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1. Introduction

The motivation of this work comes from the following vague but inspiring thought:

Question: If we run a minimal model program of a moduli space, do all the steps
admit a modular interpretation?

For example, this is true for the moduli spaces of vector bundles over many classes of
surfaces (see [16, 54, 48, 43, 17, 19, 22] or surveys [21, 35, 44]).

In this paper, we look at this question for the coarse moduli space M ,, of Deligne—
Mumford stable n-pointed curves of genus g. The main result of the paper is that all
the first natural steps of the minimal model program (MMP) for M, ,, admit a modular
interpretation; more precisely, they are moduli spaces of suitable singular curves.

The MMP for M, ,, is closely related to the Hassett-Keel program (see [33, 34, 9, 8, 7]),
which is interested in studying the modular interpretation of the log canonical models

My, () i=Proj @ H* (Myn, |m Kz, , +0+a(6-v))|) (L.1)

m>0

of Mg n Wwith respect to KM + ¢+ a(d—1) as « decreases from 1 to 0. However, the
point of view of the MMP is shghtly different, since it is interested in contracting K-
negative rays, or more generally faces, of the Mori cone My ,, and then flipping them if
the resulting contraction is small. It turns out that the first three steps of the Hassett—
Keel program coincide with some of the steps of the MMP described in this paper, as we
explain in detail toward the end of the introduction.

As a by-product of our investigation, we produce many morphisms (with connected
fibres) from Mg ,, to other normal projective varieties. The number of these morphisms
grows exponentially in (g,n). This gives a partial answer to [29, Question, page 275]),
which asks for a classification of all such morphisms. To the best of our knowledge, the
only previously known birational morphisms from ngn (with g > 5) were the first two
steps of the Hassett—Keel program and, for n =0, the Torelli morphism from Mg to the
Satake compactification of the moduli space of principally polarised abelian varieties (note
that it is unknown whether the Satake compactification admits a modular interpretation
as moduli space of curves).

The geometry of the morphisms that we construct in this paper will be further studied
in our work. This paper is independent of its sequel [20], tu for the sake of completeness
we have included here some results from that work.

As a further by-product, we produce many new weakly modular (and sometimes also
modular) compactifications (in the sense of [26, Sec. 2.1]) of the moduli space M, ,, of
n-pointed smooth curves of genus g (see Remark 4.15). Moreover, our weakly modular
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compactifications involve curves whose singularities are of the simplest kind, namely
nodes, cusps and tacnodes — a problem that was explicitly discussed in [26, p. 21-22].

1.1. The first step

As a warm-up, let us describe the possible first steps of the MMP for Mg,m assuming for
the moment that the characteristic of the base field & is 0.

A first natural K-negative! extremal ray of W(M%n) is generated by the elliptic
tail curve Cep — that is, the curve Cen (well defined up to numerical equivalence) of M, ,,
parametrising a moving 1-pointed elliptic curve (E,p) attached in p to a fixed n+ 1-pointed
smooth irreducible curve of genus g — 1. The contraction associated to the extremal ray
R>g - Cen has a modular meaning and can be identified with the modular contraction

T:M,, — M, (1.2)

g,n’

where Ml;sn is a projective normal Q-factorial irreducible variety which is the coarse
moduli space of the proper smooth Deligne-Mumford stack of n-pointed pseudostable
curves of genus g — that is, n-pointed projective connected (reduced) curves of genus
g with nodes and cusps as singularities, not having elliptic tails and with ample log
canonical line bundle? — and Y sends an n-pointed stable curve C' € M, (k) into the n-
pointed pseudostable curve Y (C') of Mzsn(k) which is obtained by contracting the elliptic
tails of C' into cusps (see Propositions 3.11, 5.1 and 5.5).

The morphism Y is a birational divisorial contraction of relative Picard number 1, and
it is the unique such morphism if g > 5, by [29, Prop. 6.4]. Moreover, if the F-conjecture is
true and n < 2, then a close inspection of formulae [29, Thm. 2.1] reveals that R>q- Cey is
the unique K-negative extremal ray of NE (Mg,n). On the other hand, if the F-conjecture
is true and n > 3, then there are other extremal rays of NE (Mg,n) that are K-negative,
but R>g-Cen is the unique one which is also K + -negative. In both the MMP and
the Hassett—Keel program of Mg,n, it seems that the divisor class K + 1) is more natural
than the divisor K; one reason is that, on the stack, it is stable under the clutching
morphisms (see, for example, [15, Chap. XVII, Sec. 4]). The upshot of this discussion is
that the morphism (1.2) is the ‘natural’ (and conjecturally unique for n < 2) first step of
the MMP for Mg,n.

1.2. The next steps

Let us now analyse the natural possible ways of continuing the MMP of Mg,n by looking
for K-negative extremal rays of M;Sn.
Given a hyperbolic pair (g,n) (that is, such that 2g —2+n > 0), consider the set

Ty = (i} U{(r, 1) : 0<7 < g, 1 C [n]:= {1,...,n}]\{(0.0). (9. [n]) )/~ (1.3)

'In this introduction, we will be deliberately vague on the canonical class K; what we are going
to say works both for the canonical class of the stack and for its coarse moduli space.

2We assume from now on that (g,m) # (1,1),(2,0), because ﬂ?i is empty, while ﬂg% is neither
separated nor with finite inertia and MS,SO is only an adequate moduli space.
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where ~ is the equivalence relation such that irr is equivalent only to itself and (7,1) ~
(7,1} if and only if (7,I) = (7',I') or (7',1') = (g — 7,1¢), where I¢ = [n]\I. We will
denote the class of (7,I) in T, , by [r,I] and the class of irr in Ty ,, again by irr. Set
Tyn=Tgn\ {irr}.

Definition 1.1 (Elliptic bridge curves, see Figure 1). Consider the following irreducible
curves (well defined up to numerical equivalence) in ﬂ;sn (or in MS;), which we call
elliptic bridge curves:

1. If g > 2 and (g,n) # (2,0), we denote by C(irr) the closure of the curve formed by a
varying 2-pointed rational nodal elliptic curve (R,p,q) attached to a fixed n-pointed
smooth irreducible curve D of genus g — 2 in the two points p and ¢. If (g,n) = (2,0),
C'(irr) is the closure of the curve formed by a varying rational curve with two nodes.

2. For every {[r,I],[r+ 11|} = {[r.1],[g —1—7,I°|} C Ty, —{(1,0),irr}, we denote by
C([r,1I],[T+1,I]) the curve formed by a varying 2-pointed rational nodal elliptic curve
(R,p,q) attached in p to a fixed smooth irreducible curve D; of genus 7 and with
marked points {p; }icr and attached in ¢ to a fixed smooth irreducible curve Dy of
genus g — 1 — 7 with marked points {p; };cre, with the convention that if 7 =0 and
I = {k} for some k € [n], then instead of attaching the fixed curve D1, we consider p
as the kth marked points, and similarly for the case (g —1—7,1¢) = (0,{k}).

The type of an elliptic bridge curve is defined as follows: C'(irr) has type {irr} C Ty ,,, and
C([r,I],[t+1,1]) has type equal to {[7,I],[T+1,I]} C Ty ».

The elliptic bridge curves generate linearly independent extremal rays of NE (Mggn)
that are both K- and K + v-negative (see Proposition 5.9). For an arbitrary subset
T C T, ,, we denote by Fr the K-negative face of NE (Mps ) spanned by the classes of

g,
the elliptic bridge curves whose type is contained in T' (see Lemma 5.12 for the properties
of FT)

If the F-conjecture (see [29, Conj. (0.2)]) holds, then the following are true:

g—2
1
1
n Pr+1
p1 Pn plc. pn

‘ Fig. 1- B/W online, B/W in print‘

Figure 1. The elliptic bridge curves C(irr) and C([r,I],[7 4+ 1,I]), where I = {1,...,k}. The varying
component is a 2-pointed rational nodal curve.
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e The elliptic bridge curves are the unique 1-strata of ﬂgsn which are Kzps +1)-
: o

negative. In particular, they are the unique 1-strata of MZS which are Kes-
g
negative. .

e The elliptic bridge curves are the unique Kzrs -negative curves of ﬂsbn
g,n ?

which

are the image of Ky  -positive 1-strata of Mg .

Hence the natural prosecution of the MMP for M, ,, is the contraction of one of these
extremal rays, or, more generally, of a face F; and its flip. The goal of this paper is to
show that both the contractions of these K-negative faces and their flips have a modular
description, and to describe explicitly their geometrical properties.

1.3. T-semistable and T*-semistable curves

To give these modular descriptions, we need new stability notions. Given a tacnode p of
an n-pointed projective curve of genus g with ample log canonical line bundle, we define
the type of p as

type(p) := {irr} C T, ,, if the normalisation of C at p is connected,;

type(p) := {[r,I],[r + 1,I]} C T, , if the normalisation of C' at p consists of two
connected components, one of which has arithmetic genus 7 and marked points
{pi}icr and the other of which has arithmetic genus g —1 —7 and marked points

{pi}ielc~

In a similar fashion, we define the type of an A;/A;-attached elliptic chain (see
Definition 3.2).

Definition 1.2 (see Definition 3.16). Set T'C T, .

(i) We denote by ﬂ;n the stack of T-semistable curves — that is, n-pointed projective
connected curves of genus g having singularities that are nodes, cusps or tacnodes
of type contained in T', not having either A;-attached elliptic tails nor As-attached
elliptic tails and with ample log canonical line bundle.

(ii) We denote by MZZ the stack of T -semistable curves — that is, T-semistable curves
without any A;/A;-attached elliptic chain of type contained in T'.

1.4. Main results

We can now state the three main results of this paper. We work over an algebraically
closed field k. For some of our results, we will need to assume that the characteristic of
k is big enough with respect to the pair (g,n), which we write as char(k) > (g,n) (see
Definition 4.1); for some others we assume that the characteristic of k is 0.

The first main result describes the relation between the stacks of pseudostable curves,
T-semistable curves and T-semistable curves and their good moduli spaces.
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Theorem A (= Theorems 3.19 and 4.4). Assume (g,n) # (2,0) and T C Ty .

(1) The stack /\/lg n 18 algebraic, smooth, irreducible and of finite type over k, and we
have open embeddings

——ps o v T Uf T4
./\/lg’nc—> Mg)n <—)/\/lg’n .

(2) Assume that char(k) >>( n). Then the algebraic stacks ﬂ:n and ﬂ;: admit

good moduli spaces M. gn and M. g.n» Tespectively, which are proper normal irreducible

algebraic spaces over k. Moreover, there exists a commutative diagram

L

— s L o7
MM, <M,

|- i o

+
~—=Ds fT T T —T+
Mg ——= Mg, =— My,
where the vertical maps are the natural morphisms to the good moduli spaces (indeed,
@P° is also a good moduli space if char(k) > (g,n)) and the bottom horizontal

morphisms fr and fi are proper (and birational, if (g,n) # (1,2)) morphisms.

Theorem A(1) (which coincides with Theorem 3.19) is proved in Section 3. In this

—T .
section, we also investigate the properties of the stacks M, and ./\/l : we describe the
containment relation among all these different stacks i 1n PI‘OpOblthD 3. 22 we describe the

g and Mgn

and 3.27; and we describe the Picard groups of ./\/l » and Mt g,n i Corollary 3.29.

Theorem A(2) is proved in Section 4 (see Theorem 4.4). The strategy is the same
as the one pioneered by Alper, Fedorchuk, Smyth and van der Wyck in [9] to perform
the first steps of the Hassett—Keel program. The key property is the fact that the open
embeddings of stacks in part (1) of the theorem arise from local variation of geometric
invariant theory (VGIT) with respect to 6 — (in the sense of [9, Def. 3.14]). One little
improvement of those methods is provided in Proposition 4.9, which generalises [8, Prop.
1.4] from characteristic 0 to arbitrary characteristic and allows us to construct the good
moduli spaces, provided that the automorphism group schemes of the algebraic stacks
are linearly reductive, which is true if the characteristic is big enough (see Lemma 4.2
and Remark 4.3).

After the completion of this work, Alper, Halpern-Leistner and Heinloth posted on
arXiv a preprint [11] in which they provide a necessary and sufficient criterion for a stack
to admit a good moduli space. Hence it should be possible to prove the existence of

closed points and the isotrivial specialisations of M in Propositions 3.24

v s . . cr
the good moduli spaces Mg ,» and Mg; (and also Proposition 4.9) using their criterion;
however, we have not checked the details.

Our second main result identifies, in characteristic 0, the morphism fr with the

contraction of the K-negative face Frr of the Mori cone of Mgfn.
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Theorem B (= Theorem 6.1). Assume char(k) =0, (g,n) # (2,0) and T CT,,. The
1s projective and the morphism fr :MS,STL SML

g coincides with

good moduli space Mg n
the contraction of the face Fr.

The proof of this theorem follows, using the rigidity lemma (Lemma 2.1), from the
fact that fr is a contraction with the property that a curve C' C ./\/l _n 18 contracted by
fr if and only if its class [C] lies in Fr (see Lemma 5.12 and Proposmon 6.2). From
Theorem B and standard corollaries of the cone theorem, we derive a description of the
rational Picard group of M;n and of its nef/ample cone (see Corollary 6.4).

In our sequel paper [20], we investigate the geometric properties of the moduli space
Mjn and of the morphism fr (see Proposition 6.7 for a recap of some of those results).

Our last main result is a description of the morphism f; : Z: — M;Sn (which turns
out to be a projective contraction; see Propositions 7.12 and 7.15) as the flip (in the sense
of Definition 7.1) of fr with respect to suitable Q-line bundles.

Theorem C (= Theorem 7.4, Corollary 7.13, Corollary 7.20). Assume char(k) > (g,n),
(9,n) # (2,0),(1,2), and T C Ty.,,. Let L € Pic (M;’fn)Q — Pic (ﬂ;’fn)Q — Pic (ﬂin)(@
The morphism fT is the L-flip of fr if and only ifL 1 fr-antiample and the restriction
of L to /\/l descends to a Q-line bundle on M . In particular:

(i) The morphism f : M Z,j —>Mg,n is the ( M —|—w> -flip of fr.

ng+ %Mjn is the KMp= -flip of fr if and only if M
is Q-Gorenstein — that is, if and only if T does not contain subsets of the form

{10, {73 (LA, (231} for some j € [n] or (g,n) = (3,1),(3,2),(2,2).
Therefore, MZJF

N

(ii) The morphism fi :

is projective if char(k) =0.

In proving this result we investigate the properties of the space M. and of the

g,n
morphism fT Mg n = Mg » in Section 7. We compute the rational Picard group of
71 . . . .. .

Mg): in Proposition 7.7 (and in particular, we describe explicitly when a Q-line bundle

on Mj: descends to a Q-line bundle on M;:) and we describe when M;n is Q-factorial
or Q-Gorenstein in Corollary 7.9. Moreover, we describe the exceptional locus of f; in
Proposition 7.15 and its relative Mori cone in Proposition 7.19.

Finally, we prove in Corollary 7.21 that whenever fr 1M§,Sn — M;n is small and MZ:

is Q- factorlal for any Q- hne bundle L on M’ which is fr-antiample, the rational map

g,n
( fT) ofr:M,, -+ Mq », can be decomposed as a sequence of elementary L-flips.
A posteriori, We can recover our stacks of T-semistable and 7' -semistable curves as

semistable loci for convenient line bundles, as explained in the following remark:

Remark 1.3. Let L{é% be the stack of n-pointed curves of arithmetic genus g with
locally complete intersection singularities and with ample log canonical line bundle, as in
Section 3.2. Recall that U ke is a smooth and irreducible algebraic stack of finite type over
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k. The stack M;n of T-semistable curves is an open substack of Z/léc}l, and its complement
contains a unique divisor, namely the divisor A; y parametrising curves with an elliptic
tail.

Assume that char(k) =0 and consider the projective good moduli space ¢ : /\/l —

g,n
Mng (see Theorem B). Let M be an ample line bundle on M., and let £ be a line

g,n

bundle on Ué‘; whose restriction to Mg ,, coincides with ((bT) (M) (note that such a
line bundle £ exists, since Ulcﬁl is regular). By combining [4, Thm. 11.5] and the proof
of [4, Thm. 11.14(ii)], it follows that the stack MY, is exactly the semistable locus of

Ul with respect to Ly := L& Oyes (NA;,p) for N> 0 (in the sense of [4, Def. 11.1])

g,n

and M 1 the good moduh space provided by [4, Thm. 11.5]. A similar statement holds
true for ¢T+ M —> M

1.5. Relation with the Hassett—Keel program

We can now describe in detail the connection between our work and the first steps of
the Hassett—Keel program, as established in [33, 34, 9, 8, 7]. From [7, Thm. 1.1] and
Proposition 5.5(i), it follows (assuming char(k) = 0) that

My if 2<a<l,
_ M if Z<a<
s 110
My, n () = M%L" o T (1.4)
%n . 1II & = 10°
M,%" if 2 <a<

Therefore, Theorems B and C imply that at the second critical value of the Hassett—
Keel program, 7/10, the variety Mg ,,(7/10) is obtained from Mg, (7/10+¢€) = MS,Sn by
contracting the entire elliptic bridge face of the Mori cone of Mlg))sn (whose dimension is
computed in Remark 5.10), while the variety M, ,,(7/10 —¢€) is obtained by flipping this
contraction with respect to K +1. As a by-product of our analysis, we obtain some results
on the geometry of M, ,,(7/10) and of M, ,(7/10 —€): we compute their rational Picard
groups (see Example 6.5 and Corollary 7.11) and determine when they are Q-factorial or

Q-Gorenstein (see Proposition 6.7 and Remark 7.10).

1.6. Open questions

This work leaves out some interesting questions, which we hope to be able to address in
the future:

(1) For any Q-line bundle L on M », Which is fr-antiample, we can construct the L-flip
of fr at least if char(k) =0 (see Lemma 7.3(i1)). Theorem C 1mphes that the L-flip of

fr coincides with fT , provided that the restriction of L to /\/l 1S T+ -compatible.

If this condition fails (which can only happen if M.t
modular description of the L-flip of fr?

g,n is not Q—factor1a1)7 is there a
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. c 1 . EvZa .

(2) Can we describe modularly all the small Q-factorialisations of M, ,, — that is, all the
Q-factorial normal proper algebraic spaces endowed with a small contraction X —
—T
M, ,,7 Even more, it would be interesting to determine the chamber decomposition

| 01( )/PIC( ) ]_[Nef<X/M)

where X; — M n vary among all the small Q-factorialisations of M (see [41,
Exercise 116] and [45, Thm. 12.2.7]).

In this paper, we have described modularly some of the Q-factorialisations of M.
d]v
namely M » (which coincides with M , Whenever fr is small; see Proposition 6.7)

and Mg n for all subsets S C T that satlsfy the conditions of Corollary 7.9(ii).

However, when Mgn is not Q-factorial, we know for sure there are other Q—

factorialisations, namely the Q-factorial flips of the morphisms fg : M n— M

g,n?

where S CT and M » 1s not Q-factorial (see the previous question).

(3) Theorem B implies that the moduli space Mg,n (and hence also M g,n) is projective if
char(k) = 0. Is this true in positive characteristics (big enough so that M;n exists)?
For the special case T' =T, ,, this is achieved in Example 6.5 by building upon

the geometric invariant theory (GIT) analysis of [34] for n = 0. In the general case,
when no GIT construction seems plausible, we could try to use Kollar’s approach

[40], but the main difficulties are that the stack ﬂ;n does not have finite stabilisers
and it parametrises nonnodal curves.

(4) Can we find some (or all) Q-line bundles L (perhaps of adjoint type) on M, , for
which Proj€P, >, H (Mg, ,|mL]) is isomorphic to M;n or M;:? A quite complete

answer for Mzn is contained in [20, Sec. 4].

2. Notation and background

We work over a fixed algebraically closed field k of arbitrary characteristic. Further
restrictions on the characteristic of k will be specified when needed.

2.1. Notations for curves

An n-pointed curve (C,{p;}?_,) is a connected, reduced, projective 1-dimensional scheme
C over k with n distinct smooth points p; € C (called marked points). If the number of
marked points is clear from the context, we will denote an n-pointed curve simply by
C'. The (arithmetic) genus of a curve C' will be denoted by g(C). The log canonical line
bundle of an n-pointed curve (C,{p;}7,) is w2 := we (X0, i)

A singular point p € C' is called:

e a node (or singularity of type Aj) if the complete local ring 5;; of C' at p is
isomorphic to k[[z,y]]/(zy) (or to k[[z,y]]/ (y* — x?) if char(k) # 2);
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e a cusp (or singularity of type As) if @ = kz,y]l/ (y? —23);
e a tacnode (or singularity of type Aj) if (’E is isomorphic to k[[z,y]]/ (y (y —2?))
(or to k[[z,y]]/ (y* — x*) if char(k) # 2).

When dealing with the deformation theory of a tacnode, we will often assume char(k) #
2 for simplicity (note that the semiuniversal deformation space of a tacnode has dimension
3 if char(k) # 2 and 4 if char(k) = 2).

We use the notation A = SpecR and A* = Spec K, where R is a k-discrete valuation
ring with residue field k£ and fraction field K; we set 0, n and 77 to be, respectively, the
closed point, the generic point and a geometric generic point of A. Given a flat and proper
family 7 : C — A, we denote by Cy the special fibre, by C, the generic fibre and by Cy a
geometric generic fibre.

An isotrivial specialisation is a flat and proper family 7 : C — A of curves such that the
restriction C x o A* — A* is trivial — that is, C xa A* =2 C X Spec K for some curve C
defined over k. In this case, we say that C' isotrivially specialises to Cy, and we write C' ~»
Co. This isotrivial specialisation is called nontrivial if Cy 2 C, or equivalently (compare
[50, Prop. 2.6.10]), if C 2 C X A. Similar definitions can be given for pointed curves, by
requiring that the family 7 : C — A admit sections.

2.2. Notations for Mori theory

A proper morphism f: X — Y between two reduced algebraic spaces of finite type over
k is called a contraction if f,Ox = Oy.

