2є . Hence
there exists a constant C(є) > 0 such that (5.2) is less than C(є)N(n)− inf(c ,1)+3є for
any n ∈ I.

5.2 The Totally Inert Case Over n

Set I = IS ,η . Fixing a test function α ∈ AS for a while, we study the arithmetic func-
tions AL∗∶ I → C and ADL∗−∶ I → C deûned by (1.2) and (1.4), respectively. We relate
these functions to the N-transforms of arithmetic functions ALw , ADLw

± deûned in
§4.2.
Any ideal n ∈ I satisûes the condition ηv(ϖv) = −1 for all v ∈ S(n), under which

the quantitieswηn(π) and ∂wηn(π) turn out to bewritten explicitly in terms ofω(m, b).

Lemma 5.6 Let n ∈ I. _en for any π ∈ Πcus(l , n), we have wηn(π) = 0 unless
nf−1

π = b2 for some integral ideal b, in which case wηn(π) = ω(n, nf−1
π ).

Proof From (2.4), wηn(π) is the product of r(1/2)(πv , ηv) over v ∈ S(nf−1
π ). By

Lemma 2.2, we see that r(1/2)(πv , ηv) is zero unless ordv(nf−1
π ) is even, in which case

it equals ωv(fπ).

Lemma 5.7 Let n ∈ I. For any π ≅⊗v πv ∈ Πcus(l , n), we have the following.
(i) If nf−1

π = b2 with an integral ideal b, then

∂wηn(π) = ω(n, nf−1
π ) ∑

v∈S(b)
(− log qv)ordv(b).
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(ii) If nf−1
π = b2pu with an integral ideal b and a place u ∈ S(n), then

∂wηn(π) = ω(n, nf−1
π )(log qu)

⎧⎪⎪⎪⎪⎪
⎨
⎪⎪⎪⎪⎪⎩

ordu(b) +
qu−1

(1+auq1/2
u )(1+a−1

u q1/2
u )

, c(πu) = 0,

ordu(b) +
1

1+q−1
u χu(ϖu) , c(πu) = 1,

ordu(b) + 1, c(πu) ⩾ 2,

where diag(au , a−1
u ) is the Satake parameter of πu if c(πu) = 0 and χu denotes

the unramiûed character of F×u such that πu ≅ σ(χu ∣ ∣1/2u , χu ∣ ∣−1/2
u ) if c(πu) = 1.

Except for the two cases (i) and (ii), we have ∂wηn(π) = 0.

Lemma 5.8 For any n ∈ I,

ALw
(n; α) =∑

b

ω(n, b2
)
ι(nb−2)

ι(n)
AL∗(nb−2; α),

ADLw
−(n; α) =∑

b

ω(n, b2
)
ι(nb−2)

ι(n)
ADL∗−(nb

−2; α),

ADLw
+(n; α) =∑

b

ω(n, b2
)
ι(nb−2)

ι(n)
log(N(nb−2

)
−1/2 N(fη)

−1D−1
F )AL∗(nb−2; α),

where b runs through all the integral ideals such that n ⊂ b2.

Proof _is follows immediately from Lemma 5.6. To have the last formula, we also
need Proposition 4.7.

Lemma 5.9 For any n ∈ I,

AL∗(n; α) = N[ALw
](n),

ADL∗−(n; α) = N[ADLw
− ](n),

− log(
√

N(n)N(fη)DF)AL∗(n; α) = N[ADLw
+ ](n).

Proof By Lemma 5.8, we obtain the ûrst formula by applying Proposition 5.1 with
B(m) = ι(m)ALw

(m; α) and A(m) = ι(m)AL∗(m; α) both deûned for m ∈ I. _e
remaining two formulas are proved in the same way.

Formula (4.9) can be applied to an arbitrary ideal m ∈ I. In the right-hand side of
the formula, we have two terms W̃η

u(l ,m∣α) andWη
hyp(l ,m∣α), which we regard as

arithmetic functions in m for a while and consider their N-transforms N[W̃η
u] and

N[Wη
hyp]. _e following is themain result of this section.

Proposition 5.10 For any n ∈ I, we have the identity among linear functionals in
α ∈ AS :

ADL∗−(n; α) =2(−1)#S+є(η)G(η)−1DF{N[W̃η
u](n) +N[Wη

hyp](n)}(5.3)

+ log(N(n)1/2 N(fη))AL∗(n; α) −N[AL∂w
](n).
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Proof We take theN-transformof both sides of the formula (4.9), regarding it as an
identity among arithmetic functions on I. _en apply Lemma 5.9.

Set I±S ,η = {n ∈ I∣(−1)є(η)η̃(n) = ±1}.

Lemma 5.11 We have AL∗(n; α) = 0 for all n ∈ I−S ,η , and ADL∗−(n; α) = 0 for all
n ∈ I+S ,η .

Proof By the sign of the functional equation, L(1/2, π)L(1/2, π ⊗ η) = 0 for π ∈

Π∗
cus(l , n) with n ∈ I−S ,η . _is shows the ûrst assertion. To prove the second claim,

let n ∈ I+S ,η . _en є(1/2, π)є(1/2, π ⊗ η) = +1 for all π ∈ Π∗
cus(l , n), which means

є(1/2, π) = −1 and hence L(1/2, π) = 0 for all π occurring in the sumADL∗−(n; α).

6 An Error Term Estimate for Averaged L-values

In this section we shall prove (1.7) in _eorem 1.1, starting with the following asymp-
totic formula of ALw

(m; αa).

Proposition 6.1 Suppose l = infv∈Σ∞ lv ⩾ 6. For any ideal a ⊂ o prime to fη and for
anym ∈ I+S(a),η , we have

ALw
(m; αa) = 4D3/2

F {1 + D(m)}Lfin(1, η)N(a)−1/2δ◻(a−η)d1(a
+
η)

+Oє , l ,η(N(a)c+2+є N(m)
−c+є

),

(6.1)

where we set c = d−1
F (l/2 − 1) and D(m) = i l̃ δ(m = o) with l̃ = ∑v∈Σ∞ lv .

To derive (1.7) from this,we apply the ûrst formula of Lemma 5.9 substituting (6.1).
_emain term of (1.7) is computed by Lemma 5.3. _e error term of (1.7) stems from
the remainder term of (6.1)whoseN-transform is estimated by Lemma 5.5, and from
the terms D(m) whoseN-transform amounts at most to O(N(n)−1+є) as seen by the
formula

(6.2) N[D](n) = δ(S(n) = S2(n)){ ∏
v∈S(n)

qv + 1
qv − 1

}
i l̃(−1)#S(n)

ι(n)

combinedwith ι(n)−1 ⩽ N(n)−1. _e rest of this section is devoted to proving Propo-
sition 6.1. Set S = S(a). Let α =⊗v∈S αv ∈ AS and m ∈ I+S ,η . From (4.5), the function
Ψ̂(0)

l (m∣α, g) in adele points g = {gv} is a product of functions Ψv(gv) on groups Gv

such that Ψv(gv) = Ψ(0)
v (lv ; gv) for v ∈ Σ∞,

Ψv(gv) =
1

2πi ∫Lv(σ)
Ψ(0)
v (sv ; gv)αv(sv) dµv(sv)

for v ∈ S, where Lv(σ) denotes the contour {σ + it ∣ t ∈ R/4π(log qv)−1Z} with usual
direction, andΨv(gv) = Φ(0)

m,v(gv) for v ∈ Σfin−S. We apply the relative trace formula
[11,_eorem 9.1], which asserts

ALw
(m; α) = 2(−1)#S+є(η)G(η)−1

{J̃ηu(l ,m∣α) + Jηhyp(l ,m∣α)},
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where

J̃ηu(l ,m∣α) = 2(−1)є(η)G(η)D1/2
F (1 + D(m))Lfin(1, η) ∏

v∈S(a)
U ηv

v (αv),

Jηhyp(l ,m∣α) = ∑
b∈F−{0,−1}

∏
v∈ΣF

Jv(b),

U ηv
v (αv) =

1
2πi ∫Lv(σ)

1
(1 − ηv(ϖv)q−(s+1)/2

v )(1 − q(s+1)/2
v )

αv(s) dµv(s),(6.3)

Jv(b) = ∫
F×v

Ψv([ 1+b−1 1
1 1 ] [

tv 0
0 1 ] [

1 xη ,v
0 1 ])ηv(tvx∗η ,v) d×tv .(6.4)

We apply this formula to the function αa =⊗v∈S(a) αpnv
v
, noting the relation

(6.5) αpn
v (ν) =

zn+1−z−(n+1)

z−z−1 =

[n/2]
∑
m=0

α(n−2m)
v (ν) − δ(n ∈ 2N0),

with α(m)
v (ν) = zm + z−m , z = qν/2

v , which is proved by (1.5).

Lemma 6.2 Set Υηvv (s) = (1 − ηv(ϖv)q−(1+s)/2
v )−1(1 − q(1+s)/2

v )−1. For n ∈ N0,

1
2πi∫Lv(σ)

Υηvv (s)αpn
v (s) dµv(s) = −q−n/2

v

⎧⎪⎪
⎨
⎪⎪⎩

δ(n ∈ 2N0), ηv(ϖv) = −1,
n + 1, ηv(ϖv) = +1,

log qv
2πi ∫Lv(σ)

Υηvv (s)αpn
v (s)

1 − ηv(ϖv)q(s+1)/2
v

dµv(s)

= q−n/2
v log qv

⎧⎪⎪
⎨
⎪⎪⎩

(−1)n[ n+1
2 ], ηv(ϖv) = −1,

n(n+1)
2 , ηv(ϖv) = +1.

Proof _e second formula, whose le�-hand side is Ũ ηv
v (αpn

v ) deûned by (9.8), fol-
lows from Lemma 9.13 by (6.5). _e ûrst formula, whose le�-hand side is U ηv

v (αpn
v )

deûned by (6.3), is shown similarly.

By the ûrst formula of Lemma 6.2, we get

J̃ηu(l ,m∣αa) = 2(−1)є(η)G(η)D1/2
F (1 + i l̃ δ(m = o))

× Lfin(1, η)(−1)#S(a) N(a)−1/2δ◻(a−η)d1(a
+
η).

_is completes the evaluation of J̃ηu(l ,m∣αa). To estimate Jηhyp(l ,m∣αa), let us recall
results on local orbital integrals from [11]. For any place v ∈ Σfin, we deûne a function
Λv ∶ Fv−{0,−1}→ Z by setting Λv(b) = δ(b ∈ ov){ordv(b(b+1))+1}. Letw2 ∈ S(m),
w3 ∈ S(fη), and w4 ∈ Σfin − S(afη). _en

∣Jw2(b)∣ ⩽ δ(b ∈ mow2)Λw2(b),(6.6)

∣Jw3(b)∣ ⩽ 4δ(b ∈ f−1
η ow3), ∣Jw4(b)∣ ⩽ δ(b ∈ ow4)Λw4(b)(6.7)
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for any b ∈ F − {0,−1}. Indeed, the estimate (6.6) and both estimates of (6.7) follow
immediately from [11, Lemmas 10.5, 10.10, and 10.4]. For an integer k ⩾ 4 and a real
valued character ε of R×, deûne Jє(k; b) in b ∈ R − {0,−1} as

J1(k; b) =

⎧⎪⎪⎪⎪⎪
⎨
⎪⎪⎪⎪⎪⎩

(1 + b)−k/2 2Γ(k/2)2
Γ(k) 2F1(k/2, k/2; k; (b + 1)−1), b(b + 1) > 0,

2 log ∣(b + 1)/b∣Pk/2−1(2b + 1)
−∑

[k/4]
m=1

8(k−4m+1)
(2m−1)(k−2m)Pk/2−2m(2b + 1), b(b + 1) < 0,

Jsgn(k; b) =
⎧⎪⎪
⎨
⎪⎪⎩

0, b(b + 1) > 0,
2πiPk/2−1(2b + 1), b(b + 1) < 0,

where Pn(x) is the Legendre polynomial of degree n and we put sgn(τ) = τ/∣τ∣ for
τ ∈ R×.

