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Abstract
We establish the sharp upper bounds on the indexes for most of the twisted flag varieties under the spin groups
Spin(n).

Part 1
Odd dimension

1. Introduction

Let F be any field and let V be an F-vector space of finite odd dimension 2n+1 for some integer n > 0. Let
q:V — F be a nondegenerate quadratic form (see [0, Definition 7.17]). For any m = 1, ..., n, the mth
orthogonal Grassmannian X,,, of ¢ is defined as the variety of m-dimensional totally isotropic subspaces
in V. Thus, X,, is a closed subvariety inside the usual m-Grassmannian of the vector space V. The two
extremes here are studied the most in the literature: the projective quadric X; and the highest orthogonal
Grassmannian X, (see, e.g., [16, 17], or [6] for a more exhaustive list of results and references).

For quadratic forms of even dimension, similar varieties and the question formulated later will be
considered in the second part of this paper.

The variety X, has a rational point if and only if the Witt index iy (g) of the quadratic form ¢ is at
least m. The index i(X,,) of the variety X,, (or of any other algebraic variety) is defined as the greatest
common divisor of the degrees of its closed points. Since g can be completely split by a multiquadratic
field extension, i(X,,) is a power of 2. Namely, i(X,,) is the maximal 2-power dividing the degree of
every finite field extension L/F satisfying iw (qr) = m.

The question considered in this paper is as follows: Given n and m, what is the maximal value of
i(X,,) when F, V and ¢ vary (more precisely, we let F' vary over all field extensions of a fixed field) and
the Clifford invariant of ¢ (i.e., the Brauer class [Cy(g)] of the even Clifford algebra Cy(gq)) is trivial?
Since this maximal value is known to be realised at any generic quadratic form with trivial Clifford
invariant (defined later), what we want is just to determine i(X,,) in the case of a generic ¢. Note that if
we drop the condition on triviality of the Clifford invariant, the answer to the modified question becomes
2™ for any m. Clearly, this is an upper bound for the original question.
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Multiplication of g by a nonzero element of F' does not change the varieties X,,,. In the case of trivial
Clifford invariant, the similarity class of the quadratic form g is given by a Spin(2n + 1)-torsor E over F.
Instead of the similarity class, one sometimes prefers to speak about its (unique up to isomorphism)
discriminant 1 representative (see [6] the for definition of a discriminant in arbitrary characteristic).
And any Spin(2n + 1)-torsor over F yields a similarity class of a (2n + 1)-dimensional quadratic form
with Brauer trivial even Clifford algebra. (The ‘generic ¢’ we mentioned earlier means it is given by a
generic torsor defined as the generic fibre of the quotient morphism GL(N) — GL(N)/Spin(2n + 1)
for an embedding Spin(2n + 1) < GL(N) with some N > 1.)

Moreover, one has X;, ~ E/P for an appropriate parabolic subgroup P C Spin(2n + 1). In other
terms, X, is the flag variety Spin(2n + 1)/P twisted by E. For an arbitrary proper parabolic subgroup
P cC Spin(2n + 1), the twisted flag variety E /P is the variety of flags of totally isotropic subspaces in
V of some dimensions 1 < m; < --- < m, < n (with some r > 1). The index of this variety coincides
with i (X,,, ) and therefore does not require additional investigation.

The case of the highest orthogonal Grassmannian X,, has been studied [15]. (Note that i(X,) =
i(X,-1) = i(X,—) if defined.) The answer and the proof there are quite complicated. For generic g, the
integer i(X,,) is equal to 27, where # is approximately n — 2log, ().

For the other extreme, the projective quadric X, the answer is much simpler: it is just 2 = 2" if we
look only at the forms ¢ of dimension at least 7. In other terms, the evident upper bound i(X,,) < 2™
turns out to be sharp here. Note that this answer is equivalent to the following assertion: there are
anisotropic forms g with trivial Clifford invariant in every dimension dimg > 7. (We do not know a
simple proof for this statement. Several different proofs are presented in Section 8.)

In this paper we show for arbitrary m < n that the evident upper bound 2™ is sharp, provided that
2" > dim X,,, (see Theorem 4.2). In fact, the number m only needs to be slightly smaller than ¢. For
instance, for n = 2,021 the equality i(X,,) = 2" holds for generic ¢ if m < 2,000 and ¢ = 2,001, by
[15, Theorem 0.1]. Since i(X,,) < i(X,,) for any m, the formula max i(X,,) = 2™ fails for m > 2,001.
So m = 2,001 is the only value of m for which Theorem 4.2 and [15, Theorem 0.1] together do not
determine whether it satisfies the formula.

