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SMALL AMPLITUDE LIMIT CYCLES FOR CUBIC SYSTEMS

V. GUINEZ, E. SAEZ AND L. SZANTO

ABSTRACT.  In this article we study the simultaneous generation of limit cycles out
of singular points and infinity for the family of cubic planar systems

X = y(ax2 +y2 -1 - 2cy2 +exy(—4+y)
§ = —x(x? +by? — 1) +2dx* + exy(—4 + x).
With a suitable choice of parameters, the origin and four other singularities are foci and
infinity is a periodic orbit. We prove that it is possible to obtain the following configura-
tion of limit cycles: two small amplitude limit cycles out of the origin, a small amplitude

limit cycle out of each of the other four foci, and a large amplitude limit cycle out of
infinity. We also obtain other configurations with fewer limit cycles.

1. Introduction. In this paper we consider systems of the form

(D X = P(x,y)
v = Q0(x,y),

where P and Q are relatively prime real cubic polynomials. We are interested in the
possible configurations of small and large amplitude limit cycles for systems of form (1).
Here small amplitude limit cycles are limit cycles which bifurcate out of a critical point,
and large amplitude limit cycles are limit cycles which do so out of infinity.

It is well known that small amplitude limit cycles can be obtained from a fine focus
of order k (see below) with a sequence of perturbations of the coefficients of the system
such that each perturbation reduces the order of the fine focus and reverses its stability.
We recall that a critical point is a fine focus of (1), if it is a centre for the corresponding
linearised system. We now define the order of a fine focus. For simplicity we assume
that the origin is a fine focus. It is also well known that there is a function V defined
in a neighbourhood of the origin such that V, its rate of change along orbits, is of the
form nyr? + nar* + - - -. The 5y are the focal values and are polynomial functions of the
coefficients in P and Q. The origin is a fine focus of order k if

M2 =1ns=---=ny = 0and gy, #0.

In general, given a class of systems with a fine focus at the origin we compute each 7
modulo the ideal generated by {n2,...,mxu 2 }—thuswesetn, =4 =--- =10y =0
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in the expression for 7,;. The polynomials so obtained are called the Liapunov quantites,
and denoted by L(0), L(1), ... (cf. [9]).

There exists another method for computing the focal values for a fine focus which can
be extended for infinity when it is a periodic orbit for the system. If the origin is a focus,
system (1) can be written in polar coordinates (r, #) in the form

dr
(2) 25 - R(rv 9)7

for r sufficiently small. The corresponding flow is of the form
r(0, ro) = Z a,,(H)r",

where the «,(0) are determined recursively by substitution into (2). The numbers 7, =
oy (2m) are called focal values, and the order of the fine focusis k if a;(27) = 1, a,(27) =
0if 1 < n < 2k, and ay(27) # 0; note that we necessarily have that ay(27) = 0 if
a,(27) = 0 for n <21 — 1. More details can be found in [1].

When infinity is a periodic orbit of (1) focal values and Liapunov quantities are defined
in the same way by using the coordinates (p, §) with p = !, and large amplitude limit

cycles are similarly obtained.
Let X = (P, Q) be the polynomial vector field associated to system (1). We say that

the vector field X, or system (1), has the small configuration
{ki,... ko }

if X has n different foci Fj, ..., F, and k; small amplitude limit cycles around F;, for
i = 1,...,n. Moreover, if X has k,,| large amplitude limit cycles created from infinity,
we say that X has the small-large configuration

{kl, cee »kn;kn+l }
For quadratic systems the small-configurations are:
{k}, withk = 1,2,3,and {1,1} (c¢f. [2],[12])

and there are no large amplitude limit cycles.

With respect to cubic systems, almost all of the small configurations for systems of
form (1) are known when the origin is a focus and there are no quadratic terms. These
are:

{k} withk=1,...,5 (cf. [3],[10]),
{1,2,1},{ki, 1,ki },{ka, 1,1, 1,ky } withk; = 1,2,3and k, = 1,2 (cf. [9])

(in the above small configurations the central index corresponds to the origin).

For this class of cubic systems the origin is a fine focus of order at most five (cf. [3],
[10]). For general cubic systems there are examples with the origin a fine focus of order
eight and which generate the small configuration:

{8} (£ [7D.
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With respect to small-large configurations, the following are known:
{42} (cf 14], (6D,
{2,2,2,2;1} (cf- (8]).

