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A method for constructing attractors
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Abstract. A procedure is developed for constructing C' diffeomorphisms of the two
sphere having inverse limits of certain interval maps as attractors. The method is
carried out for a particular interval map yielding a diffeomorphism with a transitive
non-hyperbolic attractor.

1.
Let f: X > X be a continuous map of the compact, connected metric space X into
itself. We will let (X, f) denote the inverse limit space

(X’f)={(x0’ xl,"')lxn inX’f(xn+l)=xn forn=0, 1; 2""}
with metric
= {Xn=Vn
Ao 31 ), 0o, )= 3 B2l
where by |x —y| we mean the distance between x and y in X. Then (X, f) is a

compact, connected metric space and f induces a homeomorphism F:1(X, - (X, 1)
by '

F(x0, %15+ - D) = (f(Xo), Xo, X1,..).

In [B-M] the authors showed that given any continuous map f:I-I of the
compact interval I, there is an embedding i: (I, f)> R? and a homeomorphism
F:R?-> R? such that: F(i(I,f))=i(I,f); Fei=iof; and given ze€ R? there is a
ye€i(l, f) such that |F"*(z) — F"(y)|~>0 as n > co. That is, £ on (I f) can be realized
as the restriction of a homeomorphism of the plane to its attractor.

Here we will show that for certain maps f of the interval I, the above F can be
made a C' diffeomorphism. The general construction will be developed in § 2. In
§ 3 a particular nontrivial example is worked out. In this example a C' diffeomorph-
ism with a nonhyperbolic, transitive, and fairly exotic attractor is constructed. The
construction can, in fact, be parametrized to demonstrate that the diffeomorphism
referred to is the limit of structurally stable horseshoes.

More specifically, the example constructed is a C' diffeomorphism F: S*-> §° of
the two-sphere S” for which there is a ball B < §* with F(B) < B. The attracting set
A=(),20 F"(B) is in the interior of B, A is homeomorphic with the indecomposable
Knaster continuum K, (see [Bi] and [B]), and F|, has a dense orbit. Moreover,
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FIGURE 1. The curve emanating horizontally from p is the unstable manifold of p and its closure is the
attractor A. The shaded regions and the bold curves sticking out of them are part of the stable set of p.
The stable and unstable sets of all other points in A are one-dimensional manifolds.

each point of B is “in phase” with some point of A. That is, given z € B there is a
w e A such that |F"(z) — F"(w)|~>0 as n- oo, (see figure 1).

Misiurewicz [M] has, by a different technique, embedded our example inverse
limit as an attractor for a C* diffeomorphism in R® and as an attractor for a

homeomorphism of the plane.

2.
The construction will be carried out on the two-sphere S°. Let B be a closed ball

in $? and let f:1- I be a continuous map of the compact interval I. We consider

maps P, G, G,, G,, ... having the following properties:

(2.1) P:B-1 is a continuous surjection;

(22) G:§°> S%is a C' surjection, G(B)< B, and G is a C' diffeomorphism from
S~ B onto S?— G(B);

(Q3) P-G=f-P;

(2.4) GivenanyxeIandy,ze P '(x),|G"(y)— G"(z)| > 0 monotonically as n » c;

(2.5) G,:8*~> S%isa C' diffeomorphism foreachn=1,2, ... and there is a sequence
of open sets U, < §° such that U, ., < U,, G, = G off of U,, and G(U,)< B;

(2.6) diameter(G"(U,))>0 as n- o0;
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(2.7) G"(U)nGY(U)=@ for n#k, n, k=1, and G (U,)nU,=Q for n=1,
2,...;
(2.8) sup.cgru, |P(G" "o Guyro G,'e G V)(2) —id|| >0 as n > 0, where D is
the derivative and id is the identity matrix.
Assuming (2.1)-(2.8) we construct a diffeomorphism of S* with attractor (I, f).
Let (S?, G) be the inverse limit space with bonding map G and define H : (S, G) >
S*by '
d H((z0,21,-.)=lim G, o+ - -© G, (z,).

LEMMA 2.9. H is a homeomorphism of (S°, G) onto S
Proof. Let z=(zq, z,,...)€(S% G). Suppose that z,2 U,-, G"(U,). Then z,¢ U,
and G,o---2G,(z,)=z, foreach n=1, 2,.... Thus, H(z) = z,.

If zoe G*(U,) for some n then, by (2.7), z,.«# U,.x for k=1, 2,.... Thus
Glo. . '°Gn°G,,+1°' —_— n+k(zn+k)=Glo' . .OG"(Gk(Z’H_k)):Glo. . ‘°G,,(Z,,)
and H(z)=G,°- - -° G,(z,). We have that

Zo,» if zo2 G"(U,
H((z0,21,..))={ " o# \J, 61U
G,o--2G,(z,), ifzeeG"(U,), n=12,...,
and we see that H is well defined.
Since G, =G on aU,, H is continuous on
N
{_ze (8%, G)|z€ (Sz—cl< U G"(U,,))) U cl( U G"(U,,))}
n=1 n=1
for each N=1, 2,.... Suppose that z=lim,.oy' where y'=(yo,¥i,...)
is such that yoe G™(U,), n; > oo as i—>00. Then Zo &
U=, G"(U,) (by (2.7)) so that H(z) = z,. Let
H(y")=G,o 2 G,(y,)=w"
Then w'e G™(U, ) so that |w'—yj| >0 as i~ o0 by (2.6). Thus H(y')~> H(z) and
H is continuous on all of (S%, G).

