
A NOTE ON QUASI-FROBENIUS RINGS AND RING EPIMORPHISMS 

H. H. S t o r r e r * 

( rece ived N o v e m b e r 6, 1968) 

0. In this note , we c h a r a c t e r i z e q u a s i - F r o b e n i u s r ings by a 
weakened fo rm of the usua l condit ion, that eve ry ideal is an annih i la tor 
ideal . 

We then apply this r e s u l t to pure r i ngs in the sense of Cohn and 
to dominant r i n g s , a concept a r i s i n g in the study of r ing e p i m o r p h i s m s . 
All r i n g s c o n s i d e r e d have a unit e l emen t . 

1. A r ing A is ca l led q u a s i - F r o b e n i u s , if it is left and r igh t 
Ar t in i an and if the condit ions 

(a ) i (r(L)) = L and 

( a p ) r ( ! (R)) = R 

a r e sa t i s f ied for a l l left i dea l s L, and r ight idea l s R, I (X) and r(X) 
denoting the left and r ight ann ih i l a to r s of a subse t X of A. 

C l e a r l y , it suffices to a s s u m e the m i n i m u m condit ion only on one 
s ide . (The m a x i m u m condition would a l s o do. ) 

On the other hand, Dieudonné has p roved [ 3 ] , that , for a left 
and r igh t Ar t in i an r i ng , it is sufficient to a s s u m e (a ) and (a ) for 

a l l m i n i m a l left and r ight ideals only. We denote these modified 
condi t ions by (a ") and (a " ) . Let us note the wel l -known fact, that 

t r 
(a ") and (a ") hold au toma t i ca l l y for the non-n i lpo ten t m i n i m a l 

H r 
i d e a l s , s ince they a r e gene ra t ed by an idempoten t . 

We f i r s t show, that for Dieudonné1 s r e s u l t , one needs only the 
m i n i m u m condition on the left. 

* N . R. C. of Canada P o s t d o c t o r a l Fel low. 
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Recall, that a ring A is Left perfect, it has the minimum 

condition on principal right ideals or, equivalently, if the Jacobson 

radical Rad A is T-nilpotent and A/Rad A is completely reducible 

(i.e. semisimple Artinian) [1]. In particular, a left Artinian ring is 

both left and right perfect. 

PROPOSITION i. Let A be a left Artinian ring such that the 

conditions (a ") and (a ") hold. Then A is a quasi-Frobenius ring. 
a — r 

Proof. Consider the condition (d ): The dual M* = Horn (M, A) 
x. A 

(which is a right A-module in a canonical way) of any simple left 

A-module M is simple or zero, (d ) is defined similarity. 
r 

Dieudonne [3, 3.4] has shown, that a left and right Artinian 

ring satisfying (d ) and (d ) is quasi-Frobenius. He also proved 

[3, 3. 4] that for A left Artinian (d ) implies the existence of a 

composition series for the right A-module A ^ ( A)*. Thus A is 

also right Artinian, and we only have to show, that the implications 

(a ") => (d ) and (a ") =* (d ) hold for a left Artinian ring A. 
I r r I 

This requires a slight modification of Dieudonne's arguments as 

follows: if M is simple, then M =T A/I, where I is a maximal left 

ideal and M* =: r(I). If r(I) were not simple or zero, then it would 

properly contain a minimal right ideal R, since A satisfies the 

minimum condition on principal right ideals. 0 c R c r(I) implies 

A => I (R) 3 i (r(I)) = I, and since I is maximal, this yields I (R) = A 

or l (R) = I, but both cases are impossible, by virtue of (a "). Thus 

(a '*) => (d ) and similarity (a ") => (d ). 
r x | y I r q.e.d. 

If A is merely Noetherian, then (a ") and (a ") are of course 
i r 

not sufficient, even if there exist proper minimal ideals. In this case 

we have to assume, that (a ) and (a ) are satisfied for all principal 
Si r 

left and right ideals. We will denote these new conditions by (a ' ) 

and (a ' ). 
r 

PROPOSITION 2. Let A be a left Noetherian ring such that the 

conditions (a ' ) and (a ' ) are satisfied. Then A is a quasi-
I r 

Frobenius ring. 