Given a reduced proper k-algebraic space X, we denote by N!'(X) = ZPX the
(numerical) Néron—Severi group, and we set N'(X)g = N'(X)®zR (the real Néron-
Severi vector space). Via the intersection product, the dual of N'(X) is naturally
identified with the group Ni(X) of l-cycles up to numerical equivalence, and we set
N1(X)r = N1(X) @z R. Inside N1(X)r are the effective cone of curves NE(X), which
is the convex cone consisting of all effective 1-cycles on X, and its closure NE(X), the
Mori cone. Given a contraction 7 : X — Y between reduced proper k-algebraic spaces,
the m-relative effective cone of curves is the convex subcone NE(7) of NE(X) spanned
by the integral curves that are contracted by 7 (that is, the integral curves C of X such
that m(C) is a closed point of Y), and its closure NE(r) := NE(7) C NE(X) is called the
w-relative Mori cone. We will use the following facts:

e If Y is projective, then NE(7) is a face of NE(X), and hence NE(7) is a face of
NE(X) (the proof of [24, Prop. 1.14(a)] for NE(nr) works also for NE(r)). Moreover,
the class of an integral curve [C] belongs to NE(7) if and only if . ([C]) = 0.

e If X and Y are projective (which implies that also 7 is projective), then = is
uniquely determined by NE(7) up to isomorphism (see [24, Prop. 1.14(b)]).

e If 7w is projective, then the relative Kleiman ampleness criterion holds: a Cartier
divisor D on X is m-ample if and only if D is positive on NE(7)\ {0} (see [42,
Thm. 1.44]).
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Given a projective k-variety X and a face F' of NE(X), if there exists a (projective)
contraction 7 : X — Y into a projective k-variety Y such that NE(x) = F, then7: X =Y
(which is unique by what we have already said) is called the contraction of the face F
and will be denoted by 7r : X — X . Note that not all the faces F' of NE(X) can have
an associated contraction; a necessary condition for that to happen is that the closure of
F be equal to a face of NE(X). Contraction of faces of the effective cone of curves can
also be characterised as follows:

Lemma 2.1. Let X be a projective k-variety and let F be a face of NE(X) for which
there exists a contraction 7p : X — Xp. If f: X =Y is a contraction onto a reduced
proper (not necessarily projective!) k-algebraic space Y such that an integral curve C C X
is contracted by f if and only if [C] € F, then there exists an isomorphism Xp 2Y under
which f=7p.

Proof.By the assumption on f and the definition of the contraction nr of F, it follows
that an integral curve C C X is contracted by f if and only if it is contracted by 7.
Since X is assumed to be projective, the morphisms f and nr are projective contractions,
which implies that their closed fibres are connected projective k-varieties. Using suitable
hyperplane sections, we can connect any two closed points of a closed fibre of f (resp.,
7mr) by a chain of integral curves contained in the given fibre of f (resp., mr). Hence,
from what we have said for curves, we conclude that a closed subscheme of X is a fibre
of f if and only if it is a fibre of 7p.

We can now apply the rigidity lemma of [24, Lemma 1.15] to conclude that f factors
through 7 and 7p factors through f. This implies that there exists an isomorphism
Y = Xp under which f=mnp. O

In Lemma 2.1, the assumption that a curve C' C X is contracted by f if and only if
[C] € F cannot be replaced by the weaker condition that NE(f) = F, as the following
example shows:

Example 2.2. Consider a projective smooth complex 3-fold X with a Kx-negative
extremal ray R such that the contraction of R, 7x : X — Y, contracts a divisor E = P! x P!
to a singular point in Y. In this case, by [46, Thm. 3.3], the normal bundle of E is
O(—1,—1), and the two rulings of E are numerically equivalent on X. Such a 3-fold does
exist, by [46, Section 10, Example 3.44.2].

By Nakano’s theorem, F can also be contracted analytically along one of its rulings by a
holomorphic map f: X — Z. The end result Z is a proper complex smooth algebraic space
(or equivalently, a proper Moishezon manifold) and NE(f) = R. The complex manifold Z
is therefore nonprojective, and it can be seen as a small resolution of Y.

3. The moduli stacks of T-semistable and 7T+-semistable curves

The aim of this section is to define the relevant moduli stacks of n-pointed curves, with
which we will work throughout the paper.
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Figure 2. An elliptic tail and an elliptic bridge.
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Figure 3. An elliptic chain of length 4. The 1s indicate the genus of the irreducible components.

3.1. Special subcurves

In this subsection, we will introduce some special subcurves that will be used in the
definition of our moduli stacks. The reader can safely skip this section at a first reading
and come back to the relevant definitions when needed.

Definition 3.1 (Tails, bridges and chains [9, Def. 2.1 and 2.3, Lemma 2.13], see Figures 2
and 3).

1. An elliptic tail is a 1-pointed irreducible curve (E,q) of arithmetic genus 1 (that is,
E is either a smooth elliptic curve or a rational curve with one node or one cusp).

2. An elliptic bridge is a 2-pointed curve (FE,q1,q2) of arithmetic genus 1 which either
is irreducible or has two rational smooth components R; and Ry that meet in either
two nodes or one tacnode, and such that ¢; € R; for i =1,2.

3. An elliptic chain of length r is a 2-pointed curve (F,q1,q2) which admits a finite,
surjective morphism « : J;_; (E;,p2i—1,p2i) — (E,ql,qg) such that:
(a) (Eji,p2i—1,p2:) is an elliptic bridge for i = 1,.

(b) ~ induces an open embedding of E; \ {p2;— 17p21} into E\ {q1,q2} for i =1,.
(¢) v(p2i) = v(p2i+1) is a tacnode for i =1,...,r —1;
(d) v(p1) = @1 and ¥(p2r) = G-

Note that an elliptic chain of length r has arithmetic genus 2r — 1. An elliptic chain of
length 1 is just an elliptic bridge.

Definition 3.2 (Attached elliptic tails and chains [9, Def. 2.4], see Figure 4). Let
(C{pi}71) be an n-pointed curve of genus g. Let k,k1,k2 be equal to 1 or 3.

. (CApi}_,) has an Ay-attached elliptic tail if there exists a finite morphism -~ :
(E,q) = (C\{pi}—) (called a gluing morphism) such that:

(a ) (E,q) is an elhptlc tail;
(
(

b) v induces an open embedding of F — {q} into C —U>_{{p;};
¢) v(q) is an Ag-singularity.
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Figure 4. Three curves with, respectively, an Aj-attached elliptic tail, an Ag-attached elliptic tail and
an A1 /Ai-attached elliptic bridge.

(C){pi}1—,) has an Ay, /Ay, -attached elliptic chain (of length r) if there exists a
finite morphism ~ : (E,q1,92) — (C,{pi}?_;) (called a gluing morphism) such that:
(a) (F,q1,92) is an elliptic chain (of length 7);

(b) ~ induces an open embedding of E —{q1,q2} into C — U, {p; };

(¢) v(g:) is an Ay, -singularity or k; = 1 and ~y(g;) is a marked point (for ¢ = 1,2).
An Ay, /Ag,-attached elliptic chain of length 1 is also called an Ay, /Ay, -attached
elliptic bridge. An Ay, /Ag-attached elliptic chain v : (E,q1,q2) = (C,{p;}_,) of length
r such that v(q1) = v(g2) is called closed. In this case, « is surjective and (g,n) =
(2r—14554,0).

In analysing the automorphism group of the curves we will be dealing with, a central
role is played by rosaries, as introduced in [34] (see also [9, Sec. 2.5]).

Definition 3.3 (Open and closed rosaries [34, Def. 6.1, 6.3], [9, Def. 2.26], see Figure 5).

1. An open rosary of length r, or simply a rosary of length r, is a 2-pointed
curve (R,q1,92) which admits a finite, surjective morphism v : {J;_, (Li,p2i—1,p2i) —
(R CI1,QQ) with:

(a) (Li,p2i—1,p2:) is 2-pointed smooth rational curve for i =1,...,r;

(b) v induces an open embedding of L; \ {p2i—1,p2:} into R\ {ql,qQ} fori=1,.
(¢) a; :==~(p2i) = vy(p2i+1) is a tacnode for i =1,...,r —1;

(d) v(p1) = @1 and ¥(p2r) = go

2. A closed rosary of length r is a (0-pointed) curve R which admits a finite, surjective
morphism 7 : J;_, (Li,p2i—1,p2:) — R such that:

(a) (L;yp2i—1,p2i) is 2-pointed smooth rational curve for i =1,...,7;

(b) 7 induces an open embedding of L; \ {p2;—1,p2;} into R for i =1,...,r;
(¢) a; :=7(p2;) =v(p2i41) for i=1,...,r—1, and a, :=y(p1) = y(p2r) are tacnodes.

Note that an open rosary (R,q1,q2) of length r has arithmetic genus g(R) = r — 1, while
a closed rosary R of length r has arithmetic genus g(R) =r+1.

An open rosary (R,q1,q2) of length r is such that wgr(q; + ¢2) is ample if (and only
if) > 2 (this is the reason why open rosaries of length 1 will not play any role in the
sequel). An open rosary of length 2 is an elliptic bridge and is the unique elliptic bridge
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Figure 5. A rosary of length 3 and a closed rosary of length 4.

containing a tacnode; for this reason, we will also call it the tacnodal elliptic bridge. More
generally, any open rosary of even length r can be regarded as an elliptic chain of length
r/2 in which all the elliptic bridges are tacnodal.

Remark 3.4. Assume char(k) # 2. Open rosaries and closed rosaries of even length share
similar properties and can be described as follows, following [34, Prop. 6.5] (see also [9,
Def. 2.20(2)] for open rosaries of length 2 that coincide with 7/10-atoms):*

(i) An open rosary (R,q1,q2) of length » > 1 can be obtained by gluing the disjoint
union of r projective lines {L;}7_; with homogeneous coordinate [s;,¢;] and the

r—1 affine tacnodal curves Speckl[x;,y;]/ (y? — x}) via the gluing relations
t; S; t; i
xi<,s+1)€k[]xk{s+l}, (3.1)
5i tig1 54 tiv1

t; 2 S; 2 t; S;
Y = () ,—(”1> ek[l}xk[’“]. (3.2)
S; tit1 i tit1
Note that the marked points are equal to ¢ = [0,1] € L1 and g2 = [1,0] € L,., while
the tacnodes have coordinates (for every 1 <7 <r—1)
a; =[1,0] on L; and a;=1[0,1] on L;;1.

The connected component of the automorphism group of (R,q1,q2) is equal
to the multiplicative group Gy, which acts, in the coordinates already given,

by
A-[siti] = [A(il)iﬂsi,ti} c A =AY g ey = 2200y,
Note that the weights of the G,,-action on the tangent spaces at the marked points

are

wtg,, (T, (R)) =1 and wtg, (T4, (R))=(-1)".

3Closed rosaries of odd length have different properties: they depend on one modulus and they
do not admit an infinite group of automorphisms. Since we will not need them, we refrain from
giving an explicit description, and direct the interested reader to [34, Prop. 6.5].
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(ii) A closed rosary R of even length r > 1 can be obtained by gluing the disjoint union
of r projective lines {L;};_; with homogeneous coordinate [s;,t;] and the r affine
tacnodal curves Speck[z;,y;]/ (yl2 — x4) via the gluing relations

ti s t; i
mi:(f“)ek[]xk[‘g“}, (3.3)
Si tig1 5; tit1

t 2 Si+1 2 t Si+1
o (Z2) 2L M Zitl
4 ((Sz> ’ (ti+1> ) EkLz} Xk[tiﬂ]’ (34

where we adopt the cyclic convention L, 1 := L1, ;41 := 21 and y,4+1 := y1. Note
that the tacnodes have coordinates (for every 1 <i <r)

a; = [170] on Lz and a; = [071] on Li+1~

The connected component of the automorphism group of R is equal to the
multiplicative group Gy, which acts, in the coordinates given, by

A-[siti] = {A(_l)iﬂsiatz} c A=A g hy = 2200y,
Note that this is well defined, since (—1)"T! = (—1)* because r is even.

Similar to elliptic chains, open rosaries also can be attached in different ways inside
a pointed curve. However, we will need to consider only nodal attachments, as we now
define:

Definition 3.5 (Attached rosaries [34, Def. 6.3] and [9, Def. 2.26]). Let (C,{p;}?_,) be
an n-pointed curve. We say that (C,{p;}I ;) has an Ay /A;-attached rosary (of length r),
or simply an attached rosary, if there exists a finite morphism v : (R,q1,q92) = (C,{pi}7-1)
(called a gluing morphism) such that:

(a) (R,q1,q2) is a rosary (of length r);

(b) v induces an open embedding of R — {q1,q2} into C' — U™, {p;};

(¢) v(r;) is a node or a marked point (for any i = 1,2).

Note that we could have an A; /A;-attached rosary v: (R,q1,92) — (C,{pi}1-;) of length
r such that v(q1) =v(g2): in this case we have C' = R and (g,n) = (r,0).

Next we want to define the type of a tacnode, of an Ay, /Ag,-attached elliptic chain,
of an attached rosary and of a closed rosary, which will be a subset of the set T} ,, (see
definition (1.3)).

Definition 3.6 (Types of tacnodes, attached elliptic chains, attached and closed rosaries,
see Figures 6). Let (C,{p;}"_,) be a n-pointed curve such that C is Gorenstein and
we (Yoi; pi) is ample.
(1) Let p € C be a tacnode. We say that p is of type:
e type(p) :={irr} C T} ,, if the normalisation of C at p is connected;
e type(p) := {[r,I],[r+ 1,I]} C T,, if the normalisation of C' at p has two
connected components, one of which has arithmetic genus 7 and marked points
{pitier.
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(2) Let v: (F,q1,q2) = (C,{pi}_,) be an Ay, /Ay,-attached elliptic chain of length r > 1
and with ki,ko =1 or 3. Set

0 ifki=ky=1,
G(kl,kg) = ]_ lf (khkg) = (1,3) or (3,1),
2 ifky=ky=3.

We say that (E,q1,q2) is of type:
o type(E,q1,q2) = {[0,{pi}],[L,{p:i}],. .. [2r — 1+ e(k1,k2),{p:}]} C T, if either
v(q1) = pi or v(q2) = pi;
type(E,q1,q2) := {irr} C T, ,, if v(¢1) and ~y(g2) are singular points (either

nodes or tacnodes) of C' and C'\ y(E) is connected (which includes also the case
of a closed Ay, /Ag,-attached elliptic chain, in which case C'\y(F) = 0);

o type(E,q1,q2) :=={[r,1],[t+1.1],....,[T+2r — 1 +e(k1,k2),I]} C Ty, if v(q1) and
~(gz2) are singular points (either nodes or tacnodes) of C and C'\ y(E) consists
of two connected components, one of which has arithmetic genus 7 with marked
points {p; }ier-

(3) Let v: (R,q1,92) — (C,{pi}*_,) be an attached rosary of length r. We say that

(R,q1,92) is of type:

o type(R,q1,q2) = {[0,{pi}],[L,{p:}],-...[r — L, {pi}]} C T} n if either v(q1) = p; or
V(92) = pi;

o type(R,q1,q2) = {irr} C Ty ,, if v(q1) and y(g2) are nodes of C' and C'\y(R) is
connected (which includes also the case where C'\ y(R) = ), which can happen
only if (g,n) = (r,0) and v(g1) =(g2));

o type(R,q1,q2) = {[r,I),[7+1,1],...,[r+r—LI|} CT,, if v(q1) and v(g2) are
nodes of C' and C'\ y(R) consists of two connected components, one of which
has arithmetic genus 7 with marked points {p; }ic71.

(4) The type of a closed rosary R is set to be type(R) := {irr}.

One can check that these definitions are well posed.

‘ Fig. 6- B/W online, B/W in print‘

Figure 6. A curve with an As/A;-attached elliptic bridge of type {[7,I],[T+ 1,I],[t +2,I]} and a curve
with an A1 /A;-attached elliptic chain of type {[7,I],[T+1,1],...,[T +5,I]}, where I = {1,...,k}.
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T g—17—1 T g—17—1 T g—17—1

\ Fig. 7- B/W online, B/W in print\
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Figure 7. An A;/Ai-attached elliptic bridge and a tacnode that isotrivially specialise to an Aj/A1-
attached rosary of length 2.

Remark 3.7. Note that the type v : (R,q1,92) = (C,{p:}?_;) of an attached rosary is
the union of the types of all the tacnodes contained in «(R), and similarly for a closed
rosary.

We conclude this subsection by describing some isotrivial specialisations that come
from the Gy,-action on open rosaries and closed rosaries of even lengths (see Remark 3.4)
and will play a crucial role in what follows. Given a (possibly n-pointed) curve C' with a
special subcurve R, we say that R specialises isotrivially to R’ if there exists an isotrivial
specialisation of C' into a (possibly n-pointed) curve C’ which is obtained by attaching

R’ to C'\ R.

Lemma 3.8 (see Figure 7 and 8). Assume that char(k) # 2. We have the following
isotrivial specialisations:

(i) an Ay/A;-attached elliptic chain of length r > 1 isotrivially specialises to an
attached rosary of length 2r;

(ii) an Ay/As-attached elliptic chain of length r > 1 isotrivially specialises to an
attached rosary of length 2r +1;

(iii) an As/As-attached elliptic chain of length r >0 (which for r =0 is a tacnode by
convention) isotrivially specialises to an attached rosary of length 2r +2;

(iv) a closed As/As-attached elliptic chain of length r > 1 isotrivially specialises to a
closed rosary of length 2r.

Moreover, each of these isotrivial specialisations preserves the type — that is, the type of
the attached elliptic chain (or of the tacnode) is the same as the type of the closed or
attached rosary to which it specialises.

Proof. See [34, Prop. 8.3, 8.6] O

3.2. The stacks of T-semistable and T*-semistable curves

The aim of this subsection is to introduce the stacks of T-semistable and 7' "-semistable
n-pointed curves.

Let Uy, ,, (resp., L{écﬁl) be the algebraic stack of flat, proper families of n-pointed curves
(m:C— B,{0;}), where {o;} , are distinct sections that lie in the smooth locus of
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~
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Figure 8. Two As/Ai-attached elliptic bridges that isotrivially specialise to an A;/Aj-attached rosary
of length 3.

7, such that the geometric fibres of 7 are Gorenstein (resp., locally complete intersection
[Ici]) curves of arithmetic genus g and the line bundle we /5 (3 0;) is relatively ample. Note
that U, ,, is of finite type over k, since it parametrises log canonically polarised n-pointed
curves, and L{éffl is an open substack of U, , which is smooth and irreducible, since Ici
curves are unobstructed (see [50, Cor. 3.1.13(ii)] or [52, Tag 0DZX]) and smoothable (see
[31, Ex. 29.0.1, Cor. 29.10]) and the condition of being lci is open (see [30, Def. 19.3.6, Cor.
19.3.8]). For any 1 <k <3, we denote by Uy, ,,(Ax) CU,‘% the open substack parametrising
curves with at worst Ay,...,Ax-singularities. Note that Uy, , (A1) = M.

Let us now recall the definition and the basic properties of the stack of pseudostable

curves.
Definition 3.9.

(i) An n-pointed pseudostable curve of genus g is an n-pointed curve (C,{p;}? ;) in
Ug.n(A2) that does not have A;-attached elliptic tails.

(ii) The stack of pseudostable n-pointed curves of genus g is denoted by Mgfn.

The stack of pseudostable curves ﬂ?; coincides with the stack M, ,(9/11 —¢) =

M., (7/10+¢) from [9, Def. 2.5 and Sec. 2.2]. We have decided to adopt this terminology
because it is a natural extension of the case n = 0 originally considered by Schubert [49]
(see also Hassett and Hyeon [33] and Hyeon and Morrison [37]).

Fact 3.10 ([9, Thm. 2.7]). We have the following open embeddings:
Mg, = Mg n(9/11) 1= Uy (A2) = My n(9/11—¢) = M, .

In particular, the stack ﬂ;sn s a smooth irreducible algebraic stack of finite type over k.

Note that for small values of (g,n), the stack ﬂ;sn is degenerate: if g =0, then ﬂg; =
Mo, ,, while for (g,n) = (1,1) we have lel =0.
The properties of the algebraic stack ﬂgil and its relation with the stack M, , of

stable curves are collected in the following proposition:

Proposition 3.11. Assume that (g,n) # (1,1),(2,0).

(i) There is a surjective morphism T mg,n — MS,Sn

a stable n-pointed curve (C,{p;}) into the pseudostable n-pointed curve Y (C,{p;})
which is obtained by replacing every (A -attached) elliptic tail of (C,{p;}) by a cusp.

which, on geometric points, sends
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i a proper stack with finite inertia.

is a Deligne-Mumford (DM) stack.

(i) M2

g,n

(iif) If char(k) # 2 or 3, then M.,

Proof. This is well known to experts, so we give only a sketch of the proof.

Part (i): the morphism of stacks T can be constructed (using the fact that (g,n) # (2,0))
as in [33, Thm. 1.1}, which deals with n =0 (note that the assumption char(k) =0 is not
needed in that proof).

Part (ii): the properness of /\/l » can be deduced from the properness of My ,, and the
as in [26, Prop. 2.23].

has finite inertia and to prove part (iii), consider (C,{p;}) €

existence of the surjective IIlOI'phlSIIl T Mgy, — M
In order to show that M. gn
ﬂfn(k), with k =k, and denote by (5, {qj}) the normalisation of C' together with special

points {g;} that are either the inverse images of the points {p;} or the inverse images of
the singular points of C. It can be checked (using the fact that (g,n) # (1,1)) that

g,n’

every component of C of genus 0 (resp., 1) has at least three (resp., one) special points.

(*)

Since the abstract automorphism group of (C,{p;}) injects into the abstract automor-

phism group of (5, {qj}), and this latter is finite by (*), we deduce that /\/l », has finite
inertia.

Moreover, if char(k) # 2,3, then the Lie algebra of the automorphism group scheme of

(C,{pi}), which is isomorphic to H° (C,T¢ (= > pi)), injects into H° (CN',TG (—qu)) by
[51, Proposition 2.3], and this latter vector space is zero by (*), which shows part (iii). O

Remark 3.12. If char(k) is equal to 2 or 3, [51, Example 1] shows that a high-genus

cuspidal curve can have nonzero vector fields, hence /\/l n 18 not a DM stack.

If (g,n) = (2,0), then the stack M », does not have finite inertia and is not separated
(hence it is neither proper nor DM), as we now discuss.