Since G is one-to-one off of U,, the G, are one-to-one, G"(U,) n G*(U,) =2
for n#k, and G"(U,)n U, = for n=1, we see that H is one-to-one. Also H is
a surjection since G is a surjection. Finally, (S°, G) is compact so that H is a
homeomorphism.

Now consider the homeomorphism F:S”>- S given by
F=HoGo-H™'
where G is the homeomorphism of (S%, G) induced by G,
G((z0, 21, N =(G(20), 20, 21, . . ).
Lemma 2.10.

G(z), 2 U1u<U G"(U,,))

n=1

F(z)=1Gi(2), ze U,
G"0GppoG,loe GTY(2), ze G"(U,), n=12,....
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Proof. First note that if z¢ U, then G(z)& G(U,). For otherwise, G,(z) € G,(U,).
But then G, is not one-to-one. Suppose that z¢ U,u (I,., G"(U,)). Then G(z) ¢
U,., G"(U,) and
HoG-H ' (2)=H-G6((z, G'\(2), GX(2),...)
=H({(G(z),z, G (2),...)
=G(2).
If ze U,, then G(z) e G(U,) so that
HoGoH (z)=H>G((z, G'(2), G X(z),...))
=H({(G(2),2, G '(2),...)
= G,(2).
In case zeG"(U,), then G""'eG,'o---2Gi'(z2)eG""'(U,). If
G"oG,le: - oG (2)e G""(U,,,) then
HoGoH ' (z)=H>G((G"+G; o2 G1'(2), G" "o G, o+ - -0 Gi\(2),...
vers Gpler oGy (2), G 1o Gylo - -0 GiY(2),..)
=H{(G"™ e G;'o - -0G7(2),G"°G,'o- -2 G (2),...
eeity GoGylo 0 G (2),Gylo - -0 Gy (2),...)
=G0 0G0 Gplo- <0 G1\(2)
=G" 0 Gpiy° Grlo G (2).
On the other hand, if G"*'oG,'o---2G(2)e G"*'(U,~-U,,,), then
GG lor -0 GTY(2) U, o, G*(UL) so that
HeGoH Y (z2)=H(G"™+G;'o---2G;(2),G"2 G, o+ - -2 G (2),...))
=G"o G;l 6reno Gl—l(z)
=G"° Gy ° Gyl o G N(2)
since G;'o- oG (2)=G; e G " V(2)g U,,,.
THEOREM 2.11. F:5°> 8% is a C' diffeomorphism.

Proof. In view of Lemma 2.10, (2.2) and (2.5), it suffices to show that if z;€ G"(U,),
n; >0, and z; - z, then DF(z;) > DF(z). Suppose that z; is such a sequence converg-
ing to z. Then by (2.7), ze §>—(U,u (U, ., G"(U,))) so that DF(z) = DG(z). On
the other hand,
DF(z;)= D(G" » G, ® G;,-l ° G_("i_l))(zi)
=(DG)(G" " © Gp1° Gy > G-7(2))
o D(G" "0 Gyt G 0 G~"7)(2,).

Now, G"'¢G,.,°G,' e G ™ (z)eG"(U,) so that G"'oG,.°G,
G ""V(z)>z as i»>© by (2.6). Thus (DG)(G" o G,4y° G, e G~ V(z))~>
DG(z) since G is C'. Finally, assumption (2.8) insures that
D(G" e G,41° G,'e G " V)(z,)>id as i> 0 so that DF(z;)> DF(z) as i~ .
F is a C' homeomorphism with DF nonsingular everywhere. Thus F is a C'
diffeomorphism.

n=1
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Now let A=(),., F"(B). Then
H'(A)={(2,21,...)€(8% G)|z,e B forn=0,1,2,...}.
Let P: H™(A)~ (I, f) be given by
P((20, 21,-.)) = (P(20), P(2)), .. ).
Lemma 2.12. Pisa homeomorphism from H™'(A) onto (I, f) and P-G =f° P
Proof. That P is well defined and Po G = f” o P follow from (2.3). P is continuous
since P is continuous. Let z=(zo, z;,...) and w=(wy, w;,...) be in H™'(A) and
suppose that P(z) = P(w). We will show that z = w. P(z) = P(w) means that P(z,) =
P(w,) forn=0, 1, 2,.... Let n; be an increasing sequence of positive integers and
let z, we B be such that z, > z and w, > w as i > 0. Since P(z,)= P(w, ) we must
have P(z)= P(w). Let £>0 and k a nonnegative integer be given. By (2.4) there
is an N large enough so that |G"(z) - G (w)| < ¢/3. Since z, >z and w, > w, we
also have that z,_n > G"(z) and w,_n-> G™(w). Let M be large enough so that
|Zo-n —GN(2)|<e/3 and |w,_n —G"(w)|<e/3 for all i=M. Now let i=M be
large enough so that n,— N = k. Then, again using (2.4),
lwk - zkl = |wn,-—N - zn,-—N|

