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Exceptional Sets of Slices
for Functions From the Bergman Space
in the Ball

Piotr Jakdbcezak

Abstract. Let By be the unit ball in CN and let f be a function holomorphic and Lz—integrable in By.
Denote by E(Bn, f) the set of all slices of the form IT = LN By, where L is a complex one-dimensional
subspace of CN, for which f|yy is not L2-integrable (with respect to the Lebesgue measure on L). Call
this set the exceptional set for f. We give a characterization of exceptional sets which are closed in the
natural topology of slices.

1 Introduction

Let By be the unit ball in CV. We have proved in [3] that there exists a function f
holomorphic in By such that for every complex subspace L of CV, f|iqp, ¢
L*(L N By) (where the space L*(L N By) is considered with respect to the Lebesgue
measure in L N By). In this note we are interested in another problem: Let E be a
subset of the slices of the form II = L N By, where L is a complex one-dimensional
subspace of CN. We are interested in determining those E for which there exists a
function f holomorphic in By and L2-integrable with respect to the Lebesgue mea-
sure (we write f € L*H(By)) such that for every one-dimensional complex sub-
space L of CV, f|rnp, & L*(L N By)(with respect to the Lebesgue measure in L) iff
LN By € E. Let E = J{L N OBy | LN By € E}. Denote by v the surface measure
on OBy. If a function f with the above described properties exists then, by Fubini’s
theorem, v(E) = 0.

We can identify E with a subset E of the complex projective space CPN. Similarly
to [2] one can prove that £ must be a Gs-set in the natural topology of CPN: this is
equivalent to say that E is a Gs-subset of dBy. Following [1] or [2] we will call the set
E the exceptional set of complex slices for f, and denote it by E(By, f).

We will prove the following theorem:

pN

Theorem 1 Let E be a subset of one-dimensional complex slices such that v(E) = 0,
and E is closed in CPN (this is equivalent to assume that E is closed in OBy ). Then there
exists a function f € L>?H(By) such that E(By, f) = E.

A weaker result would be the following: Given a set E of one-dimensional complex
slices with v/(E) = 0 and E closed in CPN, find a bounded domain of holomorphy C
with 0 € C and a function f € L?H(C) such that for every one-dimensional complex
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subspace L of CV, f is not L*-integrable on L N C if and only if L N By € E. (In this
case, we will write E = E(C, f)).
We begin with such a weaker result, i.e., we prove the following:

Theorem 2 Let E be as in Theorem 1. Then there exists a strictly convex and balanced
domain C in CN and a function f € L*H(C) such that E(C, f) = E.

(We recall that a domain C C CN is called balanced if for every z € C and every
A€ Cwith |\ <1, z € C).

The reason to prove first Theorem 2, which is weaker than Theorem 1 is because of
the clarity of the construction. One of the main ingredients of the proof of Theorem 2
is the following result by Wojtaszczyk:

Theorem 3 ([4], Theorem 1) There exists an integer K = K(N) and a sequence {p, }
of homogeneous polynomials in CN of degree n (for n large enough, say n > Ny) such

that
1) pu(2)| <2 forallz € 9By;
K(s+1)—1
(2)  for each s large enoungh, say s > Sy, Z |pa(2)| > 0,5 forallz € OBy.
n=Ks

In the proof of Theorem 2 we use this result exactly in the form stated in The-
orem 3; in order to prove Theorem 1 we need first to show that the assertion of
Theorem 3 holds also for strictly convex and balanced domains which are in some
sense not too far from the unit ball; this requires further explanations, which might
obscure the main proof.

In the sequel, we will denote by By/(z, r) the ball with center z € CN and of radius
r, and D(w, r) will denote the disc in the complex plane, centered at w € C, and of
radius r. Also, we set U to be the unit disc in C.

If Disa domain in CV, and h € L*(D), we will denote by ||h||p the L>-norm of h in
D. The Lebesgue measure (of arbitrary dimension) in a subset of C¥ or of a subspace
of CN will be denoted by m.

2 The Exceptional Sets of Complex Planes in C¥

In this section we will prove Theorem 2. We will begin with the result which is rather
obvious, and can be proved by standard methods:

Lemma 4 Let E be a closed subset of CPN. Then there exists a strictly convex domain
C C € such that C C By, 9C N OBy = E, OC \ OBy C By, and C is balanced.
Moreover, there exists a function o, which is strictly convex and smooth in C, is non-
negatively homogeneous (i.e., c(\z) = |\ o(z) forz € CN and X\ € C), and which is
a defining function for C (ie, C = {z € CV | o(2) < 1} and grado(w) # O for
w € oC).