Lemma 6.3 For any є′ > 0, we have the estimate

∣b(b + 1)∣є
′

∣Jε(k; b)∣ ≪є′ ,k (1 + ∣b∣)−k/2+2є′ , b ∈ R − {0,−1}.

Proof For Jsgn(k; b) the estimate is obvious. As for J1(k; b), the estimate for −1 <
b < 0 is also obvious. For b > 0, the estimate follows from 2F1(k/2, k/2; k; (b+ 1)−1) =

O(∣ log b∣), b → +0 by [4, p. 49]. For b < −1, we only have to consider the estimate
as above and the functional equation J1(k; b) = (−1)k/2 J1(k;−b − 1) (b < −1), which
is easily conûrmed by the formula 2F1(a, b; c; z) = (1 − z)−a2F1(a, c − b; c; z

z−1 ) ([24,
p. 47]).

Given relatively prime o-ideals n and b and for є ⩾ 0, we set

I
η
є (l , n, b) = ∑

b∈nb−1−{0,−1}
τS(b)

(b)2
∣N(b(b + 1))∣є ∏

v∈Σ∞
∣Jηv (lv ; b)∣,

where
τS(b)

(b) = { ∏
v∈Σfin−S(b)

Λv(b)} ∏
v∈S(b)

δ(b ∈ b−1ov), b ∈ F − {0,−1}.

Proposition 6.4 Suppose l ⩾ 6 and set l = infv∈Σ∞ lv . Let b and n be relatively prime
ideals. For any є ⩾ 0 and є′ > 0 such that l/4 − 1 ⩾ є + 2є′, we have

I
η
є (l , n, b) ≪є ,є′ , l N(b)1+c+є′ N(n)−c+2є+є′

with the implied constant independent of b and n.

Proof Let є ⩾ 0 and є′ > 0. By [11, Lemma 12.3] and Lemma 6.3, we have

I
η
є (l , n, b) ≪є ,є′ , l N(b)4є′

∑
b∈nb−1−{0}

∏
v∈Σ∞

(1 + ∣bv ∣)−lv/2+2є+4є′
= N(b)4є′θ(nb−1

),

where we regard the fractional ideal Λ = nb−1 as a Z-lattice in the Euclidean space
F∞ = F ⊗Q R and θ(Λ) = ∑b∈Λ−{0} f (b) with f (x) = ∏v∈Σ∞(1 + ∣xv ∣)−(lv−4є−8є′)/2

(see Appendix A). If l/4− 1 ⩾ є+ 2є′, then l ′ = {lv −4є− 8є′}v∈Σ∞ satisûes l ′ ⩾ 4. _e
desired estimate follows if we apply _eorem A.1 with Λ = nb−1 and Λ0 = b−1 noting
D(nb−1) = N(n)N(b)−1, D(b−1) = N(b)−1, and r(b−1) ⩽ r(o).
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Proposition 6.5 Suppose l ⩾ 6. Given o-ideals n and a =∏v∈S(a) p
nv
v relatively prime

to each other, for any є > 0, we have ∣Jηhyp(l , n∣αa)∣ ≪є , l ,η N(a)c+2+є N(n)−c+є with
the implied constant independent of a and n.

Proof Let v ∈ S(a) and n ∈ N0. By [11, Lemma 10.3], we have

∣Jηvv (b, α(m)
v )∣ ≪ (1 +m)

2δ(∣b∣v ⩽ qm
v )qδ(m>0)−m/2

v {1 + Λv(b)}, b ∈ F× − {−1}

with the implied constant independent of m ∈ N0 and v. Let n > 0. From (6.5),

∣Jηvv (b, αpn
v )∣ ≪ δ(∣b∣v ⩽ qn

v ){
n
∑
m=0

(1 +m)
2q1−m/2

v }{1 + Λv(b)}

⩽ δ(∣b∣v ⩽ qn
v )qv(

∞
∑
m=0

(1 +m)
22−m/2){1 + Λv(b)}.

_us we have a constant C independent of v ∈ S(a) and n ∈ N0 such that

(6.8) ∣Jηvv (b, αpn
v )∣ ⩽ Cqδ(n>0)v δ(∣b∣v ⩽ qn

v ){1 + Λv(b)}, b ∈ F× − {0,−1}.

Letw5 ∈ Σ∞. _en from [11, Lemma 10.15],we have the equality Jw5(b) = Jηw5 (lw5 ; b).
Combining (6.8) with Lemma 6.3, Proposition 6.4, (6.6), and (6.7), we obtain

∣Jηhyp(l , n∣αa)∣ ⩽ C
#S(a){ ∏

v∈S(a)
qδ(nv>0)
v }

× ∑
I⊂S(a)

∑
b∈n(∏v∈I p

nv
v )−1f−1

η

τS(∏v∈I p
nv
v )

(b) ∏
w5∈Σ∞

∣Jw5(b)∣

⩽ C#S(a) N(a) ∑
I⊂S(a)

I
η
0(l , n, fη∏

v∈I
pnv
v )

≪є , l C#S(a) N(a) ∑
I⊂S(a)

N(fη∏
v∈I

pnv
v )

1+c+є N(n)−c+є

≪є , l ,η C#S(a) N(a) × 2#S(a) N(a)1+c+є N(n)−c+є .

By the estimate (2C)#S(a) ≪є N(a)є , we are done.

7 An Error Term Estimate for Averaged Derivative of L-values

_e aim of this section is to prove the formula (1.8) in _eorem 1.1. Starting from the
formula (5.3) with α specialized to αa for a =∏v∈S(a) p

nv
v , we examine the four terms

in the right-hand side separately. Here are the highlights in the analysis for each term.
(i) We compute the term N[W̃η

u](n) explicitly by using Lemma 9.13, Lemma 5.3
and Corollary 5.4, which yields themain term of the formula (modulo a part of
the error term); see §7.1 for detail.

(ii) We prove N[Wη
hyp](n) = Oє , l ,η(N(a)c+2+є N(n)− inf(1,c)+є) by using the ex-

plicit formula of local terms given in §9; see §7.2 for detail.
(iii) Since n ∈ I−S(a),η , the term AL∗(n) vanishes by the reason of the sign of the

functional equations.
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(iv) We prove N[AL∂w
](n) = Oє , l ,η(N(a)−1/2+єX(n) + N(a)c+2 N(n)− inf(1,c)+є).

_is part is most subtle and the term X(n) arises from this stage; see §7.3 for
detail.

Combining these, we obtain (1.8) immediately.

7.1 Computation of N[W̃η
u](n)

Let us describe the procedure (i). We take α to be the function αa. Set S = S(a). From
(4.10), noting (−1)є(η)η̃(n) = −1, we have that N[W̃η

u](n) is the sum of the following
two integrals:

2(−1)є(η)G(η)D1/2
F (

1
2πi

)
#S
∫
LS(c)

N[W̃
η
S(l , ●∣s)](n)αa(s) dµS(s),(7.1)

−2(−1)є(η)G(η)D1/2
F (

1
2πi

)
#S
∫
LS(c)

N[DW̃η
S(l , ●∣s)](n)αa(s) dµS(s),(7.2)

where W̃η
S(l , ●∣s) is the quantity (4.11) viewed as an arithmetic function in n ∈ I−S ,η ,

and D is an arithmetic function deûned as D(n) = i l̃ δ(n = o) (cf. §6). By for-
mula (4.11),

N[W̃
η
S(l , ●∣s)](n) = πє(η)ΥηS (s)L(1, η){2−1N[logN](n) + ( log(DF N(fη))

+
L′(1, η)
L(1, η)

+ C(l) +∑
v∈S

log qv
1 − ηv(ϖv)q(sv+1)/2

v
)N[1](n)} .

By Lemma 5.3 and Corollary 5.4, we have formulas of N[logN](n) and of N[1](n);
substituting these, and by using Lemma 6.2,we complete the evaluation of the integral
(7.1).

_e evaluation of the integral (7.2) is similar; instead ofN[logN] andN[1],weneed
N[D logN] and N[D]. _e former one is 0 because D logN = 0; as in §6, the latter
one is given by (6.2) and estimated as ∣N[D](n)∣ ≪є N(n)−1+є . Hence the integral
(7.2) amounts at most to N(n)−1+є N(a)−1/2+є .

7.2 Estimation of the Term N[Wη
hyp](n)

Let us describe the procedure (ii). We need the following estimation, which we prove
in §9.4.

Proposition 7.1 For any small є > 0,
∣Wη

hyp(l , n∣αa)∣ ≪є , l ,η N(a)c+2+є N(n)−c+є , n ∈ I−S(a),η ,

where the implied constant is independent of the ideal a.

By this proposition and Lemma 5.5,
∣N[Wη

hyp](n)∣ ⩽ N+
[∣Wη

hyp∣](n) ≪є , l ,η N(a)c+2+єN+
[N−c+є

](n)

≪є N(a)c+2+є N(n)− inf(c ,1)+3є .
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7.3 Estimation of the Term N[AL∂w
](n)

Let us describe the procedure (iv).

Lemma 7.2 Let α ∈ AS . _en for any n ∈ I−S(a),η , we have the inequality

∣AL∂w
(n; α)∣ ⩽ ∑

(b,u)
D(n;b, u) ι(nb

−2p−1
u )

ι(n)
∣AL∗(nb−2p−1

u ; α)∣,

where (b, u) runs through all the pairs of an integral ideal b and a place u such that
n ⊂ b2pu . For such (b, u), we set

D(n;b, u) = ω(n, b2pu)(log qu)(ordu(b) +
q1/2
u +1

q1/2
u −1

) .

Proof By Lemma 5.7, the π-summand of AL∂w
(n; α) vanishes unless fπ satisûes

either (i) nf−1
π = b2 with some n ⊂ b, or (ii) nf−1

π = b2pu with some n ⊂ b and
u ∈ S(n). In the case (i), the π-summand vanishes. Indeed, from fπ ∈ I−S(a),η , it
turns out L(1/2, π)L(1/2, π ⊗ η) = 0 by the functional equation. In the case (ii),
from Lemma 5.7, noting the Ramanujan bound ∣av ∣ = 1 and the obvious relation
∣χv(ϖv)∣ = 1, we have

∣∂wηn(π)∣ ⩽ ω(n, b2pu)(log qu)

⎧⎪⎪⎪⎪⎪
⎨
⎪⎪⎪⎪⎪⎩

ordu(b) +
qu−1

(1−q1/2
u )2

, c(πu) = 0,

ordu(b) +
1

1−q−1
u
, c(πu) = 1,

ordu(b) + 1, c(πu) ⩾ 2

⩽ ω(n, b2pu)(log qu)(
q1/2
u +1

q1/2
u −1

+ ordv(b)) = D(n;b, u).