= |wni—N - GN(W)|+ |GN(W) - GN(Z)|+ lzn,--N - GN(Z)|

Since £ > 0 and k were arbitrary, w, = z; for all k so that w=z and P is one-to-one.
To see that P maps H '(A) onto (I, f), let x = (xo, X;,...)€ (I, f). Then P~ '(x,)
is a compact subset of B for each n=0 and G(P'(x,.,)) < P '(x,) for each n=0
by (2.3). It follows that (), _, G*(P '(x,.x)) is nonempty for each n=0 and
G(ﬂ Gk(P‘l(xn+1+k))) = ﬂ Gk(P-I(xn+k))-

k=0 k=0
Thus, there is a z=(z,, z;,...) € (B, G) such that
zn€ () G*(P Y (%p+x)) = P\ (x,) for each n=0.

k=0

Then ze H'(A) and 13(_2) = x. Finally, H"(A) is compact so that P is a homeo-
morphism.
LeMMA 2.13. Given z€ B there is a y€ A such that |F"(z)— F"(y)|»0 as n> 0.
Proof. Let z=(zo, z,,...)=H™'(z). Then zo€ B. Let x = (xg, X1, ...) € (I, f) be such
that P(zo) = xo. Then y = (yo, y1,...) = P (x) isin H™'(A) and P(wo(2)) = P(mo(y))
where 7, : (8% G)- §” is given by m((2o, Z1, . .., 2, - . .)) = z. But then

P(m(G"(2)) = P(m( G"(p)))
for all k, 0= k= n. It follows from (2.4) that, for fixed k,

IkaA"(g)—kaA"(y)I»O as n- 00,

This means that d(é"(_z), (A?"(;J))»O as n—>c. Now let y=H(y). Then yeA,
F'(z)=H°G"oH Y (z)=H+G"(z) and F'(y)=H-G"e H_‘(y)= H-o G"(z).
Thus, |F"(z)— F"(y)|>0 as n> o0, O
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Assuming (2.1)-(2.8) we have obtained the following:

COROLLARY 2.14. There is a C' diffeomorphism F: S>> S* with invariant attracting
set A< B< S? such that F|, is topologically conjugate to f: (I, f)~ (I, f). Moreover,
given z€ B there is a y € A such that | f"(z)~ F"(y)|>0 as n— .

3.
We explicitly construct the maps G and G, on a ball in the two-sphere S°.
Let B < S” have coordinates x and y with

B={(xy)|-i=x=3 -i=y=<l.
The map G on B will have the form G(x, y)=(f(x), k(x, y)). We begin with the
construction of f.

LEMMA 3.1. Let {y,}x_, be a sequence, 0 <<+ - - <y, ., <y, <:- <y, <3, withy,~>0
as n-> o, Then there is a map f,:[0, 1]~ [0, 1] with the properties:
(i) fi(y)=2y for3=y=3;
(i) AG+Y)=fiG-y) for 0=sy=3;
(iii) £,(0)=0;
@iv) f, is C' on [0,1]1—{3};
(v) f1(0)=1 and fi(y)>1 for 0<y<3;
(vi) f1(y,)~>0 as n>o0; and
(vii) supo=y<,, (/1) (y)>1 asn->oo,
Proof. The construction is straightforward and is omitted.
LemMma 3.2. Let I=[0,1] and let f: 1~ I be such that:
(i) f(0)=0, [} =1, f(1)=0;
(ii) fis continuous and C' on [0,1]-{3}; and
(iii) |f'(x)|>1 for xe (0,3) U (3, 1).
Then f is topologically conjugate to g: I - I where g is given by

g(x) ={

Proof. Let U be an open interval (nonempty) in I. We claim that j€ f"(U) for some
n=0. To see this, let C be a connected component of |_J,.,f"(U) of maximal
length. Then ;€ C for otherwise the length of f(C) is greater than the length of C
by (i) and (iii) but this is impossible since f(C) is a connected subset of {_J, ., f"(U).
Thus 3€f"(U) for some n=0 and we have established that {_J,.,f "(3) is dense
in L Similarly, {,., g "(3) is dense in L
© Wenowdefine h:\J,_,f () >U.,.0 & "(3) recursively. Let h(3) =3 and suppose
that we have defined h of f " (3). Let x € f ~"(3). Then there are precisely two inverse
images of x under f: denote by f;'(x) the preimage of x in (0,3) and denote by
f7'(x) the preimage of x in (3, 1). Similarly, let g;'(h(x)) and g;'(h(x)) be the
preimages of h(x) under g in (0, 3) and (3, 1) respectively. Set h(f;'(x)) = gi '(h(x))
and h(f;'(x)) = g;'(h(x)).

In this way h is defined on all of |, .,/ "(3) and it is clear that h is one-to-one,
maps U,.o,f "(3) onto J,.,8 "(3), and hef=goh on ,.,f "(). A simple

2x, 0=x=}
2-2x, i=x=1.
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induction shows that h is order preserving and hence uniformly continuous. Thus,
h extends to a continuous, order preserving map of I onto I (since U,.,f ")
and |J,., g "(3) are dense in I) and we see, in fact, that h is a homeomorphism
with hof=goh on L

It follows from the above that the map f; in Lemma 3.1 is topologically
conjugate to
2x, O0=x
2-2x, i=x

g(x)={

COROLLARY 3.3. Given a sequence {x,}5-,, 0<-+ <X, <X, <--:<x,<j, there
isa C' map f:[0,1]-[0, 1] satisfying:
(i) fis topologically conjugate to

g(x) ={

(i) f(x)=4x(1—-x) for j=x=<3;
(iii) fG+x)=f(G—x) for 0=x=3;
(iv) f"(x,)=x,_,»0 as n>00; and
(V) supg=x=x, (f")'(x)>1 as n>co.