Let o be a defining function for C, with the properties listed in Lemma 4. Given
w € CN, w # 0, denote by [w] the class of w in CPY. For [w] € CPYN, set 5([w]) =
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o( ﬁ ). Then & is well-defined and smooth in CPN (where CPY is considered as the

complex manifold), & > 1, and &([w]) = 1 precisely when [w] € E. Moreover, let &
be the measure in CP" induced in the natural way in CP" from OBy.
Let ¢: [0,1) — R be a function such that:

(3) 1 >0, 1 isincreasing, and lim () = +oo.
t—1—

Suppose also that f € O(By) (the space of functions holomorphic in By) is such that
for every z € CN with ||z|| = 1, for every 0 < r < 1,

1Az = / [fOD) [ dm(X) < (7).
D(0,r)

Then there exists a constant ¢ > 0, independent of f, such that

Lis@tan@<c [ ([ igowfano) do

7o([w])

Loy L
(4) < c/@pr(m) do([w)).

Lemma 5 Suppose that E is as in Theorems 1 or 2. Let C be a strictly convex and
balanced domain in CN, constructed with respect to E according to Lemma 4. Then
there exists 1 satisfying (3), and such that

1
(5) / 1/J<~—) dv([w]) < +o0.
PN a([w])
Proof of Lemma 5 Since 7(CPN) < +oo, #(E) = w({[w] € CPN | &([w]) =
1}) = 0, for every [w] € CPY, 5([w]) > 1, and & is continuous, there exists a

sequence {t,}22,,0 < f; < f, < --- < 1, with lim,_, - #, = 1, and such that

y({ [w] € CPN ] — <s(w) < ti}) < %

n+l n

Define the function x by x(t) = n+ 1fort € [t,,ty41),n=1,2,...,and x(¢) =1
fort € [0,t;). Then

Loy L
/@w X( 6([w]>> a([w))

SD((C]P’N)-i-i(n-i-I)D({[W] E(C]P’N‘ tl < a(w]) < tl})
n=1

n+1 n

< +00.

> on+1

< pepMy+ 3 1
n
n=1
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Then it is sufficient to take v satisfying (3) and such that ¢ < x on [0, 1). [ |

Lemma 6 Given 1 satisfying (3), there exists a function f € O(By) such that for every
one-dimensional complex subspace L of CN and every 0 < r < 1, f|1np, ¢ L*(LNBy),
and

1 saini<rny = 1 limsyon < ().

Suppose for a moment that Lemma 6 is proved. Let E, C, o and & be as before,
and choose 1 to & according to Lemma 5. Construct f with respect to v like in
Lemma 6. Then by (4) and (5), f € L?H(C). Moreover, by Lemmas 6 and 4, for
every one-dimensional complex subspace L of CN,

flinc ¢ L*(LNC) iff LN By € E.

This gives the desired domain C and the function f, and ends the proof of Theorem 2.
|

Therefore in order to prove Theorem 2, it remains to prove Lemma 6.

Proof of Lemma 6 We prove first an auxiliary lemma:

Lemma 7 Let 1) be a function satisfying (3). Then there exists a function h holomorphic
in the unit disc U in C such that for every 0 < r < 1,

1By = / ()2 dim(w) < ()
D(0,r)

and

/ |h(w)|* dm(w) = +oc.
U
Proof of Lemma 7 Shrinking % if necessary we may assume that 1 is continuous. If
(6) h(w) = a,w"
n=0
is holomorphic in U, then

oo
|‘1n|2 2(n+1)
|h(w)|2 dm(w) =7 —
~/D(0A,r) ; n+1

and
2 _ Zoo |5’n|2

Therefore it is sufficient to choose non-negative numbers {a, }>°, such that

oo az
(7) WZ " — oo,
—n +1
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and for every rwith 0 < r < 1,

oo 2
a
(8) ™ E —1_ 20D < ah(r).
—n +1

(Note that if the numbers {a, } satisfy (8), then the series Y~ a,w" is convergent
uniformly on compact subsets of U, so it defines a holomorphic function in U).
Denote further

2
n

n+1’

9) b, = ——

n=0,1,2,.... If we can choose {b, }32, such that b, > 0,n =0,1,...,

(10) i by = +00,

n=0

and for every rwith 0 < r < 1,

(11) > by < (),
n=0

and then we compute a, by means of b, according to (9), we get the desired coeffi-
cients {a,}%,.