Here, we used 1
1−q−1

u
<

qu−1
(1−q1/2

u )2
=

q1/2
u +1

q1/2
u −1

to have the second inequality.

Lemma 7.3 For any є ∈ (0, 1), we have

∑
(b,u)

N(b2pu)
є ι(nb−2p−1

u )

ι(n)
N(nb−2p−1

u )
− inf(c ,1)+є

≪є N(n)− inf(c ,1)+2є ,(7.3)

∑
(b,u)

N(b)є(
qu + 1
qu − 1

)
2
(log qu)

ι(nb−2p−1
u )

ι(n)
≪є X(n),(7.4)

where (b, u) runs through the same range as in Lemma 7.2.

Proof Let us show (7.4). By the inequality ι(nb−2p−1
u )/ι(n) ⩽ N(b−2p−1

u ),

∑
(b,u)

N(b)є(
qu + 1
qu − 1

)
2
(log qu)

ι(nb−2p−1
u )

ι(n)

⩽ ∑
(b,u)

N(b)−2+є(
qu + 1
qu − 1

)
2 log qu

qu

⩽ {∑
b⊂o

N(b)−2+є}{ ∑
u∈S(n)

(
qu + 1
qu − 1

)
2 log qu

qu
}
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= ζF ,fin(2 − є){ ∑
u∈S(n)

log qu

qu
+ ∑

u∈S(n)

4 log qu

(qu − 1)2 } ≪є X(n).

_e ûrst estimate (7.3) is proved similarly.

Proposition 7.4 For any є > 0, we have

∣AL∂w
(n; αa)∣ ≪є , l ,η N(a)−1/2d1(a

+
η)δ◻(a−η)X(n) +N(a)c+2+є N(n)− inf(c ,1)+є ,

where n ∈ I−S(a),η .

Proof Let є > 0. From x+1
x−1 ≪є xє for x ⩾ 2, we ûrst have

ω(n, b2pu) ⩽ ( ∏
v∈S(b)

qv + 1
qv − 1

)
qu + 1
qu − 1

≪є N(b)є
qu + 1
qu − 1

,

and then D(n;b, u) ≪є N(b)є(log qu)(
qu+1
qu−1)

2
≪є N(b2p)є with the implied con-

stant independent of n and (b, u). Using this, we have the desired boundwith the aid
of (1.7) and Lemmas 7.2 and 7.3.

Proposition 7.5 For any є > 0, we have

∣N[AL∂w
](n; αa)∣ ≪є , l ,η N(a)−1/2d1(a

+
η)δ◻(a−η)X(n) +N(a)c+2+є N(n)− inf(1,c)+є ,

where n ∈ I−S(a),η .

Proof From Proposition 7.4, we have

∣N[AL∂w
](n; αa)∣ ≪є , l ,η N(a)−1/2d1(a

+
η)δ◻(a−η)N+

[X](n)

+N(a)c+2+єN+
[N− inf(1,c)+є

](n)

for all n ∈ I−S(a),η . Since X(m) ⩽ X(n) if n ⊂ m ⊂ o, we have

N+
[X](n) ⩽ X(n)N+

[1](n)

= X(n){ ∏
v∈S(n1)−S2(n)

(1 + q−2
v )}{ ∏

v∈S2(n)
(1 + (1 − q−1

v )
−1q−2

v )}

⩽ X(n){ ∏
v∈Σfin

(1 + q−2
v )}{ ∏

v∈Σfin

(1 + (1 − q−1
v )

−1q−2
v )} .

By the convergence of the Euler products, this yields N+[X](n) ≪ X(n). _erefore,
with the aid of Lemma 5.5, we obtain the estimate

∣N[AL∂w
](n; αa)∣ ≪є , l ,η N(a)−1/2d1(a

+
η)δ◻(a−η)X(n) +N(a)c+2+є N(n)− inf(1,c)+3є

for any suõciently small є ∈ (0, 1) with the implied constant independent of n and a.
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8 An Estimation of Number of Cusp Forms

Recall c = d−1
F (l/2−1). Suppose that for each ideal a ⊂ o,we are given a set Ja of ideals

prime to fηa in such a way that Ja ⊂ Ja′ for any a ⊂ a′, and a family of real numbers
{ωn(π)∣π ∈ Π∗

cus(l , n)} for each n ∈ Ja which satisûes the following estimate for any
є > 0:

(8.1) ∣ ∑
π∈Π∗

cus(l ,n)
ωn(π) ∏

v∈S(a)
Xnv (λv(π)) − ∏

v∈S(a)
µv ,ηv (Xnv )∣

≪є , l ,η
N(a)−1/2+є

logN(n)
+N(a)c+2+є N(n)− inf(c ,1)+є ,

with the implied constant independent of a and n ∈ Ja, where λv(π) is the trace of
the Satake parameter of π at v. Moreover we assume the non-negativity condition

(8.2) ωn(π) ⩾ 0 for all π ∈ Π∗
cus(l , n) and n ∈ Ja.

Let q be a prime ideal relatively prime to fη . In what follows, we abuse the symbol
q to denote the corresponding place vq of F; for example, we write ηq, λq(π) in place
of ηvq , λvq(π), etc. Let S = {v1 , . . . , vr} be a ûnite subset of Σfin − S(fηq) and set
aS = ∏v∈S pv . Let J = {J j}r

j=1 a family of closed subintervals of (−2, 2). For each J j ,
we choose an open interval J′j such that J′j ⊂ J○j together with a C∞-function χ j ∶R→
[0,∞) such that χ j(x) /= 0 for all x ∈ J′j , supp(χ j) ⊂ J j and ∫

2
−2 χ j(x) dµv ,ηv (x) = 1,

where

dµv ,ηv (x) =

⎧⎪⎪⎪⎪⎪⎪
⎨
⎪⎪⎪⎪⎪⎪⎩

qv − 1
(q1/2

v + q−1/2
v − x)2

dµST(x), ηv(ϖv) = +1,

qv + 1
(q1/2

v + q−1/2
v )2 − x2

dµST(x), ηv(ϖv) = −1.

Here dµST(x) = (2π)−1
√

4 − x2dx. Fixing such a family of functions {χ j}, we set
Ωn(π) = ωn(π)∏r

j=1 χ j(λv j(π)), for any π ∈ Π∗
cus(l , n) and n ∈ JqaS .

Lemma 8.1 For any suõciently small є > 0, there exists Nє ,S , l > 0 such that

(8.3) ∣ ∑
π∈Π∗

cus(l ,n)
Ωn(π)Xn(λq(π)) − µq,ηq(Xn)∣

≪є , l ,η ,S ,J
n + 1

(logN(n))3 +
N(qn)−1/2+є

logN(n)
+N(qn

)
2+c+є N(n)− inf(c ,1)+є

for n ∈ N0 and n ∈ JqaS with N(n) > Nє ,S , l . Here the implied constant is independent
of n and n. Moreover, Ωn(π) ⩾ 0 for all π ∈ Π∗

cus(l , n) and n ∈ JqaS .

Proof Given an integer M > 1, deûne χMj (x) = ∑
M
n=0 χ̂ j(n)Xn(x) for x ∈ [−2, 2]

with χ̂ j(n) = ∫
2
−2 χ j(x)Xn(x) dµST(x) and set

χ(x) =
r
∏
j=1
χ j(x j), χM(x) =

r
∏
j=1
χMj (x j)
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for x = {x j}
r
j=1 in the product space [−2, 2]r . Let n ∈ JqaS . By the triangle inequality,

the le�-hand side of (8.3) is no greater than the sum of the following three terms :

∣ ∑
π∈Π∗

cus(l ,n)
ωn(π)Xn(λq(π)){ χ(λS(π)) − χM( λS(π))} ∣ ,(8.4)

∣ ∑
π∈Π∗

cus(l ,n)
ωn(π)Xn(λq(π))χM(λS(π)) − µq,ηq(Xn)µS ,η(χM)∣ ,(8.5)

∣{µS ,η(χM) − µS ,η(χ)}µq,ηq(Xn)∣,(8.6)

where λS(π) = (λv(π))v∈S and µS ,η = ⊗v∈S µv ,ηv . Note µS ,η(χ) = 1. We shall esti-
mate these quantities. Since ∣ χ̂ j(n)∣ ≪χ j n−5 for any n > 0 by integration by parts and
by max[−2,2] ∣Xn ∣ ≪ n + 1, we have

∣χMj (x)∣ ⩽ ∑
n⩽M

∣ χ̂ j(n)∣∣Xn(x)∣ ≪χ j ∑
n⩽M

n−4
⩽ ζ(4)

and

max
x∈[−2,2]

∣χ j(x) − χMj (x)∣ ⩽ ∑
n>M

∣ χ̂ j(n)∣ max
[−2,2]

∣Xn ∣ ≪χ j ∑
n>M

n−4
≪ M−3 .

By these,

(8.7) max
[−2,2]r

∣χ(x)− χM(x)∣ ⩽ max
[−2,2]r

(
r
∑
j=1

∣

j−1

∏
h=1
χMh (xh)∣ ∣χ j(x j)− χMj (x j)∣) ≪S , χ M−3 .

From (8.1) for a = o, noting n ∈ JqaS ⊂ Jo, we have the estimate

∣ ∑
π∈Π∗

cus(l ,n)
ωn(π) − 1∣ ≪є , l ,η (logN(n))−1

+N(n)− inf(c ,1)+є .

Hence (8.4) is majorized by

{ max
[−2,2]

∣Xn ∣}{ max
x∈[−2,2]r

∣χ(x) − χM(x)∣} ∑
π∈Π∗

cus(l ,n)
ωn(π)

≪є , l ,η ,S , χ (n + 1)M−3
(1 +N(n)− inf(c ,1)+є

).

By (8.7), the quantity (8.6) is majorized by µq,ηq(Xn)M−3, which amounts at most
to (n + 1)M−3. Let us estimate (8.5). By expanding the product, χM(x) is expressed
as a sum of the terms ∏r

j=1 χ̂ j(n j)∏
r
j=1 Xn j(x j) over all n = (n j)

r
j=1 ∈ {0, . . . ,M}r .

Hence by using (8.1), we can majorize (8.5) from above by

∑
n∈{0,⋅⋅⋅,M}r

∣ ∑
π∈Π∗

cus(l ,n)
ωn(π)µq,ηq(λq(π))

r
∏
j=1

Xn j(λv j(π)) − µq,ηq(Xn)µS ,η(
r
∏
j=1

Xn j)∣

≪є , l ,η ,S , χ
N(aM

S qn)−1/2+є

logN(n)
+N(aM

S qn
)
2+c+є N(n)− inf(c ,1)+є .
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Combining the estimations made so far, we have that the le�-hand side of (8.3) is
majorized by

(8.8) (n + 1)M−3
(1 +N(n)− inf(c ,1)+є

) +
N(aM

S qn)−1/2+є

logN(n)

+N(aM
S qn

)
2+c+є N(n)− inf(c ,1)+є .

Now take

M = [
є

2 + c + є
logN(n)

logN(aS)
] .