Remark 3.13 (Pseudostable curves with (g,n) = (2,0)). In the special case (g,n) = (2,0),
pseudostable curves are of these types: smooth curve Cy, integral curve C,, with one node
and geometric genus 1, integral curve C, with one cusp and geometric genus 1, rational
curve with two nodes C,,,, rational curve C,. with one node and one cusp, curve Cy,p
made of two smooth rational curves meeting in three nodes, and rational curve C,. with
two cusps (see [20, Fig. 1] for a picture of all the strata of M5 ). A pseudostable curve in
M2 is a closed point if and only if either it is nodal or it is the curve C,. with two cusps.
The pseudostable C,. and C,,. with only one cusp isotrivially specialise to C,., and hence
they both contain C.. in their closure (see [36, Thm. 1]). Moreover, the automorphism
group of CCC is equal to Gy,.

Since /\/l ., is a proper (smooth and irreducible) stack with finite inertia, we can apply
[38] to deduce the following result:

Corollary 3.14. If (g,n) # (1,1),(2,0), then there exist a proper normal irreducible

algebraic space M, and a morphism ¢P® 'M n— Mg which is a coarse moduli space.

g,n n
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Remark 3.15. If (g,n) = (2,0), then it follows from [36, Thm. 1] that Mj is the quotient
stack of the GIT semistable locus in the Chow variety of tricanonical curves of genus 2.
This implies that the associated GIT quotient, which we will denote by MSS, is a normal
irreducible projective variety that comes equipped with a morphism ¢P* :M’QS — Mgs
which is an adequate moduli space in the sense of Alper [5].

We now define the stack of T-semistable and T+-semistable curves for T'C Ty ,, (see
definition (1.3)).

Definition 3.16. Fix a subset T'C T} .

(1) Let Uy n(A3(T)) be the substack of U, (A3) parametrising n-pointed curves in
Ug,n(As) such that all their tacnodes have type contained in 7.

(2) In Uy, define the following constructible loci:

BT := {curves containing an A; /A;-attached elliptic chain of type contained in T},

T4k := {curves containing an Ag-attached elliptic tail}, for k =1,3.

(3) Consider the following substacks of U, ,,(A3(T)):

v L

My = Uy n(As(T)\ (THUTH), M, T =M, ,\B".

T

ag,n

. 571 .
in Mg’: are called T -semistable.

The n-pointed curves in M are called T-semistable, while the n-pointed curves

Remark 3.17. The two extreme cases of Definition 3.16 are easily described:

1. If T =0, then ﬂ;n :ﬂi’: = Mg,
2. If T = Tg7na then

ﬂin = M, ,(7/10) and ﬂ;: =M, . (7/10—¢),
with the notation of [9, Def. 2.8].

We now want to prove that m;n and M;F: are algebraic stacks of finite type over k.
Let us first consider the stack U, ,(A3(T)).

Lemma 3.18. The locus Uy ,,(A3(T)) is open in Uy (As). In particular, Uy »(As(T)) is
an algebraic stack of finite type over k.

Proof. We will show that Uy ,(As) \ Uy n(As(T)) is closed. Since Uy ,(As(T)) is clearly
constructible in U, ,(As), it suffices to show that Uy, ,(As) \Uy,n(As(T)) is closed under
specialisations.

To this aim, consider a family (7:C — A, {o;}}_;) of curves in U, ,(As) (over the
spectrum A = SpecR of a discrete valuation ring) such that Cz has a tacnode pg. It is
enough to show that the central fibre Cy has a tacnode py of the same type as py. Up to
passing to a finite base change of A, we can assume that there exists a section s of 7 such
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that s(77) = py. We are now going to show that py := s(0) is a tacnode of Cy of the same
type as s(7)).

Since the d-invariant is upper semicontinuous and the tacnodes are the unique singular
points of curves in U, ,,(As) that have d-invariant equal to 2, we have that s(0) € Cp is
also a tacnode. Hence the family 7 :C — A is equigeneric (even equisingular) along the
section s; this implies that the partial normalisation of C along the section s produces
a flat and proper family 7’ : ) — A of curves whose geometric fibres )y and ) are the
partial normalisations of, respectively, Co and Cy at, respectively, the points s(0) and
s(m) (see [25, 1.1.3.2] for k = C and [23, Thm. 4.1] for an arbitrary field k = k; see also
[9, Prop. 2.10] for an ad hoc proof in the case of outer A-singularities). In a flat and
proper morphism with reduced geometric fibres, the number of connected components
of the fibres stays constant and coincides with the number of connected components of
the geometric fibres, so we see that there are two possibilities: either }y and Yy are
both connected or they both have two connected components. In the first case, we have
type(s(7)) = irr = type(s(0)). In the second case, we have that ) is the disjoint union of
two flat and proper families m; : Y3 — A and 73 : Vo — A with geometrically connected
fibres of arithmetic genera equal to, respectively, 7 > 0 and g — 7 —1 > 0. Moreover, since
the sections o; of m do not meet the section s, they can be lifted uniquely to sections o}
of 7" and hence there exists I C [n] such that {0}, ; are sections of m; and {0}, . are
sections of my. This clearly implies that type(s(0)) = {[r,I],[T + 1,I|} = type(s(7)). O

This is the main result of this subsection.

Theorem 3.19. Assume that (g,n) # (2,0) and fiz a subset T C Ty ,,. The stack MZ,L is
algebraic, smooth, irreducible and of finite type over k, and we have open embeddings
MPS c 't MT "’-It )meL

g,n gn gn

This result is false for (g,n) = (2,0) (see [20, Rmk. 3.9]). If T'=1T,,, then using
Remark 3.17, Theorem 3.19 reduces to [9, Thm. 2.7] for a. = 7/10 (but we have to
assume that (g,n) # (2,0)).

Proof. Since the locus 741 UT 42 is closed in U, ,,(As3) by [9, Prop. 2.15(1)], we have that
M,
we conclude that ﬂin is a smooth and irreducible algebraic stack of finite type over k
because the same is true for L{fﬁl Moreover, since Uy ,,(A2) is open in Uy »(Az(T)), the

inclusion

My, = Uy (A)\ T =Ugn(A2)\ (TH UT) C Uy (As(T)\ (T UTH)

is open in U, ,(A3(T)), and hence it is open in L{ﬁl by Lemma 3.18. Therefore,

is an open embedding. It remains to prove that BT is closed in M;n. Since BT is
constructible, it is enough to prove that B is closed under specialisation.

To this aim, consider a family (C — A,{o;}) of curves in ﬂ;n (over the spectrum
A = SpecR of a discrete valuation ring) such that (Cg,{o:(7)}) contains an A;/A;-
attached elliptic chain (E,q1,q2) of length r (for some r > 1) and type contained in T.

Since (g,n) # (2,0), we have that ¢; is not attached to go. Therefore, following the proof of
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[9, Prop. 2.15(2)]* and using that (Co,{c;(0)}) is not contained in 741 UT 42, we get that
(Co,{0:(0)}) contains an A;/A;-attached elliptic chain (Ey,t1,t2) of length s <r which
is contained in the limit of (E,q1,q2). From the explicit description of all such possible
limits given in [9, Lemma 2.14], it follows that type(FEo,t1,t2) C type(F,q1,92), and hence
that type(Eo,t1,t2) C T. Therefore the central fibre (Co,{c:(0)}) is contained in BT and
we are done. O

Remark 3.20. As observed after [9, Thm. 2.7], the stack U, is the quotient stack of
a locally closed smooth subscheme of an appropriate Hilbert scheme of some projective
space PV by PGLy 1. Hence the same is true for all the stacks HZ and ﬂzz, since
they are open substacks of Uy, .

n

The containment relation among the different stacks M, ,, is determined in Proposi-
tion 3.22, whose proof is given in [20]. Before that, we need the following definitions:

Definition 3.21.

(i) A subset T'CT,, is called admissible if [1,0] ¢ T and irr ¢ T if g =1 and, for every

[1,1] in T, either [t —1,I] or [T+ 1,I]isin T.

(ii) Given a subset T C T, ,,, we obtain an admissible subset 729 C T' as follows:
o First weset T:=T —{[1,0]} if g>2and T:=T — {[1,0],irr} if g < 1.
e Then we remove from T all the elements [r,I] € T such that [t —1,I] ¢ T and

[T+ 1,11 &T.

(ili) A subset T'C Ty ,, is said to be minimal if T' = {irr} and g > 2 or T' = {[7,I],[7+1,1]}

(which then forces g >2 or g =1 and n > 2) for some element [7,1] # [1,0] of T} .

Observe that the empty set is admissible and is the unique admissible subset if g =0
or (g,n) =(1,0). If g>2 or g=1 and n > 2, then the minimal subsets are exactly the
minimal admissible nonempty subsets of T} ,,. Moreover, a subset 1" C T} ,, is admissible
if and only if it is the union of the minimal subsets contained in 7.

Proposition 3.22. [[20, Prop. 8.4]] Given two subsets T,S C T, ,,, we have
ﬂ’;—:n - Mj,n C ug,n(A?)) — Tadm < Sadm_

) —T -5 ) )
In particular, we have M/, =M, < Tadm — Gadm - yn which case we also have
=Tt _ 5+
My, =M,
+

. . , —T ——5
On the other hand, it can be shown that if Sadm = Tadm " then M, ,, and Mg’: are

incomparable.

4The proof of this result is correct if we assume that g1 is not attached to g2 (which is always
the case if (g,n) # (2,0)), while it is not in general true if ¢ is attached to g2 (which always
happens for (g,n) = (2,0)).
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3.3. T-closed and T*-closed curves

The aim of this subsection is to describe the closed points of the stacks of T-semistable
and T *-semistable curves.®
Let us start by describing the closed points of the stack of T-semistable curves.

Definition 3.23 (T-closed curves). Assume that (g,n) # (2,0). A curve (C,{p:})
57 . . . s

in M, (k) is T-closed if there is a decomposition (C,{p;}) = K U (E1,qi,q3)U---U
(Er,q7,q5), where the following are true:

(1) (E1,q1,43),---, (Er.ql,q5) are attached rosaries of length 2, or equivalently A /A;-
attached tacnodal elliptic bridges, of type contained in T

(2) K does not contain tacnodes nor A;/A;-attached elliptic bridges of type contained
in T. In particular, every connected component of K is a pseudostable curve that
does not contain any A;/A;-attached elliptic bridge of type contained in 7.

Here K (which could be empty or disconnected) is regarded as a pointed curve with
marked points given by the union of {p;}? ;N K and KN (C’\K). We call K the T'-

core of (C,{pi},), and we call the decomposition C = KUE;U---UE, the T-canonical
decomposition of C.

Note that a Ty ,-closed curve is the same as a 7/10-closed curve as in [9, Def. 2.21].
Proposition 3.24. Fiz a subset T C T, ,, and assume that (g,n) # (2,0) and char(k) # 2.

(i) A curve (C,{p;}) € ﬂjn(k‘) isotrivially specialises to the T-closed curve (C,{p;})*,
which is the stabilisation of the n-pointed curve obtained from (C,{p;}) by replacing
each tacnode (necessarily of type contained in T) by a rosary of length 2 and each
Ay /A1 -attached elliptic bridge of type contained in T by a rosary of length 2.

ii curve (C,{p;}) is a closed point of M, if an only 1, ,Apit) 1s T'-closed.
i) A C losed fM;nfdlfC T-closed

Note that if T' = Ty, ., this proposition becomes [9, Thm. 2.22] for a. = 7/10 (or [34,
Prop. 9.7] if, furthermore, n = 0).
This proposition is false for (g,n) = (2,0) and T'= {irr}; see [20, Rmk. 3.8] for an explicit

7 1rr

description of all the isotrivial specialisations and of the closed points of M, .
Proof. Part (i) follows directly from Lemma 3.8.

We now prove part (ii). Part (i) implies that if (C,{p;}) € ﬂng(k:) is a closed point
of M;m then it must be T-closed. Conversely, let (C,{p;}) € ﬂjn(k) be T-closed
and consider an isotrivial specialisation (C,{p;}) ~ (C’,{p}}) to a closed (and hence

T-closed) point (C’,{p;}) of ﬂ;n. Since the connected component Aut(C’,{p}})° of
the automorphism group scheme Aut(C’, {p}}) is a torus (see [9, Prop. 2.6]), we can

apply [10, Thm. 1.2] to deduce that ﬂ;n is étale locally at (C’,{p;}) isomorphic

5In analogy with GIT, we could call these closed points T-polystable (resp., T+—polystable)
curves. We decided not to use this terminology.
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to [W/Aut(C’, {p;})°], for some affine variety W endowed with an action of the
torus Aut (C’, {pi})°. We can now apply [39, Thm. 1.4] to deduce that there exists
a one-parameter subgroup A : G,, — Aut(C’,{p;})? such that lim,_,oA(t) - [(C,{p:})] =
[(C",{p;})]- In other words, (C,{p;}) is in the basin of attraction of (C’, {p;}) with respect
to .

Now, mimicking the explicit analysis in [34, Prop. 9.7] of the basin of attraction of the
one-parameter subgroups of Aut (C’, {p;})° (which come from the automorphism groups
of the attached length 2 rosaries of (C’,{p;}), as described in Remark 3.4), we deduce

that (C,{p;}) = (C",{p}}), and hence that (C,{p;}) is a closed point of M;n. O

Remark 3.25. It is possible to give an alternative proof of Proposition 3.24(ii) (and
also of Proposition 3.27(ii)) by proving directly, by arguing as in [9, Thm. 2.22], that any
isotrivial specialisation of a T-closed (or T"-closed) curve is actually trivial.

We now move to the description of the closed points of the stack of T-semistable
curves.

Definition 3.26 (T -closed curves). We say that a curve (C,{p;}) in ﬂj; is TT-closed
either if C' is a closed rosary of even length r (which can happen only if (g,n) = (r+1,0)
and irr € T) or if there is a decomposition (C,{p;}) = K U (R1,¢{,¢3) U---U(R;,q%,q5),
where the following are true:

(1) (R1,41,43),--., (Ry.q},q5) are attached rosaries of length 3 (automatically of type
contained in T');

(2) K does not contain A;/As-attached elliptic bridges of type contained in 7' nor
closed As/As-attached elliptic chains of type contained in 7.

Here K (which is allowed to be empty or disconnected) is regarded as a pointed curve
with marked points given by the union of {p;}? ;N K and of KN(C\ K).

We call K the T -core of (C,{p;}"_,), and we call the decomposition C = K UR; U
-++UR, the T -canonical decomposition of C. Note that K does not contain any A;/As-
attached elliptic chain of type contained in T, because such a chain would necessarily
contain an A;/As-attached elliptic bridge of type contained in T, contradicting the
assumptions on K.

Proposition 3.27. Fiz a subset T C T, ,, and assume that (g,n) # (2,0) and char(k) # 2.

(i) A curve (C,{p:}) € ij(k) isotrivially specialises to the TV -closed curve
(C,{p:})t, which is the stabilisation of the n-pointed curve obtained from (C,{p;})
by replacing each A1 /As-attached elliptic bridge of type contained in T' by a rosary
of length 3 and each closed Az/As-attached elliptic chain of length r and of type
contained in T by a closed rosary of length 2r.

(ii) A curve (C,{p;}) is a closed point ofﬂT+ if and only if (C,{p;}) is T -closed.

gn
Note that if T'=1T, ,, and n =0, then this proposition recovers [34, Prop. 9.9].

Proof. Part (i) follows directly from Lemma 3.8. Arguing as in the proof of Proposi-

tion 3.24(ii), part (ii) follows from (i) and the fact that a T -closed curve does not lie
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on any basin of attraction of any other T -closed curve, a property that is checked as in
(34, Prop. 9.9]. O
n

3.4. Line bundles on the stacks Mgfn M; and ﬂ;:

—ps —T
The aim of this section is to describe the Picard group of the three stacks MZ,STL, Mg,

and m;j; that were introduced in Section 3.2.

From the deformation theory of lci singularities, it follows that the stack Z/{é’c; is smooth
and the open substack M, , =Uy (A1) C L{é?fl has complement of codimension 2 (which
can be proved as in [50, Prop. 3.1.5]). Hence, any line bundle on M, ,, extends uniquely to
a line bundle on Z/{_(lf; In particular, we can define the Hodge line bundle A, the canonical
line bundle K, the cotangent line bundles ; and the boundary line bundles d;,, and §; ;
(for every [4,I] € T , — {irr} such that |I| > 2 if i = 0) associated to the boundary divisors
Ajrr and A; 1 (for an explicit definition of the line bundles A and K on the entire U ,, see
[6, Sec. 1.1].) Following [29], we will set dg ;3 = —1; so that the divisors d; ; are defined
for every [i,I] € T}, ,,. The total boundary line bundle, the total cotangent line bundle and
the extended total boundary line bundle are defined as follows:

0:= Z 03,1 + dirr,

[, 1€T) .-

g,n"

|I|>2 if i=0

V=,
i=1

g: 5—¢: Z 5i,]+5irr'

[i,1]€Ty ,

Fact 3.28.
(1) The rational Picard group Pic (Ué)c};)(@ = Pic (Z/Igl,fi ) ®Q ofuéfi is generated by A, Oipr

n n
and {(51',1}[1-,1]67«_%”,{“@ with no relations if g > 3, and with the following relations
for g=12:

(i) If g=2, then

10X\ = 05r + 261, where 61 := Z 01,1.

(1,11€Ts,
(ii) If g =1, then
12X\ = 5irr7
Oirr +12 Z dor=0 foranyl<p<n.
[0,]]€T7 ,.:
pel

(2) [Mumford’s formula] The canonical line bundle K is equal to
K =13)\— 25 + .
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Indeed, the relations for g = 0 are also known, but we do not include them in this
statement since we will not need them in this paper (see [15, Chap. XIX]).
Proof. Since L{!l;jl is smooth, thi Picard group of Ué°; is equal to its divisor class group
Cl (Z/{é”,‘l), and moreover, since M, , is an open subset of U whose complement has

g,n

codimension 2, we have Cl (Uéffl) = Cl(My,,) = Pic(M,,,). Hence, both statements

follow from the analogous statements for M, ,: for (3.28), see [15, Chap. XIX] and the
references therein if char(k) =0 and [47] if char(k) > 0; for (3.28), see [15, Chap. XIII,
Thm. 7.15] (whose proof works over an arbitrary field). O

As a corollary of this fact, we can determine the rational Picard group of the stacks
ﬂgfn, M;n and m;;:
Corollary 3.29. We have
Pic (1<
Pio (W), —Pie (W), - oty
bie (W11), = e
"o (6, {0} [L{}] € T)

Proof. Since M, is an open substack of the smooth stack 2/}, its rational Picard group

coincides with its rational divisor class group and it is a quotient of Cl (Z/l!lf;) 0 by the

. . . . i\ ] il
classes of the irreducible divisors in Z/{é” \M;Sn, namely 0y ¢. The argument for M, and

\n

—T+ . .. . . e T . : .

M g’: is similar using the fact that the unique divisor in Z/{é% \ M, ,, is again A, g, while
+

the irreducible divisors in UL} \ﬂng are Ay g and {Aq 5y : {[0,{i},[1,{i}]} C T} O

n

From now on, we will denote the restriction of a line bundle on L{é’cf‘l to one of the open
—ps —T —T
substacks M’ Mg, and M .

g,n’ g,mn
Remark 3.30. Recently, Fringuelli and the third author proved in [27] that if char(k) # 2,
then Pic (ﬂgyn) is generated by the tautological line bundles subject to the relations of
Fact 3.28(3.28) (if g > 1). Hence Fact 3.28(3.28) and Corollary 3.29 hold true for the
integral Picard group if char(k) # 2.

with the same symbol.

4. Existence of good moduli spaces

In this section we want to prove that the moduli stacks of T-semistable and Tt -semistable
curves admit a good moduli space in the sense of Alper [4].

From now on, we will assume that the characteristic is big enough, as specified in the
following:

Definition 4.1 (Characteristic big enough with respect to T or (g,n)). Given T C T, ,,
we will say that the base field k has characteristic big enough with respect to T', and we
will write char(k) > T, either if char(k) = 0 or if the characteristic is positive and does not
divide the order of the étale group scheme of connected components of the automorphism
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group schemes of every k-point of ﬂ;n. Given a hyperbolic pair (g,n), we will say that
the base field k has characteristic big enough with respect to (g,n), and we will write
char(k) > (g,n), if char(k) > T, , for any hyperbolic pair (¢’,n") such that ¢’ < g and
n' <n+(g—g).

The relevance of the first condition, char(k) > T for the moduli stack ﬂ;n, is explained
in the following lemma, and the definition of char(k) > (g,n) is dictated by the induction
used in the proof of Theorem 4.4:

Lemma 4.2. Giwen T C Ty, the automorphism group scheme of every k-point ﬂ;n s
linearly reductive if and only if char(k) > T.

Proof. The automorphism group scheme Aut(C,{p;}) of every k-point (C,{p;}) of ﬂ; n
is an extension of the étale group scheme m (Aut(C,{p;})) of its connected components
by the connected component Aut(C,{p;})° containing the identity, which is a torus by [9,
Prop. 2.6]. Hence Aut(C,{p;}) is linearly reductive if and only if char(k) does not divide
the order of the étale group scheme my (Aut(C,{p;})) (see [1, §2]) — that is, if and only if

char(k) > T. O

Remark 4.3. For any T'C T, ,,, there exists a constant C'(T") such that if char(k) > C(T),
then char(k) > T This follows from the fact that since ﬂ;n is of finite type over k, the

order of the finite group schemes of connected components of k-points of ﬂ;n is bounded
from above. Similarly, for any hyperbolic pair (g,n) there exists a constant C(g,n) such
that if char(k) > C(g,n), then char(k) > (g,n).

It would be interesting to find upper bounds for C(7") and for C(g,n) (for the analogous
problem for M, see [53]).

Theorem 4.4. Let (g,n) # (2,0) and fiz a subset T C Ty ,,. Assume that char(k) > (g,n)
as in Definition 4.1. The algebraic stacks ﬂ;sn, ﬂ;n and ﬂg: admit good modul

—ps T —T+ . . . . .
spaces M, My, and M ., respectively, which are normal proper irreducible algebraic

spaces over k. Moreover, there exists a commutative diagram

+
——Ps 2 ——1 L — T+
M, =M, , <M, (4.1)
l¢“ i¢T l¢T+
FrPs fr =T 2 J—
Mg’n Mg,n Mgan

where the vertical maps are the natural morphisms to the good moduli spaces and the
bottom horizontal morphisms fr and f;‘ are proper morphisms.