Actually, an overwhelming majority of the natural numbers n have the same property: the formula
i(X,;) = 2™ holds for m < t and fails for m > t. More precisely, the proportion of such n < N tends
to 1 when N — oco. Note that for such numbers n, we know that m — log, i(X,,) is an integer-valued
increasing function with j +— jfor j = 1,...,# — 1 and n > ¢, but we do not know where exactly this
function jumps from ¢ — 1 to 7.

A conjecture in the direction of Theorem 4.2 has been suggested for quadratic forms of even dimension
in [9] as a possible enhancement of some results from [2]. Extended to quadratic forms of odd dimension,
it would affirm that (outside of small n) the maximal value of i(X,,) is 2" in the case of m < n/2. Our
main result here not only confirms this for n > 13 but also drastically extends the range of m for larger n.

In the next section we suggest a method of bounding the indexes of twisted flag varieties under any
split reductive algebraic group. On the example of the spin groups, we see then that this method is
capable to provide interesting results.

2. General considerations

Let G be a split reductive group over a field F. Let T ¢ B ¢ P C G be a split maximal torus, a Borel
subgroup and a parabolic subgroup of G. There is a canonical homomorphism of graded rings

fp: CH(BP) — CH(G/P).

The ring on the left is the Chow ring of the classifying space of P, originally defined in [14], which
coincides with the P-equivariant Chow ring CHp(Spec F) of the point (see [5]). And the homomor-
phism fp is simply the pullback CHp (Spec ) — CHp(G) = CH(G/P) with respect to the structure
morphism of the F-variety G.
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For d := dim G /P, we have CH?(G/P) = Z and the cokernel of CHY(BP) — CHY(G/P) has a
finite order ip > 1. It was shown in [12, Theorem 6.4] (generalising a theorem of Grothendieck) that
the integer i p thus defined is the index of the variety E /P, where E is any generic G-torsor (over a field
extension of F). So for G a spin group, this will be the integer of our interest.

In fact, for any (not necessarily generic) E, there are canonical homomorphisms

CH(BP) — CH(E/P) — CH(G/P)
with composition fp. The first one is defined similarly to fp. The second one is defined as the composition
CH(E/P) — CH(E/P)x — CH(G/P)x = CH(G/P),

where K /F is an extension field such that the G-torsor E is trivial; it is independent of the choice of
K as well as of the choice of trivialisation for Ex (see [8, Corollary 4.2]). For generic E, by homotopy
invariance and the localisation property of equivariant Chow groups, the map CH(BP) — CH(E/P)
is surjective. Thus we get the following:

Proposition 2.1 ([12, Theorem 6.4]). The image of fp is contained in the image of CH(E/P) —
CH(G/P) for any E. For generic E, the two images coincide.

If the parabolic subgroup P is special, the ring CH(BP) is identified with CH(BT)Y = S (T)W,
where W is the Weyl group of P, T is the group of characters of 7 and S is the symmetric ring functor
(see [5, Proposition 6], together with [11, Proof of Proposition 6.1]). This makes it possible to compute
the index ip (and constitutes the starting point in obtaining the result of [15]).

For instance, B is a special parabolic subgroup with trivial Weyl group so that we have

fg: S(T) - CH(G/B).

Unfortunately, for arbitrary (not necessarily special) P, a computation of CH(BP) is sometimes (or
rather most of the time) out of reach. However, there still is a canonical homomorphism of graded rings

CH(BP) —» S (f) v (It is neither injective nor surjective in general, but becomes an isomorphism after
tensoring with Q.) Indeed, the restriction of action yields a homomorphism CH(BP) — CH(BT) =
S (T) whose image consists of W-invariant elements.

Lemma 2.2. There is one and unique homomorphism of graded rings
) AW
fp:S(T)" — CH(G/P)
such that the composition

)W Ip

CH(BP) —— S ()" ——— CH(G/P)

is fp. The square

commutes.

Proof. The group CH(G/P) is (torsion) free. The cokernel (as well as the kernel) of CH(BP) — S (T v
is torsion [5, Proposition 6] (reduction to the Levi subgroup of P is explained in [1 |, Proof of Proposition
6.1]). This implies unicity of f7.
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By [1, Proposition 20.5], for any extension field K/F, the map G(K) — (G/P)(K) of the sets
of K-points is surjective. Applying this property to the function field of the variety G/P, one sees
that the P-torsor given by the generic fibre of the quotient map G — G/P is trivial. In particular,
the generic fibre of the projection 7: G/B — G/P has a rational point. The class x € CH(G/B) of
its closure in G /B satisfies m.(x) = 1. By the projection formula, for any y € CH(G/P) we have
(¥ (y) - x) =y - m.(x) = y. It follows that

7*: CH(G/P) — CH(G/B)

is a split monomorphism. In particular, its cokernel is (torsion) free (see also [7, Remark 3.3]).
Given any

xesS(H) cs(f),

we can find a nonzero integer n with nx in the image of CH(BP). The element fg(x) € CH(G/B) has
then the property n fp(x) = fg(nx) € CH(G/P). Consequently, fg(x) € CH(G/P) c CH(G/B). So
the restriction of the map f to S (f)W yields the required map f7. O