Proof. Let h(x)=(2/) arcsin vx. Then h is a homeomorphism of [0, 1] and h and
h™' are C' on (0, 1). It is straightforward that

h™'ogoh(x)=4x(1-x) forall xe I

=
A

I

2x,
2-2x,

[l N1

IA

N
IA

Let y, = h(x,). Then 0<- - -<y,,, <y, <---<y,; <3 Now let f; be as in Lemma
3.1 for this sequence {y,}. Let f(x)=h""of o h(x). We will show that f satisfies
(i)~(v) of this corollary.

Property (i) is clear. Indeed, f is conjugate to f, and f; is conjugate to g(x) by
Lemma 3.2. Since

[T

2x,
2-2x,

IA
IA

Nl= o
1A

ﬂ(x)={

A
WIN

x

x E]

property (ii) is immediate. Also, the symmetry of f, and h guarantee (iii). Property

(iv) follows from f"(x,)=h""of7 o h(x,)=h7'(f1(y,)) and f7(y,) >0 as n—> 0.
To verify (v), we note that there is a sequence {s,} such that f"(y)=<s,- y for

0<y=y, and s,~>1 as n-> 0. Thus, for 0 <x=x,,

(™) (x)= (Y (fT(h(x))) - (f1)'(h(x)) - b'(x)
=(h7") (s, h(x)) - (f1)'(h(x)) - b'(x).
Now (A™Y(f1(h(x)) - h'(x)>1 and (f7)(h(x))>1 so that (f")(x)>1. Since
(D) (h(x))»1 as n->o for 0=x<x, we only need to show that
(h™"Y(s,- h(x)) - h'(x)>1as n > coto conclude that supo=x<x, (f")'(x)>1asn->o0.
To this end, we calculate:
h’(x)=—1—

avx—x*
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and
1
h'(h™' (s, h(x)))
1
T (R (s h(x)) = (B (50 R(x)))D)VF

Replacing s, by 1+ ¢, we obtain:

(B (s h(x))=

' 2
[h'(h-'(lh +(2)h(x)>)] ~ Sy L os” (eparcsin )
++/x - x?sin (2¢, arcsin V)
+(1-x) sin® (&, arcsin vx)]
- [1=(x cos?® (&, arcsin Vx)+x — x2 sin (2¢, arcsin vx)
+(1—x) sin® (&, arcsin vVx))].
Now let 8, be such that:
sin (2¢, arcsin vx) < 8,x;
and
sin? (g, arcsinvVx)=<§,x forx=x,,
where 8, > 0 as n- 0. Then, continuing from above, we have
[ h'(x) ]2<[x+(m)a"&+(1 —x)8.x]-[1-x]
h'(h7 (s, R(x)))] — x(1-x)
=1+(1=-x)8,+(1-x)8,
=1+28,.

Thus (f")'(x)~>1 uniformly as n-> o for x €{0, x,,].

LEMMA 3.4. Given a sequence {z,}5-1, —$<z1<' <2z, <Zy; <- <0, there is a
C' map f:[-3%, 0]~ [—3, 0] satisfying:
(i) f(x)> x for xe[~3,0) and f(0)=0;
(ii) 0<f(x)=1 for xe[—4,0} and £ (0)=1,
(iii) f"(z,)=2z,_,~>0 as n>o0; and
(iv) sup,,<x=o (f")'(x)~>1 as n-oco.

Proof. The construction of such an f is much like the construction for Lemma 3.1
and is also omitted.

Now, given sequences {x,} -, and {z,},-, as in Corollary 3.3 and Lemma 3.4

respectively, let f:[~4,3]1-[—4 3] be given by

f(x) asin Lemma 3.4, for—i=x=0
f(x)={f(x) as in Corollary 3.3, for0=x<1
f(x—1)asinLemma3.4, forl=x=<3.
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Then f has the properties:

() f:[-%31->[-%3lis C% )
(ii) flro.; is topologically conjugate to
2x, 0=x=<}
g(x)={2_2x’ 3=x=1; b
(iii) f"(x,)=<x,_;,~>0 and f"(2,)=z,_,>0 as n->00; and J

(iv) sup, <x=,, (f")(x)>1as n->co,

The function G: 5>~ S? that we wish to construct will be of the form

G(x,y)=(f(x),k(x,y)) on B={(x,y)-i=x=3i|yl=
where f is as in (3.5) for sequences {x,} and {z,} to be determined.
We now construct the function k. The map k will have the form k(x, y) = ky(y)
for -j=x=<}
LEMMA 3.6. Given a sequence of intervals, J, =[1,,r,], n=1, 2, ... such that
1 length (Jn)

Ja+1 € interior (J,,), L=-3, length (J...) -1 asn->o00,

and length (J,)+2Y " \length (J,) =32, there is a C' map ky:[~1, 31-1-%, 4] such
that:

(i) k0(4) 4 and ko(4) =1;

