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Differentiable retracts and a
modified inverse function theorem

W. Barit and G.R. Wood

A lemma is presented which is a weak version of the inverse
function theorem, in that differentiability is assumed instead of
continuous differentiability. The result holds only for finite
dimensional spaces; a counter-example is given for the infinite
dimensional analogue. The lemma is used to answer a question

posed by Nadler concerning differentiable retracts.

Terminology

Denote n-dimensional euclidean space by Rn and the Hilbert space of

square summable real sequences by Z2 . The origin is denoted 0 and | |

is the usual norm. A Fréchet differentiable function, f , is one that has
the appropriate linear approximation at each point a , denoted Df{a) .

The class of functions satisfying the stronger condition of being n <times

continuously differentiable is represented by Cn . A map r which is the
identity on its image, or equivalently, with r or =r , is called a

retraction.

Introduction

1 . sy s . .
An intuitive version of the inverse

Let f : R >R ve C
function theorem is: if Df(a) = id , then f '"behaves" like the identity
near a . More precisely, there are open neighbourhoods U of a and V
of f(a) where f|U is a homeomorphism from U onto V . That is, f|U
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satisfies these four conditions:
(i) one-to-one,
(ii) onto Vv ,
(iii) continuous, and

(iv) open.

It is easy to see that the C1 hypothesis for f is necessary [2,

p. 269]. The lemma presented here shows what modifications of properties
(i) to (iv) are needed when the hypothesis is only that f be different-
iable. The proof of the lemma uses some algebraic topology valid only in
finite dimensions. The analogue of the lemma for infinite dimensions is

shown to be false. The lemma is used to prove that a differentiable

. n . c . . .
retraction, r : Rn + R” , which is different from the identity, has a no-

where dense image.

LEMMA. et £ : R" » R" be continuous, and let f be differentiable
at a with Df{a) = id . There exist open neighbourhoods U of a and
V of fla) such that f|U i8:

(i) weakly one-to-one at a (that is, forany b € U,
b#a= f(b) # fla) );
(i1) onto V ;
(i11) econtinuous;
(iv) weakly open at a (that is, for each open set W< U,
a € ¥ = fla) € interior of fF(W) ).
In this lemma global properties (%) and (Zv) for the inverse function
theorem become "localized" at a .
Proof. Since f may be composed with a translation without affecting
the relevant properties, we may assume f(a) =a . An exercise in

Dieudonné [2, p. 269] shows (Z), and (7ii) follows from the hypothesis.

Differentiability of f at a means

If(p)-fla)-Dfla) (p-a)]l
flP—2||

+0 as |p-al >0 .

Since Df(a) = id , the following inequality can be verified.
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Fix a positive € < 1 . Then there exists § > 0 such that for each
t, 0=t=1,

1 - e < lEfEI+Q-t)p-fladl] oy, ¢
lp-all

whenever |p-afl < § .

This inequality has a clear geometric meaning. Let » < § . Consider

Sr the sphere of radius » a&about a and Ar e the annulus obtained by

»

thickening S, by zer (Figure 1). Let F, = tf]s + (1-¢t)id . This is
r
a linear homotopy from fls to the identity on Sr . The inequality
r

guarantees that the image of Sr under F is always inside Ar

t ,E

FIGURE 1

The existence of open U and V with properties (74) and (Zv) will

now be established. Let B, and B, _,, be the balls about a and fla)
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with radii indicated by subscript (Figure 1). It is necessary to show that

the image of Br under f contains Br—er . Suppose the contrary. Let

q be a point of Br—re not in f(BzJ » and let 7 denote the projection
of Rn\q onto Sr (Figure 1). Note that m is the identity of Sr , and

4, c is in the domain of w . Now T o Ft is a homotopy of T o jﬂs to
k4
r

the identity of Sr .

Diagrammatically we have Sr L, BP £ fTBIJ LN Sr being homotopic

to the identity. Taking 7 - 1 homology we have that
Z+0~ Hn-l(f(BIJ) + Z must be the identity. This is a contradiction,so

(f(Br)] contains Br-sr .

Take for V +the open ball of radius {r-er)/2 about fla) . The

above result shows the image of the open r-ball contains V . Let U be

the intersection of f’l(V) with the open r-ball. The above results also
confirm (Zv) for small open balls about a , and hence (Zv) holds for all

open ¥ in U .

The algebraic technique of this argument is used in a different
setting by Munkres [4, pp. 36-37]. Granas (3, pp. 77-78] proves a similar
lemma in the more general context of compact displacements in Banach
spaces. His argument uses essential mappings of spheres. A straight-
forward inequality about f deduced from Df(a) = id together with

Granas' lemma provide an alternative proof of the lemma here.

Infinite dimensions
The corresponding statement for Z2 is false (the same holds for most

infinite dimensional spaces where differentiability can be defined). This
is shown by constructing an example of a differentiable function
f: 12 4—12 with f(0) =0 , Df(0) =1id , yet O is not in the interior

of f{Zz) . Perhaps this should not seem strange when one notes that the

algebraic results concerning finite dimensional spheres do not generalize.

In infinite dimensions the unit sphere is a retract of the unit ball [4].
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Consider the following scheme for constructing a map f with

Df(a) = id (this works in finite dimensions as well). Let Bi be a
sequence of disjoint closed balls whose centres ei approach 0 and whose

r.
. . . Z
radii, r, , satisfy ﬂ;;ﬂ >0 ,8nd r, < %Hci“ . Observe that any

function f which is the identity outside the Bi’s and has f(Bi) c Bi »
is differentiable at 0 with Df(a) = id . Of course it will generally
not be Cl . To construct the counter example in 12 we use the following
remarkable result.

THEOREM. There exists a C  diffeomorphism of 1, onto 1,\0 which
18 the identity outside the unit ball [1].

By using affine adjustment we can get the required f which is the
identity outside all the B, and is onto 12\{01, Cps €35 ...} (that is,

pushed off the centre of each Bi ). This is C except at 0 where it

is only differentiable with Df(0) = id .

Differentiable retracts

Nadler [5] explores Cl retracts on Banach spaces. He proves that if
such a retract is different from the identity, then its image is nowhere
dense. Yamamuro [6] proves a similar result using the inverse function
theorem. Nadler remarked that for retracts of R the assumption of
differentiability is all that is needed and asked if this was so for R? .
The lemma is used to provide an affirmative answer.

THEOREM. Let r : R? + R" be a differentiable retract. If r # id,
then »(R") is nowhere dense.

Proof. To show r(Rn] is closed, let y be a limit point, and let
r(ri] be a sequence approaching it. It follows that »r o r[xi)
approaches r(y) , so y = r(y) and y € r(Rn) . To show the interior of

r(Rn) is empty use contradiction. Suppose x € int r(Rn) (Figure 2).
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FIGURE 2

Consider open balls about & which are contained in P(Rn) . Let d be

the supremum of their radii. Let B be the open ball of radius d about
x . B 1is inside int r(Rn) , but its boundary, a sphere of radius d

about x , must meet r(Rn)\int r{R") . Here the compactness of the unit
sphere is used. Let y Dbe such a meeting point. Since » is the
identity inside B , there are »n mutually perpendicular directions to
approach y within B , and as r is differentiable at y , it can be

deduced that Dr(y) = id . The lemma implies that y must be interior to

r[Rn) . This cannot be, so int(Rn) =0 .

Open questions

The two major facts in the above proof, the lemma and compactness of
the sphere, do not hold in infinite dimensional Banach spaces. Granas'
result most likely could extend the situation a little for these, but the

question about differentiable retracts in such spaces remains open.
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