Remark 2.3. By [14, Theorem 1.3], the ring CH(BP) can be viewed as the ring of all assignments to

every P-torsor over a smooth variety X of an element in CH(X) (natural in X). The ring S (T)W has a
similar interpretation with ‘P-torsor’ replaced by ‘Zariski locally trivial P-torsor’ ([4, Theorem 1]). In
this interpretation, the homomorphism CH(BP) — S (T)W is given by restriction of assignments. The
homomorphisms fp and f, are given by evaluation of assignments at the P-torsor G — G/P; here f},
is well defined because this P-torsor is Zariski locally trivial.

It follows that the order of Coker(S9 (T)W - CHd(G/P)) is a lower bound on ip. For G a spin
group, this lower bound is going to satisfy our needs.

3. Computation of invariants

Let R =Z[x(,...,Xm, Y1, -.,y1] be the polynomial ring over Z in variables xi,...,x, and y,...,y;
with some m, [ > 1. We consider the R-algebra R[z] with a generator z subject to the relation

2z=x1+ +Xp+ Y1+ + Y.

Let A := (Z/2Z)* be the direct product of / copies of the group Z/2Z acting on R as follows: for any
i=1,...,1,theith copy of Z/2Z acts by changing the sign of y; and trivially on the remaining variables.
Note that R# is the subring in R generated by x1, .. ., x,, and the squares y7, ..., y7.

The action of A on R extends uniquely to R[z]: the 1 of the ith copy of Z/2Z maps z to z — y;.

The orbit of the element z under this action consists of 2/ elements z — ¥;; yi, where I runs over all
subsets of {1,...,1}. We write 7 € R[z]* for the product of the elements in the orbit of z.

We construct some more A-invariant elements f; (for k > 0) in R[z]. We set

foi=2z2—y1— - =y =x1+ - +Xx, € RA.
Assume that for some k =0, ...,/ — 2 the element f is already constructed and has the shape
fk=2z-gk+a1+--'+as, (31)

where g is a monic polynomial in the independent variable z over the ring R” = Z[yy, . .. y;] and where
ai,...,as forsome s > 0 are monomials in yy, . .., y;. Then we define fi.; as one half of the difference

fE=(ai+--+a2) =2(2z(zgr + (a1 + - +a5)ge) + ¥ aia;).
iy

Note that the new polynomial fi.; has the shape (3.1), allowing us to continue the procedure.
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We will also consider the induced action of A on the quotient ring R[z]/2R[z]. This quotient is
the polynomial ring S[z] in the variable z (which is the class of z already discussed but subject to no
relations) over the ring

SZFZ[x]7"'$xm7yla""yl]/(xl +”'+xm+y1 +"'+yl)’

which is itself a polynomial ring (over the field F, in m + [ — 1 variables). Note that the action of A on §
is trivial and that the element Z € S[z] (the class modulo 2 of the 7 € R[z] already discussed) is (still)
A-invariant. In other terms, S[z]4 > S [Z].

Lemma 3.2. S[z]* =S [Z].

Proof. Given any A-invariant f € S[z], viewed as a polynomial in z, we remove its constant term. Then
f is divisible by z and therefore by every factor in the definition of Z. Since all these factors are distinct
primes of the factorial ring S[z], f is divisible by Z. Since S is an integral domain, the quotient f/7 is
A-invariant as well and so — by induction on degree — is a polynomial in Z. Therefore, f € S [Z]. m

Proposition 3.3. The R*-algebra R[z]? is generated by the | elements

Z’fl,"'?ﬁ_l'

Proof. Tt suffices to prove the result for m = 1. Indeed, we can view R[z] as the polynomial ring
over Z[z,¥1,- .., y;] in the variables x5, ..., x;,. A polynomial here is A-invariant if and only if all its
coeflicients are. Moreover, our / potential generators are in the coefficient ring Z[z, y1,. .., yi]-

So we work with the case m = 1. From now on, we view the ring R[z] as the ring of polynomials
over R’ := Z[y1,...,y;] in the (independent) variable z. We are going to prove that the R’“*-algebra
R’[z] is generated by the indicated elements.

Let f € R’[z] be A-invariant. We prove that f is in the R’-subalgebra generated by Z, fi, ..., fi_1
using induction on deg f.

If deg f < 0, then f € R"A. We assume that deg f > 0.

If deg f > 2!, then we let & be the highest power of 7 with deg & < deg f and we divide f by & with
remainder. The division goes through because the leading coefficient of 4 is 1. Since f and h are A-
invariant, so are the partial quotient and the remainder. In addition, their degrees are smaller than deg f.

