
PROBLEMS CONNECTED WITH CONVEXITY 

Z . A . Me lzak 

( r ece ived A p r i l 7, 1965) 

1. Th i s a r t i c l e c o n s i s t s of a l i s t of p r o b l e m s connec ted 
wi th the t h e o r y of convex s e t s in the Euc l idean splace E n , 
a l though in some c a s e s the connec t ion is i n d i r e c t a n d / o r 
i n e s s e n t i a l . The a s s u m p t i o n s m a y often be r e l a x e d or o t h e r 
w i s e changed , thus giving r i s e to a wide v a r i e t y of q u e s t i o n s . 

One fa i r ly g e n e r a l way of obtaining such p r o b l e m s i s the 
following. The defining p r o p e r t y of a convex se t A in E n i s 
tha t if the points x and y a r e in A then so i s the s t r a igh t s e g m e n t 
xy ; if A i s c losed then it i s convex if it con ta ins the midpo in t 
of any two of i t s po in t s . We have now the following p r o b l e m 
m a t r i x : what a r e the s e t s A which have a c e r t a i n p r o p e r t y P 
(such a s be ing c lo sed , c o m p a c t , f in i te , d i s c r e t e , connec ted e t c . ) 
and a r e such tha t if x and y a r e any two poin ts in A then a 
c e r t a i n set B(x, y) (e. g. , the midpoin t of the s egmen t xy, 
a s e m i c i r c l e wi th the endpoints x and y , a point equ id i s t an t 
f r o m x and y e t c . ) i s a l s o in A ? H e r e and l a t e r on it wi l l 
be often t ac i t l y a s s u m e d tha t the se t A in ques t ion has suffi
c ien t ly m a n y poin ts to r e n d e r the p r o b l e m meaningfu l . As 
g e n e r a l r e f e r e n c e s we men t ion the A. M. S. S y m p o s i u m on 
Convexi ty , the r e c e n t books of Va len t ine on Convex Se t s and of 
Hadwiger et a l . on C o m b i n a t o r i a l G e o m e t r y , and the book of 
F e j e s - T o t h on P a c k i n g s and C o v e r i n g s . 

2. The p r o b l e m s of t h i s sec t ion a r e of the n a t u r e of 
e x e r c i s e s and fa i r ly s imp le so lu t ions can be r e a d i l y found for 
t h e m . 

(1) Let T be a n o n - d e g e n e r a t e t r i a n g l e . Let S be a 
c l o s e d se t , in the p lane P of T, with the p r o p e r t y tha t if two 
of i t s po in ts a r e v e r t i c e s of a t r i a n g l e s i m i l a r to T then the 
t h i r d v e r t e x a l s o be longs to S. Show tha t S = P. 
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(2) A. plane convex body has the property that any two of 
i ts points can be connected in it by a smooth convex a rc which 
s ta r t s and ends at right angles to the straight segment connect
ing the two points. Show that the convex body is a set of constant 
width with a smooth boundary. 

(3) Show that the closed c i rcular disks a re the only plane 
compact sets K such that every two points of K can be con
nected in K by a semic i rc le . 

(4) Let C be a c i rc le . If a rectangle has two opposite 
ver t ices inside C, then the other two ver t ices cannot both lie 
outside C. Show that the above property charac te r izes the 
circle uniquely in the c lass of plane Jordan curves . 

(5) wShow that if P is a convex polygon with > 5 sides 
then there exists inside P a point the sum of whose distances 
from the ver t ices of P exceeds the circumference of P. Does 
the problem generalize to n dimensions? 

(6) According to an unproved conjecture of Heilbronn, some 
three out of any n points in the unit square determine a tr iangle 

-2 
of a rea < c n . Prove that if the n points a re ve r t i ces of a 

1 -2 
convex polygon then the conjecture holds with e n replaced 
by c 2 n " 3 . 

(7) Let K be a smooth convex body in E and let T be 
an n-dimensional simplex in a rb i t r a ry orientation relat ive to K. 
Show that a simplex s imilar and similarly oriented to T can be 
inscribed into K. 