_en N(aS)
M(2+c+є) ⩽ N(n)є , and also N(aS)

M(−1/2+є) ⩽ 1 evidently. By these, (8.8)
is majorized by

(n + 1)(logN(n))−3 logN(aS)
3
(1 +N(n)− inf(c ,1)+є

)

+
N(qn)−1/2+є

logN(n)
+N(qn

)
2+c+є N(n)− inf(c ,1)+2є

≪є ,S (n + 1)(logN(n))−3
+

N(qn)−1/2+є

logN(n)
+N(qn

)
2+c+є N(n)− inf(c ,1)+2є .

Lemma 8.2 Let I ⊂ [−2, 2] be an open interval disjoint from the set

{λq(π)∣π ∈ Π∗
cus(l , n), Ωn(π) ≠ 0}.

_en for any small є > 0, there exists a constant Nє , l ,η ,S ,q > 0 such that for any ideal
n ∈ JqaS with N(n) > Nє , l ,η ,S ,q, µq,ηq(I) ≪є , l ,η ,S ,J N(q)є(logN(n))−1+є with the
implied constant independent of I, n, and q.

Proof _e proof of [6, Proposition 5.1 and Lemma 5.2] goes through as it is with a
small modiûcation. We reproduce the argument for convenience.

Let ∆ > 0 be a parameter to be speciûed below and K a closed subinterval of I such
that
(i) µq,ηq(I − K) ⩽ ∆.
Depending on ∆ and K, we choose a C∞-function f on R such that
(ii) supp( f ) ⊂ Ī,
(iii) f (x) = 1 if x ∈ K and 0 ⩽ f (x) ⩽ 1 for x ∈ R,
(iv) ∣ f (k)(x)∣ ≪k ∆−k for k ∈ N0.
Since I does not contain the relevant λq(π)’s, from (ii) we have Ωn(π) f (λq(π)) = 0
for all π ∈ Π∗

cus(l , n). Using this, from (i) and (iii), we have the inequalities

µq,ηq(I) ⩽ µq,ηq(K) + ∆ ⩽ ∫

2

−2
f dµq,ηq + ∆

⩽ ∣ ∑
π∈Π∗

cus(l ,n)
Ωn(π) f (λq(π)) − ∫

2

−2
f dµq,ηq ∣ + ∆.

(8.9)
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Ifwe set fM(x) = ∑M
n=0 f̂ (n)Xn(x), then the ûrst termof (8.9) is bounded by the sum

of the following three terms

( ∑
π∈Π∗

cus(l ,n)
∣Ωn(π)∣) ⋅ max

[−2,2]
∣ f − fM ∣,(8.10)

∫

2

−2
max
[−2,2]

∣ f − fM ∣ dµq,ηq ,(8.11)

∣ ∑
π∈Π∗

cus(l ,n)
Ωn(π) fM(λq(π)) − ∫

2

−2
fM dµq,ηq ∣ .(8.12)

We remark that by the non-negativity of Ωn(π), the absolute value in (8.10) can be
deleted. _en by the estimate ∣ f̂ (n)∣ ≪k n−k∆−k which follows from (iv) by integra-
tion by parts, and by max[−2,2] ∣Xn ∣ ≪ n + 1, we have

max
[−2,2]

∣ f − fM ∣ ⩽ ∑
n>M

∣ f̂ (n)∣ max
[−2,2]

∣Xn ∣ ≪k ∑
n>M

n−k∆−kn ≪ M2−k∆−k

with k ⩾ 3. From (8.3) appliedwith n = 0, noting µq,ηq(X0) = 1, we have the estimate
∣∑π∈Π∗

cus(l ,n) Ωn(π) − 1∣ ≪є , l ,η ,S ,J (logN(n))−1 +N(n)− inf(c ,1)+є . Hence the sum of
(8.10) and (8.11) is majorized by

∆−kM2−k
(1 + (logN(n))−1

+N(n)− inf(c ,1)+є
) ≪ ∆−kM2−k

with the implied constant independent of ∆, M, q and n. By (8.3) and by ∣ f̂ (n)∣ ≪ 1,
the term (8.12) is majorized by

M
∑
n=0

∣ f̂ (n)∣∣ ∑
π∈Π∗

cus(l ,n)
Ωn(π)Xn(λq(π)) − µq,ηq(Xn)∣

≪є , l ,η ,S ,J
M
∑
n=0

(
n + 1

(logN(n))3 +
N(qn)−1/2+є

logN(n)
+N(qn

)
2+c+є N(n)− inf(c ,1)+є

)

≪є
M2

(logN(n))3 +
1

logN(n)
+N(q)c

′M N(n)− inf(c ,1)+є ,

where c′ = 2 + c + є. Putting all relevant estimations together, we obtain

µq,ηq(I) ≪k ,є , l ,η ,S ,J ∆ + ∆−kM2−k

+
1

logN(n)
+

M2

(logN(n))3 +N(q)c
′M N(n)− inf(c ,1)+є

with the implied constant independent of I, ∆, M, q, and n. By setting

M = [
inf(c, 1)

2c′
logN(n)

logN(q)
] ,

this yields the estimate

µq,ηq(I) ≪k ,є , l ,η ,S ,J ∆ + ∆−k
(logN(q))k−2

(logN(n))2−k

+ (logN(n))−1
+N(n)− inf(c ,1)/2+є .
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Let є > 0 and we let ∆ vary so that it satisûes ∆−k(logN(n))2−k ≍k (logN(n))−1+є ,
or equivalently ∆ ≍k (logN(n))−1+(3−є)/k . By taking k = [3/є] + 1, we have

(logN(n))−1+є/2
≪є ∆≪є (logN(n))−1+є .

Hence,

µq,ηq(I) ≪є , l ,η ,S ,J (logN(n))−1+є
+ (logN(n))−1+є

(logN(q))k−2

+ (logN(n))−1
+N(n)− inf(c ,1)/2+є

≪є N(q)є(logN(n))−1+є .

_is completes the proof.

Lemma 8.3 Given є > 0, there exists a positive number Nє , l ,η ,S ,q,J such that for any
ideal n ∈ JqaS with N(n) > Nє , l ,η ,S ,q,J, we have the inequality

#{λq(π)∣π ∈ Π∗
cus(l , n),Ωn(π) /= 0} ⩾ N(q)−є(logN(n))1−є .

Proof It follows in the same way as [6, Lemma 5.3].

8.1 Hecke Fields

Let Γ = Aut(C/Q). We let the group Γ act on the set (2N)Σ∞ of even weights by the
rule σ l = (lσ−1○v)v∈Σ∞ for l = (lv)v∈Σ∞ and σ ∈ Γ, regarding Σ∞ = Hom(F ,C). Let
Q(l) be the ûxed ûeld of StabΓ(l), which is a ûnite extension ofQ. From [8] (see [5]
also), the Satake parameter Av(π) belongs to GL(2, Q̄) for any v ∈ Σfin − S(n) and
the set Πcus(l , n) has a natural action of theGalois group Gal(Q̄/Q(l)) in such away
that (σπ)v ≅ πσ−1○v for all v ∈ Σ∞ and

(8.13) q1/2
v Av(

σπ) = σ(q1/2
v Av(π)) for all v ∈ Σfin − S(n).

_e ûeld of rationality of π ∈ Πcus(l , n), to be denoted byQ(π), is deûned as the ûxed
ûeld of the group {σ ∈ Gal(Q̄/Q(l))∣σπ = π}. From (8.13), by the strong multiplicity
one theorem for GL(2), we haveQ(π) = Q(l)(q1/2

v λv(π)∣v ∈ Σfin − S(n)) .

Proposition 8.4 Assume that l is a parallel weight, i.e., there exists k ∈ 2N such that
lv = k for all v ∈ Σ∞. Let S be a ûnite subset of Σfin − S(fη) and J = {Jv}v∈S a family of
closed subintervals of (−2, 2). Given a suõciently small є > 0 and a prime ideal q prime
to S ∪ S(fη), there exists a positive integer Nє , l ,η ,S ,q,J such that for any n ∈ JqaS with
N(n) > Nє , l ,η ,S ,q,J, there exists π ∈ Π∗

cus(l , n) such that ωn(π) /= 0, λv(π) ∈ Jv for all
v ∈ S, and

[Q(π) ∶Q] ⩾

¿
Á
ÁÀmax{ (1 − є) log logN(n)

log(16N(q)(k−1)/2)
− 2є, 0} .

Proof Let Ωn(π) be as above. We follow the proof of [6, Proposition 7.3]. Let
d(Ω, n) denote themaximal degree of algebraic numbers λq(π) for all π ∈ Π∗

cus(l , n)
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such that Ωn(π) /= 0. _en

d(Ω, n) ⩽ max{[Q(π) ∶Q] ∣ π ∈ Π∗
cus(l , n),Ωn(π) /= 0}

⩽ max{[Q(π) ∶Q] ∣ π ∈ Π∗
cus(l , n),ωn(π) /= 0, λv(π) ∈ Jv(∀v ∈ S)}.

Let E(M , d) denote the set of algebraic integers which, together with its conjugates,
have the absolute values at most M and the absolute degrees at most d. From the
parallel weight assumption, the Hecke eigenvalues N(q)(k−1)/2λq(π) are known to
be algebraic integers [8, Proposition 2.2]. Since

σ(N(q)(k−1)/2λq(π)) = N(q)(k−1)/2λq(σπ)

from (8.13), by the Ramanujan bound, we have

N(q)(k−1)/2λq(π) ∈ E(2N(q)(k−1)/2 , d(Ω, n)) .

_en the cardinality of the set {N(q)(k−1)/2λq(π)∣π ∈ Π∗
cus(l , n),Ωn(π) /= 0} is

bounded from above by #E(2N(q)(k−1)/2 , d(Ω, n)) which in turn is no greater than
(16N(q)(k−1)/2)d(Ω ,n)

2
by [6, Lemma 6.2]. Combining this with the lower bound

provided by Lemma 8.3, we have

N(q)−є(logN(n))1−є
⩽ (16N(q)(k−1)/2

)
d(Ω ,n)2 .

By taking the logarithm, we are done.

Remark 8.5 _e parallel weight assumption can be removed if the integrality of
the Hecke eigenvalues q(k−1)/2

v λv(π) for all v ∈ Σfin − S(fπ) is known in a broader
generality, where k = maxv∈Σ∞ lv .

8.2 The Proof of Theorem 1.3

_eorem 1.1 means that the numbers

ωn(π) =
C l

4D3/2
F Lfin(1, η)ν(n)

1
N(n)

L(1/2, π)L(1/2, π ⊗ η)
LSπ(1, π;Ad)

for π ∈ Π∗
cus(l , n) and n ∈ I+S∪S(q),η satisfy our ûrst assumption (8.1). _e second

assumption (8.2) follows from [2]. _us _eorem 1.3 is a corollary of Proposition 8.4
with this particular {ωn(π)}.

8.3 The Proof of Theorem 1.4

For anyM > 1, let I−S∪S(q),η[M] be the set of n ∈ I−S∪S(q),η such that∑v∈S(n)
log qv
qv

⩽ M.
_eorem 1.1 means that

ωn(π) =
C l

4D3/2
F Lfin(1, η)ν(n) log

√
N(n)

1
N(n)

L(1/2, π)L′(1/2, π ⊗ η)
LSπ(1, π;Ad)

for π ∈ Π∗
cus(l , n) and n ∈ I−S∪S(q),η[M] satisfy our ûrst assumption (8.1). By our

non-negativity assumption (1.9), the second assumption (8.2) is also met. _us _e-
orem 1.4 follows from Proposition 8.4.
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Remark 8.6 In the parallel weight two case (i.e., lv = 2 for all v ∈ Σ∞) with totally
imaginary condition on η (i.e., ηv(−1) = −1 for all v ∈ Σ∞), the assumption (1.9)
follows from [17, _eorem 6.1] due to the non-negativity of the Neron–Tate height
pairing. Similar results may be expected in the parallel higher weight case [15].