We are left with the case 0 < deg f < 2'. By Lemma 3.2, all coefficients of f besides the constant
term are even (i.e., divisible by 2). We divide f with remainder by f; with the highestk € {0,1,...,/-1}
such that 2F = deg fi < deg f. By equation (3.1) and Lemma 3.2, all coefficients of f; besides the
constant term are also even. Moreover, the leading coeflicient of f is 2. Since the degree of f is higher
than half of the degree of f, the division with remainder goes through. The partial quotient and the
remainder are A-invariant and have degrees smaller than deg f. O

Forn :=m+l,letcy,...,c, € R be the elementary symmetric polynomials in xy, . . ., X, Y1, ..., Y.
For convenience, we additionally set ¢; := 0 for i > n. Let I be the ideal of the ring R[z] consisting
of the elements such that after multiplication by an appropriate nonzero integer they are in the ideal of
R|[z] generated by the elements

2 (ea = crcainy o4 (<D epmrcin ) + (<1 (3:4)

withi=1,...,n.
Lemma 3.5. Foreveryk =0,...,1—1, the element fi € R|z] is congruent modulo I to an element of R.

Proof. Inducting on k, we will prove the following (stronger) statement: the element 2zg; is congruent
modulo 7 to an element of C[yy, ..., y;] C R, where C is the ideal of the polynomial ring Z[cy, . .., c,]
consisting of the polynomials without constant term.
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The element 2zgg = 2z = ¢y isin C[yy, ..., y;]. Assume that for some k = 0, ..., n — 2, the element
2zgx is congruent modulo 7 to an element of C[y, ..., y;]. Then (2zgx)? is congruent modulo 7 to a
square of an element of C[yy, ..., y;]. Note that the square of any element of C is congruent modulo / to
an element of 2C (see formula (3.4) and [ 15, discussion after Lemma 4.1]). Therefore 2z%g? = (2zgx)?/2
is congruent modulo 7 to an element of C[yy, ..., y;], and it follows that the element

2zgk+1 =22 (Zgi +(ay+---+ as)gk)

satisfies the same property. Indeed, recall that ay, ..., as are monomials in yi,...,y;. So if 2zgy is
congruent mogulo 7 to some & € C[yy,...,y], then (a; + ---+ ag)h is also in C[yy,...,y;] and is
congruent modulo 7 to 2z(a; + - - - + as) gk- m]

4. Main result

In this section, G is the split spin group Spin(2n + 1) for some n > 1 over an arbitrary field F. As
in [12, §8.2], we construct G out of a split quadratic form ¢ defined on a vector space V with a basis

given by a vector g and vectors e;, f;,i = 1,...,n, where e;, f; are pairwise orthogonal hyperbolic pairs
orthogonal to g. Let us fix some m € {1, ..., n}, consider the m-dimensional totally isotropic subspace
generated by ey, ..., e, and let P C G be its stabiliser. Then P is a parabolic subgroup in G and the

variety G /P is the mth orthogonal Grassmannian X, of g.

We take for T C P the split maximal torus, mapped under the isogeny G — G/uy = O*(2n+1) (with
the special orthogonal group) to the split maximal torus 77 := G, — O*(2n + 1) given by 7(¢;) = t;e;,
t(f;) = ti‘lf[ and #(g) = g, where t = (¢, ....,t,) € G (F). We have an exact sequence

1> u—>T—->T — 1.

Writing xi,...,x, for the standard basis of Z" = 7', we therefore have T = T’ + Zz, where z :=
(X1 +---+x,)/2.

Let us set [ := n —m. The Weyl group W of P is the direct product of the symmetric group S, and
the Weyl group of O* (2] + 1), the latter being a semidirect product of S; by (Z/2Z)’. The action of W
on 7" is given by the action of S,, by permutations of xi, ..., X, the action of S; by permutation of
Xm+ls - - - »Xn and the action of the ith copy of Z/27Z fori = 1, ..., by changing the sign of x,,,;;. This
action extends uniquely to an action of W on 7.

To comply with requirements of the previous section, we assume that m < n. Recall that we wrote
A for (Z/2Z)* in the previous section. Let us identify S (f’) with the ring R from there by identifying
Xm+i With y; fori = 1,..., 1. The action of A we had there is the restriction of the action of W O A we
have now. The element z from the previous section corresponds to the element z introduced here, and
S (T) = R[z]. The product 7 from the previous section becomes an element of s% (7).

The parabolic subgroup P contains the Borel subgroup B of G defined as the stabiliser of the flag of
the totally isotropic subspaces

(e1) C(e1,ez) C---C{ep,...,en).

We are going to study the image of the composition S (T)W — S (T) — CH(G/B). Note that the
variety G/B is the variety of complete flags of totally isotropic subspaces in V and the image of
R=S(T") — S(T) — CH(G/B) is the subring H ¢ CH(G/B) generated by the first Chern classes
of the tautological line bundles on G /B (compare [10]). Note that these Chern classes are the images of
X1, ...,X, (and will be denoted xy, .. .,x, at a later point).