In this paper we give examples of cubic systems having the following small-large
configurations (see Figure 1)

{L2,1;1}1,{1,1,2,1,1;1}and {1,1,1,1,1},

O O
O0® O °oC

O O o O

{12113} (11,2111} (L1111}

FIGURE 1

Section 2 is devoted to stating the main results of this paper, while the proofs of these
results are given in Section 3.

Examples of polynomial vector fields of degree 2k + 1, with k large amplitude limit
cycles may be found in [5].

2. Main results. Consider the vector field X = (P, Q) where
3) P(x,y) = y(ax* +y* — 1)
Q(x,y) = —x(x +by* — 1),
witha > b > 1. Since
4) P(=x,y) = P(x,y), Q(—x,y) = —0(x,y),
5 P(x,—y) = =P(x,y), QOx,—y) = Q(x,y),

the pf)irlps 0,0), g:tl,()), (0,£1) and infinity are centres for X. Moreover, the points

(:t\/ ab_bill’ i\/ a“b:'l ) are hyperbolic saddles. The phase portrait of X is shown in Figure 2.
Let X, 4 be the family of vector fields given by

(6) Xea(x,y) = X(x,y) + (—2cy*, 2dx7).
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FIGURE 2

For ¢, d small enough, the critical points of X, ;, with Poincaré index +1 are
(0,0), (A-(d),0), (A+(@),0), (0,A-(0)) and (0,44(0)),
where A_(2) =z—VZ2+1land A,(2) = z+ V2 + 1.

Our next lemma shows the different possibilities for these critical points.

LEMMA 1. Let us consider the field X4 with |c|,|d| << 1. Then:

1) Ifcd is positive (resp. negative), the origin is an expanding (resp. attracting) fine
focus of order two, and if cd vanishes, the origin is a centre.

2) If c is positive (resp. negative), the point (Ag(d),O) is an attracting (resp. ex-
panding) fine focus of order one, and the point (A+(d), 0) is an expanding (resp.
attracting) fine focus of order one.

3) If d is positive (resp. negative), the point (O,A*(c)) is an attracting (resp. ex-
panding) fine focus of order one, and the point (O,AJr (c)) is an expanding (resp.
attracting) fine focus of order one.

4) If c (resp. d) vanishes, the points (A_ (d),O) and (A+(d), 0) (resp. the points
(O,Ag(c)) and (0,A+(c)) ) are centres.

5) Ifa>b>landcd # Oand%’ <a< @(resp. @’ <a< '7g7b), then
infinity is a fine focus of order one which is attractive (resp. expansive) for cd
negative and expansive (resp. attractive) for cd positive. If cd vanishes, infinity
is a centre.

Figure 3 gives a graphical summary of these results.
We now consider the family of vector fields X, ;. = X, 4 + Y. where

Yo(x,y) =exy - (—4+y,—4 +x).

In the next lemma we give the small-large configurations associated to X, 4.
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FIGURE 3

LEMMA 2. For c,d, e small enough and a > b > 1 and c¢d # 0 and @’ <a<
Hgﬂ’, the vector field X 4. has the following small-configurations:
1) {1,1,1,1,1; 1} if ¢, d are positive and ¢ is negative;
2) {1,1,1; 1} if d is negative and c, ¢ are positive;

3) {1,1,1,1} if ¢,d are negative and ¢ is positive.

Finally, we consider the family of vector fields X.,., with ¢,d,e small and 0 <
In| << min{|c|,|d|, |¢|} defined by

Xeden(y) = Xea(x,y) +1(x,0)
in the following

THEOREM. For c,d, e small enough and a > b > 1 and cd # 0 and i;i" <a<

”T'% , the vector field X 4 . , has the following small-configurations:
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1) {1,1,2,1,1; 1} if c,d, n are positive and ¢ is negative;
2) {1,2,1;1} ifd,n are negative and c, € are positive;
3) {1,1,1,1,1} if c,d, n are negative and ¢ is positive.

3. Proof of the main results. Before proving our main results, we note that for
the vector field X the closed small orbits encircling the origin have positive orienta-
tion, while the small closed orbits encircling the point (Ai(d),O), those encircling the
point (O,Ai(c)), and the large ones encircling infinity have negative orientation. We let
Lyy(k), Lo(k) and L., (k) denote the order k Liapunov quantities at the points, respec-
tively, (A+(d),0), (0,0) and (0,A+(c)), and a(—2) will denote the derivative of order
k of the Poincaré map at infinity.