By Remark 3.17, the two extremal cases of this theorem are either trivial or already
known at least in characteristic 0: if 72d™ = ) (which is always the case for g =0 or

(g,n) = (1,1)), then the theorem is trivially true, since M;sn = M;n = ﬂ;:; if 72dm =
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T29™ and char(k) = 0, then the theorem reduces to [8, Thm. 1.1] for a, =7/10 (but one
has to exclude the case (g,n) = (2,0)).

Remark 4.5. Theorem 4.4 degenerates (but is still true) in the cases (g,n) = (1,1) and
(g,n) = (1,2), while it is false for (g,n) = (2,0) and T2I™ # () (which implies that 784™ =
{irr}), as we now discuss.

(1) Tf (g,n) = (1,1), then Mb, = M, , = M, . = for every T.

(2) If (g,n) = (1,2) and T2I™ #£ () (in which case it must be true that T72I™ =
{[0,{1}],[1,{1}]}), then all the curves in ﬂfz isotrivially specialise to the tacnodal
elliptic bridge, so that MfQ is equal to a point. On the other hand, the stack ﬂf;
(and hence also its good moduli space MT;) is empty.

(3) If (g,n) = (2,0) and T2 = {irr}, then we do not know if the good moduli space
for My = My exists, but certainly if it exists it will not be separated [20]. On
the other hand, the stack HQTJF = ﬂiQTH_ is not well defined, since it is not an open
substack of M;” (but only locally closed) [20, Rmk. 3.9].

Following the strategy of [8], there are two key ingredients in the proof. The first is the
following:

Proposition 4.6. Assume (g,n) # (2,0) and char(k) > T and fiz a subset T C Ty ,,. Then
the open embeddings
+
P ¢ v 5T v T+
M M M,

an g,n

arise from local VGIT with respect to the line bundle § —1 on M;n.

We refer to [9, Def. 3.14] for the definition of when two open substacks of a given
algebraic stack X arise from local VGIT at some (or any) closed point x € X (k) with
respect to a line bundle £ on X.

Proof. The proof of [9, Thm. 3.17] (or its expanded version in [13, Thm. 3.11]) carries
through, as we now briefly indicate.

Let (C,{p;}) be a closed point of ﬂ;n — that is, (C,{p;}) is a T-closed curve by Propo-
sition 3.24(ii). As explained in Remark 3.4, for every A;/Aj-attached tacnodal elliptic
bridge (Elv,qil,q?) of (C,{p;}), we have a one-parameter subgroup p; : Aut ((Ei,qil,q?)) =
Gm — Aut(C,{p;}), and these one-parameter subgroups freely generate the connected
component Aut(C,{p;})° of Aut(C,{p;}) containing the identity. Arguing as in [9, Prop.
3.25], the character x;s_, of Aut(C,{p;})° induced by the line bundle § — is equal to a
positive power of the diagonal character

X - Aut(07{pi})o = HAut ((Ez,qll,qf)) — Gma

=1
(t1,. . ty) >ty ety
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We can choose coordinates on the first-order deformation space T :=T1((C,p;)) of
(C,{p:}) as in [13, Prop. 3.22], in such a way that the action of Aut(C,{p;})° is diagonal.
Arguing as in [9, Prop. 3.26] (see also [13, Prop. 3.29] for more details), the VGIT ideals
I;('T* and I of the action of Aut(C,{p;})° on A:=k [Tl] with respect to the character
X+« are such that V (I ) is the locus of deformations of (C,{p;}) that keep the tacnode
of some (E;,q},q7) and smooth out the attaching nodes, while V (I ) is the locus of
deformations of (C,{p;}) that smoothe out the tacnode of some (Ei,qil,qf) and keep
the attaching nodes. Note that given an A, /A;-attached tacnodal elliptic bridge of type
S C T, if we smooth out the attaching nodes we are left with a tacnode of type .S, and if we
smooth out the tacnode we are left with an elliptic bridge of type S. Therefore, the images
I;A\ and I;*A\ of the VGIT ideals in the completion A=k HTIH are equal to the ideals

induced by, respectively, the reduced closed substacks ﬂ;n \ﬂ;sn and ﬂ;n \ﬂ;: of
ﬂjn By [9, Prop. 3.15], this is enough to conclude that the open embeddings

——ps L —T ok —T
M;n( - Mg - )Mg’:
arise from local VGIT with respect to the line bundle § — 1 on ﬂjn O

T

The second key point is the proof that the complements of MS; and of ﬂ;: in Mg’n

admit good moduli spaces. Let us introduce a notation for these complements:
Definition 4.7. Consider the following closed substacks (with reduced structure) in
T
gn’
—_ —T ——Ps —T —T +
ZT = Mg,n\Mg,n’ and for (gan) 7é (2a0)7 Zj-t = Mg,n\Mg,n :

Observe that these loci have the following explicit description:

-—T
Z, = {curves in M, with at least one tacnode (of type contained in T)},

zi = {curves in ﬂ;n with at least one A;/A;-attached elliptic chain  (4.2)

of type contained in T}. (4.3)

We first focus on the existence of a good moduli space for the stack Z..
Proposition 4.8. Fiz T CT,,, and assume that char(k) > T. Ifﬂ?n, admits a proper
good moduli space for all T' C Ty v with either ¢ < g and 1 <n/ <n+1 or (¢',n) =

(9—2,n+2), then Z; C ﬂ;n admits a proper good moduli space.

Note that Z; coincides with the stack S, ,,(7/10) of [8, Section 4] in the case where
Tadm — T;fflm. Hence, this proposition generalises [8, Prop. 4.10] for a. = 7/10. At the
other extreme, if 729 = (), then Z; =) by Remark 3.17, and the result is trivial.
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Moreover, if (g,n) = (1,2) and T2 =£ (), then Z; = S12(7/10) & BG,,, because it consists
of one point, namely the tacnodal elliptic bridge, which has automorphism group G, (see
[8, Lemma 4.3]) and the good moduli space is just a point.

The strategy for the proof of Proposition 4.8 is similar to the one of [8, Prop. 4.10] and
consists in finding a finite cover of Z,. which is a stacky projective bundle over suitable

stacks M?n, (as in the statement of Proposition 4.8) and then concluding by applying

the criterion contained in the following proposition, which generalises [8, Prop. 1.4] from
char(k) = 0 to arbitrary characteristic:

Proposition 4.9. Let f: X — Y be a morphism of algebraic stacks of finite type over
an algebraically closed field k (of arbitrary characteristic). Suppose that the following are
true:
(i) the morphism f: X — Y is finite and surjective;
(ii) there exists a good moduli space with X — X with X separated;
(iii) the algebraic stack Y is a global quotient stack — that is, it is isomorphic to [Z/G]|
for an algebraic space Z of finite type over k and a reductive algebraic k-group G,

and it admits local quotient presentations (which implies that the stabilisers of its
closed k-points are linearly reductive).

Then there is a good moduli space Y —Y with Y separated. Moreover, if X is proper, so
isY.

Proof. The proof of [8, Prop. 1.4] works verbatim, provided that we replace [8, Lemma
3.6] with Lemma 4.10. O

Lemma 4.10 (Chevalley theorem for stacks). Consider a commutative diagram
X =YX

of algebraic stacks of finite type over an algebraically closed field k (of arbitrary
characteristic), where X is an algebraic space. Suppose that the following are true:

1) the morphism X — Y s finite and surjective;

N hism X — Y i . d Lo
(ii) the morphism X — X is cohomologically affine;

111 e algebraic stac 15 a global quotient stack suc at the stabilisers of its close
iii) the algebraic stack Y 1 lobal quotient stack such that the stabili its closed

k-points are linearly reductive.

Then Y — X is cohomologically affine.

Proof. The first part of the proof follows [8, Lemma 3.6]. Write ) = [V/G] for an algebraic
space V of finite type over k and a reductive algebraic k-group G. Since X — ) is affine, X
is the quotient stack X = [U/G], where U =V xy X. Since U — X is affine and X — X is
cohomologically affine, the morphism U — X is affine by Serre’s criterion. The morphism
U — V is finite and surjective, and therefore by Chevalley’s theorem we can conclude
that p: V — X is affine.
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Since the affine morphism p: V — X is G-invariant and G is reductive, we can factor p
as

p:V = [V/G] -5 V/G = Spece, p.(Oy)¢ — X.

Since the morphism V/G — X is affine (and hence cohomologically affine), it is enough to
show that ¢ is cohomologically affine (and indeed, we will show that it is a good moduli
space).

Let v be a k-point of V' with a closed G-orbit — that is, a closed k-point of Y = [V/G].
Luna’s slice theorem (in the generalised form [10, Thm. 2.1]) implies that we can find a
G-invariant locally closed algebraic subspace W, C V, containing v and affine over X,
such that the morphism f, : W, /G, — V/G is étale and the diagram

\Ld)v \L¢

WU/GD L> V/G
is Cartesian. Now, since G, is linearly reductive, the morphism ¢, is a good moduli space
by [4, Thm. 13.2]. Tterating this argument for all k-points of V' with a closed G-orbit and
using the quasi-compactness of V/G, we obtain an étale cover f: Z — V/G such that the
pullback of ¢ via f is a good moduli space. This implies also that ¢ is a good moduli
space by [4, Prop. 4.7(ii)], and we are done. O

Remark 4.11.

(i) Assumption (iii) in Proposition 4.9 is satisfied for quotient stacks of the form
[U/G], where U is a normal and separated scheme of finite type over k and G is
a smooth linear algebraic k-group, having the property that the stabilisers of the
closed k-points are linearly reductive (see [8, Prop. 2.3] and the references therein).

(ii) If char(k) = 0, then the condition of the stabilisers in Lemma 4.10 can be removed
(indeed, it follows from the first two assumptions on the lemma), as in [8, Lemma
3.6]. However, if char(k) = p > 0, then the condition cannot be dropped, as the
following example (suggested to us by Maksym Fedorchuk) shows:

X =Speck — Y = [Speck/(Z/pZ)] — X = Speck.

Now, before entering into the proof of Proposition 4.8, we will need to review some
constructions from [8, Sec. 4.2], adapted to our setting and notation.
The sprouting stack Sprout, ,,(As3) is the algebraic stack (see [8, Def. 4.6]) consisting

o the family (C — S,{0;}}_,) is a S-point of U, ,(A3) and
e ( has a tacnodal singularity along 1.

of flat and proper families of curves (C — S{o; Z’jll) with n+ 1-sections o; such that

Note that the type of the tacnode remains constant along 0,41 (see the proof
of Lemma 3.18), so that Sprout, ,(A3) is the disjoint union of closed and open
substacks where the type of 0,41 is fixed. We will denote by Sproutg’n(Ag)i’”r
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(resp., Sproutg’n(Ag)O’{j}; resp., Sproutgvn(Ag)h’M) the closed and open substack of
Sprout,, ,,(A3) where the tacnodal section ¢,41 has type {irr} (resp., {[0,{j}],[1,{j}]};
resp., {[h,M],[h+1,M]} with [h,M]# [0,{j}] for any j € [n]).

There is an obvious forgetful morphism

F :Sprout,, ,,(Az) — Uy n(A3)

given by forgetting the last section ¢,,41. The morphism F is finite (and representable)
by [8, Prop. 4.7]. The restriction of F to Sprout,, ,,(A3)"" (resp., Sproutg,n(Ag)O’{j}; resp.,
Sprout,, . (A3)"M) will be denoted by Fi,. (resp., Fo,4y; 168p-, Fn ar)-

As explamed in [8, Sec. 4.2], given a family (C — S,{o; "'H) € Sprout, ,,(A43)(S), we
can normalise along the section o,4; and then stabilise in order to get a new family
(=S {05}”4'1) (with [ =0 or 2). The number of connected components of C* — S,
their genera and number of marked points and the number [ is determined by the type
of the tacnodal section o,1. We can distinguish the following three cases:

e If the tacnodal section 0,41 is of type {irr}, then C* — S is connected, hence we
get a morphism

/\[irr : SpI‘OUt n(Ag)irr — UQ,QJH,Q (Ag)
(€= S (o) o (€ = S {os V2.

where the first n sections o are the images of the first n sections o;, and the last
sections {UZ 11,0, +l} are the two inverse images of 0,41 under the normalisation
along op,11.

e If the tacnodal section has type equal to {[0,{j}],[1,{j}]}, then the normalisation of
C — S will have two connected components: one a family of genus g—1 curves with
n marked points, and the other one a family of genus 0 curves with two marked
points. When we stabilise, the second component gets contracted and hence we
end up with a morphism

No,{;} : Sprout, | 2 (Ag)0 U Uy—1.n(A3),
(C— S Ao} ) = (€= S, {o},),
where the first n — 1 sections o are the images of the sections {Ji}i#,mrh and the
last section o) is one of the two inverse images of 0,41 under the normalisation
along o,41.
e If the tacnodal section has type equal to {[h,M],[h+1,M]} with [h,M]# [0,{j}] for
any j € [n], then the normalisation of C — S will have two connected components,

C1 — S of genus h curves and with | M|+ 1 marked points and Cy — S of genus g —
h—1 and with |[M¢|+1 marked points. Hence, after stabilising, we get a morphism

Nh,M : Sprout (Ag)h’M — Llh7|M|+1(A3) XUg_p_1, ‘Mc|+1(A3),
(O S {o3i21) = ((CF = S {otiearsonan) s (C5 = S, {07 Yicnse Thia)) s
where the sections {0} },. 1,027 are the images of the first n sections o;, and the

last sections {afL 11,0, +l} are the images of the two inverse images of o,1 under
the normalisation along o, 41.
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By [8, Prop. 4.9], the maps Ny, Ny ¢} and Nj, p are stacky projective bundles. For
later use, observe that the codomains of these stacky projective bundles are always stacks
of pointed curves with at least one marked point. This is clear for Ay, and My, ar, and for
No, 5y it follows from the fact that the morphism N ;1 : Sprout, ,,(A3)® Uy Uy 0 (As)
is defined only if {[0,{;}],[1,{j}]} C T}, » which implies that n > 1.

We now study the compatibility of the maps N, Ny (;3 and Np, ar and of Fire, Fo (5}
and Fj, ar with the open substacks of T-semistable curves.

Lemma 4.12. Set T CT,,. Then the preimages ofﬂzn via the maps Firr, Fo, (53 and
Fn,m are computed as follows:

. Ry 0 if irr €T,

(i) Fier (Mgm) = {(MH1> (ﬂf‘i—;;:;) if irreT.
N [ i IRAOADLLN £ T,
0 oty (M) = (a1 (¥ 1) FOGLLGD T,

where T is the subset of Ty_1,n defined by
irrEf@irrET,

rmIeT & {E’I]fz;, 1] = {1}] ZZZi g
0 if {[h,M],[h+1,M]} ¢ T,
(Nm) (Mfﬁﬂ’j}m x M lhhllg;;m) if (R, M,[h+1,M]} C T,

where Th,M is the subset of Ty |nr)41 defined by

(i) F; L, (ﬂzn) -

irrefh)M(:)irreT,
[r,1]€T if IM|+1¢1,

[1,]1] ETh’M@){[h—T,HMﬁ-H_{I}}] if  M|+1€el,

with the convention that [|[M|] = [|[M|+1] — {|M|+1} is identified with the subset
M C [n], and where Ty_p—1,pme € Ty_p—1, 0|41 15 defined similarly by replacing h
with g—h—1 and M with M°.

Proof. Recall that M is the open substack whose k-points are n-pointed curves
(CApi}) € Uy n(As) that do not have A;- or As-attached elliptic chains and whose
tacnodes have type contained in T. Hence we can argue with families of curves over
k — that is, with n-pointed curves.

Let us first prove (i). First of all, since for any (C,{p; e Sprout, ,,(As3)"™ (k) the

n-pointed curve Fi, (C,{p;}171') = (C,{pi}1-) € Uy n(A3)(k) will have a tacnode of type
{irr} in pp41, we deduce that F;_ (M ) = () if irr ¢ T. We can therefore assume that

1rr

irr € T'. Note that Fiy, (C,{p;}17)') = (C,{p;}?,) will have an A;- or Az-attached elliptic
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chain if and only if the same property holds for N, (C,{p; "H) (CS {p; }n+2) Hence

the result follows because every tacnode of (C‘S {pz}"H) becomes a tacnode of type
{irr} when seen in (C,{p;},).

Let us now prove (ii). Since for any (C,{p;}; %) € Sproutg’n(AS)O,{j}(k) the n-

pointed curve Fy ;1 (C,{pi}i) = (C{pi}iy) € U (Ag)(k') will have a tacnode of
type {[0, {7} (L4711} in pusa, we deduce that fa{]}( W) =0 {0 G 2T
We can therefore assume that {[0,{j}],[1,{j}]} C T. Note that Fo 1y (C.{pi}1H}) =
(CAp:itiy) € Uy n(As)(k) will have an A;- or As-attached elliptic chain if and only
if the same property holds for Ny ;3 (C,{p; ”H) (C’S {pl}"H) Hence the result

follows because every tacnode of (C’S {p¢ }nH) of type {irr} remains of type {irr}

when seen in (C,{p;}}_;), while every tacnode of (CS {pl}"ﬂ) of type {[r,I],[+1,I]}
becomes, when seen in (C,{p;}1,), of type {[r,I],[t+ LI|} if n+1¢& I and of type
{lg—2—-7,n+1]—{I}],[g—1—7,[n+1]—{I}]} ifn+1€ L.

Let us finally prove (iii). First of all, since for any (C,{p;}}1}') € Sprout,, ,,(A3)™™ (k)
the n-pointed curve Fj, s (C,{p; PN = (O {pi}Pey) €Uy n(As) (k) will have a tacnode of
type {[n,M],[h+1,M]} in pyss, we deduce that 3, (M., ) =0 if {[o, M), [h+1,M]} ¢
T. We can therefore assume that {[h,M],[h+1,M]} C T. Note that Fy, » (C,{p;}/7}') =
(CApi}iy) € Uy n(As)(k) will not have an A;- or As-attached elliptic chain if and
only if the same property holds for both (Cf,{p$},cps-{Pn+1}) € Un nrj+1(As3)(k) and
(C5. 405 Ysenr{Pnt2}) € Uy—n—1,101¢)+1(As3) (k). Hence it remains to determine the type
of the tacnodes of (C§, {p;},crr-{pns1}) and (C5,{p5},cps>{Pn+2}) when considered in
(C{pi}i,). We will only examine the tacnodes of (C§,{p5},cps>{Pn+1}), the other case
being analogous. A tacnode of (Cf,{p;};car-{Pn+1}) of type {irr} remains of type {irr}
when seen in (C,{p;}"_,), while a tacnode of (C’S {pz}nH) of type {[r,I],[T + 1,1}
becomes, when seen in (C,{p;}",), of type {[7,I],[7+1,I]} if [M|+1 ¢ I and of type
{[h=7=L[|M|+1]={I}],[h—T7,[|M|+1] = {I}]} if |M]|+1 € I. This implies the result.

O

Using this lemma, we can prove the existence of the proper good moduli space for Z.
Proof.[Proof of Proposition 4.8] Consider the open substack of Sprout,, ,,(A3):

1 (=T 1 1 (T
Bri=Fin (Mga”) H '7:0 {3} (sz) H ]:h,M (Mg,n) .
[0,{j} €Ty, [h, M]ETg, n:

Oghggfl,[h,M]f[O,{j}]

The morphism F restricted to Ep gives rise to a morphism
—T
Fr=Fg,: Er—>M,,,

which is finite by [8, Prop. 4.7]. By construction, the image of Fr is the locus of ﬂ;n
having at least one tacnode — that is, exactly Z.
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Observe that the algebraic stack Z., being a closed substack of ﬂ;n, is a global
quotient stack of a normal variety by Remark 3.20 and has linearly reductive stabilisers
by Lemma 4.2 and our assumption on char(k). Moreover, Lemma 4.12 and [8, Prop. 4.9]
imply that Er is a stacky projective bundle over the disjoint unions of stacks of the form

M?n, for suitable T” C T,/ ,,» with either ¢’ <gand 1 <n’ <n+1lor (¢',n') =(9—2,n+2).

Since all these stacks Mf,,n, admit proper good moduli spaces by assumption, Er also
admits a proper good moduli space. We can now apply Proposition 4.9 and Remark 4.11(i)
to infer that Z; admits a proper good moduli space. O

Now we turn to the existence of a good moduli space for the stack Z}r .

Proposition 4.13. Fiz T C T, ,, with (g,n) # (2,0) and assume that char(k) > T. If
ﬂ;)n, admits a proper good moduli space for all T" C Ty s with either ¢’ < g and 1 <

n' <n+1or(¢n)=(g—2n+2), then Z; cM,

g,n @dmits a proper good moduli space.

Note that ZF coincides with the stack H, ,(7/10) of [8, Sec. 4] in the case where
Tadm — T;‘f{“. Hence, this proposition generalises [8, Prop. 4.15] for a. = 7/10 (but one
has to assume that (g,n) # (2,0)). At the other extreme, if 72™ = (), then Z} =0 by
Remark 3.17 and the result is trivial. Moreover, if (g,n) = (1,2) and T2I™ # (), then
zZh = mng admits a point as a good moduli space by Remark 4.5 (which follows also
from the description 27 = H1 2(7/10) 2 [A3/G,,], where G, acts on A® with weights 2,3
and 4, see [8, Lemma 4.11]).

The strategy of the proof of Proposition 4.13 is similar to that of [8, Proposition 4.15],
and consists in finding a finite cover of ij consisting of the disjoint union of the product of

a stack admitting a good moduli space with suitable stacks ﬂ;,n' (as in the statement
of Proposition 4.13) and then concluding by applying Proposition 4.9. In order to use
this strategy we will need to review some constructions from [8, Sec. 4.3], adapted to our
setting and notation.

For any integer r > 1, let

_ ——T2r_1,2
EC, C Mayp_1,2(7/10) = My s

be the closure (with reduced structure) of the locally closed substack of elliptic chains of
length r. Tt is proved in [8, Lemma 4.12] that £C, admits a proper good moduli space.