(8) Let P be a plane non-self intersecting closed polygon, 
not necessar i ly convex, no three ve r t i ces of which a re coll inear. 
Let the ver t ices be enumerated in cyclic order: v , v . .. . , v , 

1 2 n 
going round P clockwise or counter-clockwise. Define a diagonal 
of order k, 1 < k < [n /2] , to be any straight segment joining 
two ver t i ces v. and v., i < j , such that either j - i = k or 
n - (j - i) - k. A diagonal is called internal if it l ies in the 
interior of P (except for i ts endpoints). Show that for every 
integer N there a re polygons such that no diagonal of order 
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< N i s i n t e r n a l . What is the m i n i m u m n u m b e r of i n t e r n a l 
d i agona l s of a polygon with n v e r t i c e s ? 

(9) Let C be a smoo th c l o s e d convex c u r v e , which we 
imag ine to be the boundary of an idea l i zed b i l l i a r d t a b l e . Let 
x be a point of C, a k - p a t h f rom x is a t r a j e c t o r y of a 
(point) ba l l p ro j ec t ed f r o m x into the i n t e r i o r of C and 
r e f l ec t i ng a c c o r d i n g to s t a n d a r d l aws , which i s p e r i o d i c and h a s 
exac t ly k d i s t i nc t poin ts in c o m m o n with C. Show tha t a 
k - p a t h e x i s t s f r om e v e r y point of C, for any k > 2, if and 
only if C is of cons t an t width . 

3. In t h i s sec t ion t h e r e a r e co l l ec t ed some p r o b l e m s , 
the a n s w e r s to which , though unknown to the au tho r , a r e p robab ly 
not difficult to obtain. 

(10) What a r e the p lane c lo sed s e t s K, such tha t for 
e v e r y two points x and y of K t h e r e i s in K a t h i r d point 
a t which the s t r a i g h t s e g m e n t xy sub tends a fixed ang le a ? 

(11) What a r e the p lane c o m p a c t s e t s K such tha t for 
e v e r y two poin ts x and y of K, K con ta ins two s ide s of a 
r i g h t - a n g l e d t r i a n g l e whose t h i r d s ide is the hypo thenuse xy ? 

(12) What a r e the convex bod ies in E , of d i a m e t e r 1 
and wi th smoo th b o u n d a r i e s , such tha t wi th e v e r y two po in t s 
they a l s o conta in e v e r y ( s m a l l e r ) c i r c u l a r a r c jo in ing the po in t s , 
and having r a d i u s > 1 ? 

3 
(13) Le t P be a convex po lyhedron in E with vo lume V 

3 -2 - 1 1 / 
and s u m of a l l e d g e - l e n g t h s L. Is it t r u e tha t V / L < 2 3 
and the equa l i ty ho lds if and only if P i s s i m i l a r to a r i gh t 
p r i s m whose b a s e i s an e q u i l a t e r a l t r i a n g l e wi th s i d e - l e n g t h 
equa l to the height of the p r i s m ? 

(14) Is it t r u e tha t an n - d i m e n s i o n a l equ iva len t of a 
r e g u l a r o c t a h e d r o n (that i s , a r e g u l a r c r o s s - p o l y t o p e ) can be 
i n s c r i b e d into any convex body in E n ? - Into any smoo th 
convex body in E n ? 

(15) It i s we l l known tha t an e lephant m a y be p laced ins ide 
the unit cube of suff icient ly high d i m e n s i o n . Th i s s u g g e s t s the 
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fol lowing: what i s the s m a l l e s t i n t e g e r n = n(k, d) such tha t 

e v e r y subse t of E of d i a m e t e r d i s c o n g r u e n t to a subse t of 
the n - d i m e n s i o n a l unit c u b e ? 