PROOF OF LEMMA 1. For a general cubic system with a focus at the origin
X = ajox +y+ a0 +anxy + apy’ +azx +aux’y + apxy’ +apy’
y = — baox” + byixy +boay” + baox’ +byixly + biaxy® + bosy’
y X+ ajpy +020X" + 011Xy +Do2y” +b30x" +021X7y + D12Xy” + D3y
we have
L(0) = ajp and
L(1) = —ayi(az + aoz) + by1(bag + bo2) + 2(azob20 — anzboz) + a2 + by

(cf. [9, Lemma 2.2]).
Therefore, for system (6) we have Ly(0) = Lo(1) = 0.
If xo = AL (d), by setting

x=u/M+x), y=v/N,

with M, N positive such that M> = 1/2(1 +xod) and N* = 1/(a— 1 +2xpad), system (6)
becomes
u=v+ 2x0aMN2uv — 2eN*V? + aM*N*u?v — xobMN?V?
v = —u+ (3x0 + 2d)M>u® — xopMN*V? — M*u® — bM*N*w/?

and
Ly (1) = 4A, (d)c(a — b)MN?.

Moreover, by setting
xX=-v, y=u

system (6) becomes
it = v(bu® + v — 1+ 2dv)
V= ~u(u2 +a? —1— 2cu)

and therefore
L..(1) = 4A_(c)d(a — b)MN?,
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with M, N positive.
To compute Ly(2) we consider the function

1 2 1
Vix,y) = —2*(x2 +y)) + g(dx3 +oy’) + Z((a —byx*+2(1 — b)xzyz)
+ 1—25(d(3a —3b+5)x° +5dx’y” + 5c(a — b+ D)X’y + c(2a — 2b + 5)y’)

1
* 3¢ ((6a® — 16ac® — 9ab + 6a + 16bc* — 16¢* + 3b* — 6b + 16d°)x°
+6¢d(a — b)Yy +3(—16ac® — 3ab + 6a + 16bc* — 16¢* +3b* — 12b
+6)x*y? + 16cd(a — b — 2)x°y® +24(—8ac? + 8bc* — 8¢ — 3b + 3)x%y*

+6cd(—a +b)xy’).

Its rate of change along orbits of system (6) is
. 1
V(X,y) = ng(a — b)(x2 +y2)3 PR

Therefore :
Lo(2) = gcd(a —b)

and statements 1), 2), 3) and 4) of Lemma 1 are proven.
Concerning 5), let

X = % cos(f) and y = % sin(f)

in system (6). Then

ﬂ -, R3(0) + rR»(0)
d9 A3(0)+ rAL(0) + 12

oY

=—rY T
k=0

where

A3(0) = —cos*(0) — sin*(0) — (a + b) cos?(8) sin’(),
R3(8) = cos(6) sin(8)((a — 1) cos*(0) — (b — 1) sin*(0)),
Ay(8) = 2(d cos’(8) — csin’(6)),

Ry(8) = 2 cos(8) sin(9)(d cos(6) — csin(8)):

the first T, are

Ry(0
Ti(0) = *Azﬁg;’
Ro(0) + A (VT (0
T,(0) = — 2( )‘;355)) i )’
T5(0) = —AZ(O)T;(?@; T,(6)
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Therefore

9
a1 (6) =exp/0 Ti(e) de,
0alf) = i) [ ea(©Tale) de,
a3(0) = a1 (0) /j (202()Ta(€) + () T3(€)) de.

For ¢ = 0 or d = 0 system (6) verifies symmetries (4) or (5) and infinity is a centre.
Since T;(6) does not depend on ¢ and d, we have o (—27) = 1, thus ap(—27) = 0;
furthermore

21 of?
asom = [ 2} (O)AAOT:(6)

o A0) db.

Straightforward calculations show that

_ded [ o) ()
O(3(—27T) = —3— A W d@,

with
£(8) = cos*(6) sin*(0)((17 — 7a — 8b) cos’(0) — (17 — 8a — Tb) sin’(6)).

Since f(6) > 0 for %’ <a< @’ and f(0) < O for ”;8” <a< '7g7b, the result
now follows.

PROOF OF LEMMA 2.  Clearly, the points
(0,0, (A-(d),0), (A+(d),0), (0,A_(c)) and (0,A.(c))
are critical points of the vector field X, ;.. Moreover,
div X, q:(x,y) = 2(a — b)xy + eg(x, ),

with
gx,y) = (x+2)*+(y+2)> —8.