By gluing to an elliptic chain of length r suitable pointed curves, we can obtain n-
pointed curves in Uy ,(Asz). More precisely, there are the following two types of gluing
morphisms:

e For any 1 <r < g/2, we consider the gluing morphism
g;;r :Z/{g—Qr,n—i-Q (A3) XEC, — ug,n(A3)a
(CAp 32, (Z,a1,02)) = (CUZApi}iey) [ (Prt1 ~ q1.Pnt2 ~ G2).-

Note that we include in this case also the limit case (g,n) = (2r,0), where
Ug—2r n+2(As) =Up,2(As) =0 and in this construction we have to glue ¢; with g¢s.
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e Forany 0<h<g—2r+1 and any M C [n] with the restriction that |[M|>1 if
either h=0 or h=g—2r+1, we consider the gluing morphism

Ghoat *Un nrj+1(A3) XUy p—or 11, |are)+1(A3) X EC — Uy n(A3),
((Ca {pi}iEMasl)v (O/? {pz}zeMC aSQ) 3 (ZaQ17QZ)) (CU Cl U Za {pl}?zl)/
(81 ~ {1,852 ~ Q2)'

Note that we include in this case also three degenerate cases: (h,M) = (0,{j}),
in which case Uy, arj41(A3) = Up2(A3) = 0 and the point ¢ is regarded
as the jth marked point; and (g —h —2r +1,M°) = (0,{j}), in which case
Uy p—ori1,Mme|+1(A3) = Up,2(A3) = 0 and the point g¢o is regarded as the
jth marked point; and the case where both occurrences happen, namely
(g,n) = (2r — 1,2), when the gluing morphism is the embedding of £C, into
Uzp—1,2(As).

It follows from [8, Lemma 4.13 and 4.14] that the morphisms G and G, are finite.
For later use, observe that the stacks of the form U ,/(As) that appear in the domain
of the morphisms Gf. and Gy, have the property that n’ > 1 — that is, there is at least
one marked point.

We now study the compatibility of the maps Gj;, and G} , with the open substacks of
T-semistable curves.

Lemma 4.14. Set T CT, .
(i) Ifirr € T, then

r\—1 (5T a5 lg—2rnt2
(girr) (Mg,n) - Mg—2r,n+2 chr.

(ii) If {[h,M],...,[h+2r—1,M|} CT and (h,M),(g —h —2r +1,M¢) # (1,0), then
r -1 (—T Th, vt —h—2r41, M€
(gh,M) (M ) Mh}|M\+1 XMg e 27«11 \me|+1 XECr,
where Th,M is the subset of Ty |nr141 defined by

irr € fh,M sSirreT),

R I eT if IM|+1¢1,
[T,I]GTh,M@{[h_ﬂ“MHl]—{IH €T if|[M|+1€l,

with the convention that [|M|] = [|[M|+ 1] —{|M|+ 1} is identified with the subset
M C[n| (which allows us to consider any subset of [|[M|] as a subset of [n]), and
where Tg h—2r+1,Me C Ty p_opi1,|Me|41 @8 defined similarly by replacing h with g —
h—2r+1 and M with Mc.
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Proof.Let us first prove (i). First of all, note that G7.. ((C,{ps ”+2) (Z,q1,42)) does not
have an A;- or As-attached elliptic chain if and only if the same is true for (C {pi "+2)
Moreover, every tacnode of Z and of C' becomes of type {irr} in (CUZ,{p;}_1) /(Pnt1 ~
q1,Pn+2 ~ q2), from which the conclusion follows.

Let us now prove (ii). We will assume that we are not in one of the three degenerate
cases discussed after the definition of Q}TL, > and leave those three limit cases (which
are easier to deal with) to the reader. First of all, note that since (h,M),(g —h—2r+
1,M¢) # (1,0) by assumption, G ((C,{pi}ieM,sl), (C’, {p;}ieMc,SQ),(Z,CIbQQ)) does
not have an A;- or As-attached elliptic chain if and only if the same is true for
(C{p:i}iem,s1) and (C’, {pé}ieMc,SQ). Next, every tacnode of Z, when considered in
(CUC'UZApi}ty)/(s1 ~q1,82 ~ q2), is of type contained in {[h,M],...,[h+2r—1,M]},
and hence in T by our assumption. On the other hand, a tacnode of (C,{p;}icar,s1) of
type {irr} remains of type {irr} when seen in (CUC’"U Z {p;}?_) /(51 ~ q1,52 ~ q2), while
if it has type {[7,I],[7 + 1,I]}, it remains of the same type if |M|+1 ¢ I and becomes of
type {{h—7—L[|M|+1] = {I}],[h—7,[|[M|+1] = {I}]} if [M|+1 € I. A similar analysis
can be done for C’, and this concludes the proof. O

Using this lemma, we can prove the existence of the good moduli space for ij .

Proof.[Proof of Proposition 4.13] First of all, note that ﬂ; ./\/lT\[1 Y because a

tacnode of type [1,0] corresponds to a tacnodal elliptic tail, and we have already removed

such a tail from ﬂin in Definition 3.16. We can thus assume that [1,0] & T".
Consider the stack

H (g;;M)_l (mZn) ifirreg T,
{lh,M],...,[h+2r—1,M]}CT
T

(QZ,M)il (mg7n> H (gﬁr)fl (M§n> if irreT.

{{h,M],..., [h+2r—1, M]}CT 1<r<g/2

The finite morphisms G

wrr

and Gy, ), give rise to a finite morphism
Gr:Hp — M an

whose image, by construction, is the locus of ﬂ;n having at least one A;/A;-attached
elliptic chain of type contained in T — that is, exactly Z+

Observe that the algebraic stack Z7, being a closed substack of Mg n» 15 a global
quotient stack of a normal variety by Remark 3.20 and has linearly reductive stabilisers
by Lemma 4.2 and our assumption on char(k). Moreover, Lemma 4.14 implies that the
stack Hr is a (finite) disjoint union of products of the stacks EC,, which admit a proper

good moduli space by [8, Lemma 4.12], and of the stacks M o.n for suitable 7" C Ty
with either ¢’ <gand 1 <n’<n+1or (¢',n')=(9g—2,n+2), which admit a proper good
moduli space by assumption. Therefore, Hr also admits a proper good moduli space. We
can now apply Proposition 4.9 and Remark 4.11(i) to infer that Z; admits a proper good
moduli space. O
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We can now prove the main result of this section.

Proof.[Proof of Theorem 4.4] First of all, Proposition 4.6 implies that the two open
embeddings
—Pps —T —T+
Mg,n - Mgan A Mg’n
arise from local VGIT with respect to the line bundle § — ¢ on m;n
Next, the stack M. g,n admits a coarse proper moduli Space @P* ~HPS — Mps (see
Proposition 3.11). Since the stabiliser of any k-point of /\/l n 18 lmearly reductlve by our
assumption on the characteristic (see Lemma 4.2 and recall that ./\/l n S M ), we infer
that ¢P® is also a good moduli space by [1, Thm. 3.2].
Therefore, thanks to [8, Theorem 1.3], the existence of proper good moduli spaces fitting
into commutative diagram (4.1) will follow if we show that the stacks Z = ﬂjn \ M, ,

and Z = M, n\Mg » admit good moduli spaces. This follows from Propositions 4.8
and 4.13 using induction on g¢: the base of the induction is the case g = 0 when
ﬂg:n = My, is a variety (hence it is its own good moduli space) and the assumption
on the characteristic of the base field k allows us to apply induction. Observe that the
nonexistence of a proper moduli space for ./\/l2 o (see Remark 4.5) does not interfere with

this inductive proof, since all the stacks /\/l ¢/,ns appearing in the inductive hypothesis of
Propositions 4.8 and 4.13 are such that n/ > 1.

Finally, observe that the morphisms f; and f:,‘f are proper (being morphisms between
proper algebraic spaces) and all the good moduli spaces are normal and irreducible, since
the corresponding algebraic stacks are smooth and irreducible by Theorem 3.19 (see [4,

Theorem 4.16(viii)]). O

Remark 4.15. Since the stacks Mg » and ./\/lg » contain the stack Mg n of n-pointed

smooth curves of genus g as an open substack, the spaces Mg 5 and Mg n are weakly

modular compactifications of M, in the sense of [26, Def. 2.6]. Moreover, they are
—T

modular compactiﬁcations of My ,, in the sense of [26, Def. 2.1] whenever the spaces M, ,

: - —T —— T+
and M. | g¢.n are coarse moduli spaces, or equivalently whenever the stacks M, , and M ,

are DM, and this happens under the following conditions:
. MT is a DM stack if and only if char(k) > T and ﬂfu = ﬂ?fn — that is, if and
only if Tadm =@,
e Assume that char(k) > T. Then Mt g.n 18 @ DM stack if and only if 7" does not
contain subsets of the form {[r,I], [T+1 IN,[m+ 2,1} with [7,I],[7+2,I] # [1,0].

5. The moduli space of pseudostable curves and the elliptic bridge face

The aim of this section is to study the geometric properties of the moduli space Mgfn
of pseudostable curves and to describe a face of its Mori cone, which we call the elliptic
bridge face, that will play a special role in the sequel.
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We start by studying the singularities, the Picard group and the canonical class of Mgfn.

Proposition 5.1. Assume (g,n) # (2,0) and char(k) # 2,3. Consider the stack M;’fn of

pseudostable curves of genus g with n marked points and let ¢P® :ﬂg)sn — MS,SH be the
morphism into its coarse moduli space.

(i) The space Mgfn is normal with finite quotient singularities, hence it is Q-factorial.

If char(k) =0, then M, is kit.
ii) The pullback via the morphism ¢P° induces an isomorphism
(ii) The p P P
s\vx . e [wrPS o . —Ps
(¢P*)* : Pic (Mg’”>@ — Pic (Mgvn)(@.

S

(iii) If (g,n) # (1,2),(2,1),(3,0), then the canonical line bundle of Mg:

(@) (K, ) = K,

In particular, using (ii) and Mumford’s formula for Ksps (see Fact 5.28(3.28)),
g,n
we get

n 1S such that

Ky = 13A—20+14).

From now on, we identify (in char(k) # 2,3) Q-line bundles on M;Sn with Q-line bundles

on Mgfn via the isomorphism (¢P*)* of (ii), similar to what is usually done for Q-line

bundles on ﬂgm and on MWL.

Proof. Part (i): since ﬂg’sn is a smooth and separated DM stack by Fact 3.10 and

Proposition 3.11, its coarse moduli space Mg’sn is normal with finite quotient singularities
by [2, Lemma 2.2.3]. We conclude since finite quotient singularities are Q-factorial and,
if char(k) =0, klt by [42, Prop. 5.15].

Part (iii): it is enough to show that the morphism ¢P® is an isomorphism in codimension
1. First of all, the assumptions on (g,n) guarantee that the locus of n-pointed smooth
curves with nontrivial automorphisms has codimension at least 2 (see [15, Chap. XII,
Prop. 2.15]); hence the morphism ¢P*® is an isomorphism in codimension 1 when restricted
to My, C ﬂg’fn. Secondl a generic point of a boundary divisor of ﬂgfn does not have
nontrivial automorphisms, and hence ¢P® is also an isomorphism in codimension 1 at the
boundary of ﬂg’sn.

Part (ii): consider the following commutative diagram

Pic (m;’;)@ — (M)

g,n Q

(<z>"°')*T l(q&PS)*

Pic (Mgn) —ql (Mgn) .
/o /o
S

The upper horizontal morphism is an isomorphism because MS

. . . . ~—=ps
the lower horizontal arrow is an isomorphism because M,

is a smooth stack;

18 normal and Q-factorial
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by (i); and the right vertical arrow is an isomorphism because ¢P* is an isomorphism
in codimension 1, as observed in the proof of (iii). Hence, by the commutativity of the
diagram, we infer that (¢P%)* is also an isomorphism. O

Remark 5.2. We do not know whether M ,, has finite quotlent singularities or is simply
Q-factorial when char(k) = 2,3 (see also [3, Rmk. 3.6]). If Mg » is also Q-factorial when
char(k) = 2,3, then all the results of this section extend to char(k) = 2,3.
Remark 5.3. The first two points of Proposition 5.1 remain true for (g,n) = (2,0).
Indeed, part (i) follows from the fact that Mgs is isomorphic to the GIT quotient of
binary sextics (see [36, Thm. 2]), which is isomorphic to the weighted projective space
P(1,2,3,5) (see [32, Prop. 2.2(1)] and the references therein), and hence it has finite
quotient singularities.
On the other hand, part (ii) follows from the fact that My is smooth, My has Q-
factorial singularities and the morphism ¢P® : M5 — M is finite in codimension 1 by
Remark 3.13.

Remark 5.4. In the exceptional cases excluded by Proposition 5. 1(111) (and also for
(g,n) = (2,0)), we can apply Hurwitz formula to the morphism ¢P® : /\/l n— M » to get

Ky = (07)" ( iV ) +R=Kypes +R,
where R is (the class of) the effective ramification divisor. Using Mumford’s formula for
Kﬂ‘g’in we have

KMTH =13A-20+9y - R.
Moreover, from the proof of Propoéition 5.1(iii), it follows that R is an effective divisor

not contained in the boundary of Mps

We now focus on the relation of the coarse moduli space M . Of pseudostable curves
with the coarse moduli space M, ,, of stable curves. Note that for (g,m) # (1,1),(2,0), the

morphism of stacks T /\/lg n— /\/l ., of Proposition 3.11(i) induces a proper morphism
between their coarse moduli spaces

Y : My, —M,,. (5.1)
Proposition 5.5. Assume (g,n) # (1,1),(2,0) and g > 1.
(i) The space MSS

N

W, =M, <191> .= Proj P H° (Mg,n,{ (KM RCRETT ( W)D

m>0

is isomorphic to the following log canonical model of M, , :

In particular, M s a normal projective variety.

ag,n

(ii) The morphism Y is the contraction of the extremal ray R>g- [Cen] of the Mori cone
NE (Mg n) which negatively intersects K3z KM +, K M, . and Kyp  +9.
Moreover, Y is a divisorial contraction and the exceptwnal locus s the *divisor
Ay .
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g,n

(iii) Assume that char(k) # 2,3. The pullback map YT* : Pic (Mps >Q — Pic (ngn)(@ is

determined by the following relations:

T*()\) = )\+(51)@,
T*((Sirr) = 6irr + 1251,@5
Y*(8;,1)=6;1 for any [i,1] # [1,0].

)

Proof.Some parts of this theorem are proved for n =0 in [33] and [37], and some other
parts are proved in [7] under the assumption that char(k) = 0. Let us convince the reader
that those proofs work for any n and over an arbitrary algebraically closed field k. Consider
the Q-line bundle on M ,
Lyn =K +1/)+3((571/J) = K+ +35+3¢_
o Ma.n 11 Mon 7117 7 11

By [7, Introduction], the line bundle L ,, is nef and has degree 0 precisely on the curves
that are numerically equivalent to Cecj. Moreover, we claim that L, , is semiample on
ngn. Indeed, when n =0, Ly o is the pullback via T of the natural polarisation coming
from the identification of Mg with the GIT quotient of the Chow variety of 4-canonical
curves (see [37, Thm. 7] and [34, Thm. 3.1]). When n > 0, Ly ,, is the pullback of Lgin 0
via the regular morphism Mg’n — Mﬁn that attaches a fixed smooth elliptic curve to each
of the marked points of an n-pointed stable curve of genus g (see [15, Lemma (4.38)]).

These facts imply that a sufficiently high multiple of L, ,, induces a regular morphism

— — 9 2
7 : Mg, — Proj EB H° <Mg,n, Lm (KMQ," + ﬁ5+ 117/’)J>

m>0
which is the contraction of the extremal ray R>o-Cen of NE (Mgm). The codomain

9
11) because

o (%f 95,2 _ (7 95,2
i (. 3) ) (e 525 2]

for all m divisible by the cardinality of all inertia groups of ﬂgm (see also [33, Prop.
A.13)).

Now observe that by the modular description of T, an integral curve of Mgm lies on a
closed fibre of T if and only if its class lies in R>q - Ceni. Moreover, T is a contraction by the
Zariski main theorem, since it is a proper morphism between irreducible normal algebraic
spaces, which is moreover birational (being an isomorphism when restricted to the dense
open subset of smooth curves). Therefore, using the rigidity lemma (Lemma 2.1), we get
an isomorphism M;Sn ~M,., (19—1) under which Y gets identified to .

Using Mumford’s formula Kz, =13\ = 25+ and the formulae from [29, Thm. 2.1],
we compute

coincides with Mg ,, (

Cen-Kyz, = Cen- (Kﬁm -H/J) =-9.
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If (g,n) # (1,2),(2,1),(3,0), then we have Ky, =Kxq,, — 01,0 by [15, Chap. XII, Cor.
7.16], and then, again using the formulae from [29, Thm. 2.1], we compute

Cen- Ky, , = Cen- (KMW +¢> ==
In these exceptional cases, we have KMg = K5z — 01,90 — R, with R the ramification
s g,m

divisor of the morphism ¢ : ﬂg,n — Mg,n not entirely contained in the boundary of ngn.
We can choose the curve Cop (in its numerical equivalence class) in such a way that the
automorphism group of its generic point is generated by the elliptic involution along the
elliptic tail, which implies that Ce is not contained in R. This ensures that C intersects
R nonnegatively and hence negatively intersects KMm and Kz e, + .

Finally, the exceptional locus of T contains A g, since the curves numerlcally equivalent
to Cen cover Ay g. On the other hand, since d1 - Ce = —1 <0 by [29, Thm. 2.1], any
curve numerically equivalent to Cey is contained in A; . Therefore the exceptional locus
of T is equal to A; g, and hence T is a divisorial contraction. This concludes the proof
of (i) and (ii).

In order to prove part (iii), observe that since the exceptional locus of T is equal to A4 g,
the pullback of a Q-line bundle L on M » s equal to L+a(L)d; ¢ for some o(L) € Q. The
rational number «(L) is uniquely determlned by imposing Cepy - Y*(L) =T (Cen)- L =0
(because Cq is contracted by T), and can be computed using [29, Thm. 2.1]. O

Remark 5.6. Some parts of this proposition are true also for (g,n) = (2,0). More
specifically, Hyeon and Lee construct in [36, Sec. 4] (see also [32, Prop. 4.2]) a contraction
T : My — My~ which contracts Ay g (even though T does not come from a morphism

11
as it follows by combining [32, Thm. 4.10] and [36, Thm. 4.2]. Finally, the proof of (iii)

extends verbatim to the case where (g,n) = (2,0).

s 9
between the corresponding stacks). Moreover, we have the identification M = M < >

Remark 5.7. In characteristic 0, the morphism Y admits another description.

Indeed, from the two open embeddings of Fact 3.10, passing to their good moduli spaces
(in char(k) = 0), we get the following proper birational morphisms between normal proper
algebraic spaces (see [8, Thm. 1.1] for a. =9/11):

M, —> M,,,,(9/11) <2— M0, =M, ,(9/11 —¢) .

By [9, Thm. 2.2], the morphism jfr (resp., j; ) is defined on geometric points by sending
a stable (resp., pseudostable) curve into the curve which is obtained by replacing each
elliptic tail (resp., cusp) by a cuspidal elliptic tail. Since cusps do not have local moduli,
the map j; is bijective on geometric points, and hence, being proper and birational
between normal algebraic spaces, it is an isomorphism by Zariski’s main theorem.
Comparing these descriptions of j1+ and j; on geometric points and the description
of T contained in Proposition 3.11(i), we deduce that

T=(j;) of
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We now study the elliptic bridge curves in M introduced in Definition 1.1. Let us

,n

first determine their intersections with the Q—hne bundles on ﬂgfn (or on Mgsn)

Lemma 5.8. Assume that char( ) # 2,3. Giwven a Q-line bundle L = aX+ by iy +

Z[z ners ., —{n, @]}bz 1051 in /\/lg n» We have the intersection formulas

C(irr) - L = a+ 10byyy,
C([T,I],[T+ ].,I]) -L=a+12b;, —b.,-J — bTJrL[.

Proof. We can compute the intersection on the moduli space MY
and C([r,I],[7+1,1]) in M

C([r.1),[r+1,1)) in M, that are defined in the same way. Therefore, by the projection
formula, we have

g.n- The curves C(irr)

. are push-forwards via T of irreducible curves C(irr) and

{C(irr)~L = C(irr) - T*(L), (5.2)

C([r 1), [r+1,1))- L = C([r,1),[r +1,1]) - T*(L).

Now, Proposition 5.5(iii) gives

T*(L) = aA + bireOirr + (a + 120311 ) 01,9 + Z bi 101 (5.3)
[i,11eTy ,,—{[1,0]}

Finally, observe that the curve C(irr) coincides with the curve of [29, Thm. 2.2(4)] for
(i,1) = (0,0), while the curve C([r,I],[T+1,I]) coincides with the curve of [29, Thm. 2.2(5)]
for (¢,1) = (7,I) and (j,J) = (9 —1—7,I¢). Hence, using [29, Thm. 2.1], we have

C(irr) - | @A+ biveGine + Z bi, 1051 | = —2birr +b1,9,
[¢,11€Ty, n—{irr}
C(lr 1), [+ 1,1)) - | aX+ bigrGier + Z bi,10i1 | = —=br,1 —brp1,71+b1p.
[¢,11€Ty, n—{irr}
(5.4)
We conclude by putting together equations (5.2), (5.3) and (5.4). O

Now we look at the subcone of the Mori cone NE (M Sn) spanned by the elliptic bridge
curves.

Proposition 5.9. Assume that char(k) # 2,3.

i) The elliptic bridge curves are linearly independent in Ny M) and they intersect
g,
Kng,Sn’ KMps +v, K M, and KMps + 1 negatively.

(ii) The conver cone spanned by elliptic bridge curves is a face of the Mori cone
NE ( ) (which we call the elliptic bridge face). In particular, each elliptic bridge

curve generates an extremal ray of the Mori cone of ngn,
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aes . . ~TPs
(iii) If (g,n) # (1,2),(2,0), then a curve B C /\/lg n 18 such that its class in N, (ngn)

lies in the elliptic bridge face if and only if the only nonisotrivial components of
the corresponding family of pseudostable curves C — B are Ay /A;-attached elliptic
bridges.