We claim that we can choose b, satisfying (10) and (11), and it is sufficient to allow
b, to assume only the values 0 or 1 for convenient n. We do this inductively. Choose
a positive integer k; so large that

PR <ab(r) for0<r<1

(this is possible because of the assumptions on ). Set by, = 1. The function ¢, (r) =:
P(r) — rPR*D 0 < r < 1, is positive, continuous, and lim,_,;— t;(r) = +o00. There
exists k; so large that k; > ky, and

Pt - Pi(r) for0 <r<1.

Set by, = 1. Similarly, the function ¢, (r) =: ¢, (r) — 2+ is positive, continuous,
and lim,_, ;- ¥,(r) = +o0o. Then there exists k3 so large that ks > k,, and

et (1) for0 <r< 1.

We set by, = 1, ¥3(r) =: (1) — r2ks+t1) and choose the integer k4, and so on. In
this way we have defined by = 1 for k = k;, i = 1,2,.... For other values of k we set
b, = 0.

Note that the condition (11) is satisfied by the construction. Moreover, since in-
finitely many by’s are equal to 1, the condition (10) is also satisfied. ]
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Consider the constant K = K(N) from the assertion of Theorem 3. Note that we
can assume that the numbers k;, k;, ... in the proof of Lemma 7 can be chosen so
that foralll=1,2,...,
(12) ki1 — ki > K = K(N),

and for each [ there exists a positive integer s; such that

(13) kl :K(N)Sl.
We need also further modification of the function h obtained in Lemma 7. For every
I = 1,2,..., consider the number k;, where {k;}2°, are chosen according to the
proof of Lemma 7, and satisfy (12) and (13). Then, because of (9), (12), and the
choice of the numbers by, we have a;, > 0 and a1 = -+ = ag+xv)—1 = 0. Define
Chyy Chpt1s - -+ CktK(N)—1 DY
(14) G = G - = k)1 _ %, I=1,2,....

k1+1 kl+2 k1+K(N) K(N)kl-i-l’ B

This gives the numbers ¢, for some values of n. For other n, set ¢, = 0. Note that
because of (12), the definition of ¢, is correct. Set

glw) = i cw'".
n=0

Then g is holomorphicin U, and by (14),

= ¢ S
Zn 1=Zn:1=+00.

n=0 n=0

=N

+

Moreover, for every r with 0 < r < 1,and every / = 1,2, ..., we have by (14)

2 2 2
Ty, 201 _ T TGk =1\ 2(k+1)
k+1 k+1 ki + K(N)
2 2 2
T 2+ | TRt o0+2) | TRAKND—1 2K (N))
T k+1 ki+2 ki + K(N) ’

and so, for every 0 < r < 1,

oo %)
(15) Z Ty r2(n+l) < Z Ta, r2(n+1) < ’l/J(T)

Hence the function g(w) also satisfies the assertions of Lemma 7, but the coefficients
¢y satisfy further properties, which we need later.
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Define now for z € By,
oo

(16) Fz) = > cupul2),

n:Ng

where {p,} are polynomials from Theorem 3. Since |p,(z)| < 2 for z € OBy, and
¢, grow to infinity at most like Cn for some C > 0, it is not difficult to show that the
series on the right-hand side of (16) converges in all of By to a function holomorphic
in BN.

Now fix z € dBy. Consider the function

(17) F,: U 5w — F(wz).

(We recall that U denotes the unit disc in C). Then for 0 < r < 1 we have by (1) and
(15)

1l = / |Ewa)|? dm(w)
D(0,r)

(18) _Z / |pu(w2)|? dm(w) = Z /DO | pu2) P w[*" dm(w)

n=Np n=Np
[
- Z (Z)|2 2(n+1) < 4r Z 2(n+1) < 4w(r)
n:No n= No

Moreover, similarly as above, and by the choice of coefficients c,, in particular by (13)
and (14), we conclude that there exist positive integers Ly and My, depending only on
Np and Sy from Theorem 3, and a number ¢ > 0 which depends only on K = K(N)
from Theorem 3 (in particular, Ly, My and ¢ do not depend on z € 0By) such that
the following estimate holds:

0 2
/U|F(wz)\2dm2(w) :wn; nc+"1 )]

Z(—‘sz(zﬂ +- kk’:LKI(?(N) | Pk —1(2)]7)

00 22
B “Zm(“"ﬂ(z)'z S | ek -1(2))

K(N)(si+1)—1

K(N)ZK(N)5+1< > ‘P”(Z”z)

n=K(N)s;
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K(N)(si+1)—1

g :
(19) 2K@0§:m§g+1( > Ip)

n=K(N)s

2 2
Ax(N)s a,

T
2 4K(N) ZK(N)sl+1 T 4K(N) n;;ﬂ n+l

= 400

(the last inequality follows from (2)). In virtue of (18) and (19), it is sufficient to set
f = }F in order to obtain the function f satisfying the assertion of Lemma 6. This
ends the proof of Lemma 6. ]

We give now the outline of the proof of Theorem 1. Take any strictly convex and
balanced domain C in C such that By C C, 9By N C = E, By \ C C C. As
in Lemma 1 there exists a strictly convex, smooth and non-negatively homogeneous
defining function o for C. Since C is balanced, the homogeneous polynomials of
different orders are mutually orthogonal in C with respect to the standard Lebesgue
measure in CN. Looking at the proof of Theorem 2 we see that the main ingredient
of the proof of the present theorem would be the following generalization of Woj-
taszczyK’s result:

Lemma 8 Suppose that C is not far away from By (in the sense that the strictly convex,
smooth, and non-negatively homogeneous definig function o for C does not differ too
much from the defining function for By, together with derivatives up to order three, in
the uniform norm on some open set W O 0By U OC). Then there exists an integer
K = K(N) and a sequence {p,} of homogeneous polynomials in CN of degree n (for n
large enough, say n > Ny) such that

(20) |pu(2)| <2 forallz € OC;
K(s+1)—1

(21)  for cach s large enough, say s > So. Y |pu(2)] 20,5 forallz € C.
n=Ks

Note We do not know whether the assertion of Lemma 8 is true for all strictly convex
and balanced domains in CN.

Sketch of the proof of Lemma 8 Consider the proof of [4], Proposition 1. Let

{Ci,...,¢} be a d/\/N-separated subset of the unit sphere S (for definition, see
[4]). Set

1
p(Z) = Z HC||2k <Za <j>k7
j=1 >

where || || and (, ) denote the usual Euclidean norm and scalar product in CV. Fix j,
with 1 < jo <'s. For z € JC, let « denote the angle between z and (j, (treated as the
vectors in CN = R2N). Then, for z € JC near (; jo» We have

llz = Cioll =

https://doi.org/10.4153/CMB-2001-019-7 Published online by Cambridge University Press


https://doi.org/10.4153/CMB-2001-019-7

158

Piotr Jakobczak

and

z, o)

:( [ >"|<i o >
16l N\ T T

. 2
‘<LL>‘ —osa<l- X
2" 1€, | 4

for a small, and if OC is sufficiently near to By, we have

=]
IS0l

1
’ R

Moreover,

~ 1+ ca?

for some ¢ > 0 independent of (, and z, and this number ¢ can be chosen arbitrarily
close to zero. (This is the estimate to which we use the fact that OC is near to 9By ).
Hence

1 k 1 k
< (1— Za2> (1+ca?)k < (1— §a2>

Lk
(22 ’ngon%“’c“)

for v small (i.e., for z near (;,). Moreover, assume that C C B(0, 5). Then, for other
values of j,and z € OC still near to (j,, the following estimate holds for N < k < 2N

Li> < (&)
<|z|’||<j|| <(3) 7

This estimate is similar to [4], formula (5). Then, like in the proof of the estimates
following [4], formula (5), we have by (22) and (23),

1 1 k

23 — |z, (= ——|lz|If
@) @l = Rl

o0 k ,
lp(2) <1+ Z(g) () IN=1(k +2)2N =2,
k=1

The last sum can be chosen to be < 0,1 if d > 0,5 was chosen sufficiently large; this
would give the convenient modification of [4], Proposition 1. The rest of the proof
of Lemma 8 follows the proof of [4], Theorem 1. [ |

Having proved Lemma 8, we can repeat the proof of Theorem 2, beginning with
the formula (12), in order to end the proof of Theorem 1. [ |
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