For ¢, d small enough, the function g is positive at the points (A+(d), O) and (O,A+(c)),
negative at the points (A_(d), O) and (O,A_ (c)), and vanishes at the origin (see Figure 4).
Therefore we have that

divX,.4.(0,0) =0

and that a small amplitude limit cycle is created around each of the singularities
1. (A+(d),0) and (0,A+(c)) if 0 < —e << min{c,d},
2. (A4(d),0)ifd <0 < e <<c, and
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hy
e (0, A4lc))

° - X
(A+(d), 0)
g{x,y)=0

FIGURE 4

3. (A+(d),0) and (0,A(c)) if max{c,d} << —¢ <0,
Furthermore, for the vector field X, 4. we have

Lo(1) = 2e(1 — 4¢c — 4d) and o (—27) = exp h(e),

with

he) = — /f—zw R3(0) + 2¢ cos2(0) sin*(0)
— Jo A3(0) + £ cos(6) sin(9)(cosz(9) - sin2(0))

where A3(8) and R3(0) are as in the proof of Lemma 1.
Since h vanishes at zero and its derivative with respect to € at zero is

yon . [27 cos?(0) sin(B)I(6)
h'(0) = /0 —A%@r—‘— do,
with
10) = (a+ 1)cos*(@) + (b + 1) sin*(0) + (a + b + 2) cos’(6) sin*(0),

we have that #'(0) < 0 and thus o) (—27) < 1 if € is positive and o} (—27) > 1 if ¢ is
negative.

Therefore, for cases 1) and 2), a small amplitude limit cycle is created at the origin
and a large one at infinity by Lemma 1 which completes the proof.

PROOF OF THEOREM. The limit cycles created in Lemma 2 are hyperbolic; the per-
turbation 7(x, 0) makes the origin an attracting focus if 7 is negative, and an expansive
focus if 7 is positive. Then, according to the value of Ly(1) in the proof of Lemma 2, a
new small amplitude limit cycle is created out of the origin for the vector field X, 4. , if
In| << min{|c|,|d|, ||} and 7 is negative and we obtain the result.

https://doi.org/10.4153/CMB-1993-009-4 Published online by Cambridge University Press


https://doi.org/10.4153/CMB-1993-009-4

LIMIT CYCLES 63

REFERENCES

1. A. A. Andronov, et al., Qualitative theory of Second Order Dynamical Systems, Wiley, New York, 1973.
2.N. N. Bautin, On the number of limit cycles which appear with the variation of coefficients, from an equilib-
rium position of focus or centre type, (In Russian) Mat. Sb. 30(1952), 181-196; Amer. Math. Soc. Transl.
Series (1) 5(1969), 396—413.
3.T.R. Blows and N. G. Lloyd, The number of limit cycles of certain polynomial differential equations, Proc.
R. Soc. Edinburgh (A) 98(1984), 215-239.
4. T. R. Blows and C. Rousseau, Bifurcation at infinity in polynomial vector fields, J. Differential Equations,
to appear.
5. V. Guifiez, E. Sdez and 1. Szant6, Limit cycles close to infinity of certain non-linear differential equations,
Canad. Math. Bull. (1) 33(1990), 55-59.
, Simultaneous Hopfbifurcations at the origin and infinity for cubic systems, Proceedings Dynamical
Systems, Santiago de Chile, (1990), to appear.
7. E. M. James and N. G. Lloyd, A cubic system with eight small-amplitude limit cycles, IMA Journal of
Applied Mathematics 47(1991), 163-171.
8. Li Jibin and Huang Qiming, Bifurcations of limit cycles forming compound eyes in the cubic system, Chin.
Ann. of Math. B (4) 8(1987), 391-403.
9. N. G. Lloyd, T. R. Blows and M. C. Kalenge, Some cubic systems with several limit cycles, Nonlinearity
(4) 1(1988), 653-669.
10. K. S. Sibirskii, On the number of limit cycles in the neighborhood of a singular point, Differentsial’ nye
Uravneniya (1) 1(1965), 53-66.
11. Wang Dongming, A class of cubic differential systems with 6-tuple focus, Journal of Differential Equations,
(2) 87(1990), 305-315.
12. Ye Yan-gian and Wang Ming-shu, An important property of the weak focus of a quadratic differential
system, Chinese Ann. Math. (A) 4(1983), 65-69; English summary, Chinese Ann. Math. (B) 4(1983), 130.

6.

Universidad Técnica Federico Santa Maria
Departamento de Matemdtica

Casilla 110-V, Valparaiso

Chile

Universidad Técnica Federico Santa Maria
Departamento de Matemdtica

Casilla 110-V, Valparaiso

Chile

Universidad de Chile
Facultad de Ciencias
Casilla 653, Santiago
Chile

https://doi.org/10.4153/CMB-1993-009-4 Published online by Cambridge University Press


https://doi.org/10.4153/CMB-1993-009-4