(16) Le t U be a c o m p a c t convex set in E" in s o m e 
given o r i e n t a t i o n r e l a t i v e to a C a r t e s i a n c o o r d i n a t e s y s t e m 
whose o r i g i n i s ou t s ide U. F o r x = ( x , . . . , x ) c U le t 

k l / k X n 

f (x) = ( 2 x .) , k = 2 , 3 , . . . , and let u(k) be the unique point 
K. 1 

of U for which f (x) a t t a i n s i t s m i n i m u m . Is it t r u e tha t for 
k 

e v e r y j , 1 < j < n, the j - t h c o o r d i n a t e s of the po in t s u(2), 
u(3) , . .. f o r m a mono tone s e q u e n c e ? 

(17) What i s the s m a l l e s t n u m b e r of umbi l i c po in t s on a 
3 3 

smoo th ( c l a s s C ) su r f ace in E of cons t an t w i d t h ? 

(18) Let B( r ) denote the b a l l of r a d i u s r about the 
n n 

o r ig in in E . Le t K be a c o m p a c t convex se t in E , con
t a ined in B(R) and s t a r - s h a p e d f r o m e v e r y point of B ( l ) . 
Le t F(x) be i t s d i s t a n c e function ( th is i s t aken wi th r e s p e c t 
to the o r i g in , and x v a r i e s ove r the unit s p h e r e about the 
o r ig in ) . Then t h e r e i s a c o n s t a n t a, such tha t a + F(x) i s 
the d i s t a n c e function of a convex body. What i s the in f imum of 
a l l such a, e x p r e s s e d a s a function of n and R ? 

(19) Le t K be a se t of c o n s t a n t wid th 1 in E . Ca l l a 
s t r a i g h t s e g m e n t in K of length 1 a d i a m e t r a l . What i s the 
s u p r e m u m of the d i a m e t e r of the se t of m i d p o i n t s of a l l d i a -
m e t r a l s of K, t aken o v e r a l l such s e t s K ? 

(20) Le t C be a plane r e c t i f i a b l e J o r d a n c u r v e of l eng th 1. 
C m a y be ' convexi f ied ' by the p r o c e s s of s u c c e s s i v e r e f l e x i o n s 
of i t s r e - e n t r a n t p a r t s in the s u p p o r t l i n e s . The r e s u l t i s a 
c l o s e d convex c u r v e of the s a m e length. What o the r p r o p e r t i e s 
does it s h a r e wi th C ? If C i s a polygon wi th n s i d e s , what 
i s the l a r g e s t n u m b e r of r e f l e x i o n s which m a y be n e c e s s a r y 
be fo re ob ta in ing a c o n v e x po lygon? A r e t h e r e mean ingfu l 
g e n e r a l i z a t i o n s to n d i m e n s i o n s ? 

4. In the p r e s e n t sec t ion we co l l ec t s o m e p r o b l e m s which 
a p p r o a c h w h a t m i g h t be c a l l e d r e s e a r c h l eve l . 
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(21) A plane finite se t X c o n s i s t s of n > 3 po in t s and 
n — 

con ta in s t o g e t h e r with any two po in t s a t h i r d one , equ id i s t an t 
f r o m t h e m . Does X e x i s t for e v e r y n ? Must it c o n s i s t of 

n 
points lying on s o m e two c o n c e n t r i c c i r c l e s (one of which m a y 
r e d u c e to a po in t )? How many d i s t inc t ( that i s , not s i m i l a r ) 
X a r e t h e r e for a given n ? What happens if the f i n i t enes s 

n 
condi t ion is changed so tha t the set i s r e q u i r e d to be countab le 
and d i s c r e t e ? 

(22) What i s the length of the s h o r t e s t t r e e which connec t s 
the n -f 1 v e r t i c e s of the r e g u l a r s i m p l e x in E n of unit d ia 
m e t e r ? 

(23) What a r e the n e c e s s a r y and sufficient condi t ions on 
two n - d i m e n s i o n a l s i m p l e x e s , in o r d e r that it be p o s s i b l e to 
m o v e one of t h e m into the i n t e r i o r of the o t h e r ? 