9 Computations of Local Terms

In this section,we shall give the postponed proof of Proposition 7.1. Let α =⊗v∈S αv ∈
AS be such that αv = α(mv)

v for some (mv)v∈S ∈ NS
0 , where α(m)

v (s) = qms/2
v + q−ms/2

v
for v ∈ S andm ∈ N0. We examine the termWη

hyp(l , n∣α) appearing in formula (4.9).
Set δb = [ 1+b−1 1

1 1 ] for b ∈ F
×. From Lemma 4.6, by changing the order of integrals,

we have the ûrst equality of the formula

Wη
hyp(l , n∣α) = ∑

b∈F−{0,−1}
∫
A×

Ψ̂(0)
l (n∣α, δb[ t 0

0 1 ][
1 xη
0 1 ])η(tx∗η) log ∣t∣A d×t

= ∑
b∈F−{0,−1}

∑
w∈ΣF

{ ∏
v∈ΣF−{w}

Jv(b)}Ww(b),

(9.1)

where Jv(b) is deûned by (6.4),

Ww(b) = ∫
F×w

Ψw(δb[ tw 0
0 1 ][

1 xη ,w
0 1 ])ηw(twx∗η ,w) log ∣tw ∣w d×tw

for b ∈ Fv − {0,−1}, and Ψw(gw) denotes the w-th factor of Ψ̂(0)
l (n∣α; g) as in §6.

_e second equality of (9.1) is justiûed by∑b∑w{∏v /=w ∣Jv(b)∣}∣Ww(b)∣ <∞, which
results from the analysis to bemade in §9.4. _e integrals Jv(b) are studied and their
explicit evaluations are obtained in [11, §10]. In what follows, we examine the integral
Ww(b) separating cases w ∈ S, w ∈ Σfin − S, and w ∈ Σ∞. We remark that vol(o×v ) =
#(ov/dFov)−1/2 in the computations below.

9.1 Hyperbolic Non-Archimedean Terms for S

Let v ∈ S. _en the integral Wv(b) depends on the test function αv ∈ Av and the
character ηv of F×v ; we write Wηv

v (b; αv) in place of Wv(b) in this subsection. We
have

Wηv
v (b, αv) =

1
2πi ∫Lv(c)

{ ∫
F×v

Ψ(0)
v (sv ; δb[ t 0

0 1 ])ηv(t) log ∣t∣vd
×t}αv(sv) dµv(sv),

where Lv(c) = {c + it ∣ t ∈ R/4π(log qv)−1Z} (see §6).

Lemma 9.1 Let v ∈ S. _en for any m > 0 and any b ∈ Fv − {0,−1},

Wηv
v (b; α(m)

v ) = Ĩ+v (m; b)+ ηv(ϖv){(log qv)I+v (m;ϖ−1
v (b + 1))− Ĩ+v (m;ϖ−1

v (b + 1))}
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with

I+v (m; b) = vol(o×v )2
δ(m=0)

× (−q
−m
2

v δηvm (b) +
m−1

∑
l=o(b)

{(m − l − 1)q
2−m
2

v − (m − l + 1)q
−m
2

v }δηvl (b)) ,

Ĩ+v (m; b) = vol(o×v )(log qv)2δ(m=0)

× (−q
−m
2

v δ̃ηvm (b) +
m−1

∑
l=o1(b)

{(m − l − 1)q
2−m
2

v − (m − l + 1)q
−m
2

v }δ̃ηvl (b)) ,

where we set o(b) = sup(0,−ordv(b)), o1(b) = sup(0, 1 − ordv(b)), and

δηvn (b) = δ(∣b∣v ⩽ qn
v )ηv(ϖn

v )

⎧⎪⎪
⎨
⎪⎪⎩

(ordv(b) + 1)δ(n=0) , ηv(ϖv) = 1,
(2−1(ηv(b) + 1))δ(n=0) , ηv(ϖv) = −1,

δ̃ηvn (b) = δ(∣b∣v < qn
v )ηv(ϖn

v )

×

⎧⎪⎪⎪⎪
⎨
⎪⎪⎪⎪⎩

ηv(b)(−n − ordv(b)), n > 0,
−2−1 ordv(b)(ordv(b) + 1), n = 0, ηv(ϖv) = 1,
4−1(ηv(b) − 1) + 2−1 ordv(b)ηv(b), n = 0, ηv(ϖv) = −1.

When m = 0,

Wηv
v (b; α(0)v ) =

− 2 vol(o×v )(log qv)( δ̃ηv0 (b) + ηv(ϖv)δηv0 (ϖ−1
v (b + 1)) − ηv(ϖv)δ̃ηv0 (ϖ−1

v (b + 1))) .

Proof We decompose the integral into the sumWv(b; α(m)
v ) = Ĩ+v (m; b)+ Ĩ−v (m; b),

where

Ĩ+v (m; b) = ∫
t∈F×v ,∣t∣⩽1

Φ̂vm(δb[ t 0
0 1 ])ηv(t) log ∣t∣v d

×t,

Ĩ−v (m; b) = ∫∣t∣v>1
Φ̂vm(δb[ t 0

0 1 ])ηv(t) log ∣t∣v d
×t

with Φ̂vm(gv) = 1
2πi ∫Lv(c) Ψ

(0)
v (sv ; gv)α(m)

v (sv) dµv(sv). We consider the case m >

0. By the evaluation of Φ̂vm(gv) made in [11, Lemma 10.1],

Ĩ+v (m; b) = ∫∣t∣⩽1,sup(1,∣t∣−1
v ∣b∣v)=qm

v

(−q−m/2
v )ηv(t) log ∣t∣v d×t

+
m−1

∑
l=0
∫∣t∣⩽1,sup(1,∣t∣−1

v ∣b∣v)=q l
v

{(m − l − 1)q1−m/2
v − (m − l + 1)q−m/2

v }

× ηv(t) log ∣t∣v d×t.

We have the following three equalities.
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● If l = 0 and ηv(ϖv) = 1,

∫∣t∣⩽1,sup(1,∣t∣−1
v ∣b∣v)=q l

v

ηv(t) log ∣t∣v d×t

= δ(∣b∣v < 1) vol(o×v ) log qv
−ordv(b)(ordv(b) + 1)

2
.

● If l = 0 and ηv(ϖv) = −1,

∫∣t∣⩽1,sup(1,∣t∣−1
v ∣b∣v)=q l

v

ηv(t) log ∣t∣v d×t

= δ(∣b∣v < 1) vol(o×v ) log qv(
ηv(b) − 1

4
+

ordv(b)ηv(b)
2

) .

● If l > 0,

∫∣t∣⩽1,sup(1,∣t∣−1
v ∣b∣v)=q l

v

ηv(t) log ∣t∣v d×t

= δ(∣b∣ < q l
v)∫∣t∣v=q−lv ∣b∣v

ηv(t) log ∣t∣v d×t

= −δ(∣b∣v < q l
v) vol(o

×
v )(log qv)ηv(ϖ l

vb)(l + ordv(b)).

By the variable change y = ϖ−1
v t−1, Ĩ−v (m; b) becomes

∫∣y∣v<1
Φ̂vm(δb[ ϖ−1

v y−1 0
0 1

])ηv(ϖ−1
v y−1

) log ∣ϖ−1
v y−1

∣v d×y

= ηv(ϖ−1
v )∫∣y∣v⩽1

Φ̂vm(δb[ ϖ−1
v y−1 0
0 1

])ηv(y)(log qv − log ∣y∣v) d×y

= ηv(ϖv){(log qv)I+v (m;ϖ−1
v (b + 1)) − Ĩ+v (m;ϖ−1

v (b + 1))},

where the integral I+v (m; b) is evaluated in the proof of [11, Lemma 10.2]. From the
results above, we have the lemma for m > 0. _e case m = 0 is similar.

Lemma 9.2 For m ∈ N,

∣Wηv
v (b; α(m)

v )∣ ≪ (log qv)δ(∣b∣v ⩽ qm−1
v )q1−m/2

v m(2m + ordv(b(b + 1)))2 ,

where b ∈ F×v − {−1}. When m = 0,

∣Wηv
v (b; α(0)v )∣ ≪ (log qv)δ(∣b∣v ⩽ 1)(ordv(b(b + 1)) + 1) 2 , b ∈ F×v − {−1}.

Here the implied constants are independent of v, m, and b. Moreover, for n ∈ N0,

∣Wηv
v (b; αpn

v )∣ ≪ (log qv)qvδ(∣b∣v ⩽ qn
v ){ordv(b(b + 1)) + 2n + 1}2 , b ∈ F×v − {−1}

with the implied constant independent of v, n and b.

Proof Noting (6.5), from the ûrst and the second estimates in the lemma, we derive
the last one in the same way as we did to have (6.8). Let us prove the ûrst estimate.
_e second one is easier. Suppose m ⩾ 1. From Lemma 9.1, it suõces to estimate
I+v (m;ϖ−1

v (b + 1)), Ĩ+v (m; b), and Ĩ+v (m;ϖ−1
v (b + 1)). By the formula in Lemma 9.1,

∣I+v (m,ϖ−1
v (b + 1))∣ ≪ δ(∣b∣v ⩽ qm−1

v )(m + 1)2q1−m/2
v .
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Next we examine Ĩ+v (m; b). From the deûnition of δ̃ηvm in Lemma 9.1, we have

∣δ̃ηv0 (b)∣ ⩽ δ(∣b∣v < 1)2−1
(ordv(b) + 1)2 .

By using this,

m−1

∑
l=o1(b)

(m − l − 1)q1−m/2
v ∣δ̃ηvl (b)∣

⩽ δ(m ⩾ 1, ∣b∣v ⩽ qm−2
v )q1−m/2

v {
m−1

∑
l=1

(m − l − 1)∣δ̃ηvl (b)∣ + (m − 1)∣δ̃ηv0 (b)∣}

⩽ δ(m ⩾ 1, ∣b∣v ⩽ qm−2
v )q1−m/2

v

× {
m−1

∑
l=1

(m − l − 1)(l + ordv(b)) + (m − 1)∣δ̃ηv0 (b)∣}

= δ(m ⩾ 1, ∣b∣v ⩽ qm−2
v )q1−m/2

v (m − 1)

× {6−1
(m − 2)m + 2−1

(m − 2)ordv(b) + ∣δ̃ηv0 (b)∣}

≪ δ(m ⩾ 2, ∣b∣v ⩽ qm−2
v )q1−m/2

v m(m2
+m ordv(b) + (ordv(b) + 1)2)

≪ δ(m ⩾ 2, ∣b∣v ⩽ qm−2
v )q1−m/2

v m(m + ordv(b))
2 .

Similarly,

m−1

∑
l=o1(b)

(m − l + 1)q−m/2
v ∣δ̃ηvl (b)∣ ≪ δ(m ⩾ 1, ∣b∣v ⩽ qm−2

v )q−m/2
v m(m + ordv(b) + 1)2 .