Note that part (i) implies that the elliptic bridge face is polyhedral and simplicial.
Observe also that part (iii) is false for (g,n) = (1,2) (resp., (2,0)): in these two cases,

dim Ny (MZ’S“)Q =1 and the elliptic bridge face, which is spanned by C([0,{1}],[0,{2}])
(resp., C(irr)), coincides with the entire Mori cone NE (Mgsn> and it is therefore a half-

line. Hence, the class of any effective curve on M, , lies in the elhptlc bridge face, and
there are plenty of effective curves in the projective varieties M

Proof. Part (i): the fact that the elliptic bridge curves are hnearly independent in
Ny (M ) follows by a close inspection of the intersection formulas in Lemma 5.8 using
the relations among the generators of Pic (Mgsn>Q (see Fact 3.28(3.28), Corollary 3.29

and Proposition 5.1(ii)).
The fact that the elliptic bridge curves negatively intersect K+ Yo and K- M, +

follows again from Lemma 5.8 and Mumford’s formula K+ = 13)\—2(5—|—w (see
Fact 3.28(3.28)). This implies the analogous result for KMps and KMps + if (g,n) #

(1,2),(2,0),(2,1),(3,0), by Proposition 5.1(iii). In the four exceptlonal cases mentioned,
we have KMpb = Ky — R, with R being the ramification divisor of the morphism

@P* Mps — M » by Remark 5.4. We can choose the elliptic bridge curves (in their
numerlcal equlvalence class) in such a way that their generic point does not have nontrivial
automorphisms, which implies that they are not contained in R. This ensures that the
elliptic bridge curves intersect R nonnegatively, and hence they negatively intersect KMTW

and Kyps +1).

Let us now prove parts (ii) and (iii). If (g,n) = (1,2) or (2,0), then dim Ny (Mgsn) =1
and part (ii) is obvious (while part (iii) is clearly false!).

Otherwise, consider the Q-line bundle on Mps

7
Ny = Kxgee + -5 10 + dJ— (10/\ d+1).
By [7, Thm. 1.2(a)] (whose proof works in arbltrary ChaI‘aCteI‘lbthb and can be applied,
since (g,n) # ( ,2),(2,0)),% the line bundle N, , is nef and as degree 0 precisely on the
curves of ./\/lg ,, described in part (iii). Note that such curves are numerlcally equlvalent
to a nonnegative linear combination of elliptic bridge curves in /\/l  (since 1\/[1 5 has

SNote that in that theorem, not only (g,n) = (2,0) but also (g,n) = (1,2) must be excluded. The
reason is that these are the only two cases where the line bundle K7zes + %6 + %’L/), which is
an

proportional to 10A— &4t = 10A — 9, is zero on M.
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Picard number 1 by Corollary 3.29 and Proposition 5.1(ii)) and every elliptic bridge
curve intersects Ny ,, in 0 by Lemma 5.8.

Moreover, we claim that Ny , is semiample on Mgfn. Indeed, when n =0, Ny ¢ is the
pullback of the natural polarisation on the GIT quotient M; of the Chow variety of
bicanonical curves of genus g via a regular morphism ¥ :MSS — MZ (see [34, Thm. 2.13]
and [34, Thm. 3.1], whose proofs work in arbitrary characteristic). When n > 0, fixing
an integer h > 2 we have that Ny, is the pullback of Ny, 0 via the regular morphism
MZ,STL — Mginh that attaches a fixed smooth irreducible curve of genus h to each of the
marked points of an n-pointed stable curve of genus g (see [15, Lemma (4.38)] and [7,
Sec. 5.4]).

These facts imply that if we denote by n the fibration induced by a sufficiently high
power of Ny, the convex cone spanned by the elliptic bridge curves coincides with the
n-relative effective cone NE(7n) of curves and is therefore a face of the effective cone

NE (Mgi) of curves (see subsection 2.2). Moreover, property (iii) holds.

It remains to show that the convex cone spanned by the elliptic bridge curves is also a
face of the Mori cone NE (Mgbn) . However, this convex cone, which coincides with NE(n),
is polyhedral (because it is generated by a finite number of curves) and hence closed. Since
the closure of NE(7) is equal to the m-relative Mori cone NE(7) (see subsection 2.2), we
deduce that the convex cone spanned by the elliptic bridge curves is equal to NE(n) and
hence is a face of NE <MPS ) O

g,n

Remark 5.10. Assume that g > 1 (to avoid trivialities, since for g = 0 there are no
elliptic bridge curves).

The dimension of the elliptic bridge face, which is equal to the number of elliptic bridge
curves, is equal to

1 if (g,n) = (2,0),

g1 if n=0and ¢g > 3 is odd
dim(elliptic bridge face) = qQ l " e = ?S e

g1 if n=0and g >4 is even,

g2"t—1 ifg>1and n>1.

Comparing it with the Picard number of Mgfn, which can be obtained from
Fact 3.28(3.28), Corollary 3.29 and Proposition 5.1(ii), we get

0 if (9.n) = (2,0),
1 if n=0and g >3 is odd,

if n=0and g >4 is even,
2 4 1—Gy g —(n+1)61,, ifg>landn>1,

codim(elliptic bridge face) =

where 2 4 and 61,4 are the Kronecker symbols.

The subfaces of the elliptic bridge face can be described as follows:
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Definition 5.11 (T-faces). For any T'C T}, ,,, we denote by Fr the cone in N; (MSZ)

generated by the classes of elliptic bridge curves of type contained in T. We will call Frp
the T'-face of the Mori cone.

The poset of T-faces is described by the following result, where we use the terminology
of Definition 3.21:

Lemma 5.12. Assume that char(k) # 2,3.

(i) For any T C Ty p, the cone Fr is a simplicial polyhedral face of the Mori cone

W(Mgsn) whose dimension is equal to the number of minimal subsets of T, ,
contained in T. In particular, the extremal rays of the elliptic bridge face are given

by {Fr: T is minimal}.

(ii) If (g,n) # (1,2),(2,0), then a curve B C ﬂsfn is such that its class in N; (MSZ)
lies in Fp if and only if the only nonisotrivial components of the corresponding
family of pseudostable curves C — B are A;/Ai-attached elliptic bridges of type
contained in T

(iii) We have Fr C Fs if and only if T?™ C S34™ In particular, we have Fr = Fg if
and only if T2 = gadm,

Proof. Part (i): the cone Fr is a face of the elliptic bridge face of NE (MI:”), which is a

simplicial polyhedral face of the Mori cone NE (Mgbn) whose extremal rays are generated
by the elliptic bridge curves (by Proposition 5.9). Hence Fr is a simplicial polyhedral
face of the Mori cone NE (Mgsn) whose extremal rays are generated by the elliptic bridge
curves of type contained in 7. We conclude because the elliptic bridge curves correspond
to the minimal subsets of Ty ,. Part (ii) follows from Proposition 5.9(iii) and the fact
that Fr is a face of the elliptic bridge face. Part (iii): by part (i), we have Fr C Fg if
and only if every minimal subset of T} ,, contained in 7" is also contained in S, and this
is equivalent to the inclusion 724™ C gadm, O

6. The moduli space of T-semistable curves

The aim of this section is to study the geometric properties of the moduli space M,

of T-semistable curves and of the morphism fr: M, — M;n. Throughout this section,
we assume that char(k) > (g,n) (see Definition 4.1), which is needed for the existence of

the good moduli space M;n. The main result of this section says that, in characteristic
0, the morphism fr is the contraction of the T-face Frr (see Definition 5.11) of the Mori

cone NT (M}”).

Theorem 6.1. Set T' C T, ,, with (g,n) # (2,0). Assume char(k) =0. The good moduli
space M;n is projective, and the morphism fr :M;Sn — M;

face Fr. Moreover, fr is a Kypes -negative contraction.
g,n

n 18 the contraction of the
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The theorem is trivially true in the following cases:

o If 728d™ = () (which is always the case for g =0 or (g,n) = (1,1)), then fr is the
identity by Remark 3.17. On the other hand, Fr = (0), and hence 7 is also the
identity.

e If (g,n) = (1,2) and T2 £ () (in which case it must be true that 72 =
{[0,{1}],[1,{1}]}), then fr :Mlisz — MfQ = Speck by Remark 4.5. On the other
hand, Fr = NE (H?SQ) (see the discussion following Proposition 5.9), so that the
contraction vy of Fr is the map to Speck.

Before proving this theorem, we will need a description of the fibres of fr.
Proposition 6.2. Set T C T, , with (g,n)# (2,0) and char(k) > (g,n).
(i) The projective morphism fr is a contraction — that is, (fr)« (OMPS ) =Og7 -
g,n g,n

(ii) Let B an integral curve inside ﬂ;’fn with associated family of pseudostable curves
C — B, and let C be the image of B inside Mgfn. Then C' s contracted by fr if
and only if the only nonisotrivial components of the family C are Ay /A;-attached
elliptic bridges of type contained in T

(iii) The exceptional locus of fr is the union of the irreducible closed subsets

Ell([r,1],[r+1,1]) = {(C,{p:}) € M,

g,n

for every {[r,I],[r+ 1,11} CT —{[1,0]} and

having an elliptic bridge of type {[’T,IL[T-I— 1,]]}}

EH(II‘I‘) = {(C, {pz}) S Mg:sn having an elliptic bridge of type {H‘I‘}} if irr €T and qg> 2.

Moreover, if (g,n) # (1,2), then all these closed subsets have codimension 2 except
EI([0,{7}],[1,{i}]), which coincides with the divisors Ay (33 (for any 1<i<n). In
particular, fr is always birational, and it is small if and only if T' does not contain
any subset of the form {[0,{¢}],[1,{¢}]} for some 1 <i<mn.

Note that the closed subsets Ell([r,I],[T + 1,I]) (resp., Ell(irr)) are covered by the
elliptic bridge curves C([7,I],[T + 1,I]) (resp., C(irr)). Hence part (iii) is a necessary
condition to fr being the contraction of the face Fr. When (g,n) = (1,2) and 724 =
{10,{1}],[1,{1}]}, the morphism fr is the map to a point and its exceptional locus is equal
o BI([0, {1}}[1,{1}]) = M%%.

Proof. Part (i) follows from the Zariski main theorem using the fact that fr is a
proper morphism between irreducible normal algebraic spaces (see Theorem 4.4), which
is moreover birational because it is an isomorphism when restricted to the dense open
subset of smooth curves.

Let us now prove parts (i) and (iii). By Proposition 3.24(i), the morphism fr sends
a pseudostable curve (C,{p;}) into the T-closed curve fr((C,{p;})) which is obtained
from (C,{p;}) by replacing each A;/A;-attached elliptic bridge of type contained in T
by an attached rosary of length 2. The type of any A;/A;j-attached elliptic bridge of
(C,{pi}) can be equal to {irr} if irr € T and g > 2, or {[7,]],[7+1,I]} if {[7,I],[7+1,1]} C
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T —{[1,0]} (because (C,{p;}) does not have elliptic tails). This implies part (ii) and that
the exceptional locus of fr is equal to

By = U El([r1),[r+1,1]) | Ell(irr).
{710, [r+1, [} CT—{[1,0]} et

We conclude by observing that the closed subsets Ell([r,I],[r + 1,I]) and Ell(irr) are
irreducible of the stated codimension. O

Proof.[Proof of Theorem 6.1] As observed after the statement of the theorem, we can
assume that (g,n) # (1,2), for otherwise the theorem is trivially true.

Since Fr is a Kyps -negative face of W(M‘;S) and MSS has klt singularities by
g,n

Proposition 5.1(i), the cone theorem [42, Thm. 3.7(3)] implies that there is a Kyjpes -

g,n
negative contraction of Frp

v My, > (M)
Fr

Therefore, the theorem will follow from Lemma 2.1 if we show that an integral curve
Cc Mgfn is contracted by fr if and only if its class [C] belongs to Fr.

In order to prove this, fix an integral curve C' C M;Sn and observe that since ﬂg’sn has

finite inertia by Proposition 3.11, the curve C' admits a finite cover that lifts to ﬂg’sn.
ps

g,
is the curve C. Now, Proposition 6.2(ii) says that C
is contracted by fr if and only if the only nonisotrivial components of the family C are
Ay /Aj-attached elliptic bridges of type contained in T', which is equivalent to the fact

that [C] belongs to Fr by Lemma 5.12(ii). O

Hence we can find an integral curve B C M
. . ~TPS
curves C — B, whose image in M;

with associated family of pseudostable

n

As a corollary of Theorem 6.1 and some facts that are implicit in the proof of the cone
theorem, we can describe the Néron—Severi group of M;n and its nef/ample cone. We
will need the following definition, where we freely identify the rational Picard groups of
—T ——Pps —=Pps
M M, and M

g,n? g,n g,n’

using Corollary 3.29 and Proposition 5.1(ii):

Definition 6.3. A Q-line bundle L on ﬂ;n (or equivalently on M;Sn or on ﬂgfn) is said
to be T-compatible if L intersects to zero all the elliptic bridge curves of type contained
inT.
Explicitly, using Lemma 5.8, a Q-line bundle
L = a)\+ by Oipr + Z bi7157;7j € Pic (ﬂ;n>

[6,11€Ty, n—{[1,0], irr} Q

is T-compatible if and only if

a+10by, =0 if irr € T,
a+12byy —br 1 —bry1.1 =0 for any {[r,I],[r+1,I]} CT.
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Corollary 6.4. Set T C Ty, with (g,n) # (2,0). Assume that char(k) = 0. Then the
following are true:

: , . 1 (T . . .
(i) The real Néron—Severi vector space N (Mg’")R can be identified, via pullback along

fr, with the annihilator subspace F C N* (Mgsn) . This implies that a Q-line
IR

bundle L on ﬂ;n descends to a (necessarily unique) Q-line bundle on M;n (which
we will denote by LT ) if and only if L is T-compatible.

(ii) The nef (resp., ample) cone of M;n

the dual face Fy := Fi NNef (Mlg)sn) of Fr (resp., the interior of Fy.).

can be identified, via pullback along fr, with

In particular, Fr and Fy. are perfect dual faces — that is, codim Fr =dim Fy! — and hence
they are exposed faces (that is, they admit supporting hyperplanes). Moreover, every Q-
line bundle on M;Sn whose class lies in the interior of Fy. defines a supporting hyperplane
for Fr and is semiample with associated contraction equal to fr.

In [20, Prop. 3.13], we will prove that the second assertion of part (i) holds true if
char(k) > (g,n), arguing similarly to Proposition 7.7.

Proof. Since fr is the contraction of the Kyps -negative face Frr by Theorem 6.1, it
g,n

follows from [42, Thm. 3.7(4)] that Fi is the pullback via fr of N! (M;n)R, which

proves the first statement in (i). The second statement follows from the first one, the left
part of commutative diagram (4.1) and Proposition 5.1(ii).

Next, since Fr is a ngsn—negative face of NE (Mgfn),
proof of [42, Thm. 3.15] that Fr is an exposed face. Hence any Q-line bundle L which is
in the relative interior of Fy is a supporting hyperplane for Fr, and conversely. Moreover,
it follows from the base-point-free theorem (see step 7 of the proof of [42, Thm. 3.15])
that any Q-line bundle L which is a supporting hyperplane for Fr is semiample, and the

morphism associated to [mL| (for m > 0) is fr. In particular, it follows that the relative
T

g7n’
we get that F)/ is the pullback via fr of the nef cone of M;n, which proves (ii).
Finally, the last part of Corollary 6.4 follows from what has already been proven and

the equalities

it follows from step 6 of the

interior of Fy’ is the pullback via fr of the ample cone of M ,,, and by taking the closures,

codim Fr = dim N (MT )R = dim FY,

ag,n

where we have used [24, Rmk. 7.40] for the first equality and the fact that the nef cone
is a full-dimensional cone in the real Néron—Severi vector space for the second one. [J

Note that the characteristic 0 assumption is used in the proof of Theorem 6.1 only to

. . .. 71 . .
establish the projectivity of M, ,,. There is a special case, however, where we can prove

the projectivity in arbitrary characteristic (provided that it is large enough so that M, ,,
exists).
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Example 6.5. If T'=1T,, (and (g,n) # (2,0)), then Theorem 6.1 is true for char(k) >
(g,n) and can be proved as it follows. From the proof of Proposition 5.9, it follows that
the Q-line bundle on M;Sn

7 3 13
Nopi=Kors +—0+—1p=—(10A—§
9 Mw+10 +10¢ 10( +v)

is semiample and its dual face in NE (ﬂgsn) is the elliptic bridge face (note that this is

true also for (g,n) = (1,2), in which case Ny 2 =0 and the elliptic bridge face coincides
with the entire effective cone of curves of M?Z) Hence a sufficiently high multiple of Ny,
induces a morphism

¥ My, > Proj @ H (M, [mNy) ),

m>0
which is the contraction of the elliptic bridge face and whose codomain coincides with
— 7
Mgy n <10> by [7, Prop. 7.2]. Since the fr,  -relative effective cone NE (fr, ) of curves

is equal to the elliptic bridge face (see Proposition 6.2(ii)), Lemma 2.1 implies that we
have an isomorphism

—Tgn - ~F
M %" =M, .(7/10), (6.2)

under which fr,  gets identified with 1. Note that formula (6.2) is a special case (if
char(k) =0) of [7, Thm. 1.1], and it was previously proved by Hassett and Hyeon [34] for
n=_0.

From the foregoing discussion and Remark 5.10, we can compute the Picard number
of M;qﬁ" =~ My, n(75) and the relative Picard number of fr, , (assuming that g > 1, for
otherwise we have that Mo, ,(75) = Mo,»):

(1) The Picard number of My ,(75) is equal to

if n=0 and g > 3 is odd,

. Ny 7
dimg Pic <Mg,n (10>> =<2 if n=0and g >4 is even,
|2t bl by, (nt 1), ifg>1landn> L.

(2) The relative Picard number of fr, , is equal to

ng if n=0and g > 3 is odd,
p(fr,,.)=44%-1 if n=0and g >4 is even,

g2" -1 ifg>1andn>1.

—T
In [20], we study several geometric properties of the space M, ,, and the morphism f7.
For completeness, we mention those results here. We will need the following definition:
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Definition 6.6. Given a subset 1" C T, ,, we define the divisorial part of T as the
(possibly empty) subset 79 C T defined by

e . {@ if (g.n) = (L,1) or (2.1),
(0L L] (0L} € T} otherwise,

It is easily checked that T4V is admissible in the sense of Definition 3.21.

Proposition 6.7. [[20, Prop. 3.16, 3.17]] Assume (g,n) # (2,0), char(k) > (g,n) and
TCT,.,.

(1) The following conditions are equivalent:
(a) M: is Q-factorial.

N

(b) M;n is Q-Gorenstein.

(C) Tadm — Tdiv .

(2) The morphism fr :MZ’SR %Mzn can be factorised as

— s v — div - o
[ VU QNEELLIG ¥ (i v ) (6.3)

g,n g,n

in such a way that the following are true:
(a) The morphism frav is a composition of % ’Tdi"‘ divisorial contractions, each
having the relative Mori cone generated by a K-negative extremal ray.

v

_ pdi
The algebraic space M;n is Q-factorial and, if char(k) =0, kit.

) The morphism or is a small contraction.

—
o T
N

(d) The relative Mori cone of or is a KMTdiv -negative face if and only if T' does

not contain subsets of the form {[O,{;}T],[1,{]'}],[2,{]’}]} for some j € [n] or
(g’n) = (371)’(3’2)’(272)'

Note that if char(k) = 0, then all the spaces appearing in formula (6.3) are projective
varieties, and hence fraiv is the composition of divisorial contractions of K-negative rays,
while o7 is a small contraction of a K-negative face if and only if the condition on T
appearing in (d) is satisfied.

7. The moduli space of T -semistable curves

The aim of this section (throughout which we assume that char(k) > (g,n); see

T

Definition 4.1) is to describe the map f; : Mg; — M, ,, in terms of the minimal model

program. In particular, we will describe f as the flip of fr with respect to suitable Q-line
bundles.

7.1. Preliminary definitions and results about flips

Definition 7.1. Let f: X — Y be a proper morphism between normal algebraic spaces
of finite type over k and let D be an f-antiample Q-Cartier Q-divisor on X. A D-flip of
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f is a proper morphism fg : Xg — Y of algebraic spaces fitting into the commutative
diagram

X—-=-—--- = X} (7.1)

where 7 is a rational map and such that:

(i) the algebraic space X}, (which is automatically of finite type over k) is normal;

(ii) the morphism f} is a small contraction — that is, it is a contraction whose
exceptional locus Exc ( f‘g) has codimension at least 2;

(iii) the Q-divisor Dt :=n,(D) is Q-Cartier and f;-ample.
A D-flip is called elementary if f has relative Picard number 1.

The difference between Definition 7.1 and the classical definition of a flip is that we do
not require the map f to be small.

Remark 7.2. Assume that f is birational. Then, since fz)r is small, we have that n~! does
not contract any divisor — that is, in the terminology of [18, Page 424] it is a birational
contraction. Moreover, the map 7 is D-nonpositive in the sense of [18, Def. 3.6.1] and so
7 is the ample model of D over Y (see [18, Def. 3.6.5]).

In [14, Definition 11], a diagram analogous to diagram 7.1 is called an MMP-step.

We discuss the existence and uniqueness of flips in the following result. The proof is
standard; we include it for completeness.

Lemma 7.3. Let f: X —Y be a proper morphism of normal algebraic spaces of finite
type over k and let D be an f-antiample Q-Cartier Q-divisor on X.

(i) If the D-flip of f exists, then it is given by
£ X5 =Proj @ Oy (Imf.(D)]) =Y. (7.2)
m2>0

In particular, the D-flip of f is unique.
Moreover, the D-flip depends only on the Q-line bundle L = Ox (D) associated to
D, and hence it will be denoted by fr, : XZF — Y and called the L-flip of f.

(ii) If char(k) =0, X is kit and Kx is f-antiample, then the coherent sheaf
DB,.~0 Oy (Imfi(D)]) of Oy-algebras is finitely generated, and hence the D-flip of
f exists.

Proof. Part (i): suppose that the D-flip f} : X}, — Y exists. Since D* is Q-Cartier and
fi-ample, we have

X} =Projy P (f5). ([mD*]).

m>0
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Since X ‘5 is normal and the morphism fg is a small contraction, arguing as in the proof
of [42, Lemma 6.2] and using the fact that (f}5) (D%) = (f), (v«(D)) = f«(D) because
of the commutativity of diagram (7.1), we have the equality of Oy--algebras:

D (r5). (ImD*]) = P Oy (m (£5), =P Oy (Imf.(D))).

m>0 m>0 m>0

This concludes the proof of the first part of part (i). The second part follows from the
fact that the push-forward of divisors respects the linear equivalence of divisors.