Proof. Since A is left Noetherian, it satisfies the maximum 

condition for left annihilator ideals (i. e. left ideals I such that 

i (r(I)) = I) and hence the minimum condition for right annihilator 
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i d e a l s . But then , by (a ! ), A sa t i s f i e s the m i n i m u m condit ion on 
r 

p r i n c i p a l r ight idea ls and is t h e r e f o r e left pe r f ec t . It is wel l known, 
tha t a left Noe the r i an left (or r ight) pe r fec t r ing is left Ar t i n i an , and 
we can thus apply P r o p . 1. q . e . d . 

We no te , that for th i s proof one needed only (a ") and not (a f ). 

S ince , in s ec t ions 2 and 3, we wil l cons ide r only c o m m u t a t i v e 
r i n g s , it m a y be useful to give a s imp le c r i t e r i o n for a c o m m u t a t i v e 
Ar t i n i an r ing to be q u a s i - F r o b e n i u s . 

The left soc le Soc (A) is defined to be the s u m of a l l m i n i m a l 

left i dea l s of A. It is wel l known, that for an Ar t in i an r ing A one has 

Soc (A) = r (Rad A). 

PROPOSITION 3. A c o m m u t a t i v e Ar t in ian r ing A is a q u a s i -
F r o b e n i u s r ing if and only if i ts socle S is a p r i n c i p a l idea l . 

Proof . A is a p roduc t of a finite n u m b e r of local Ar t in i an r ings 
and it is enough to p rove the p ropos i t ion for the loca l c a s e . 

If A is local with r a d i c a l N and if it is q u a s i - F r o b e n i u s , then 
the ann ih i l a to r of e v e r y m i n i m a l idea l is N; thus t h e r e e x i s t s only 
one m i n i m a l idea l and S is c l e a r l y p r i n c i p a l . 

C o n v e r s e l y , let S be a p r i n c i p a l idea l gene ra t ed by s . S is a 
finite d i r e c t s u m of m i n i m a l idea l s M. (i = 1, . . . , n) and s has a 

unique decompos i t ion s = s + . . . + s ( s . e M., s. ± 0) . If n > 1, 
1 n l i l 

then t h e r e m u s t be an a e A such that as = s , i . e . as = s and 
1 1 1 

a s^ = . . . = as = 0 . Since S ann ih i la tes N, a f. N , but then a has 
2 n 

an i n v e r s e and we have a con t r ad i c t i on . Thus n = 1 and A has a 
unique m i n i m a l idea l M = S, which is an ann ih i l a to r . D i e u d o n n é ! s 
r e s u l t i m p l i e s then , that A is a q u a s i - F r o b e n i u s r ing . q . e . d . 

R e m a r k s . 

(i) In a s p e c i a l c a s e , the above proof can be g e n e r a l i z e d to the non-
c o m m u t a t i v e c a s e : Let A be a left and r ight Ar t i n i an r ing which is a 
d i r e c t p roduc t of comple te ly p r i m a r y r i n g s . Then A is q u a s i - F r o b e n i u s 
if and only if Soc (A) i s a p r i n c i p a l left idea l and Soc (A) i s a 

I r 
p r i n c i p a l r i gh t idea l . (Of c o u r s e , one has then Soc (A) = Soc (A). ) 
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(ii) S t a t emen t (i) i s not t r u e for g e n e r a l A r t i n i a n r i n g s . N a k a y a m a 
[6] has p roved , that a f i n i t e - d i m e n s i o n a l a l g e b r a over a field is a 
F r o b e n i u s a l g e b r a if and only if Soc (A) is a p r i n c i p a l r igh t i dea l , 

and t h e r e ex i s t q u a s i - F r o b e n i u s a l g e b r a s which a r e not F r o b e n i u s . 

(iii) P r o p . 3 t oge the r with N a k a y a m a ' s r e s u l t i m p l i e s that a 
c o m m u t a t i v e q u a s i - F r o b e n i u s a l g e b r a over a field is a F r o b e n i u s 
a l g e b r a . Th i s fact has r e c e n t l y been noted by Wenger [8] . 

2. Le t A be a sub r ing of the c o m m u t a t i v e r ing B . The dominion 
D o m ( A , B ) of A in B is the set of a l l d € B such that f(d) = g(d) 
for a l l p a i r s of r i ng h o m o m o r p h i s m s with doma in B and c o m m o n r a n g e , 
coinciding on A. One can show, that it d o e s n ' t m a t t e r , if the c o m m o n 
r ange of f and g r u n s th rough a l l r i n g s o r th rough the c o m m u t a t i v e 
r ings only. The dominion h a s , in a m o r e g e n e r a l s e t t i ng , been defined 
by I sbe l l [4] . 