(i) [ko(y) =3l <|y— Iforye[—z, 314k
(iii) k§(y)=1 for allye[-1,1]; and
(iv) (kg)'|s, =
Proof. We construct a ko on [—3,3]. Let 1, =—(r,—=i—tn, fr=—(lL,-9=4-1,

and J, —[l,,, f.]==J,+% Let a,=Ilength (J,,)—length (J.). We have: a;+
2% a,= 4and Ffi=1.
Let b, = l l,_,forn=2and let b, =0. Also, let S, = a1+z:'=l 2a; for n=1 and
let So=a,. We define k;':[0,3~2a,]~[0,3] by
x+2a,+b,, forxe[i-S,3-S,+a, 1L, n=1
ko'(x) =1 pa(x), for x€[3=Sys1+ @ns1,3-S,), n=1
0, for x=0.
The above p, is the cubic polynomial satisfying, for n=1:
pn(%—sn+l+an+l)=%-sn+an+l+bn+l; p,.(%—sn)‘—'%—spu—l"'bn;
P;(%_Sn+1+an+1)= 1; P:-(%‘“S,,)= 1.

Explicitly,
pn(x) - —2[2((1" - an+l) +3(bn - bn+1)] (x _ (%_ Sn+1 + a"+]))3
(an+1)
+3[2(an—an+l)+(2bn—bn+l)]( ( ,.+|+a,|+1))
(an+1)

+(x~ (4 Suc1t i)
+(3—S,.,ta,+b,), forn=1.
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Then k;' is C' on (0,2 —2a,]. Furthermore,
an+l)+(bn_bn+l)]

Ay vy

1<p (x)< l+2[2(an

forxe[3—S,+1+ @i, 35— S,]. Now, since (a,/a,+,) = (length (J,}/length (J,,;)) > 1
as n-> o0 and

Apy — anS —bni1 = b, — bn+1S b, < An-1— an’
[/ e Apy Ap+y Aniy Qpiy

we see that p’.(x)~ 1 uniformly for x€[3—S,.1+@n41,3—S,], as n->o0. Thus kit
is C! on [0,2—2a,]. The above calculation also shows that (kg')'(x)=1 for all
xe[0,3-2a,] so that ky:[0,2]-[0,3—2a,]is C' and kj(y)=1 for all ye[0,2] and
ky(0)=1.

Finally, k2(y) =y — 2y, a, Z, . b for yelJ, so that (k2)'(y)=1for yeJ, and
n=1,2,.... Now let ky(y) = —ko(—y) for ye[—3 3] and extended ko to (—3,3
by ko(x) =%+sin (x-%) for xe [4, 3]. Then ko is C' and has properties (i)-(iv).

We proceed to the explicit construction of G. Let G:[}3]1x[-1,1]~»
[531%[~331=B by
G(x,y)=(1-4(x—3’+a(y), G-x)Gy+1))
where 3.7
(y D, isysi
a(y)=10, lyl=3
—(y+3°, ~l=y=-%
Then G is C' and G collapses the interval J ={(3, y)| —3= y =3} to the point (1, 0).
It is straightforward to check that G is a C' diffeomorphism from [, 3] x[-1,1]-J

onto its image.

Now let K, :[4,31x[-1,1]» B, n=2,3,... by

1 1
(Glxy),  forlx=H=g sorll=3+

(an(¥)(x=2)"+ Ba(¥)(x —7)2+ ¥a(¥), G=x)(Gy+1)),

1 1
for|x —3= )3and25y<%+n3;

~ (2n
Ko (x, y) =9 (G=H(x)+ G+ y)f (%), (z—X)(zy +1)),

1,

for |x — )3 ——and|y|<3;

(2
(a,(yNx=3)*+b,(y)x =3+, (¥), G—x)Gy+1)),

1 1
N forlx—%|smand —%—FSys—%_
The functions appearing in the above definition have the following formulas:
fx)=1-4(x -3 =4x(1-x);

Ja(x) = —25n4(x-%)“+<1 —#);
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1 1
¥a(¥) =%(y—%)3+(1 —m)(y-%)2+'8n—4(y—%)+ 1;

a,(y)=2n)[-1-(y—2)*+7.(];
B.(»)=22n)[1+(y -2’ - 7.(»)]1-4;

&) = ("72+%>(y+%)3+(;i;—%)(w%)“ﬁ(y+%)+(1 —o):
a,(y) = 2n)*[-1+(y+)*+ . (»)];
and
b,(y)=202n)"[1=(y+3)’ - ca(y)] -4
By construction the K,, are continuously differentiable and K, = G off of

1 1 1 1
V,= 1_ 1+————]x[—1—— l+—:|,
[2 (2")3,2 (2")3 2 n3a2 n3

Moreover, we will establish the following proposition.

ProPOSITION 3.8. There is an N such that foralln=N, K, is a C' dljfeomorphtsm
onto its image and

. (1 0O .
”D(Kn+1°Kn )(Z) (0 1)“ O
uniformly for
ze G([3,21x[-1,1]) as n > 0.

Temporarily assuming the validity of the above proposition, we complete the
construction.