(24) The unit s p h e r e S in E is to be a p p r o x i m a t e d by 
the bounda ry of a convex n - d i m e n s i o n a l po lyhedron wi th m 
w a l l s , m > n + 1. The a p p r o x i m a t i o n is to be b e s t p o s s i b l e 
in the Hausdorf f s e t - m e t r i c . Take the m ou tward -bound unit 
n o r m a l s to the w a l l s of the po lyhedron and t r a n s l a t e t h e m so 
tha t they o r ig ina t e a t the c e n t r e of the s p h e r e S, t hus obta in ing 
m poin ts in S. I s it t r u e tha t the a p p r o x i m a t i o n i s b e s t p o s 
s ib le if the m poin ts a r e such tha t the m i n i m u m d i s t a n c e 
be tween t h e m i s l a r g e s t p o s s i b l e ? 

(25) In E let A and B be two c o n c e n t r i c b a l l s , A 
of r a d i u s 1 and B of r a d i u s a, 0 < a < 1. A c o m p a c t set K 
i s con ta ined in A and i s s t a r - s h a p e d a t e v e r y point of B. 
What i s the l e a s t upper bound on the su r f ace a r e a ( length, if 
n = 2) of the bounda ry of K ? 

1 
(26) Let M be a smooth ( c l a s s C ) o r i e n t a b l e two-

d i m e n s i o n a l manifold without bounda ry , embedded in E . 
Le t M have the p r o p e r t y tha t t h rough e v e r y point of it t h e r e 
p a s s a t l e a s t n d i s t i nc t c i r c l e s lying e n t i r e l y in M. Is it 
t r u e tha t if n = 4 then M m u s t be a s p h e r e or a t o r u s , and 
if n = 5 then it m u s t be a s p h e r e ? Is it t r u e tha t if n > 1 and 
M i s convex then it m u s t be a s p h e r e ? Is it t r u e tha t if n > 1 
and M i s s i m p l y connec ted then it m u s t be a s p h e r e ? 

569 

https://doi.org/10.4153/CMB-1965-040-x Published online by Cambridge University Press

https://doi.org/10.4153/CMB-1965-040-x


Similar problems could be set up with c i rc les replaced 
by straight lines, and it seems that the process of inversion of 
M in suitable cent res might be useful in either case . 

(27) Let p, and q., i = 1, . . . ,n, be 2n points in the 

plane P, such that for all i i j , |p. - p. | > |q. - q. |. Is it 

possible to find, in P, n smooth convex a r c s C.(t), 

0 < t < l , such that C . (0)=p . , C . ( l ) = q . and every distance 
— — 1 1 1 1 

|C.(t) - C.(t) | , i j- j , is a decreasing function of t ? If not, 

is it possible after a suitable re-enumerat ion of the q.f s ? 

(28) Let L be the integer lattice in the plane. Can one 
character ize those convex polygons P which have the property 
that a polygon s imilar to P can be found, every side of which 
contains a lattice point? 

(29) A point in the plane undergoes n successive dis
placements of unit length, each displacement in random 
direction. What is the probability p(n) that the path of the 
point is a part of a closed convex polygon? 

(30) Let A be a sufficiently flat convex a rc in the plane 
and let B be any perfect nowhere dense subset of A. Then 
B is a subset of an a r c C with the following property: every 
subarc of C contains a subarc s imilar to C. Must C have 
Hausdorff dimension > 1 ? What is the intersection of C with 
any straight line which cuts it in at least countably many points? 

(31) Let A and B be convex bodies in E and suppose 
that B is in the inter ior of A. What a re the necessary and 
sufficient conditions on A and B, expressed perhaps in t e r m s 
of the smoothness and/or singulari t ies of their boundaries , in 
order that A be the vector sum of B and a convex body C ? 