Part (ii): by [28, Corollary 4.5] there exists an effective Q-divisor A on Y such that
(Y,A) is klt. Hence we conclude by applying [41, Thm. 92], which is a consequence of
[18] and says that the coherent sheaf €,,.,Oy (|mf«(D)]) of Oy-algebras is finitely
generated. B O

7.2. Main results about f; and MZJTZ

The following theorem, which is the main result of this section, describes the morphism
f;f as the flip of fr with respect to suitable Q-line bundles:

Theorem 7.4. Assume (g,n) # (2,0),(1,2), char(k) > (g,n) and T C T,,. Let L €
Pic (Mgsn> = Pic (./\/lgsn> . Then f; is the L-flip of fr if and only if L is fr-antiample

and the restriction of L to /\/lgTJr

,n

is T -compatible (see Definition 7.5).

The special cases (g,n) = (1,2) and (2,0) are discussed in Remark 4.5.
The proof of this theorem will be the outcome of several propositions that are interesting
in their own. We first describe the rational Picard group of M;: Recall the description

of the rational Picard group of MZZ given in Corollary 3.29.

Definition 7.5. A Q-line bundle on M, ©

L = aX+ by 6 + Z bi 16;,1 (7.3)
[ 11€ Ty, — {110, U, 1, G}, inc}

is said to be T'*-compatible if b, ; = b1 s for any pair {[7,1],[7+2,I]} C Ty, such that

{[r.1),[r +1,1),[r+2,1]} C T and [r,1),[r+2,1] & [1,@],U[1,{j}] . (7.4)

Remark 7.6. If a Q line bundle on /\/l

its restriction to ./\/lgm is T+—compat1ble. This can be proven by direct inspection.

Alternatively, it follows from the fact that T-compatible Q-line bundles are exactly Q-line
bundles on M;n by Corollary 6.4(i), while T+ compatible Q-line bundles are exactly the

is T-compatible (see Definition 6.3), then

N

@-line bundles on M:; by Proposition 7.7, and we can pull back line bundles via the
T —T+

map f:,'f Mgm =M,
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Proposition 7.7. Assume (g,n) # (2,0),(1,2) and char(k) > (g,n). A Q-line bundle L

on ﬂgT:L_ descends to a (necessarily unique) Q-line bundle on MZ: (which we will denote
by LY ) if and only if L is T*-compatible.

Proof.Up to passisng to a multiple, it is enough to prove the statement for a line bundle
—T . . —T,
on Mg,:. Given such a line bundle L on /\/lg,;r and any one-parameter subgroup p :

Gm — Aut(C,{p;}) for some k-point (C,{p;}) € ﬂg:(/{), the group G, will act via p
onto the fibre L(¢c, (p,}) of the line bundle over (C,{p;}) and we will denote by (L,p) € Z
the weight of this action. According to [4, Theorem 10.3] applied to the good moduli

space ¢p1F :ﬂ;; M. " the line bundle L descends to a Q-line bundle on MZ: if and

g,n’

only if (L,p) =0 for any one-parameter subgroup p: Gy, — Aut(C,{p;}) of any closed

k-point (C,{p;}) € ﬂz: (k). We will now show that this is the case if and only if L is
T*-compatible.

To prove the ‘if’ implication, assume that L is 7 T-compatible and fix a closed k-
point (C,{p;}) of ﬂgTZ(k) By Proposition 3.27, either (C,{p;}) is a closed rosary,
and in this case the result follows from Lemma 7.8(ii), or it admits a T"-canonical
decomposition C' = KU (Rl,q},q%) U---U(Rr,q7,45), where R; is a rosary of length 3. In
the second case, the connected component of the identity of Aut(C,{p;}) is isomorphic to
II7_, Aut (Ri7q§,q§) =~ G,, ", and hence it is enough to show that (L,p;) =0 fori=1,...,r,
where p; is an isomorphism between G,, and Aut (Ri,qi,qg). The result now follows from
Lemma 7.8(i).

To prove the converse direction, note that for each triple as in formula (7.4), there exists
a Tt -closed curve with an attached rosary of length 3 and type {[r,I],[7+ 1,1],[T +2,1]};
denote by p the one-parameter subgroup associated to this rosary. The necessary condition
(L,p) = 0 implies, because of Lemma 7.8(i), that b,  =br42 1. O

+

n

Lemma 7.8. Assume that char(k) # 2. Consider a line bundle L on Mﬁ
equation (7.3).

written as in

(i) Let (C,{pi}) be a k-point of ﬂ;:(k) that has an attached rosary (R,q1,q2) of

length 3 and consider the one-parameter subgroup pg : Gy — Aut((R,q1,42))° C
Aut((C,{pi})) normalised so that wt,, (Ty, (R)) = 1. Then we have

(Lpr) = 1" if type(Roq1,q0) = {irr},
; —br. 1 +brior  if type(R,q1,q2) = {[r, 1], [T+ 1L,1],[r +2,1]}.

(ii) Let R € M?:L(J(k) be a closed rosary of even length r (which can occur only if

irr € T) and consider the one-parameter subgroup pr : G, = Aut(R)°. Then we
have

(L;pr) =0.
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Proof.Let us first prove part (i). Since the weight is linear in L, the result will follow
from the following identities:

(A pr) =0,
(SirrspR) =0,

—1 if type(R,q1,q2) = {[i,I),[i + 1,1],[i +2,1]}, (7.5)
Grpr) =1 i type(Rygnge) = {[i — 2.7 [i— LT[ 1]},

0 otherwise.

These identities can be proved by adapting the computations in [6], as we now explain.

To compute the weights of the i classes, recall that the fibre of ; over a pointed
curve (C,{p;}) is canonically isomorphic to the cotangent vector space T, (C)V. Hence,
(¥s,pr) is the weight of the action of Gy,, via the one-parameter subgroup pg, on the
1-dimensional k-vector space T, (C)Y. This is not trivial if and only if p; is either ¢; or
q2, and it is computed in Remark 3.4.

To compute the other weights, we first make the following key remark. The G,-action
on (R,q1,q2), which is explicitly described in Remark 3.4, is such that the weights of Gy,
on the coordinates (z1,y1) that define the first tacnode ¢; := {y% —zf= 0} are opposite
to the weights of Gy, on the coordinates (z2,y2) that define the second tacnode ty :=
{y3 — 23 = 0}. This implies that the contributions that come from the two tacnodes cancel
out.

In order to compute the other contributions, consider the formally smooth morphism

& : Def(C, {p;}) — Def (éatl) » Def (6C,t2) x [ Det (607%)

g; node

into the product of the (formal) semiuniversal deformation spaces of the two tacnodes a;
and as of R, and of nodes belonging to {q1,92}. The group Aut(R,q1,¢2)° = Gy, acts on
these deformation spaces in such a way that the morphism & is equivariant.

Let us now write down explicitly the deformation spaces of the singularities mentioned,
together with the action of Gy, using the equation given in Remark 3.4. The semiuniversal
deformation space of ¢; (for i = 1,2), whenever it is a node, is equal to Spfk[b;] and the
semiuniversal deformation family is n;z; = b;, where z; is a local coordinate on the branch
of the node ¢; not belonging to R. The action of Gy, is given by ¢-(b;) = (tb;). The locus
of singular deformations of the node ¢; is cut out by the equation {b; = 0}, which has
Gpy-weight 1.

On the other hand, the semiuniversal deformation space of the tacnode t; is equal
to Def (éc,p) = Spf k[as,a1,a0] and the semiuniversal deformation family is given by
y? = 2* 4+ asx® + ayx + ag. This forces the action of Gy, to be given by t- (as,a1,a0) =
(t‘zaz,t_3a1,t_4ao). The locus of singular deformations of p is cut out in Def (60’1,)
by the equation {A =0}, where A := A(asg,a1,a0) is the discriminant of the polynomial
x* +azx?® + a1+ ag. Since the discriminant is a homogeneous polynomial of degree 12 in
the roots of this polynomial and Gy, acts on the roots with weight —1 (the same weight
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as x), it follows that Gy, acts on the discriminant associated to ¢; with weights —12, and
+12 on the discriminant associated to to.

If both points q; are nodes, it follows from this discussion that the only boundary
divisor of M » that can have a nonzero weight against pr is the one whose equation
on Def(C, {pz}) is given by ®*(b1by) = 0. This divisor is 20;,, if type(R,q1,q2) = irr and
8i.1+0g—2—i 1e if type(R,q1,92) = {[¢,1],[i +1,1],[i +2,1]}. The result now follows from [6,
Lemma 3.11] and Remark 3.4. If one of the ¢;s is a node and the other is a marked point,
the result follows by combining the foregoing discussion with argument about i/-classes.
When (g,n) = (2,2), it could be that both ¢;s are marked points, in which the argument
about v-classes is enough.

To compute the weight of A, by combining [6, Cor. 3.3] and the computations in [6,
Sec. 3.1.3] for Az, we deduce that (A pr) =0, as we get +1 from one tacnode and —1
from the other tacnode.

Part (ii) can be proven in a similar way — the key remark is that since the length of the
rosary is even, all contributions cancel out. O

As a corollary, we can now determine when M is Q-factorial or Q-Gorenstein.

s

Corollary 7.9. Assume (g,n) # (2,0),(1,2), char(k) > (g,n) and T C T,,,. Then the
following are true:

(i) If (g,n) # (2,1) or ( 0), then the pullback of the (Weil) divisor Kﬁit via the

morphism ¢T+ : J\/l —> M n 18 equal to

(") (KMH) = Kggrs = 13A =20+ (7.6)

(ii) MT is Q-factorial if and only if T does not contain subsets of the form {[r,I],[T+

»n

LI+ 2,10} with [r, 1)1 +2.0 ¢ {10, U, (LY} and [.0] £ [ +2.1].
(iii) M,

n 18 Q-Gorenstein if and only if T" does not contain subsets of the form

{[0 {2 AT ) for some j € [n], or (g,n) = (3,1),(3,2),(2,2).

Note the following special cases:

e If T#M s minimal (in the sense of Definition 3.21) or T2dm = TV (see
Definition 6.6), then M
e Ifg=1, then M‘

g,n

e Ifn=0, then M§+

N

n is Q-factorial.

is Q-factorial for any 7" C T 5,.
is Q-Gorenstein for any 7' C T} .

. . . —T
Proof.Part (i): under the assumptions on the pair (g,n), the morphism ¢+ Mg, +
MZ: is an isomorphism in codimension 1 when restricted to the open substack /\/lg n
of smooth curves (see [L) Chap. XII, Prop. 2.15]). Moreover, the generic point in each

boundary divisor of M gn ™ does not have any nontrivial automorphisms and is T -closed

(see Definition 3.26), and hence it is a closed point of the stack MZ: This implies that the
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morphism ¢7 T is an isomorphism in codimension 1, which implies that (¢T+) * (KMH) =
g,mn

Kzr+. We now conclude using Mumford’s formula (see Fact 3.28(3.28)).

g, n
.. . . . . —-—7T =1+ .
Part (ii): by the foregoing discussion, the morphism ¢7+ : ./\/lg; — Mg,: is an
isomorphism in codimension 1. Hence the pullback map via the morphism ¢+ induces

an isomorphism on the divisor class groups

g,n

(¢T+)* : Cl (M;:)Q = (MT+)Q = Pic (M;n)(@v

—T
where in the last equality we used the fact that M, is a smooth stack. Hence,

n

Proposition 7.7 implies that MZ: is Q-factorial — that is, Pic (MT+)Q =Cl (M?—)Q —if

g,n n

and only if any Q-line bundle on ﬂ;; is T*-compatible. An inspection of Definition 7.5
gives the result.
Part (iii): first of all, in the special cases (g,n) = (2,1) or (3,0), it is easy to check,

—T
using part (ii), that M, is Q-factorial for any 7. Hence we can assume that (g,n) #

(2,1) or (3,0), which implies that equation (7.6) for (¢T+)* (Kﬁu) holds true. By

T+

Proposition 7.7, Mg’ n

is Q-Gorenstein if and only if

13X — 20 + 1) = 13X — 26, — 2 > Sit— Y 0o.(j)
[, 11 {[1,0], U, [1, {531, U 0, {731} i=1

is Tt-compatible. An inspection of Definition 7.5 gives the result. O

Remark 7.10. It follows from Corollary 7.9 that the algebraic space M;gﬁ"+ is

e Q-factorial if and only if g < 1, or (g,n) = (2,1),(3,0),(3,1),(3,2).(4,0),(5,0), (6,0);
o Q-Gorenstein if and only if g <1 or n=0 or (g,n) = (2,1),(2,2),(3,1),(3,2).

In particular, we recover the result of Alper and Hyeon [12, Sec. 6]: M;ﬁ (which coincides

with M ({5 —e) if char(k) = 0; see Remark 7.14) is Q-factorial if and only if g < 6.
Note that when M;g,’l’L+ is not Q-factorial, it cannot be reached via a sequence of

elementary steps (that is, relative Picard number 1 steps) of an MMP of M, ,,. This

shows that there is a difference between flipping the elliptic bridge face in a single step
and trying to flip each extremal ray one by one.

Another corollary of Proposition 7.7 is the computation of the Picard number of M;‘TJF
(which coincides with My, ({5 —¢) if char(k) = 0; see Remark 7.14) and the relative
Picard number of the morphism f}'q B (using Remark 6.5). We assume that g > 1, for

. Filont 37
otherwise we have M ,." " = My,y.

s
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Corollary 7.11. Assume g > 1, char(k) > (g,n) and (g,n) # (2,0),(1,2).
(i) The Picard number of M;g,’;ﬁ is equal to

3—43,4 ifn=0 and g > 3 is odd,
. . (~7Tgnt
dlm@Plc<Mg7"n )Q: 4—104,4 ifn=0 and g > 4 is even,
2" 42— (n+2)d2,g—(2n+2)d1,9 ifg>1 andn>1.

(ii) The relative Picard number of f;‘g . is equal to

2—03,4 ifn=0 and g > 3 is odd,
p(f;fg)n): 2— 04,4 ifn=0 and g >4 is even,
2 41— (n+1)dgg— (n+1)d1,4 ifg>1and n>1.

—T
We now show that f;f is projective by producing an f;f - ample line bundle on M g’:.

Proposition 7.12. Assume (g,n) # (2,0),(1,2) and char(k) > (g,n). The line bundle
~ . ~ T+ !
—6=—(0—1) on MZ: descends to an fi-ample Q-line bundle (—5) on M::

In particular, the morphism f; 18 projective.

> oo (T . AT Tt
Proof.The fact that —¢ € Pic (./\/l ) descends to a Q-line bundle (76) on M/,

g,n
PN

T+
follows from Proposition 7.7. The fact that (—5) is f-ample follows from the same

argument of [7, Prop. 7.4] using the fact that the open embeddings
—Pps — T — T+
Mg = Mg = Mg,
arise from local VGIT with respect to the line bundle 5 on M;n by Proposition 4.6. [

Corollary 7.13. Assume (g,n) # (2,0),(1,2) and char(k) =0. Then MZ: 18 projective.

Proof.MZjn is projective if char(k) =0, by Theorem 6.1; the corollary now follows from

the projectivity of f;f proven in Proposition 7.12. O

Remark 7.14. If T =T, , (and (g,n) # (2,0),(1,2)), then the projectivity of Migﬁn+

follows from Remark 6.5 and Proposition 7.12. Furthermore, if char(k) = 0 then it follows
from [7, Thm. 1.1] that M;‘;‘qﬁ“r is identified with a log canonical model of M, ,:

7Tg,n+

— . _ 7
M, %" 22 Mg, (7/10—€) :=Proj @ H° (Mw, {m (KMM +1h+ (10 e) (5¢))J> ,
m>0
(7.7)
extending the previous result of Hassett and Hyeon [34] for n = 0.

Next, we study the fibres and the exceptional loci of the morphism f]f .
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Proposition 7.15. Assume (g,n) # (2,0),(1,2), and char(k) > (g,n).
(i) The morphism f;f s a contraction — that is, (f;f)* (OM”) =Oxr -
g,n g,n
(ii) The exceptional locus of qu is the union of the irreducible closed subsets
Tac([r,I],[7+ 1,1])
= {(C,{pi}) € MZ;: :(Cy{p:}) has a tacnode of type {[7,I],[T+ 1,[]}}

for every {[r,1],[T+ 1,1} CT —{[1,0]} which is not of the form {[0,{i}],[1,{i}]} for
some 1 <i<n, and

Tac(irr)

= {(C’7 {p:i}) € MZZ :(C{p:}) has a tacnode of type {irr}} if irr € Tand g > 2.
All these closed subsets have codimension 3, so that the morphism f;‘ is small.

Proof. Part (i) follows from the Zariski main theorem using the fact that fj is a
proper morphism between irreducible normal algebraic spaces (see Theorem 4.4), which
is moreover birational because it is an isomorphism when restricted to the dense open
subset of smooth curves.

Part (ii): first of all, the closed subsets in the statement are irreducible and have
codimension 3, since the semiuniversal deformation space of a tacnode has dimension
3 (since char(k) # 2). By Proposition 3.24, the morphism f; sends a T*-closed curve
(C,{p;}) into the T-closed curve f;((C,{p:})), which is the stabilisation of the n-pointed
curve obtained from (C,{p;}) by replacing each tacnode (necessarily of type contained in
T —{[1,0]}, since (C,{p;}) cannot have As-attached elliptic tails) by an attached rosary
of length 2. Now observe that a tacnode has local moduli isomorphic to G,,, because
it is constructed from the normalisation by gluing together the two tangent spaces at
the two smooth branches (see [33, Sec. 4.1] for details). Since we (> p;) is ample, these
local moduli do not give rise to global moduli if and only if one of the two branches of
the tacnode belongs to a rational curve with only one other marked point (which always
happen if the type of the tacnode is equal to {[0,{i}],[1,{¢}]} for some 1 <4 <mn), in which
case the automorphism group of the 2-pointed rational curve cancels out the local moduli.
The curve £ ((C,{p;})) does not depend on the global moduli given by the tacnodes of
(C,{p;}). By putting everything together, we deduce that the exceptional locus of f;f is
equal to the union of the closed subsets described in the statement. O

As a corollary of this proposition, we can determine when f;f is an isomorphism.
Corollary 7.16. Assume (g,n) # (2,0),(1,2) and char(k) > (g,n). Then fi :M;: %Mzn
is an isomorphism if and only if T2d™ = T4V,

Proof. Proposition 7.15(i) implies that the exceptional locus of f;f is empty — that is,
f;f is an isomorphism — if and only T2d™ = 7div, O
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The final ingredient we need is a description of the relative Mori cone of the morphism
f;f . With this in mind, we introduce the following curves, which were already considered
in [34, Propositions 4.1 and 4.2]:

Definition 7.17 (Tacnodal curves, see Figure 9). Let (g,n) # (2,0),(1,2) be a hyperbolic
pair. Consider the following irreducible curves (well defined up to numerical equivalence)

T+ .
in M, ,,, which we call tacnodal curves:

1. Ifirr € T and g > 2, then let D(irr)° = G,, be the curve in ﬂ;: which parametrises
T*-semistable curves obtained from a fixed smooth irreducible curve E of genus g —2
with n+ 2 marked points by gluing the last two marked points, which we call a and
b, to form a tacnode of type irr using the identification of T, ' and Ty E provided by
the elements of Gy,. We denote by D(irr) the closure of D(irr)° in ﬂ;: The curve
D(irr) is isomorphic to P*; the two points on the closure parametrise the two curves
formed by gluing a and b with a P! which is attached nodally at a and tacnodally
at b (or the other way around).

2. For any pair {[r,I],[r+1I]} ={[r,I],[g—1—7,1°|} CT— {[1,@],Uj[1,{j}],irr}, we

let D([7,I],[7+1,I])° = Gy, be the curve in ﬂzi which parametrises 7" -semistable
curves obtained from two fixed irreducible curves A and B, the first of genus 7 with
TU{a} marked points and the second one of genus g —1 — 7 with 7°U {b} marked
points, by gluing the points a and b to form a tacnode of type {[7,I],[T +1,1]}, using
the identification of Ty, A and T, B provided by the elements of G,,. We denote by
D([r,I],[7 4+ 1,I]) the closure of D([r,I],[7+1,1])° in MZ; The curve D([r,I],[T +
1,1]) is isomorphic to P!; the two points on the closure parametrise the two curves
formed by gluing a and b with a P! which is attached nodally at a and tacnodally
at b (or the other way around).

The type of a tacnodal curve is defined as follows: D(irr) has type {irr} C T} ,, while
D([r,I],[T +1,1]) has type equal to {[7,I],[T+ 1,I]} C T, ,. It is straightforward to see

—T
that the tacnodal curves parametrises T"-closed points of ./\/lg’: (see Definition 3.26);
hence they descend to integral curves (which we will continue to call tacnodal curves and

denote with the same notation) in the good moduli space Mg;: by Proposition 3.27(ii).

Remark 7.18. Notice that we have not defined the tacnodal curves D([0,{i}],[1,{i}])
and D([1,{7}],]2,{i}]) for 1 <i <mn. This is for the following reasons:

o If we define D([0,{i}],[1,{¢}])° as in Definition 7.17, then D([0,{i}],[1,{¢}])° is a

point and not a curve inside ﬂg;, since the continuous automorphism group of
the curve A of genus and with two marked points kills the gluing data that are
needed to construct the tacnode.

e The curve D([1,{:}],][2,{¢}]), defined as the closure of the curve D([1,{i}],[2,{i}])°

defined as before, is contracted when mapped into Mg; via the morphism ¢77,
since its generic point is not T"-closed (because it contains an Aj/As-attached

elliptic bridge of type {[1,{i}],[2,{i}]} C T’; see Proposition 3.27(i)).
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1 1
p.1 Pk+1 3 P} Pk+1
T g—T7—2 T g—T—2

T g—17—-2

\ Fig. 9- B/W online, B/W in print\

Figure 9. The tacnodal curve D([r,I],[T + 1,I]) with two limit points, where I = {1,...,k}.

Proposition 7.19. Assume (g,n) # (2,0),(1,2) and char(k) > (g,n).

(i) The relative Mori cone of the morphism f;. is the subcone of NE (MZ:) spanned
by the tacnodal curves of type contained in T .
(ii) Given a Q-line bundle

L = aX+ by 6irr + Z bi 10i,1
(i, 11T, — {110, U, [1, 451}

—T o ,
on /\/lg;, we have the following intersection formulas:

D([T,I],[T+ ].,I]) -L=—a— 12birr+br,l +b7-+1_’],
D(irr) - L = —a — 10by,.