Proposition 4.1. The image of S (T) Y in the ring CH(G / B) is contained in the H-subalgebra generated
by the image of 7 € S? (7).
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Proof. We note that S (7 Yes (f)A and apply Proposition 3.3. The Chern classes of the tautological
rank n vector bundle on G/B satisfy relations (3.4) (see [6, Formula 86.15]). Besides, CH(G/B) is
(torsion) free. Consequently, the ideal I ¢ R[z] = S(7') from Lemma 3.5 vanishes in CH(G/B) and we
are done by Lemma 3.5. O

Let us recall the dimension formula for the variety X,,;:
dimX,, =m(m—-1)/2+mQ2n+1-2m).

Theorem 4.2. For 1 < m < n, let q be a generic (2n + 1)-dimensional quadratic form with trivial
Clifford invariant and let X,,, be its mth orthogonal Grassmannian. Then i(X,,) = 2™ provided that
27" > dim Xy,

Proof. Let X be the variety of complete flags of totally isotropic subspaces for the form ¢q. We are going
to work with the varieties X, X1, X,,,, X,, and their base changes X, X;, X,,,, X,, to the algebraic closure
of the base field.

As shown in [18, Statement 2.15], the class [pt] € CH (X,,) of a rational point pt on X,, is equal to

[pt] = En(lo)ém(ly) -+ - Em(lm-1),

where [; € CH; ()_(1) is the class of a projective linear i-dimensional subspace on X and &, is the
composition

&m: CH(X;) — CH (X1,m) — CH (Xn)

of the pullback followed by the push-forward with respect to the projections of the flag variety X ,, C
Xi X X The image of [pt] under the pullback CH (X,,) — CH (X) with respect to the projection
X — X,, can be computed via the following:

Lemma 4.3 ([18, Lemma 2.6]). For any i = 0,...,n — 1, the image of &, (l;) under the pullback
CH ()_(m) — CH (Xm’m.'.]) is equal to &1 (Liz) + Eme1 (1) Xme1. Here we view the ring CH (Xm’m.'.])
as a CH (X,n+1)-algebra via the pullback with respect to the projective bundle X me1 — Xm+1, Xm+1 I8
the first Chern class of the tautological line bundle on X, m+1, and 1_1 = 0.

It follows that the image of [pt] under CH (X,,) — CH (X, ;m+1) equals

(Ema1 (T0)Xme1) - (Emsr1(l0) + Ema1 (L) Xma1) - -+ - (Emat Um=2) + Epat (Ln=1)Xm1) »

so that the coeﬂicie_nt atxy | is Emel (lo)ém+1(L1) - -+ Ems1 (L—1)- By iterating, the image of [pt] ungler
the pullback CH (X,,,) — CH (X) will be a polynomial in X1, . . ., X, with coefficients in CH (X,,)

such that the coeflicient at the monomial x  x™ _...x"is
m+1""m+2 n

fn(lO)é:n(ll) o "fn(lm—l) € CH (Xn) .
By Proposition 2.1, the image of the composition
CH(X,,) — CH (X,,) —» CH(X) (4.4

coincides with the image of CH(BP) — CH(G/P) — CH(G/B) = CH (X). By Lemma 2.2, the latter
image is contained in the image of S (T)W — CH(G/B). By Proposition 4.1, since 7 € $*"" (T') and
2" > dim X,,, every element a in the image of formula (4.4) is a polynomial (with integer coefficients)
in the first Chern classes xy, . . ., x, of the tautological line bundles on X. By Lemma 4.5, the element
a can be written uniquely as a polynomial in xy, ..., x, with coefficients in CH ()_(n), where each x;
appears only in degrees < i. By Lemma 4.6, the coefficients are polynomials in the Chern classes of the
tautological rank n vector bundle T on X,,.
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We conclude: if r is such that i(X,,,) = 2", the element

zrfn(l())fn(ll) T 'fn(lm—l) € CH (Xn)

is a polynomial in the Chern classes of T.

Recall ([6, Theorem 86.12 and Formula 86.5], originally proved in [17]) that the group CH (X,)
is free with a basis given by all 2" products of distinct &,(lp),...,&n(lu—1). The elements
28, (lo), ..., 28, (l,—1) are, up to a sign, the Chern classes of T [6, Proposition 86.13]. Due to the
already mentioned fact that the Chern classes of T satisfy formula (3.4), the additive group of the sub-
ring in CH (X,,) generated by these Chern classes is free with the basis given by the 2" products of
distinct 2&,,(lp), . . ., 2&,(l,—1). (For the generalisation of this fact to all X,,, see [10, Theorem 2.1].)
Therefore r = m. O

We recall two classical facts used in the foregoing proof:

Lemma 4.5. Let X be a smooth variety with a rank n vector bundle & and let Y be the variety of
complete flags in E. Let xy, . . ., xy, be the first Chern classes of the tautological line bundles on Y. The
CH(X)-module CH(Y) is free with a basis given by the monomials xf‘ ... Xp" satisfying the condition
a; <iforalli.