Let N =2 be as in Proposition 3.8 and define G, on [4,3]x[-1,1]1by G, =K, -
forn=1,2,.... Also, let U, =V, n. Note that

5 1 5(n+ N)*+2 5(n+N)2+2
G(U"’g[1"4(n+N)4’”(n+N)"]x[‘( 8(n+ N)° )( 8(n+ N)* )]

Let L be such that

© [5(n+N)*+2 3
(e g [Hremred])

Then 0<L<1. Define k,:[—3,3]1-[-231] by ki(y)=—Ly+(L—1)/2, let J,=
k([ 2’2]) [ % %+L]a and let

([ (5(n+2+N)2+2). (5(n+2+N)2+2>]) form=2.3
8(n+2+N)* )’\ 8(n+2+N)* P

Then the intervals J, satisfy the conditions of Lemma 3.6. Let ko:[—3,3]1>[~3,3]
be the map determined by Lemma 3.6 and these J,.
Next, set

_1_(1_ 5 )_ 5
n = 4n+N)*) 4(n+N)*
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and

1 1
=1-{1+ —
=l ( (n+N)4) (n+ N)°
for n=1,2,..., and let f be as in (3.5) for these sequences {x,} and {z,}.
We now define G: Bu ([3,3]1x[~1,1]) > B by:

(f(x), ko(y)), for—-i=x=i -l<y<l
(f(x), k(x, ), fory=x=}, —isy=<}
G(x,y)={asin (3.7), forj=x=3 -1=sy=1,
(f(x), k(x,y)), fori=x=}, -j=y=<},
(f(x), k(y)), forg=x=j, —i=y=}

In the above definition of G, k(x, y) is a C* function that smoothly interpolates the
other values of G and is such that

ak
~i=k(x, y)=<} and,forx>§,0<’5(x,y)|sl.

Then G restricted to Bu ([3,31x[~1, 1) — ({3} x[—1,4]) is a C" diffeomorphism
into B and G({3} x[—$,3]) ={(1, 0)}. Moreover, f and k, have been constructed in
such a way that G"(U,)n G*(Uy) =@ for n#k, n, k=1 and G"(U,) n U, = for
n=1.

Now it is clear that G can be extended to S? in such a way that

G:8* - ({3} x[-3,3D)~>S*-{(1,0)}
is a C' diffeomorphism. We then define G,: S~ §? to agree with G off of U,.
Then G, is a C' diffeomorphism of S* for each n=1,2,....
Let P: B—>1=[0, 1] be given by
0, for—i=x=<0,
P(x,y)={x, for0=x=1,
1, forl=x=}.

saxl-1,1]
—— Py
O
B a— J —-(—;> q
0

FIGURE 2. G takes vertical line segments in B into vertical line segments, G(J)={gq}, and
Gliao @ 3ix(-1.1p-s is a C! diffeomorphism onto its image.
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We now have that (2.1)-(2.5) and (2.7) are satisfied by G, G,, P, and f|,. That

the diameter of G"(U,) goes to zero follows from diameter (f"([z,, x,])) > 0 and
diameter (kg(J,)) = 0. Thus (2.6) is satisfied.
That (f")

(zax,1~> 1 uniformly as n -0 and (kg)’

5, =1 implies

DG_("_Z)(Z)—)(I 0) ‘

01
and

{1 0
——
G (w)-> o 1

uniformly as n- o for ze G"(U,) and we G*(U,).

Assuming Proposition 3.8 and letting ze G"(U,) we have:
D(Gn—l °

w10 Gy'e GTV)(2) = DG H(G ° Gpui© G, o G~ 71(2))
- DG(Gpyy 0 Gy'e G™"7V(2))
* D(Gpi1° G NG ™" V(2))

- DG™(G™"(2)) - DG™"(2).
Now ze G"(U,) so that G° G,,,° G;'> G~ ""V(z)e G U,). Thus

DG" (G Gpiy° Gr'e G V(2))» (1 O)
and

01

1 0
—(n-2)
DG (z)~» (0 1)
uniformly for ze G"(U,). By Proposition 3.8,

1 0
D(G,y° G;'(G""_”(Z))"’(O 1)
uniformly for ze G"(U,) and, since G,.,° G,' goes to the identity uniformly,

1 0
DG(Gpi1° G;'° G™"(2)) - DG™H(G™""(2)) > (o 1)
uniformly. Thus,

1 0
D(G™ e ”HoG;‘«»G“"‘”)(z)—»(0 1)

uniformly for ze G"(U,) as n-> o and 2.8 is satisfied.

Corollary 2.14 now supplies the example diffeomorphism F: 5582 promised in
§ 1. The diffeomorphism F has an attracting set A < interior (B) and F |4 is topologi-

cally conjugate to the homeomorphism f (L f)~ (L f). By Corollary 3.3, f|, is
topologically conjugate to

N

2x, O=sx=<
g(x)={

2-2x, i=x=

—

Thus f :(I, f) > (1, f) is topologically conjugate to g: (I, g)- (1, g). The continuum
(I, g) is the indecomposable Knaster continuum and g:(I, g) = (I, g) is transitive
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(i.e., has a dense orbit). Thus, the attractor A for F is the indecomposable Knaster
continuum and F|, is transitive. The construction is complete with the proof of
Proposition 3.8.