Hence, we obtain

∣̃I+v (m; b)∣ ≪ (log qv)δ(∣b∣v ⩽ qm−1
v )q1−m/2

v m(m + ordv(b))2 ,

where m ∈ N, b ∈ F×v − {−1}, which also yields

∣̃I+v (m;ϖ−1
v (b + 1))∣ ≪ (log qv)δ(∣b + 1∣v ⩽ qm−1

v )q1−m/2
v m(m + ordv(b + 1))2 ,

where m ∈ N, b ∈ F×v − {−1}.

9.2 Hyperbolic Non-Archimedean Terms Outside S

Let v ∈ Σfin − S. _ere are three cases to be considered: v ∈ Σfin − S(nfη), v ∈ S(n),
and v ∈ S(fη).

Lemma 9.3 Let v ∈ Σfin − (S ∪ S(nfη)). For b ∈ F×v − {−1}, we have

Wv(b) = ∫
F×v

Φ(0)
v ,0 (δb[ t 0

0 1 ])ηv(t) log ∣t∣v d
×t = vol(o×v )(log qv){δ̃ηv0 (b)−δ̃ηv0 (b+1)}.

In particular, ∣Wv(b)∣ ≪ (log qv)δ(∣b(b+1)∣v < 1)(ordv(b(b+1))+1)2 , b ∈ F×v −{−1}.
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Proof By [12, Lemma 11.4],

∫
F×v

Φ(0)
v ,0 (δb[ t 0

0 1 ])ηv(t) log ∣t∣v d
×t

= ∫∣b∣v⩽∣t∣v<1
ηv(t) log ∣t∣v d×t + ∫∣b+1∣−1

v ⩾∣t∣v>1
ηv(t) log ∣t∣v d×t

= vol(o×v )(log qv){δ̃ηv0 (b) − δ̃ηv0 (b + 1)}.

Lemma 9.4 Let v ∈ S(n). _en

Wv(b) =2−1 vol(o×v )(− log qv)δ(b ∈ nov)

×

⎧⎪⎪⎪⎪
⎨
⎪⎪⎪⎪⎩

(ordv(b) + ordv(n))(ordv(b) − ordv(n) + 1), ηv(ϖv) = 1,
[ordv(n)ηv(ϖordv(n)

v ) + ordv(b)ηv(b)
+2−1{ηv(b) − ηv(ϖordv(n)

v )}] , ηv(ϖv) = −1.

In particular,

∣Wv(b)∣ ≪ δ(b ∈ nov)(log qv)(ordv(b) + ordv(n) + 1)2 , b ∈ F×v − {−1}.

Proof By [12, Lemma 11.4],

∫
F×v

Φ(0)
v ,n(δb[ t 0

0 1 ])ηv(t) log ∣t∣v d
×t

= ∫∣b∣v⩽∣t∣v<1
δ(t ∈ nov)ηv(t) log ∣t∣v d×t

= δ(b ∈ nov)
ordv(b)
∑

n=ordv(n)
∫
o×v
ηv(ϖn

v u) log ∣ϖn
v u∣v d×u

= δ(b ∈ nov) vol(o×v )(− log qv)
ordv(b)
∑

n=ordv(n)
ηv(ϖn

v )n.

Lemma 9.5 Let v ∈ S(fη) and put f = f (ηv) ∈ N. For b ∈ F×v − {−1},

Wv(b) = vol(o×v )δ(b ∈ p− fv )ηv(−1)(1 − q−1v )−1q− fv (log qv)

× {− f + ηv(b(b + 1))( δ(b ∈ pv)(− f − ordv(b))

+ δ(b ∈ o×v )(− f + ordv(b + 1)) + δ(b ∉ ov)(− f )qordv(b)
v )} .

In particular,

∣Wv(b)∣ ≪ (log qv)q− fv δ(∣b∣v ⩽ q fv ){ f + δ(∣b∣v ⩽ 1)ordv(b(b + 1))} ,

where b ∈ F×v − {−1}.
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Proof By [12, Lemma 11.4], we haveWv(b) = δ(b ∈ p− fv )(Wv ,1(b) +Wv ,2(b)) with

Wv ,1(b) = ∫−t∈ϖ f
v Uv( f )∣t∣v ∣∣b+1∣v⩽1

ηv(tϖ− f
v ) log ∣t∣v d×t

= vol(o×v )ηv(−1)(− f log qv)q− fv (1 − q−1
v )

−1 ,

Wv ,2(b) = ∫−t∈F×v −ϖ f
v Uv( f )

∣1 + tϖ− f
v ∣v ∣b + tϖ− f

v (b + 1)∣v ⩽ ∣t∣vηv(tϖ− f
v ) log ∣t∣v d×t.

_e integrationdomain ofWv ,2(b) is a disjoint union of the setsD l(b) (l ∈ Z)deûned
in [11, §10.2]. By [11, Lemmas 10.6, 10.7, and 10.8],

vol(o×v )
−1Wv ,2(b) = vol(o×v )

−1
∑
l∈Z

(−l log qv)∫
D l (b)

ηv(tϖ− f
v ) d×t

= δ(∣b∣v < 1 = ∣b + 1∣v){(− f + ordv(b + 1) − ordv(b)) log qv}

× ηv(
−b
b + 1

)(1 − q−1
v )

−1q− fv

+ δ(∣b∣v = ∣b + 1v ∣ ⩾ 1)(− f log qv)

× ηv(
−b
b + 1

)(1 − q−1
v )

−1q− f+ordv(b)
v

+ δ(∣b + 1∣v < 1 = ∣b∣v){(− f + ordv(b + 1) − ordv(b)) log qv}

× ηv(
−b
b + 1

)(1 − q−1
v )

−1q− fv

= ηv(
−b
b + 1

)(1 − q−1
v )

−1q− fv (log qv){δ(∣b∣v < 1 = ∣b + 1∣v)(− f − ordv(b))

+ δ(∣b∣v = ∣b + 1∣v ⩾ 1)(− f )qordv(b)
v

+ δ(∣b + 1∣v < 1 = ∣b∣v)(− f + ordv(b + 1))}

= ηv(
−b
b + 1

)(1 − q−1
v )

−1q− fv (log qv){δ(b ∈ pv)(− f − ordv(b))

+ δ(b ∈ o×v )(− f + ordv(b + 1)) + δ(b ∉ ov)(− f )qordv(b)
v } .

_is completes the proof.

9.3 Hyperbolic Archimedean Terms

Let v ∈ Σ∞ and ûx an identiûcation Fv ≅ R. In this paragraph, we abbreviate lv to l ,
omitting the subscript v. From the proof of [11, Lemma 10.12], we have

Wv(b) = ∫
R×

(
1 + it

√
t2 + 1

)
l
{1 + i(bt−1

+ t(b + 1))}−l/2ηv(t) log ∣t∣v d×t

= ∫
R×

(1 − it)−l/2
(1 + b + t−1bi)−l/2ηv(t) log ∣t∣v d×t

=W+(b) + ηv(−1)W+(b),

where we set W+(b) = i l/2(1 + b)−l/2
∫
∞
0 (t + i)−l/2( t + b i

b+1)
−l/2 t l/2−1 log t dt.

Here is an explicit formula ofW+(b).
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Lemma 9.6 Suppose l ⩾ 4. _en for b ∈ R× − {−1}, we have
W+(b) = −πiJ+(l ; b) − A(b) − iB(b)

with

J+(l ; b) = { log ∣b + 1
b

∣ + δ(b(b + 1) < 0)πi}

× Pl/2−1(2b + 1) −
[l/4]
∑
m=1

4(l − 4m + 1)
(2m − 1)(l − 2m)

Pl/2−2m(2b + 1),

A(b) =
l/2−1

∑
k=0

(
l/2 + k − 1

k
)(

l/2 − 1
k

)

× {
bk

2
(log ∣ b

b + 1
∣)

2
−

θ(b)2

2
bk
−

9π2

8
(−1)k+l/2

(b + 1)k
}

+

l/2−1

∑
k=0

(
l/2 + k − 1

k
)

l/2−k−1

∑
j=1

(
l/2 − 1
k + j

)
(−1) j

j

× (

j−1

∑
m=1

1
m

{bk
+ (−1)k+l/2

(b + 1)k
} − bk log ∣ b

b + 1
∣) ,

B(b) =
l/2−1

∑
k=0

(
l/2 + k − 1

k
)(

l/2 − 1
k

)bk log ∣ b
b + 1

∣θ(b)

−

l/2−1

∑
k=0

(
l/2 + k − 1

k
)

l/2−k−1

∑
j=1

(
l/2 − 1
k + j

)
(−1) j

j

× {
3π
2

(−1)k+l/2
(b + 1)k

+ bkθ(b)} ,

where θ(b) = π/2 if b(b + 1) < 0, and θ(b) = 3π/2 if b(b + 1) > 0.

Proof For b ∈ R× − {−1}, put

g(z) = i l/2(1 + b)−l/2
(z + i)−l/2( z + bi

b + 1
)
−l/2z l/2−1

(log z)2 ,

where log z = log ∣z∣ + i arg(z) with arg(z) ∈ [0, 2π). _en g(z) is meromorphic
on C − R⩾0 and holomorphic except for poles at z = −i , −b ib+1 . We note that −b i

b+1 ∈

iR − {0,−i}. By the residue theorem, we have

2πi(Resz=−i +Resz= −b ib+1
)g(z)

= ∫

R

є
g(t) dt − ∫

R

є
g(te2πi

) + ∮∣z∣=R
g(z) dz − ∮∣z∣=є

g(z) dz

(9.2)

with R suõciently large and є > 0 suõciently small. By letting R → +∞, є → +0,
noting the relation (log t + 2πi)2 = (log t)2 + 4πi log t − 4π2, we have

2πi(Resz=−i +Resz= −b ib+1
)g(z) = −4πiW+(b) + 4π2 J+(l ; b),

because the last two terms on the right-hand side of (9.2) vanish in the limit, where
J+(l ; b) ∶= i l/2(1+b)−l/2

∫
∞
0 (t+ i)−l/2( t+ b i

b+1)
−l/2 t l/2−1 dt is evaluated in the proof
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of [11, Lemma 10.13]. Hence, we obtain

W+(b) = −
1
2
{Resz=−i +Resz= −b ib+1

} g(z) − πiJ+(l ; b).

A direct computation reveals 1
2{Resz=−i +Resz= −b ib+1

} g(z) = A(b)+ iB(b). _is com-
pletes the proof.

Lemma 9.7 Suppose l > 4. For any є > 0, we have

∣b(b + 1)∣є ∣Wv(b)∣ ≪є , l (1 + ∣b∣)−l/2+2є , b ∈ R − {0,−1}.

Proof From Lemmas 6.3 and 9.6, for any є > 0, ∣b(b + 1)∣єW+(b) is locally bounded
around the points b = 0,−1. For b away from the set {0,−1}, we have

∣W+(b)∣ ⩽ ∣2b(b + 1)∣−l/4
∫

∞

0
t l/4(t2 + 1)−l/4

∣ log t∣ dt
t

by t2(b + 1)2 + b2 ⩾ 2∣t∣ ∣b(b + 1)∣. Since l > 4, the last integral is convergent; hence
the above inequality gives us ∣b(b + 1)∣є ∣W+(b)∣ ≪є , l (1 + ∣b∣)−l/2+2є for large ∣b∣.