Proof. Viewing ¥ — X as a chain of projective bundles, the statement follows from the projective
bundle theorem [6, Theorem 57.14]. O

Lemma 4.6. The ring of polynomials Z[xy, . . .,x,] in variables xi, . .., x,, considered as a module
over the subring of symmetric polynomials, is free with a basis given by the monomials xf' L.xon
satisfying the condition a; < i for all i.

Proof. Apply Lemma 4.5, taking for X the Grassmannian of n-dimensional subspaces in a vector space
of large (better infinite) dimension and taking for € the tautological vector bundle. O

Part 11
Even dimension

5. Introduction

Let us repeat the introduction of Part 1, replacing the quadratic forms of odd dimension with the even-
dimensional ones and making the other necessary changes. There are many similarities between the
even- and odd-dimensional cases; we apologise for repetitions. On the other hand, the picture here is in
some places somewhat messier or more complicated.

Let F be any field and let V be an F-vector space of finite even dimension 2n for some integer
n > 1. Let g: V — F be a nondegenerate quadratic form. For any m = 1, ..., n, the mth orthogonal
Grassmannian X,,, of ¢ is defined as the variety of m-dimensional totally isotropic subspaces in V. Thus,
X, is a closed subvariety inside the usual m-Grassmannian of V. The two extremes here are studied the
most in the literature: the projective quadric X; and the highest orthogonal Grassmannian X, .

The variety X, has a rational point if and only if the Witt index iw (g) of the quadratic form ¢ is at
least m. Since g becomes hyperbolic over some multiquadratic field extension, the index i(X,,) of the
variety X, is a power of 2. Namely, i(X,,) is the maximal 2-power dividing the degree of every finite
field extension L/F satisfying i(q) = m.

The question considered in this part is as follows: Given n and m, what is the maximal value of
i(X,;) when F, V and g vary (more precisely, we let F' vary over all field extensions of a fixed field)
and the discriminant and the Clifford invariant of g (now given by the Brauer class of the total Clifford
algebra C(q)) are trivial? Since this maximal value is realised at the generic quadratic forms with trivial
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discriminant and Clifford invariant (defined later), what we want is just to determine i(X,,) in the case
of generic g. Note that if we drop the condition on triviality of the invariants, the answer to the modified
question becomes 2™ for any m. Clearly, this is an upper bound for the original question.

In the case of trivial invariants, the isomorphism class of the quadratic form g is given by a Spin(2n)-
torsor E over F. And any Spin(2n)-torsor over F yields an isomorphism class of a (2n)-dimensional
quadratic form with trivial discriminant and Clifford invariant. (The ‘generic ¢’ earlier means that
it is given by a generic torsor defined as the generic fibre of the quotient morphism GL(N) —
GL(N)/Spin(2n) for an embedding Spin(2n) < GL(N) for some N.)

If m # n, one has X,,, ~ E/P for an appropriate parabolic subgroup P C Spin(2n). The variety
X, consists of two connected components each isomorphic to E/P. For an arbitrary proper parabolic
subgroup P C Spin(2n), the twisted flag variety E/P is either the variety of flags of totally isotropic
subspaces in V of some dimensions 1 < m; < --- < m, < n (with some r > 1) or (if and only if
m, = n) one of its two isomorphic components. The index of this variety coincides with i (X,,, ) and
therefore does not require additional investigation.

The case of the highest orthogonal Grassmannian X,, has been addressed [15].! (Note that i(X},) =
i(Xp-1) = i(Xp—2) = i(X,—3) if defined.) The answer and proof there appear to be quite complicated.
For generic g, the integer i(X,,) is equal to 2’, where 7 is approximately n — 21og, (n).

For the other extreme, the projective quadric X, the answer is much simpler: it is just 2 = 2" if we
look only at the forms ¢ of dimension at least 12. In other terms, the evident upper bound i(X,,) < 2™
turns out to be sharp here. Note that this answer is equivalent to the following assertion: there are
anisotropic forms ¢ with trivial discriminant and Clifford invariant in every dimension dimg > 12. (We
do not know a simple proof for this statement. Several different proofs are presented in Section 8.)

In this part we show for arbitrary m < n that the evident upper bound 2™ is sharp, provided that
2n=m=1 5 dim X,, (see Theorem 7.2). This implies that an overwhelming majority of the natural
numbers n have the following property: the formula i(X,,) = 2" holds for m < t and fails for m > t.
More precisely, the proportion of such n < N tends to 1 when N — oo.