(32) A function f(z) of the complex variable z ha s n 
specified singulari t ies on the unit circle and no others anywhere 
in the finite plane. Let R , m > 0, be the region to which f 

m — 
can be continued by m successive power se r i e s continuations 
starting at the origin; R is the origin, R is the interior of 
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the unit c i r c l e , R is the onion of the i n t e r i o r s of a l l c i r c l e s 

whose c e n t r e i s in R and whose c i r c u m f e r e n c e (but not the 
1 

i n t e r i o r ) con t a in s a s i n g u l a r i t y , and so on. How should the 
s i n g u l a r i t i e s be d i s t r i b u t e d so tha t the d i a m e t e r of R be 

m 
s m a l l e s t ( l a r g e s t ) p o s s i b l e ? What a r e the a r c s c o m p o s i n g the 
bounda ry of R ? If z i s a given c o m p l e x n u m b e r , what i s 

m 
the s m a l l e s t m such tha t z is in the r eg ion R ? 

m 

(33) Le t K be a convex body in E s y m m e t r i c wi th 
r e s p e c t to the o r ig in . Let the m e a n c u r v a t u r e M ex i s t a t 
e v e r y point of the boundary of K, and let M > c. What i s 
the inf imum of the vo lume of bod ie s K, which sat isfy the 
above condi t ions and conta in a point of the i n t ege r la t t ice o the r 
than the o r i g i n ? 

(34) Let H be a cube in E of e d g e - l e n g t h a, and let 
k n - d i m e n s i o n a l ba l l s of unit r a d i u s be p laced so tha t t h e i r 
c e n t r e s a r e at r a n d o m in H. What i s the p robab i l i ty that the 
union of the k b a l l s is a connec ted s e t ? - That it h a s s c o m 
ponen t s ? - Tha t it h a s vo lume not exceed ing b t i m e s the 
vo lume of one b a l l ? 

(35) A r e t h e r e , for n > 3, n - d i m e n s i o n a l s e t s of con
s tan t width whose b o u n d a r i e s fail to be smooth in the following 
s t rong s e n s e : t h e r e e x i s t s no ( r e l a t ive ) open subse t of the 
bounda ry at e ach point of which the body h a s a unique suppor t 
p lane ? 

(36) Let N points be taken in E subjec t only to the 
condi t ion of g e n e r a l pos i t ion (no two co inc ide , no t h r e e c o l l i n e a r , 
no four c o p l a n a r e t c . ). What i s the s m a l l e s t n = n (n, k), 

such tha t if N > n then the N points m u s t conta in k v e r t i c e s 

of a convex n - d i m e n s i o n a l p o l y h e d r o n ? 

(37) Cal l a convex body K in E a ha l f -body if p a r t of 
i ts b o u n d a r y l i e s in a plane P and the union of K and i t s 
r e f l ex ion in P i s convex. Let L be a convex body in E n 

and le t H(L) denote the ha l f -body (or one of t h e m if t h e r e a r e 
m o r e than one) , of l a r g e s t pos s ib l e v o l u m e , which can be s l i ced 
off L by a p lane . What is the va lue of 
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c(n) = inf [vol H(L)/voI L] ? 
L 

(38) Let K be a convex body in E . It i s ca l l ed a 
n 

c y l i n d e r if it i s ( congruen t to) a C a r t e s i a n p r o d u c t of a s t r a i g h t 
s e g m e n t and s o m e K . F o r a convex body K in E n , let 

n - 1 
C(K) denote the c y l i n d e r of l a r g e s t v o l u m e tha t can be i n s c r i b e d 
into K. By a p r o c e s s of double i n s c r i p t i o n (a cone into K, 
a c y l i n d e r into the cone) one can show tha t 

vo l C(K) /vo l K > c n" 
— 1 

Can t h i s be i m p r o v e d to 

vol C(K) /vo l K > c n " a , a < 1 ? 