9.4 The Proof of Proposition 7.1

We start from the formula (9.1) taking α to be αa ∈ AS(a) deûned by (1.6). If we set

(9.3) W(T) = ∑
b∈F−{0,−1}

∑
w∈T

{ ∏
v∈ΣF−{w}

Jv(b)}Ww(b)

for any subset T ⊂ ΣF , then (9.1) can be written in the form
Wη

hyp(l , n∣αa) =W(Σ∞)+W(S(a))+W(S(n))+W(S(fη))+W(Σfin − S(nafη)).

We shall estimate each term in the right-hand side of this equality, explicating the
dependence on n and a = ∏v∈S(a) p

nv
v . Set c = (l/2 − 1)/dF . In the remaining part of

this section, all the constants implied by the Vinogradov symbols are independent of
n and a but may depend on l , η and a given small number є > 0. For convenience, we
collect here all the estimates used below (other than these, we also need (6.6), (6.7),
(6.8), and Lemma 9.7). Let w1 ∈ S(a), w2 ∈ S(n), w3 ∈ S(fη), w4 ∈ Σfin − S(afη).
_en

∣Ww1(b)∣ ≪ (log qw1)qw1δ(b ∈ a
−1ow1){2nw1 + ordw1(b(b + 1)) + 1}2 ,(9.4)

∣Ww2(b)∣ ≪ (log qw2)δ(b ∈ now2){ordw2(b) + ordw2(n) + 1}2 ,(9.5)

∣Ww3(b)∣ ≪ (log qw3)δ(b ∈ f
−1
η ow3){2 f (ηw3) + ordw3(b(b + 1)) + 1},(9.6)

∣Ww4(b)∣ ≪ (log qw4)δ(∣b(b + 1)∣w4 < 1)Λw4(b)
2(9.7)

for b ∈ F× − {0,−1}, where all the constants implied by the Vinogradov symbol are
independent of b, n, a, and the placesw i (1 ⩽ i ⩽ 4). Indeed, the estimate (9.4) follows
from Lemma 9.2, (9.5) is from Lemma 9.4, (9.6) is from Lemma 9.5, and (9.7) is from
Lemma 9.3.

Proposition 7.1 follows from Lemmas 9.8, 9.9, 9.10, 9.11 and 9.12 to be shown below.

Lemma 9.8 We have ∣W(Σ∞)∣ ≪є , l ,η N(a)c+2+є N(n)−c+є .
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Proof Similarly to the proof of Proposition 6.5, by Lemma 9.7 and Proposition 6.4,
we have ∣W(Σ∞)∣ ≪є , l ,η C#S(a) N(a)∑I⊂S(a) N(fη∏v∈I p

nv
v )1+c+є N(n)−c+є . _us,

we are done.

Lemma 9.9 We have ∣W(S(a))∣ ≪є , l ,η N(a)c+2+є N(n)−c+є .

Proof By the estimates recalled above, the range of b in the summation (9.3) with
T = S(a) can be restricted to na−1f−1

η − {0,−1}. If b ∈ na−1f−1
η , then b(b + 1)a2f2η is

an ideal of o. From this, noting that η is unramiûed over S(a), we have the equality
ordw(b(b + 1)a2f2η) = 2nw + ordw(b(b + 1)) for any w ∈ S(a); by taking summation
over w ∈ S(a),

∑
w∈S(a)

{2nw + ordw(b(b + 1)) + 1} log qw ⩽ logN(b(b + 1)a2f2η) + logN(a)

≪є ,η ∣N(b(b + 1))∣є/2 N(a)є .

Using this, from (9.4), (6.6), (6.7), and (6.8), we obtain

∣W(S(a))∣ ≪ ∑
b∈nf−1

η a−1−{0,−1}
∑

w1∈S(a)
{ ∏
v∈ΣF−{w1}

∣Jv(b)∣}

× (log qw1)qw1{ordw1(b(b + 1)) + 2nw1 + 1}2

≪є ,η C#S(a) N(a)1+2є
∑

b∈nf−1
η a−1−{0,−1}

∣N(b(b + 1))∣є ∏
v∈Σ∞

∣Jv(b)∣

× ∏
v∈Σfin−S(afη)

Λv(b) ∏
v∈S(a)

{1 + Λv(b)}

⩽ C#S(a) N(a)1+2є
∑

I⊂S(a)
I
η
є (l , n, fη∏

v∈I
pnv
v ),

where C is the implied constant in (6.8) and (9.4).

Lemma 9.10 We have ∣W(S(n))∣ ≪є , l ,η N(a)c+2+є N(n)−c+є .

Proof From the estimations recalled above,

∣W(S(n))∣ ≪є ,η C#S(a) N(a)

× ∑
b∈nf−1

η a−1−{0,−1}
∏
v∈Σ∞

∣Jv(b)∣ ∏
v∈Σfin−S(anfη)

Λv(b) ∏
v∈S(a)

{1 + Λv(b)} ∑
w2∈S(n)

∣Ww2(b)∣,

where C is the constant in (6.8). By (9.5),

∑
w2∈S(n)

∣Ww2(b)∣ ≪ ∑
w2∈S(n)

(log qw2)(ordw2(n) + ordw2(b) + 1)2

≪ ∑
w2∈S(n)

ordw2(n)
2
(log qw2) + ∑

w2∈S(n)
(log qw2)Λw2(b)

2

≪є N(n)є ∏
v∈S(n)

Λv(b)2

https://doi.org/10.4153/CJM-2015-048-4 Published online by Cambridge University Press

https://doi.org/10.4153/CJM-2015-048-4


954 S. Sugiyama andM. Tsuzuki

for b ∈ nf−1
η a

−1. From this,

∣W(S(n))∣ ≪є ,η C#S(a) N(a)N(n)є

× ∑
b∈nf−1

η a−1−{0,−1}
∏
v∈Σ∞

∣Jv(b)∣ ∏
v∈Σfin−S(afη)

Λv(b)2
∏

v∈S(a)
{1 + Λv(b)}

⩽ C#S(a) N(a)N(n)є ∑
I⊂S(a)

I
η
0(l , n, fη∏

v∈I
pnv
v ).

_en the desired estimate is obtained by Proposition 6.4.

Lemma 9.11 We have ∣W(S(fη))∣ ≪є , l ,η N(a)c+2+є N(n)−c+є .

Proof By the same argument as in the proof of Lemma 9.9, we have

∑
w∈S(fη)

{2 f (ηw) + ordw(b(b + 1)) + 1} log qw ⩽ logN(b(b + 1)a2f2η) + logN(fη)

≪є ,η ∣N(b(b + 1))∣є N(a)2є

for b ∈ na−1f−1
η − {0,−1}. From the estimations recalled as above,

∣W(S(fη))∣ ⩽ ∑
b∈nf−1

η a−1−{0,−1}
∑

w3∈S(fη)
{ ∏
v∈ΣF−{w3}

∣Jv(b)∣}

× (log qw3){2 f (ηw3) + ordw3(b(b + 1)) + 1}

≪є , l ,η C#S(a) N(a) ∑
b∈nf−1

η a−1−{0,−1}
∣N(b(b + 1))∣є N(a)2є

× ∏
v∈Σ∞

∣Jv(b)∣ ∏
v∈Σfin−S(afη)

Λv(b) ∏
v∈S(a)

{1 + Λv(b)}

≪є , l ,η C#S(a) N(a)1+2є
∑

I⊂S(a)
I
η
є (l , n, fη∏

v∈I
pnv
v ).

_en the desired estimate is obtained by Proposition 6.4.

Lemma 9.12 We have ∣W(Σfin − S(anfη))∣ ≪є , l ,η N(a)c+2+є N(n)−c+є .

Proof In the summation on the le�-hand side of (9.3) with T = Σfin − S(anfη), the
range of (b,w) is restricted to b ∈ nf−1

η a
−1 −{0,−1} andw ∈ S(b(b+ 1)o∩o)∩T , due

to the estimations recalled above. _us,

∣W(Σfin−S(anfη))∣

⩽ ∑
b∈nf−1

η a−1−{0,−1}
∑

w4∈S(b(b+1)o∩o)−S(anfη)
{ ∏
v∈ΣF−{w4}

∣Jv(b)∣} ∣Ww4(b)∣

≪є ,η C#S(a) N(a) ∑
b∈nf−1

η a−1−{0,−1}
∏
v∈Σ∞

∣Jv(b)∣ ∏
v∈S(a)

{ 1 + Λv(b)}

× ∑
w4∈S(b(b+1)o∩o)−S(anfη)

{ ∏
v∈Σfin−S(afη)

v≠w4

Λv(b)}(log qw4)Λw4(b)
2
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≪є ,η C#S(a) N(a) ∑
b∈nf−1

η a−1−{0,−1}
∏
v∈Σ∞

∣Jv(b)∣ ∏
v∈S(a)

{ 1 + Λv(b)}

× { ∑
w4∈S(b(b+1)o∩o)−S(anfη)

log qw4} ∏
v∈Σfin−S(afη)

Λv(b)2

≪є ,η C#S(a) N(a) ∑
b∈nf−1

η a−1−{0,−1}
∏
v∈Σ∞

∣Jv(b)∣ ∏
v∈S(a)

{ 1 + Λv(b)}

× ∏
v∈Σfin−S(afη)

Λv(b)2
×N(a)2є

∣N(b(b + 1))∣є

= C#S(a) N(a)1+2є
∑

I⊂S(a)
I
η
є (l , n, fη∏

v∈I
pnv
v ).

Here we note

∑
w4∈S(b(b+1)o∩o)−S(anfη)

log qw4 ≪є ,η N(a)2є
∣N(b(b + 1))∣є , b ∈ nf−1

η a
−1
− {0,−1}.

Indeed, if b ∈ nf−1
η a

−1 − {0,−1}, we have b(b + 1)f2ηa2 ⊂ o and

S(b(b + 1)o ∩ o) − S(anfη) ⊂ S(b(b + 1)f2ηa
2
).

Hence,

∑
w4∈S(b(b+1)o∩o)−S(anfη)

log qw4 ⩽ ∑
w4∈S(b(b+1)f2ηa2)

log qw4 ⩽ logN(b(b + 1)f2ηa
2
)

≪є ∣N(b(b + 1))N(fη)
2 N(a)2

∣
є ,

for b ∈ nf−1
η a

−1 − {0,−1}. _erefore, the assertion follows from Proposition 6.4 and
from C#S(a) ≪є N(a)є .

9.5 Unipotent Terms

It is seen from (4.10) and (4.11) that W̃η
u(l , n∣α) is a linear combination of

∏
v∈S

U ηv
v (αv) and Ũ ηw

w (αw) ∏
v∈S−{w}

U ηv
v (αv) (w ∈ S),

where U ηv
v (αv) is deûned in (6.3) and

Ũ ηv
v (αv) =(9.8)

1
2πi ∫

σ+2πi(log qv)−1

σ−2πi(log qv)−1

ηv(ϖv) log qv
(1 − ηv(ϖv)q−(s+1)/2

v )2(1 − q−(s+1)/2
v )qs+1

v
αv(s) dµv(s)

with dµv(s) = 2−1(log qv)(q(1+s)/2
v − q(1−s)/2

v )ds and σ > 0.
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Lemma 9.13 For any m ∈ N0, we have

U ηv
v (α(m)

v ) = −2 δ(m = 0) + q1−m/2
v

×

⎧⎪⎪
⎨
⎪⎪⎩

δ(m ∈ 2N)(1 − q−1
v ), ηv(ϖv) = −1,

δ(m > 0){(m − 1) − (m + 1)q−1
v }, ηv(ϖv) = 1,

Ũ ηv
v (α(m)

v ) = −δ(m > 0)q−m/2
v (log qv)

×

⎧⎪⎪
⎨
⎪⎪⎩

{
qv−1

2 m(−1)m −
3qv+1

4 (−1)m +
1−qv
4 } , ηv(ϖv) = −1,

{
(m−1)(m−2)

2 qv − m(m+1)
2 } , ηv(ϖv) = +1.