Theorem 7.2 confirms [9, Conjecture 3.3] for n > 17. For large n, the theorem is stronger than the
statement of the conjecture.

6. Computation of invariants

In the notation of Section 3, let A’ be the subgroup of A consisting of the elements with the trivial sum
of components.

The orbit of the element z under the action of A’ consists of 2!~! elements. We write ¥ € R[z]*
for the product of the elements in the orbit of z. As a warm-up, note that the ring RY’ is generated by
X1, Xm, the squares y3, ..., y7 and the product y; ... y;.

Proposition 6.1. The R -algebra R[z]* is generated by the elements

S S fiea

Proof. Just repeat the proof of Proposition 3.3 (including Lemma 3.2), replacing A by A’, 7 by 7 and [
by [ — 1. O

7. Main result

In this section, G is the split spin group Spin(2n) for some n > 1 over an arbitrary field F. As in [12,
§8.4], we construct G out of a hyperbolic quadratic form ¢ defined on a (2n)-dimensional vector space
V with a basis given by vectors e;, f;,i = 1,...,n, where e;, f; are pairwise orthogonal hyperbolic pairs.

Due to the so-called exceptional (in the sense of [3]) isomorphism between X, and the highest orthogonal Grassmannian of
any nondegenerate 1-codimensional subform of ¢, our question on the highest orthogonal Grassmannian need not be considered
for quadratic forms of even dimension.
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Let us fix some m € {1,...,n— 1}, consider the m-dimensional totally isotropic subspace generated by
ei,...,e, and let P C G be its stabiliser. Then P is a parabolic subgroup in G and the variety G /P is
the mth orthogonal Grassmannian X, of q.

We take for T C P the split maximal torus, mapped under the isogeny G — G /up = O*(2n) (with
the special orthogonal group) to the split maximal torus 7’ := G”, < O*(2n) given by t(e;) = t;¢; and
t(f) = t;lﬁ, where t = (t1,....,1,) € G (F). We have an exact sequence

1> u—>T—->T — 1.

Writing x1,...,x, for the standard basis of Z" = f’, we therefore have T = T’ + Zz, where z =
(x4 +x,)/2.

Let us set [ := n —m. The Weyl group W of P is the direct product of the symmetric group S,, and
the Weyl group of O*(21), the latter being a semidirect product of S; by A’ ¢ (Z/2Z)" for A’ introduced
in Section 6. The action of W on 7" is given by the action of S,, by permutations of xi, ..., X, the
action of S; by permutation of x4, . . ., x,, and the action of A’ obtained by restriction of the action of
(Z/2Z)!, where the ith copy of Z/2Z acts by changing the sign of x,,.,;. This action extends uniquely to
an action of W on 7.

Let us identify S (T’) with the ring R from the previous section by identifying x,,4+; with y; for
i=1,...,l. The action of A’ we had there is the restriction of the action of W > A’ we have now. The
element z from the previous section corresponds to the element z introduced here, and S (7) = R[z].
The product ¥ from the previous section becomes an element of S (1).

The parabolic subgroup P contains the Borel subgroup B of G defined as the stabiliser of the flag of
the totally isotropic subspaces

(e1) C(e1,ez) C---C{ep,...,en).

We are going to study the image of the composition S (f‘)W — S (T) — CH(G/B). Note that G/B is
the variety of flags of totally isotropic subspaces in V of dimensions 1, ...,n — 1, which is a component
of the variety of flags of totally isotropic subspaces in V of dimensions 1,...,n — 1, n. The image of
S(1’) — S (T) — CH(G/B) is the subring H ¢ CH(G/B) generated by the Chern classes of the
tautological line bundles on the latter variety of flags.

Proposition 7.1. The image of S (f) Y in the ring CH(G/ B) is contained in the H-subalgebra generated
by the image of % € S (T).

Proof. We note that S (T)W cS (T)A, and apply Proposition 6.1. The Chern classes of the tautological
rank n vector bundle on G/B satisfy formula (3.4) (see [6, Formula 86.15]). In addition, CH(G/B) is
(torsion) free. Consequently, the ideal I ¢ R[z] = S (T) from Lemma 3.5 vanishes in CH(G/B) and
we are done, by Lemma 3.5. ]

The dimension formula for the variety X, is
dimX,, =m(m —1)/2+2m(n — m).

Theorem 7.2. For 1 < m < n, let q be a generic (2n)-dimensional quadratic form with trivial
discriminant and Clifford invariant and let X,,, be its mth orthogonal Grassmannian. Then i(X,,;) = 2",
provided that 2"~ > dim X,,,.

Example 7.3. For m = 1, the condition 2"~""~! > dim X,,, is satisfied if and only if dim g > 12.