Proof of Proposition 3.8. The determinant of DK, (x, y), d,(x, y), is:

d,(x,y) =+

a(x -3 +2(y Dy +1),

fi | _..1_. l+_l__< <1
or [x — 2—(2n)2’2 nz——)’— s
4x =3’ =20y +3Gy+1),
f _ 1 1= _l_l.
Orlx ' (2 )2’ —y‘ 2
=(x =3 [2a,(y)(x =)+ B,(»)]+ Gy +1)
[an()(x=3)*+Br(y)(x =)+ 7. (1],
1 <; l< <l i‘
forlx_il_(zn)Z’Z'—y—2+n39
1G=0)G=y)fn(x)+G+y)f (x)]1+ Gy + D f(x) = f(x)],
1 <L <l
for 4= oz, b=
—(x—)[2a.(y)(x =3)*+ b, (»)1+ Gy +1)
‘ [a,(P)(x—)*+b,(W(x =)+ cr(»)],
1,1 )
for |x —3 _W’—.E_FS'},S—T

We wish to show that, for n sufficiently large, d,(x, y)>0.

Case 1.

We get

Case 2.
In this case

Case 3.

1
[x — 2,2+ =y=1.

1
2‘(2)

Yz~ =y i
2 —(2n)2s - 2 n3
1
d,(x,y)= 2(m+l>>0 forall n
1 1
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Let x=1+s/(2n)*, y=3+1t/n’>, -1=s=<1,and 0=<t=1. Then

d..(x,y)=(i:)[%(%ﬁ;)@t—1)(1—1)(s2—1)2]
( )[4(t—1) (t)(s4)]+( )[482]+(;13)[(§+n—t2)(1)].

For t=1, the last term dominates and d,(x, y)>0 for n sufficiently large. For
t <1the first, third, and fourth terms are non-negative and the fourth term dominates
the second term unless t =0. If =0 the sum of the first and third terms is positive.
In any case, d,(x, y)> 0 for all (x, y) and n sufficiently large.

Case 4.

[x -3 yl=3.

o1
27 @2n)*
Let x—1=1/(2n)?, ~1=t=1. We then get

4y ) =5z [G+30)° = (143)+ Gy + 1]

The quantity in the brackets is zero when
2 (1+3y) £ V(1 +3yY —4G+3) Gy + n
2(2 +3y)

The polynomial in y inside the radical is negative for y = —4 so that, for real zeros,
y must be less than —3. But then, 1+ 3y <0 and, if y > —3%, we have > <0. Therefore
the quantity G+3y)t*—(1+3y)r*+(3y+1) is bounded above zero for ~1=<t=1
and — 3= y <}and we have d,(x, y) = k/n* for some positive constant k and all n > 0.
Case 5. |x—3=1/(2n)® and -i=1/n*=y=-] Let x=3+s/(2n)* and y=
—3—-t/n*, -1=s5=1,0=t=<1. Then:

d"(x,y)=%(%—2—;2)(s _1) [( 81):’—#:]

T (e (RS !
+ A (-5 -rw+2]
4(s —sz)[<% 4:12)t3—(212+ )' +4—13t:|

First consider ¢t = 1/ n. Then the first term above is positive, the second term is bigger
than k/ n? for some positive constant k, and the last two terms are smaller in absolute
value than I/n* for some L Thus, for t=1/n, d,(x, y) = k/n* for some positive k
and sufficiently large n.

Now if <1/n, the second term is larger than k(1/n>) for some positive constant
k and the other three terms are in absolute value less than I(1/n*) for some L Thus,
d,(x, y) = k(1/n?) for some positive constant k and sufficiently large n. In any case,
d,(x, y) is positive for sufficiently large n.
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We have established the existence of N such that K, is a diffeomorphism for
n= N. Our final task is to show that D(K,,,° K,') goes to the identity as n-> o
(n=N).

Let n=N and (x,y)e[}3]1x[-1,1], let I=(39) be the identity matrix, and
0=(3 ) the zero matrix. The expression (DK, ..(x, y))(DK,(x,y)) ' —I takes on
one of seven forms depending on (x, y).

Case (i). |x—3|=1/(2n)* or |y|=z3+1/n’. In this case, (DK, (x,¥))
- (DK, (x,y)) ' —I=0.
Case (ii). |x—4=1/(2n)% i=y=1+1/n? and either |[x—3|=1/(2(n+1))* or y=
1+1/(n+1)% Let

(DK,11(x,y)) - (DK, (x, ,V))-l -1

(All AIZ)
A21 A22
Replacing x by 3+s/(2n)®, ~-1=s=1,and y by 1+¢/n% 0=t=<1, we get:

(-1—6)[%(:- 1)2(t)(s“)]—(%)[(%)(%—%)(3:— D(t—1)(s*- 1)2]
n n 2n
(%)[(—%)(t— 1)2(t)(s4)]+(—nl;)[(é)(§+2—:13)(3t— D(t—1)(s*— 1)2]

(B (e 2o

If t=1/n then the numerator of A, clearly goes to zero faster than the last term
in the denominator so that A;;>0 as n->00. On the other hand, if t<1/n then
y<3+1/(n+1)* so that |x —4=1/(2(n+1))’, then s>= n*/(n+1)*. We see that the
numerator then goes to 0 with the 1/n® while the denominator is greater than k/n*
for some positive k. Thus, in any event, A,, > 0.