The embedd ing A c B is an e p i m o r p h i s m in the c a t e g o r y of 
c o m m u t a t i v e r i ngs (o r , equ iva len t ly , of a l l r i ngs ) if and only if 
Dom (A, B) = B . 

If Dom (A,B) = A for a l l B , then we ca l l A dominan t , t h e r e b y 
modifying I sbe l l 1 s t e r m i n o l o g y . 

It is known, tha t a se l f - in j ec t ive r ing is dominan t [7 , Kor . 5 .4 ] 
and that in a dominan t r ing e v e r y p r i n c i p a l i dea l is an ann ih i l a to r 
[7 , Kor . 4 . 4 ] . Since a q u a s i - F r o b e n i u s r ing is s e l f - i n j e c t i v e , P r o p . 2 
i m p l i e s - i m m e d i a t e l y . 

PROPOSITION 4. A c o m m u t a t i v e N o e t h e r i a n r ing is dominan t if 
and only if it i s a q u a s i - F r o b e n i u s r ing . 

We say , tha t A is s t rong ly dominan t [7 , Def. 3 .2 ] if e v e r y 
h o m o m o r p h i c image of A ( including A) is dominan t . Levy [5] has 
shown, tha t e v e r y h o m o m o r p h i c image of a c o m m u t a t i v e N o e t h e r i a n 
r ing A is se l f - in j ec t ive if and only if A i s an Ar t i n i an p r i n c i p a l idea l 
r i ng . Th is y ie lds 

PROPOSITION 5. A c o m m u t a t i v e N o e t h e r i a n r i n g is s t rong ly 
dominan t if and only if it is an A r t i n i a n p r i n c i p a l idea l r i n g . 

3. A submodule N of a left A - m o d u l e M is ca l led pu re in M 
if the sequence 0 -* P ® N-*P<8> M is exac t for e v e r y r i g h t 

A A 
A - m o d u l e P . A r ing A is ca l led left p u r e if the left A - m o d u l e A is 
a pu re A - s u b m o d u l e of e v e r y r ing B conta in ing A. T h e s e def in i t ions 
a r e due to Cohn [2] . Left s e l f - in j ec t ive r i n g s for example a r e left p u r e . 
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The notion of a commuta t ive pu re r ing may be ambiguous , in that 
it m a y depend on the c a t e g o r y of r ings under c o n s i d e r a t i o n . In fact , 
we do not know, if t h e r e ex i s t s a commuta t i ve r ing A which is a p u r e 
A - s u b m o d u l e of e v e r y commuta t i ve r ing B 3 A, but which is not a 
p u r e A - s u b m o d u l e of a c e r t a i n non commuta t i ve r i ng C z> A. (A 
s i m i l a r p r o b l e m a r i s e s for dominant r i n g s ) . 

However , in the c a s e c o n s i d e r e d h e r e , it h a p p e n s , tha t no such 
ambigui ty e x i s t s ; in fact, we have 

PROPOSITION 6. A commuta t i ve N o e t h e r i a n r ing is pu re if and 
only if it is a q u a s i - F r o b e n i u s r i ng . 

Proof . By [7 , L e m m a 5. 3] , we have the impl ica t ion 
pu re => dominant and by P r o p . 4 we have dominant => q u a s i - F r o b e n i u s . 

q. e . d. 

Thus a commuta t ive Noe the r ian pure r ing is se l f - in jec t ive and 
t h e r e f o r e has a p r o p e r t y , which could be ca l led "abso lu t e ly p u r e " : 
it is a p u r e submodule of e v e r y module containing it. This jus t i f ies 
the r e m a r k p r e c e d i n g P r o p . 6. By [7 , Satz 6. 1], commuta t i ve 
s e m i p r i m e pu re r i ngs a r e a l s o "abso lu te ly p u r e " and so a r e a l l p u r e 
commuta t i ve r i n g s , which a r e a l g e b r a s over a field, by a r e m a r k of 
Cohn [2] . 

F ina l ly , let us r e m a r k , that using Theorem 5. 5. of [2] , one 
eas i ly p r o v e s , that a (not n e c e s s a r i l y commuta t ive ) N o e t h e r i a n a l g e b r a 
over a field is left pu re if and only ic it is a q u a s i - F r o b e n i u s a l g e b r a . 
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