Proof _e ûrst formula is proved in [11, Proposition 11.1]. _e second formula is
shown similarly.

Appendix A An Estimation of a Certain Lattice Sum

Let d ⩾ 1 be an integer. We ûx l = (l j)1⩽ j⩽d ∈ Rd such that ld ⩾ ⋅ ⋅ ⋅ ⩾ l1 ⩾ 4, and
consider a positive function f (x) on Rd deûned by

f (x) =
d
∏
j=1

(1 + ∣x j ∣)
−l j/2 , x = (x j)1⩽ j⩽d ∈ Rd .

Given a Z-lattice Λ ⊂ Rd (of full rank), we deûne

θ(Λ) = ∑
b∈Λ−{0}

f (b), r(Λ) =
1
2

min
b∈Λ−{0}

∥b∥.

Viewing θ(Λ) as a function in Λ, we need to compare its asymptotic size with a cer-
tain power of D(Λ), the Euclidean volume of a fundamental domain of Rd/Λ. _e
following is themain result of this section.

_eorem A.1 Let F be a totally real number ûeld of degree d. Let Λ0 and Λ be
fractional ideals such that Λ ⊂ Λ0; we regard them asZ-lattices inRd by the embedding
F → RHom(F ,R) ≅ Rd . _en, θ(Λ) ≪ {1 + r(Λ0)}

d ld/2D(Λ0)
−1D(Λ)(1−l1/2)/d with

the implied constant independent of Λ and Λ0.

A.1 Proof of Theorem A.1

Let dµ(ω) denote the Euclidean measure on the sphere Sd−1 = {x = (x j)1⩽ j⩽d ∈

Rd ∣∑dj=1 x2
j = 1}.

Lemma A.2 For any λ = (λ j) ∈ Cd such that Re(λ j) < 1, we have

I(λ) = ∫
Sd−1

d
∏
j=1

∣ω j ∣
−λ jdµ(ω) = 2Γ(

d
∑
j=1

1−λ j
2 )

−1 d
∏
j=1

Γ(
1 − λ j

2
) .
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Proof _e formula is obtained by computing the integral

(A.1) ∫
Rd
exp(−є∥x∥2

)
d
∏
j=1

∣x j ∣
−λ j dx

in two diòerent ways, where є > 0 and Re(λ j) < 1. By expressing (A.1) as an iterating
integral, we compute it as

d
∏
j=1
∫
R
e−єx

2
j ∣x j ∣

−λ j dx j =
d
∏
j=1

є(λ j−1)/2Γ(
1 − λ j

2
) = є(∑

d
j=1 λ j−d)/2

d
∏
j=1

Γ(
1 − λ j

2
) ,

on one hand. On the other hand, by the polar decomposition, (A.1) becomes

∫

∞

0
∫
Sd−1

e−єρ
2 d
∏
j=1

∣ρω j ∣
−λ j ρd−1dρ dµ(ω)

= (∫
Sd−1

d
∏
j=1

∣ω j ∣
−λ j dµ(ω))(∫

∞

0
e−єρ

2
ρ−∑

d
j=1 λ j+d−1 dρ)

= I(λ)2−1є(∑
d
j=1 λ j−d)/2Γ(

d
∑
j=1

1 − λ j

2
) .

Lemma A.3 For t = (t j)1⩽ j⩽d ∈ [1,∞)d , set

φ(t1 , . . . , td) = ∫
Sd−1

f (t1ω1 , . . . , tdωd) dµ(ω).

For t > 1, let t denote the diagonal element (t j) deûned by t j = t (1 ⩽ j ⩽ d). _en

φ(t) = O(t1−d−l1/2), t ∈ [1,∞).

Proof For λ = (λ j) ∈ Cd such that 0 < Re(λ j) < 1, we compute themultipleMellin
transform φ̃(λ) = ∫

∞
0 ⋅ ⋅ ⋅ ∫

∞
0 φ(t1 , . . . , td)∏dj=1 tλj

d t j
t j . By Lemma A.2,

φ̃(λ) = ∫
Sd−1

{
d
∏
j=1
∫

∞

0
(1 + t j ∣ω j ∣)

−l j/2 tλ j−1
j dt j} dµ(ω)

= ∫
Sd−1

{
d
∏
j=1

∣ω j ∣
−λ j
∫

∞

0
(1 + t j)−l j/2 tλ j−1

j dt j} dµ(ω)

= (∫
Sd−1

d
∏
j=1

∣ω j ∣
−λ j dµ(ω))(

d
∏
j=1
∫

∞

0
(1 + t j)−l j/2 tλ j−1

j dt j)
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= I(λ){
d
∏
j=1

Γ(l j/2)−1Γ(l j/2 − λ j)Γ(λ j)}

= 2Γ(
d
∑
j=1

1 − λ j

2
)
−1
{
d
∏
j=1

Γ(l j/2)−1Γ((1 − λ j)/2)Γ(l j/2 − λ j)Γ(λ j)} .

By Stirling’s formula, this is bounded by a constant multiple of

P(Im λ) exp(−π
d
∑
j=1

∣ Im(λ j)∣)

with some polynomial P(x1 , . . . , xd) which can be taken uniformly with Re(λ) var-
ied compactly. _us, by a successive application of theMellin inversion formula, we
obtain
φ(t) =

(
1

2πi
)
d
∫

Lσ1

. . .∫
Lσd

2{
d
∏
j=1

Γ( 1−λ j
2 )Γ( l j

2 − λ j)Γ(λ j)

Γ(l j/2)
}

t−∑
d
j=1 λ j

Γ(∑dj=1
1−λ j

2 )

d
∏
j=1
dλ j ,

where 0 < σ j < 1 for all 1 ⩽ j ⩽ d. We shi� the contours Lσ j = {Re(λ) = σ j} in
some order far to the right. _e residues arise when the moving contour Lσ j passes
the points in (1 + 2Z⩾0) ∪ (l j/2 + Z⩾0). Among those residues, the one with the
smallest possible power of t−1 comes from the pole at λ1 = l1/2, λ j = 1(2 ⩽ j ⩽ d) if
l2 > l1, which we assume for simplicity in the rest of the proof of this lemma. (When
l2 = l1, there are several terms giving the same power in t−1.) _e residue term is
O(t−(d−1+l2/2)), by which the contribution from the remaining terms are majorized.
_is completes the proof.

Lemma A.4
(i) f (x + y) ⩾ f (x) f (y) for all x , y ∈ Rd .
(ii) vol(Sd−1)(1 + ρ)−d ld/2 ⩽ ∫Sd−1 f (ρω) dµ(ω) ≪ (1 + ρ)1−d−l1/2, ρ > 0, with the

implied constant depending on l and d.

Proof (i) is immediate from the inequality 1 + ∣x j + y j ∣ ⩽ (1 + ∣x j ∣)(1 + ∣y j ∣). As
for (ii), we ûrst note the inequality 0 ⩽ ∣ω j ∣ ⩽ 1 for ω ∈ Sd−1. Using this, we have
∏
d
j=1(1 + ∣ρω j ∣) ⩽ (1 + ρ)d . By this,

f (ρω) ⩾ {
d
∏
j=1

(1 + ∣ρω j ∣)}
−ld/2

⩾ (1 + ρ)−d ld/2 .

Taking the integral in ω, we have the estimation from below as desired. _e upper
bound is provided by Lemma A.3.

We compare θ(Λ)with the integral of f (x) on the ball BΛ = {x ∈ Rd ∣ ∥x∥ < r(Λ)}.
For convenience, we set I(D) = ∫D f (x) dx for any Borel set D in Rd .

Lemma A.5 LetΛ0 andΛ beZ-lattices such thatΛ ⊂ Λ0. _enwehave the inequality
θ(Λ) ⩽ I(BΛ0)

−1I(Rd − BΛ).
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Proof Lemma A.4 (i) gives us I(BΛ)θ(Λ) ⩽ ∑b∈Λ−{0} ∫BΛ
f (b + x) dx. Since Λ ⊂

Λ0,we have BΛ0 ⊂ BΛ , fromwhich I(BΛ0) ⩽ I(BΛ) is obtained by the non-negativity
of f (x). Since (BΛ + BΛ) ∩ Λ = {0}, the translated sets BΛ + b(b ∈ Λ − {0}) are
mutually disjoint. From this remark

∑
b∈Λ−{0}

∫
BΛ

f (b + x) dx ⩽ ∫
Rd−BΛ

f (x) dx = I(Rd − BΛ).

Lemma A.6 Let Λ be aZ-lattice. _en I(BΛ) ⩾ vol(Sd−1)(1+r(Λ))−d ld/2r(Λ)d/d.
We also have I(Rd − BΛ) ≪ r(Λ)1−l1/2 with the implied constant independent of Λ.

Proof By Lemma A.4 (ii),

I(BΛ) = ∫

r(Λ)

0
∫
Sd−1

f (ρω) dωρd−1 dρ

⩾ vol(Sd−1
)∫

r(Λ)

0
(1 + ρ)−d ld/2ρd−1 dρ

⩾ vol(Sd−1
)(1 + r(Λ))

−d ld/2
∫

r(Λ)

0
ρd−1 dρ

= vol(Sd−1
)(1 + r(Λ))

−d ld/2r(Λ)
d
/d ,

I(Rd − BΛ) = ∫

∞

r(Λ) ∫Sd−1
f (ρω)dωρd−1dρ

≪ ∫

∞

r(Λ)
(1 + ρ)1−d−l1/2ρd−1 dρ

⩽ ∫

∞

r(Λ)
ρ−l1/2 dρ = (l1/2 − 1)−1r(Λ)

1−l1/2 .

Lemma A.7 Let F be a totally real number ûeld of degree d. _ere exist positive
constantsCd and C′d such thatCd r(Λ)d ⩽ D(Λ) ⩽ C′d r(Λ)d for any fractional idealΛ.

Proof _e ûrst inequality follows fromMinkowski’s convex body theorem. _e sec-
ond inequality is proved as follows. For any b ∈ Λ − {0}, there exists an ideal a ⊂ o
such that (b) = aΛ; hence ∣N(b)∣ = N(Λ)N(a) ⩾ N(Λ). _us, by the arithmetic-
geometricmean inequality,

D(Λ)
1/d

= N(Λ)
1/d

⩽ {
d
∏
j=1

∣b j ∣
2}

1/(2d)
⩽ {

d
∑
j=1

∣b j ∣
2
/d} 1/2

= d−1/2
∥b∥.

Hence, D(Λ)1/d ⩽ 2d−1/2r(Λ). _is shows D(Λ) ⩽ C′d r(Λ)d with C′d = (2d−1/2)d .

_eorem A.1 follows from Lemmas A.5, A.6 and A.7 immediately.
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