Proof (Proof of Theorem 7.2). Let X be acomponent of the variety of flags of totally isotropic subspaces
of dimensions 1, . .., n for the form g. We are going to work with the varieties X, X;, X,,, X;, and their
base changes X, X;, X,,, X,, to the algebraic closure of the base field. We replace X,, by one of its
components — the one onto which X projects.
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As shown in [ 18, Statement 2.15], the class [pt] € CH (X,,) of a rational point pt on X,, is equal to

[pt] = ‘fm(l())fm(ll) e 'fm(lm—l),

where /; € CH; (X)) is the class of a projective linear i-dimensional subspace on Xj, and &,, is the
composition

&n: CH(X;) — CH (X1,m) — CH (Xn)

of the pullback followed by the push-forward with respect to the projections of the flag variety X, ,, C

X1 X Xi.

The image of [pt] under the pullback CH (X,,,) — CH (X) can be computed via [18, Lemma 2.6], a
statement similar to Lemma 4.3. What we get is a polynomial in x,,+1, . . ., X, (the first Chern classes of
the corresponding tautological line bundles on X) with coefficients in CH (X,,) such that the coefficient
atxy XXy s

gn(lO)gn(ll) o "fn(lmfl) € CH (Xn) .

By Proposition 2.1, Lemma 2.2 and Proposition 7.1, since 7 € 52"_’"_1 (f") and 21 > dim X,,,,
every element a in the image of the composition

CH(X,,) — CH (X,,) — CH (X)

is an integral polynomial in the first Chern classes xy, . . ., x,, of the tautological line bundles on X. By
Lemma 4.5, the element a can be written uniquely as a polynomial in x1,...,x, with coefficients in
CH (X,), where each x; appears only in degrees < i. By Lemma 4.6, the coefficients are polynomials in
the Chern classes of T.

We conclude: if r is such that i (X,,) = 2", the element

zrfn(IO)é:n(ll) . -gn(lm—l) € CH()_(n)

is a polynomial in the Chern classes of T.

Recall ([6, Theorem 86.12 and Formula 86.5], originally proved in [17]) that the group CH (X,,)
is free with a basis given by all 2"~! products of distinct &,(l),...,&n(I,—2). The elements
2&,(lo), - - ., 2&4 (=) are, up to a sign, the first n — 1 Chern classes of T [6, Proposition 86.13],
the nth Chern class being O (see [6, Proposition 86.17] or [10, Theorem 2.1]). The additive group of the
subring in CH ()_(,,) generated by these Chern classes is free with the basis given by the 2"~ products
of distinct 2&,, (1), . . ., 2&,,(I,,—2). (For the generalisation of this fact to all X, see [10, Theorem 2.1].)
Therefore r = m. m}

8. Appendix: Quadrics

We list several different proofs of the fact @ that i(X;) = 2 for a generic quadratic form g of suf-
ficiently large even dimension with trivial discriminant and Clifford invariant. Note that by taking a
1-codimensional subform in g, the statement @ implies the similar statement on the quadratic forms of
odd dimension.

Steenrod operations

@ is a consequence of [6, Proposition 82.7] (which is due to A. Vishik), whose proof makes use
of Steenrod operations on the modulo 2 Chow groups of algebraic varieties. In particular, it became
available in characteristic 2 only after the recent [13].

More precisely, Steenrod operations are used in the proof of [6, Corollary 80.8] on the possible size
of binary correspondences.
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Essential dimension

In characteristic 0, ® follows from [2, Theorem 4.2], which roughly states that a generic quadratic form
with trivial discriminant, Clifford invariant and sufficiently large dimension contains no proper even-
dimensional subforms of trivial discriminant. A nondegenerate quadratic form is anisotropic if and only
if it contains no 2-dimensional subforms of trivial discriminant (i.e., hyperbolic planes).

Totaro’s torsion index

® can be deduced from the computation of the index of the highest orthogonal Grassmannian made
in [15]. Indeed, if for some n > 6, a generic 2n-dimensional quadratic form g with trivial discriminant
and Clifford invariant is isotropic, then /y € CHy (X;) is in the image of CH(X;) — CH (X;) so that
&n(lp) € CH(X,) is in the image of CH(X,,) — CH (X,). The latter image modulo 2 is known to be
the subring generated by &,,(1,,—2). By [6, Formula (86.15)], it follows that n — 1 is a 2-power.

On the other hand, since ¢ is isotropic, the index i(X,,), computed in [15], cannot be higher than the
index i (Xr’l_ 1) of the highest orthogonal Grassmannian X | of a generic 2(n — 1)-dimensional quadratic
form ¢’ with trivial discriminant and Clifford invariant. It follows by [15, Theorem 0.1] that n — 1 is not
a 2-power.

Our main result
@ is a particular case of Theorem 7.2 (see Example 7.3).
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