A, isn’t quite as messy: A,; =0. For A;, we have:

1
(F)[(%)(” —1)(t=1)(s*—1)*(s) +4(s)(s* = 1)(1 —1)*¢*]
d, ’
where d, is the same denominator as in A,,. We saw before that d, = k/n* for some

positive constant k and n= N. Thus, A,,—>0 as n >,
Finally, A,, =0 for all (x, y) and case (ii) is finished.

Case (iii). |x—3=<1/(2(n+1))* and =y =1+1/(n+1)>. Again, let

All Al2)
AZI A22 '

be denoted by

A=

A12 =

(DKn+l(x’ .V)) : (DK,,(X, y))_l -I= (
We have:
An={{2(an(y) = ap (1)) + Gy + D(ana(y) — an(y)(x—3)*
+[(Ba(y) = Bari W)+ Gy + 1)(Bria () = Bu(y)(x —2)*
1
dn(x,y)

+[Gy+ D(ynn () = yn N} -
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where d,(x, y) is as in case (ii). We calculate:
an(¥) = @pir ()= 2Y[(n* = (n +1)*)(y —3)’ - 2(n° = (n + 1)*)(y —3)’
+(n'=(n+1))(y-D1
For 0=y—-1=1/(n+1)? (as in this case) we see that
lan(y) = @pi (W) =n-k
for some positive constant k. Similarly:
laenaP—an(y)=n’k;

|Bn(y) —Bn-l—l(y)' = (#) ) k1

1Bni(¥)=Br(¥)= (%) - k;
and
Y1 (¥) —ya(¥)l= (—lg) - k.
n

Thus, if |x —3] < 1/(2(n +1))?, the numerator of A,, is smaller in absolute value than
(1/n*)k for some positive k. In case (ii) we determined that d,(x, y) = (1/n*)k for
some k=0. Thus A,, >0 as n-> 0. In this case also, A,; =0.
A, is given by:
A ={~[42,:(y)(x =2)’ + 2B, 1. () (x =DM aw(¥)(x =D *+ Br(¥)(x =31+ yu()]
Hlana()(x =2+ Bhn((x =D+ yhn(3)]
[4aa(y)(x =3) +2B,(»)(x — D]}
< (1/dn(x, ).
For |[x -3 =<1/(2(n+1))* and $<y=3+1/(n+1)* one finds that the numerator of
A, is in absolute value smaller than (1/n®)k for some k> 0. Since d,,(x, y) = (1/n*)k,
A;,>0as n>00,
Ay, =0 for all n so that in case (iii) we have
(DK, 11(%, y))(DK,o(x,y)) ' =120  asn->o.
Case (iv). 1/(2(n+1))*=<|x—3=1/(2n)? and |y| =}. Again letting
sy (An Ap
(DK, DK 0 =1= (1 42)
and |x —4 =s/(2n)* we have:
1
_(@2n)*

[(3s*—252—1)y+(—45s*+65>—-2)]

d.(x,y)

Ap
Here
1 s a_ 2, 1
d..(x,y)—8n4[(z+3y)s (1+3y)s°+ Gy +1)].

It was demonstrated in the previous Case 4 that d,(x, y) = k(1/n*) for some k> 0.

https://doi.org/10.1017/50143385700004491 Published online by Cambridge University Press


https://doi.org/10.1017/S0143385700004491

348 M. Barge

Since s =(2n)%x—3}| and
1 _
Q2(n+1))*"

( )
SSSI_
nll

Thus, s>1 as n—>o and A,,»0 as n—> 0,
A, is identically zero.

TR
lx 2| (2")3,

1
(3e)ue-se+n
A= 0
T a4y

as n- o since d,(x, y) = k(1/n*).
A, =0 for all (x, y). Thus, in Case (iv),

(DK ,i1(x, y))(DK,(x,¥)) ' =10 as n - oo,

Case (v). |x—3]=1/(2(n+1))? |y|=3. With the notation as above, we have

1 1
Y (O e e e P e
dn(x, y)
We see that the numerator of A,, is in absolute value less than k(1/n°) for some
k>0(x—3=1/(2(n+1))*). The d,(x, y) is as in Case (iv) and is larger that k(1/n*)

for some k> 0. Thus A,;;~>0 as n-> 0.
A, =0 for all (x, y).

Ap= {[—(2)5n4(x -3 +4(x-3) -%]
8n
(G- ) n+ 1) x -3 -8G+y)(x—3)]
.
8(n+1)*
[G=y)(=(2))n*(x =3 -8G+y)(x—1)]
1
dy(x,y)
One sees that, for |x| =1/(2(n+1))? the numerator is in absolute value <k(1/n°)

for some k> 0. Since d,(x, y)=k(1/n*), A;,»0 as n->0. Ay, =0 for all (x,y).
Thus, in Case (v),

(DK, 1y(x, y) DK, (x, y)) ' =150 as n - 0o,

Ay=

+ [25(n+ )4 (x—3)*—4(x -3+

There are two remaining cases to be considered. One of these is: |x—3|=
1/(2(n+1))?, —3—1/(n+1)’<y=<—1 The analysis of this case proceeds almost
exactly as in Case (iii). The other remaining case is: |[x —3| = 1/(2n)%, -3-1/n’<y =<
—3, and either y=<—1/(n+1)* or |[x~3=1/(2(n+1))% This case is very much like
Case (ii). We trust the reader to check these cases. Our construction is complete.
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