(39) It i s e a s y to show tha t the b a l l in E canno t be the 
convex hul l of an a r c of finite length . One m a y pose the fol low-
ing a p p r o x i m a t i o n p r o b l e m . Let K be a convex body in E 
of d i a m e t e r 1 and let e > 0 be given. What i s the in f imum 
L(e ) of the length L of an a r c C whose convex hul l a p p r o x i 
m a t e s K to wi th in e (in the Hausdorf f s e t - m e t r i c ) ? When 
K i s the b a l l , E. S t r a u s s shows (p r iva t e c o m m u n i c a t i o n ) tha t 

L(s) = . £ - 1 / 2
+ 0 ( E - 1 / 6 ) ; 

i s it t r u e tha t for any K 

L(e) = c(K) e " 1 / 2 + o ( e " 1 / 2 ) ? 

If so , what i s the c o n s t a n t c(K) in t e r m s of i n t e g r a l s of 
funct ions of c u r v a t u r e s ove r the bounda ry of K ? 

(40) Let K be a s t r i c t l y convex body in E of unit 
d i a m e t e r and let u be a d i r e c t i o n ; the equa to r E(u) is the 
subse t of the b o u n d a r y of K, c o n s i s t i n g of a l l po in t s a t which 
t h e r e ex i s t suppor t p l a n e s p a r a l l e l to u. E v e r y e q u a t o r E(u) 
i s con ta ined be tween a pa i r of p a r a l l e l p l a n e s having poin ts in 
c o m m o n with it and o r thogona l to u ; le t d(K, u) be the d i s 
t a n c e b e t w e e n t h e m . What i s the va lue of 

f(n) = sup m i n d(K, u) ? 
K u 

572 

https://doi.org/10.4153/CMB-1965-040-x Published online by Cambridge University Press

https://doi.org/10.4153/CMB-1965-040-x


(41) Let f , . . . ,f be n po in t s in the p l ane , not n e c e s -
1 n 

s a r i l y a l l d i s t i nc t , and let an n - e l l i p s e with t h e s e n po in t s a s 
foci be the locus of po in ts for which the sum of the d i s t a n c e s 
f rom the foci is cons tan t . Then e v e r y n - e l l i p s e i s a convex 
c u r v e (which m a y r e d u c e to the empty se t , a point or an i n t e r v a l ) . 
Is it t r u e tha t e v e r y plane c lo sed convex c u r v e C can be 
a r b i t r a r i l y w e l l a p p r o x i m a t e d by an n - e l l i p s e ? Is t h i s t r u e 
under the f u r t h e r condi t ion tha t the a p p r o x i m a t i n g n - e l l i p s e 
l ie ins ide (outs ide) C ? 

It i s e a s y to show tha t with a su i tab le a r r a n g e m e n t of p ins 
and t h r e a d an n - e l l i p s e wi th known foci , and p a s s i n g t h r o u g h a 
given point , can be d r a w n in the s a m e way a s an o r d i n a r y 
e l l i p s e . Suppose tha t we e n l a r g e the c l a s s i c a l Euc l idean 
c o n s t r u c t i o n s , us ing r u l e r and c o m p a s s e s in the t r a d i t i o n a l 
s e n s e , by a l lowing the c o n s t r u c t i o n of n - e l l i p s e s a s d e s c r i b e d 
above . What c o n s t r u c t i o n s a r e now p o s s i b l e ? Is it pos s ib l e to 
t r i s e c t any a n g l e ? Is it pos s ib l e to c o n s t r u c t a s e g m e n t whose 
length is a t i m e s the length of a given s e g m e n t , for any p o s i 
t ive a l g e b r a i c a ? 

(42) Le t C be a plane c losed convex c u r v e which can be 
a r b i t r a r i l y we l l a p p r o x i m a t e d by an i n s c r i b e d polygon a l l of 
whose s i d e s and d iagona l s have r a t i o n a l l eng ths . Must C be 
a c i r c l e ? 

3 3 
(43) Does t h e r e ex i s t in E a smoo th ( c l a s s C ) su r f ace 

of cons tan t width , o ther than the s p h e r e , a l l of whose g e o d e s i e s 
a r e c l o s e d ? 
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