Proof. Part (i): let D be an integral curve inside MQTZ that is contracted by the morphism
fi. By Proposition 3.24(i), the geometric generic point of D parametrises a T+-closed
curve C' (by Proposition 3.27(ii)) with a tacnode t of type contained in 7' and having
some nontrivial global gluing data, which happens if and only if type(t) is not equal to
{[0,{2}],[1,{i}]} for some 1 <i < n. Moreover, since C is T"-closed curve, type(t) cannot
be equal to {[1,0],(2,0]} (otherwise C' would contain an As-attached elliptic tail) or to
{[1,{i}],[2,{i}]} for some 1 <i <n (otherwise C' would contain an A;/Asz-attached elliptic
bridge of type contained in T'). From this discussion, it follows that D is numerically
equivalent to a tacnodal curve of type contained in T, and part (i) follows.

Part (ii): let D= P! C ﬂj: be a tacnodal curve and let 7 : X — D be the associated (flat
and projective) family of n-pointed T+-semistable curves of genus g. The family X — D
has a tacnodal section 7 (which is also the only singularity of each fibre over G,, C P!)
and two nodes over 0 and oo that are of type [r,I] and [+ 1,I] if D = D([r,I],[r+1,1])

or both of type {irr} if D = D(irr). This implies that the only boundary divisor that
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contains D is &;,, and that for any [i,J] € T, ,, — {irr}, we have

67:7J . D(II‘I‘) = 0,

5i,J 'D([T7I]a[7—+ laI

1 if [i,J] =[r,I] or [T+ 1,1], (7.8)
= otherwise.

Consider now the normalisation 7: )Y — D of the family X — D along the tacnodal section
7. The (flat and projective) family ) — D has n+ 2 sections, the first n of which are the
pullback of the n sections of the family X — D, and the last two of which, call them o,
and oy, are the inverse image of the tacnodal section 7 along the normalisation morphism
Y — X. We can apply [7, Prop.6.1] in order to get

degp (a + 1)
2 ’ (7.9)
0-D= degD((S)}/D) - GngD(wa +"/}b)7

where dy/p is the total boundary of the family 7:Y — D, Ay/p 1= detT.(wy,p), o =
ox(wy/p) and Yy, = o (wy/p). By the definition of the tacnodal curve D, it follows that
the family J — D = P! together with the two sections o, and o, are obtained from a
constant family F x P! — P! (where, using the notations of Definition 7.17, F = E if
D = D(irr) or F = A[[B if D = D([r,I],[t+ 1,I])), together with two constant sections
{a} x P! and {b} x P!, by blowing up the points {a} x {0} and {b} x {cc} and taking the
strict transform of the two constant sections. Therefore, the family 7 :) — D has two
singular fibres, namely 7#~1(0) and 7~!(c0), which are formed by F and the exceptional
divisors Fy and F,, respectively, meeting in one node; hence we have

A-D =degp(Ay/p) —

degD((Sy/D) =2. (710)
Moreover, since there is no variation of moduli in the fibres of the family 7:)Y — D, we
have

degD()\y/D) =0. (711)

Finally, since o} (wy/p) = 04(Oy(—Im(a,))), we have degp(1q) = —(Imo,)?. Since the
pullback of the constant section {a} x P! to the blowup family 7:Y — D is equal to
FEy+Imo,, we get

0= (Ey+Imo,)* = E2+2E-Imo, + (Imo,)? = —1+2+ (Imo,)? = degp (¥a)

= —(Imo,)? =1. (7.12)
Similarly, we have
deg (1) = 1. (7.13)
Substituting equations (7.10)—(7.13) into equation (7.9), we get
AD=-1 and §-D=-10. (7.14)
By combining equations (7.8) and (7.14), we conclude the proof of part (ii). O

We are now ready, by combining these propositions, to give a proof of Theorem 7.4.
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Proof.[Proof of Theorem 7.4] Note that the algebraic space Mf: is normal by
Theorem 4.4 and the morphism f;' is a small contraction by Proposition 7.15. Hence
the first two conditions of Definition 7.1 are always satisfied. Moreover, in order for f;f
to be the L-flip of fr, we need the fact that L is fr-antiample (see Definition 7.1).

It remains to check the last condition of Definition 7.1 with respect to the rational
morphism

-1 —T —T+
n:i= (f;:) ofr: Mg,n - Mgm

and any Q-Cartier Q-divisor D on MT

g,n

whose associated Q-line bundle is L. If the
restriction of L to ﬂjz (which we denote again by L) is T+-compatible, it will descend to

a Q-line bundle LT+ on MSZ by Proposition 7.7. By the commutativity of diagram (4.1),
we have that the linear equivalence class of the Q-divisor 7,(D) is LTT, which implies
that n.(D) is Q-Cartier. Conversely, if 7.(D) is Q- Cartier then its linear equivalence
class is a Q-line bundle on MT whose pullback to M _n 18 the restriction of L to M g
and this again implies that L is T+-compatible, by Proposmon 7.7.

It remains to show that if L is fr-antiample, then LT is f;f ample. Since f;f is
projective by Proposition 7.12 and the relative Mori cone of f;f is generated by the
tacnodal curves of type contained in T by Proposition 7.19(i), it is enough to show, by
the relative Kleiman ampleness criterion [42, Thm. 1.44], that L negatively intersects
these curves. By combining Proposition 7.19(ii) with Lemma 5.8 and using the fact that
the intersection of L with all the elliptic bridge curves of type contained in 7' is negative
because L is fr-antiample, we get

D(irr)-L=—C(irr)- L >0 if irr €T,
D([T,I],[T—F LI))-L=-C([r,I],[r+1I])-L>0

for any {[r,I],[r+1,I]} CT — {[1,(2)}, U; [1,{j}]}, and this concludes the proof. O

We now describe two important special cases of Theorem 7.4.

Corollary 7.20. Assume (g,n) # (2,0),(1,2) and char(k) > (g,n).

) Ay .
(i) The morphism f; : M gn — Mg, is the (KMps —Hp) -flip of fr.
(ii) The morphism fi : Z; — M o 15 the KMpe -flip of fr if and only if M

is Q-Gorenstein — that is, if and only if T does not contain subsets of the form

{1047} (1453, [2{5}]} for some j € [n] or (g,n) = (3,1),(3,2),(2,2).

Proof.Since the relative Mori cone of fr is generated by the elliptic bridge curves of type
contained in T', by Proposition 6.2(ii), and the elliptic bridge curves are both Kyes - and
g
(Kmps Jr@ZJ)—negeutive7 by Proposition 5.9(i), the relative Kleiman ampleness criterion
an
(which can be applied, since f;‘ is projective by Proposition 7.12) implies that Kyes
an

and (Kﬁfn + 1/1) are fr-antiample. By Mumford’s formula (see Fact 3.28(3.28)), we have
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that KMps 4+ =13A—26 and the restriction of 13X\ —25 to M gn Tis T -compatible (see

Definition 7.5). Hence we conclude that f is the ( Yo +1[1) -flip of f7, by Theorem 7.4.
In order to prove part (ii), observe first that

((f;“r)ilofT) (KMPSR) = Kyr+. (7.15)

g,n

Therefore, if fT is the KMps -flip of fr, then Ky T+ is Q-Cartier — that is, M

Q-Gorenstein, which happens if and only if T does not contain subsets of the form

{10,{7}],[1,{7}],12,{7}]} for some j € [n] or (g,n) = (3,1),(3,2),(2,2), by Corollary 7.9(iii).
Conversely, if Kyr+ is Q-Cartier, then by diagram (4.1) we deduce that the restriction
g,n

of the Q-line bundle KMps (seen as a Q-line bundle on HT by Corollary 3.29 and

Proposition 5.1(ii)) to ./\/l descends to the Q-line bundle Kg; T+ and hence is T-
compatible. Hence, we conclude that fT is the Kyes -flip of fr by Theorem 7.4. O

Theorem 7.4 implies that when M
morphism fT is the L-flip of fr with respect to any Q-line bundle L on M ,», Which is fr-
antiample. Under these assumptions, and assuming furthermore that fr is small (compare
Proposition 6.7(6.7)), we will now prove that f is the composition of elementary L-flips.
Corollary 7. 21 Assume (g,n) # (2,0),(1,2) and char(k) =0. Let T C T, ,, be such that
fr: l\/lpS — l\/l n 18 small and M;; is Q-factorial (compare Proposition 6.7(6.7) and
Corollary 7.9(u)). Let L be a Q-line bundle on MSS

is Q-factorial (comopare Corollary 7.9(i1)), the

T

n which is fr-antiample.

Then the rational map (f%L)_1 o fr: Mgfn - MZ:

isomorphism) as a sequence of elementary L-flips.

Proof. The morphism fr : Mps %l\/l
Kypes -negative (by Theorem 6.1) and M

can be decomposed (up to

n 1s a relative Mori dream space because it is

- 18 kIt and Q-factorial (by Proposition 5.1)

with a discrete Picard group (by Corollary 3.29 and Proposition 5.1(i)). Hence, we can

run an MMP for L over M;n and obtain a relative minimal model

My, ---—=-=-->X (7.16)
k /
—T
g,n

. . . . e . . EviiRn
Since fr is small, g is also small and 7 is a composition of flips. Moreover, since M, is

. . . . ~—T, ~
the ample model of L over Mg n, there is a birational morphism X — Mgm+ over M .,
which is again small. Since both spaces are Q-factorial, we conclude that the morphism

=T+ . . .
X —M,, is an isomorphism, as wanted. O

https://doi.org/10.1017/51474748021000116 Published online by Cambridge University Press


https://doi.org/10.1017/S1474748021000116

Minimal model program for moduli of curves 209

Acknowledgments We had the pleasure and the benefit of conversations with J. Alper,
E. Arbarello, G. Farkas, M. Fedorchuk, R. Fringuelli, A. Lopez, Z. Patakfalvi and R. Svaldi
about the topics of this paper. We thank the referee for their careful reading of the paper
and for the suggestions and questions that helped in improving it.

The first author is funded by the MIUR, ‘Excellence Department Project’ MATHQTOV,
awarded to the Department of Mathematics, University of Rome, Tor Vergata, CUP
E83C18000100006, and the PRIN 2017 ‘Advances in Moduli Theory and Birational
Classification’. The second author was supported during part of this project by the DFG
grant ‘Birational Methods in Topology and Hyperkéhler Geometry’. The third author is
a member of the CMUC (Centro de Matemética da Universidade de Coimbra), where
part of this work was carried out. All three authors are members of the GNSAGA group
of INdAM.

References

[1] D. ABRAMOVICH, M. OLSSON AND A. VISTOLI, Tame stacks in positive characteristic,
Ann. Inst. Fourier (Grenoble) 58(4) (2008), 1057-1091.

[2] D. ABRAMOVICH AND A. VisToLl, Compactifying the space of stable maps, J. Amer.
Math. Soc. 15(1) (2002), 27-75.

[3] J. ALPER, On the local quotient structure of Artin stacks, J. Pure Appl. Algebra 214(9)
(2010), 1576-1591.

[4] J. ALPER, Good moduli spaces for Artin stacks, Ann. Inst. Fourier (Grenoble) 63(6)
(2013), 2349-2402.

[5] J. ALPER, Adequate moduli spaces and geometrically reductive group schemes, Algebr.
Geom. 1(4) (2014), 489-531.

[6] J. ALPER, M. FEDORCHUK AND D. I. SMYTH, Singularities with G,-action and the log
minimal model program for M, J. Reine Angew. Math. 721 (2016), 1-41.

[7] J. ALPER, M. FEDORCHUK AND D. I. SMYTH, Second flip in the Hassett—Keel program:
Projectivity, Int. Math. Res. Not. IMRN 24 (2017), 7375-7419.

[8] J. ALPER, M. FEDORCHUK AND D. I. SMYTH, Second flip in the Hassett-Keel program:
Existence of good moduli spaces, Compos. Math. 153(8) (2017), 1584-1609.

[9] J. ALPER, M. FEDORCHUK, D. I. SMYTH AND F. VAN DER WYCK, Second flip in the
Hassett-Keel program: A local description, Compos. Math. 153(8) (2017), 1547-1583.

[10] J. ALPER, J. HALL AND D. RYDH, A Luna étale slice theorem for algebraic stacks, Ann.
of Math. (2) 191(3) (2020), 675-738.

[11] J. ALPER, D. HALPERN-LEISTNER AND J. HEINLOTH, ‘Existence of moduli spaces for
algebraic stacks’, Preprint, 2018, http://arxiv.org/abs/1812.01128.

[12] J. ArLpEr AND D. HyEON, GIT constructions of log canonical models of Mg, in
Compact Moduli Spaces and Vector Bundles, Contemporary Mathematics, 564, pp. 87-106
(American Mathematical Society, Providence, RI, 2012).

[13] J. ALPER, D. I. SMYTH AND F. VAN DER WYCK, ‘Weakly proper moduli stacks of curves’,
Preprint, 2011, http://arxiv.org/abs/1012.0538.

[14] F. AMBRO AND J. KOLLAR, ‘Minimal models of semi-log-canonical pairs’, in Moduli of
K-stable varieties, 1-13, Springer INdAM Ser., 31, Springer, Cham, 2019.

[15] E. ARBARELLO, M. CORNALBA AND P. A. GRIFFITHS, Geometry of Algebraic Curves.
Volume II, Grundlehren der Mathematischen Wissenschaften, 268 (Springer, Heidelberg,
2011). With a contribution by J. D. HARRIS.

https://doi.org/10.1017/51474748021000116 Published online by Cambridge University Press


http://arxiv.org/abs/1812.01128
http://arxiv.org/abs/1012.0538
https://doi.org/10.1017/S1474748021000116

210
[16]

[17]

[18]

[19]

[20]

[21]

[22]
[23]
[24]

[25]

[26]

[27]
[28]
[29]
[30]
31]

32]

33]
[34]

[35]

G. Codogni, L. Tasin and F. Viviani

A. BAYER AND E. MACRI, Mmp for moduli of sheaves on k3s via wall-crossing: Nef and
movable cones, Lagrangian fibrations, Invent. Math. 198(3) (2014), 505-590.

A. BERTRAM AND I. COSKUN, The birational geometry of the Hilbert scheme of points on
surfaces, in Birational Geometry, Rational Curves, and Arithmetic, Simons Symposia, pp.
15-55 (Springer, Cham, Switzerland, 2013).

C. BIRKAR, P. Cascini, C. HAcoN AND J. MKERNAN, Existence of minimal models for
varieties of log general type, J. Amer. Math. Soc. 23(2) (2010), 405-468.

C. CASAGRANDE, G. CoDOGNI AND A. FANELLI, The blow-up of P*at 8 points and its
Fano model, via vector bundles on a degree 1 del Pezzo surface, Rev. Mat. Complut. 32(2)
(2019), 475-529.

G. CopocNI, L. TAasIN AND F. VIVIANI, ‘On some modular contractions of the moduli
space of stable pointed curves’, Preprint, 2019, https://arxiv.org/abs/1904.13212, To be
published on Algebra and Number Theory.

I. CoskUN AND J. HUIZENGA, The birational geometry of the moduli spaces of sheaves on
P2, in Proceedings of the Gékova Geometry-Topology Conference 2014, Gékova Geometry/
Topology Conference (GGT), pp. 114-155 (International Press, Boston, Gokova, Country,
2015).

I. CoskUN AND J. HUIZENGA, The nef cone of the moduli space of sheaves and strong
Bogomolov inequalities, Israel J. Math. 226(1) (2018), 205-236.

H.-J. CHIANG-HSIEH AND J. LIPMAN, A numerical criterion for simultaneous normaliza-
tion, Duke Math. J. 133(2) (2006), 347-390.

O. DEBARRE, Higher-Dimensional Algebraic Geometry, Universitext (Springer-Verlag,
New York, 2001).

M. DEMAZURE, H. C. PINKHAM AND B. TEISSIER (eds.), Séminaire sur les Singularités
des Surfaces, Held at the Centre de Mathématiques de I'Ecole Polytechnique, Palaiseau,
1976-1977, Lecture Notes in Mathematics, 777 (Springer, Berlin, 1980).

M. FEDORCHUK AND D. I. SMYTH, Alternate compactifications of moduli spaces of curves,
in Handbook of Moduli,. Vol. I, Advanced Lectures in Mathematics, 24, pp. 331-413
(International Press, Somerville, MA, 2013).

R. FRINGUELLI AND F. VIVIANI, ‘On the Picard group scheme of the moduli stack of
stable pointed curves’, Preprint, 2020, http://arxiv.org/abs/2005.06920.

O. FuJiNo, Applications of Kawamata’s positivity theorem, Proc. Japan Acad. Ser. A
Math. Sci. 75(6) (1999), 75-79.

A. GIBNEY, S. KEEL AND I. MORRISON, Towards the ample cone of M ,,, J. Amer. Math.
Soc. 15(2) (2002), 273-294.

A. GROTHENDIECK, Eléments de géométrie algébrique. IV. Etude locale des schémas et
des morphismes de schémas IV, Publ. Math. Inst. Hautes Etudes Sci. 32 (1967), 361 pp.

R. HARTSHORNE, Deformation Theory, Graduate Texts in Mathematics, 257 (Springer,
New York, 2010).

B. HASSETT, Classical and minimal models of the moduli space of curves of genus two,
in Geometric Methods in Algebra and Number Theory, Progress in Mathematics, 235, pp.
169-192 (Birkhauser Boston, Boston, 2005).

B. HASSETT AND D. HYEON, Log canonical models for the moduli space of curves: The
first divisorial contraction, Trans. Amer. Math. Soc. 361(8) (2009), 4471-4489.

B. HASSETT AND D. HYEON, Log minimal model program for the moduli space of stable
curves: The first flip, Ann. of Math. (2) 177(3) (2013), 911-968.

J. HUIZENGA, Birational geometry of moduli spaces of sheaves and Bridgeland stability,
in Surveys on Recent Developments in Algebraic Geometry, Proceedings of Symposia in
Pure Mathematics, 95, pp. 101-148 (American Mathematical Society, Providence, RI,
2017).

https://doi.org/10.1017/51474748021000116 Published online by Cambridge University Press


https://arxiv.org/abs/1904.13212
http://arxiv.org/abs/2005.06920
https://doi.org/10.1017/S1474748021000116

Minimal model program for moduli of curves 211

[36] D. HYEON AND Y. LEE, Stability of tri-canonical curves of genus two, Math. Ann. 337(2)
(2007), 479-488.

[37] D. HYEON AND I. MORRISON, Stability of tails and 4-canonical models, Math. Res. Lett.

17(4) (2010), 721-729.

] S. KEEL AND S. MORI, Quotients by groupoids, Ann. of Math. (2) 145(1) (1997), 193-213.

9] G. R. KEMPF, Instability in invariant theory, Ann. of Math. (2) 108(2) (1978), 299-316.

| J. KOLLAR, Projectivity of complete moduli, J. Differential Geom. 32(1) (1990), 235-268.

] J. KOLLAR, Exercises in the birational geometry of algebraic varieties, in Analytic and

Algebraic Geometry, IAS/Park City Mathematics Series, 17, pp. 495-524 (American

Mathematical Society, Providence, RI, 2010).

[42] J. KOLLAR AND S. MORI, Birational Geometry of Algebraic Varieties, Cambridge Tracts
in Mathematics, 134 (Cambridge University Press, Cambridge, UK, 1998). With the
collaboration of C. H. CLEMENS AND A. CORTI; translated from the 1998 Japanese
original.

[43] C. L1 aND X. ZHAO, Birational models of moduli spaces of coherent sheaves on the
projective plane, Geom. Topol. 23(1) (2019), 347-426.

[44] E. MAcRri AND B. SCHMIDT, Lectures on Bridgeland stability, in Moduli of Curves, Lecture
Notes of the Unione Matematica Italiana, 21, pp. 139-211 (Springer, Cham, Switzerland,
2017).

[45] K. MATSUKI, Introduction to the Mori Program, Universitext (Springer-Verlag, New York,
2002).

[46] S. MorI, Threefolds whose canonical bundles are not numerically effective, Ann. of Math.
(2) 116(1) (1982), 133-176.

[47] A. MoORIWAKI, The Q-Picard group of the moduli space of curves in positive characteristic,
Internat. J. Math. 12(5) (2001), 519-534.

[48] H. NUER, Projectivity and birational geometry of Bridgeland moduli spaces on an Enriques
surface, Proc. Lond. Math. Soc. (8) 113(3) (2016), 345-386.

[49] D. SCHUBERT, A new compactification of the moduli space of curves, Compos. Math. 78(3)
(1991), 297-313.

[50] E. SERNESI, Deformations of Algebraic Schemes, Grundlehren der Mathematischen
Wissenschaften, 334 (Springer-Verlag, Berlin, 2006).

[61] D.I. SMYTH, Modular compactifications of the space of pointed elliptic curves I, Compos.
Math. 147(3) (2011), 877-913.

[652] The Stacks Project Authors , Stacks Project, 2018, http://stacks.math.columbia.edu.

[53] M. A. vaN OPSTALL AND R. VELICHE, Maximally symmetric stable curves, Michigan
Math. J. 55(3) (2007), 513-534.

[64] K. YOsHIOKA, Bridgeland’s stability and the positive cone of the moduli spaces of stable
objects on an abelian surface, in Development of Moduli Theory—Kyoto 2013, Advanced
Studies in Pure Mathematics, 69, pp. 473-537 (Mathematical Society of Japan, Tokyo,
2016).

https://doi.org/10.1017/51474748021000116 Published online by Cambridge University Press


http://stacks.math.columbia.edu
https://doi.org/10.1017/S1474748021000116

https://doi.org/10.1017/51474748021000116 Published online by Cambridge University Press


https://doi.org/10.1017/S1474748021000116

	1 Introduction
	1.1 The first step
	1.2 The next steps
	1.3 T-semistable and T+-semistable curves 
	1.4 Main results
	1.5 Relation with the Hassett–Keel program
	1.6 Open questions

	2 Notation and background
	2.1 Notations for curves
	2.2 Notations for Mori theory

	3 The moduli stacks of T-semistable and T+-semistable curves
	3.1 Special subcurves
	3.2 The stacks of T-semistable and T+-semistable curves
	3.3 T-closed and T+-closed curves
	3.4 Line bundles on the stacks Mg,nps Mg,nT and Mg,nT+

	4 Existence of good moduli spaces
	5 The moduli space of pseudostable curves and the elliptic bridge face
	6 The moduli space of T-semistable curves
	7 The moduli space of T+-semistable curves
	7.1 Preliminary definitions and results about flips
	7.2 Main results about fT+ and Mg,nT+

	References 

